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NODAL INTERSECTIONS FOR RANDOM EIGENFUNCTIONS
ON THE TORUS

By ZEEV RUDNICK and IGOR WIGMAN

Abstract. We investigate the number of nodal intersections of random Gaussian Laplace eigenfunc-
tions on the standard two-dimensional flat torus (“arithmetic random waves”) with a fixed smooth
reference curve with nonvanishing curvature. The expected intersection number is universally propor-
tional to the length of the reference curve, times the wavenumber, independent of the geometry. Our
main result prescribes the asymptotic behavior of the nodal intersections variance for smooth curves
in the high energy limit; remarkably, it is dependent on both the angular distribution of lattice points
lying on the circle with radius corresponding to the given wavenumber, and the geometry of the given
curve. In particular, this implies that the nodal intersection number admits a universal asymptotic law
with arbitrarily high probability.

1. Introduction.

1.1. Background. A number of recent papers studied the fine structure of
nodal lines of eigenfunctions of the Laplacian, and in particular the number of
intersections of these nodal lines with a fixed reference curve. Thus let C ¢ M
be a smooth curve on a (smooth) Riemannian surface M. Let F' be a real-valued
eigenfunction of the Laplacian on M with eigenvalue \>: —AF = \>F. We want
to estimate the number of nodal intersections

(1.1) Z(F)=#{x:F(x)=0}nC

that is the number of zeros of F' on C, as A — oo,

It is expected that in many situations, there is an upper bound of the form
Z(F) < A, and general criteria for this to happen exist [12, 26], though it is difficult
to verify these criteria in most situations. As for lower bounds, nothing seems to
be known in general, see [14] for results on Hecke eigenfunctions on hyperbolic
surfaces (and [21] for analogous results on the sphere), and [16, 17] for results on
density one subsequences for hyperbolic surfaces. Aronovich and Smilansky [2]
studied the nodal intersections of random monochromatic waves on the plane [3]
with various reference curves.

The one context where we have more information is for the standard flat torus
T? =R?/7?. Let C C T? be a smooth curve. Bourgain and Rudnick [5] showed that
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1606 ZEEV RUDNICK AND IGOR WIGMAN

if C is not a segment of a closed geodesic, then it is not part of the nodal line of any
eigenfunction with A > A¢ sufficiently large, hence Z(F') < e for A sufficiently
large. If the reference curve C has nowhere-zero curvature, they gave upper and
lower bounds [6] on the intersection numbers

(1.2) MW « Z(F) < A

The lower bound is strengthened in [7], and assuming a number theoretic con-
jecture takes the form Z(F') > A and is thus optimal up to a constant multiple.
Moreover the number theoretic condition is known to hold for *“generic” eigen-
values hence we know that for almost all eigenvalues, all eigenfunctions in the
eigenspace satisfy the lower bound Z(F') > .

In this paper we show that in this setting, for “generic” toral eigenfunctions
there is in fact an asymptotic law for these nodal intersection numbers. We will
show that for most eigenspaces, we in fact have an asymptotic result for “almost
all” eigenfunctions in that eigenspace, once we take a limit of large eigenspace
dimension.

1.2. Our setting. Let
(1.3) E={peZ: |uf=m}
be the set of lattice points on the circle of radius /m, and denote
(1.4) N, = #E.

We will restrict ourselves to sequences of numbers {m} such that N,,, — co; by the
formula for Ny, in terms of the prime decomposition of m, if we write m = mm,
with m divisible only by primes p = 1 mod 4, and m, not divisible by such primes,
then N,,, — o= is equivalent to N,,, — c=. We consider the random Gaussian toral
eigenfunctions

1 .
(1.5) F(x)= T Zaue%rz(u,x)’

moeg
with eigenvalue
N =47’m,

defined on the standard torus T? = R?/Z?, where a,, are standard complex Gauss-
ian random variables (that is E(a,) = 0, E(|a,|*) = 1), independent save for the
relations a_, = @,,. The random functions F" are called “arithmetic random waves”
[18].
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We define the probability measures on the unit circle S C R?

1
(1.6) Tm =3 DOy
m pnes

where ;. is the Dirac delta function at x. It is well known that the lattice points
& are equidistributed on S' along generic subsequences of energy levels (see e.g.,
[13, Proposition 6]) in the sense that

ij

1
= —db
27
along some density 1 sequence {m;} (relatively to the set of integers representable
as sum of two squares), and thus, in particular,

T, (4) — 0,

where for a measure 7 on S', we denote by 7(k) its k-th Fourier coefficient. Below
we will assume that |7, (4)| < 1 is bounded away from 1 (see the formulation of
the main results); for a probability measure 7 on S!, invariant w.r.t. rotation by
/2, we have

if and only if 7 = %(22:0 5k7r/2) orT = %(5i7r/4 +0.437/4) (thinking of the circle
as S' =2 R/27Z). Hence we only exclude these two limiting probability measures
(see section 7 for more discussion on the possible limiting angular measures, and
the peculiarities of these two).

Given a curve C C T2, we wish to study the statistics of the number of nodal
intersections Z(F) for an arithmetic random wave F. We do this when the curve
C is smooth, with nowhere zero curvature.

THEOREM 1.1. Let C C T2 be a smooth curve on the torus, with nowhere-zero
curvature, of total length L.
(1) The expected number of nodal intersections is precisely

A
T™V 2

(1.7) E[Z] =V2mL = L.

(i) Let {m} be a sequence s.t. N, — o and the Fourier coefficients {7,,(4)}
do not accumulate at +1, i.e., no subsequence of {7,,(4)} converges to +1 or —1.
Then the variance is

m
1.8 Var(2) < —— < ——.
(1.8) ar(2) < 5= <
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By Chebyshev’s inequality we deduce that under the conditions of Theorem
1.1, we have with arbitrarily high probability

(1.9) Z(F) ~V2mL

for eigenfunctions with eigenvalue 472m. Our main result in fact prescribes the
asymptotic form for the variance, which depends on the distribution of the lattice
points £ once projected to the unit circle.

THEOREM 1.2. Let C C T2 be a smooth curve on the torus, with nowhere-zero
curvature, of total length L, and {m} a sequence s.t. N,, — o and the Fourier
coefficients {7, (4)} do not accumulate at +1. Then

(1.10) Var(2) = (4Be(€) = L) - 5~ +0 (%)

where

(L1 Be(€) ::/C/CNimEXﬁn(tl)y-<ﬁd(tz>>2dt1dtz
=

with v : [0, L] — C a unit speed parameterization.

Theorem 1.2 immediately implies the second part of Theorem 1.1. In Section 7
we discuss the possible partial limits of B¢ (&) as m — oo: there is no unique limit,
similar to what happens for the variance of the length of nodal lines in this model
[18]. The leading constant

0<4B¢(§)-L*<I?

is always non-negative and bounded (see Proposition 7.1); it can however vanish,
for instance when C is a full circle, see Section 7.2.

1.3. About the proof and plan of the paper. First, we may restrict F’
along C; this reduces computing the nodal intersections Z to counting zeros of a
random process f defined on an interval. The Kac-Rice formula (see e.g., [11] or [1,
Theorems 11.2.1 and 11.5.1]) is a standard tool for studying the expected number
of zeros of a process and its higher moments by expressing the k-th (factorial)
moment in terms of a certain k-dimensional integral.

For the expected value of Z we do this in Section 2. For the second moment,
the Kac-Rice formula would state

(1.12) E[2%] = / K (ty,t2)dt dty +E[Z],
CxC

where K is the suitably defined ‘“2-point correlation function”, that is, provided
that we justify its use. Unfortunately, to our best knowledge, all the available
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references impose a certain non-degeneracy condition on f and its derivative f,
which is far from being satisfied. In fact, it is easy to construct an example where
the Kac-Rice integral in (1.12) is off from computing the second (factorial) mo-
ment: one checks that the functions (1.5) satisfy that F'(z) = 0 if and only if
F(z+(1/2,1/2)) = 0. Hence if C is a simple closed curve, invariant w.r.t. the
translation

) 11
¢ x—> <§,§> +x,
i.e., C = C;UC,, where C; are the maximal subsets of C so that ¢(C;) = C,, then
the total number of nodal intersections Z is twice the number of intersections with
C1 (so that the variance is multiplied by 4); however the linear part on the RHS
of (1.12) is not invariant, and therefore the precise Kac-Rice formula as stated in
(1.12) is in general wrong.

To cope with this situation we develop an approximate form of the Kac-Rice
for the second moment of the number of zeros of a random eigenfunction along
a smooth curve, which is sufficient for our purposes. This is quite delicate and
takes up all of Sections 3, 4, and Appendix A; we believe that the developed tech-
niques are of independent interest, and could be used in a variety of situations
where Kac-Rice is not directly applicable (e.g., [9]). In our situation the result
gives the variance of Z in terms of the second moments of the covariance func-
tion (also referred to as covariance kernel) r(t,t2) = E{F(y(t1))F(y(t2))} and
its derivatives r; = r /0t;, r;; = 8°r /Or;Ot; along the curve:

PROPOSITION 1.3. Fix ¢y > 0. Then for all m such that |7,,(4)| < 1 — ¢y one
has the following approximate Kac-Rice formula,

(1.13)

oo (7 () - () () ) o
ol3)

where the implied constant depends only on e.

In the proof of Proposition 1.3 we also have to control the fourth moment of r
and its derivatives; this is done in Section 6.

Proposition 1.3 reduces our problem to evaluating the second moment of the
covariance function and its various derivatives along the given curve. To this end,
we eventually encounter an arithmetic problem, which is to show that

(1.14) > L o(Nyy).

e =] B
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This is done in Section 5, appealing among other things to a theorem of Mordell
[22] about representing a binary quadratic form as a sum of two squares, in other
words counting the number of pairs of distinct vectors (u, ') € € x € with a given
inner product. The 3-dimensional version of the quantity (1.14) is essentially the
electrostatic energy of point charges placed at the integer points at on the sphere of
radius \/m and is analyzed in [8].

The term B¢ (€) in (1.11), which determines the leading term of the variance,
arises from the asymptotics of the second moment | (r12)%. In Section 7 we an-
alyze B¢ (€) and determine when it attains its minimum value (this is equivalent
to vanishing of the leading term in (1.10)), and study its limiting value distribution
when NN,,, — oo, as a function of the curve C.

Acknowledgments. The authors thank the Israel Institute for Advanced Studies
of Jerusalem for its hospitality during the writing of this paper. We would also like
to thank Domenico Marinucci and Valentina Cammarota for several discussions.

2. The expected number of nodal intersections.

2.1. Kac-Rice formula for computing the expected number of zeros.
Let f: 1 — R be a centered Gaussian random function (“process”), a.s. smooth
(e.g., C?), with the parameter space I some nice subset of R, e.g., a closed interval
or a finite collection of closed intervals, and let

r(ti,ta) = ry(th,t2) == E[f(t1) f(t2)]

be the covariance function of f. Denote Z to be the number of zeroes of f on I.
For t € I define K (t) = K,.¢(t) to be the Gaussian expectation

K1(t) = 650 (0)-E[l £ ()] £ () = 0],

where ¢ ;) is the probability density function of the random variable f(t). The
latter involves the centered Gaussian vector (f(¢), f'(t)) with covariance matrix

T(t7t) 8t1r(t17t2)|(t,t) )

I'(t)=T((t) =
(8 =T <5t17“(t17t2)|(t,t) O O, (t1,12) | (1,0)

The function K (t) is the zero density (or first intensity) of f; it may be com-
puted explicitly in terms of the entries of the matrix I'(¢), and in our case the
expression is especially simple, as I'(¢) is diagonal and independent of ¢ (a conse-
quence of the fact that our process is induced from an underlying 2-dimensional
stationary field restricted on a curve), see below. By the Kac-Rice formula, if for
all t € I the matrix I'(¢) is nonsingular, then [11]

E[2] = /I K ()dt.
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2.2. Zero density for nodal intersections. The random field F'(x) is cen-
tered Gaussian with covariance function

o () = BIF(r) - F(y)] = 5 S cos(2m{p,y — )
m neé

for x,y € T?; it is stationary in the sense that rp(x,y) = rp(y — ) depends on
y — x only (by the well-accepted abuse of notation). Let () : [0, L] — T be the
arc-length parameterization of C; it induces the process

2.1 f(t) = F(y(t))

on I := [0, L] with the covariance function

r(ti,t2) =re(y(t) —v(t2));

the process f is unit variance. Let Z be the number of zeros of f (on [); it equals
the number of nodal intersections of F' with C.

LEMMA 2.1. The zero density of f is
K1 (1) = Kim(t) = V2- Vi,
In particular,
E[Z] = V2ym-L.

To facilitate the computation of the zero density we formulate the following
lemma whose proof will be given in a moment. It is probably well known, but
nevertheless we give it here as we did not find a direct reference.

LEMMA 2.2. If f is unit variance, then for every t € [0, L], f(t) is independent

of f'(t).

Proof of Lemma 2.1 assuming Lemma 2.2. We are to compute the zero density
of f(t):
1
—E
V2T

thus we are to compute the covariance matrix of (f(¢), f/(¢)). Since f is unit vari-
ance, by Lemma 2.2, the covariance matrix is

()

2.2) Ki(t) = (L)l f(t) = 0],
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where

82

(2.3) a=ap(t)= mﬂ(t,t)a

and, upon computing the Gaussian expectation (2.2) explicitly (see e.g., [11]), we
obtain

1
(2.4) Kip(x) = ;\/E
Now (chain rule)
(2.5) O r(tita) = Vre(y(t) —y(t2)) ()

and

a=—(t2)" Hep(7(t1) = 7(t2)) -4 (t1) ] (11):

where H,,, is the Hessian of 7 (thought of as rp(z) = rp(z1,22)). The Hessian
H,,.(0) was computed to be a scalar matrix [25]

H

p(0) = —27%m - I,
so that universally
(2.6) o =21 m||¥(t)||* = 27°m,

since we assumed that ¢ is the arc-length parameter of C (i.e., || ¥(¢)|| = 1), and the
zero density is

Ki(t)=v2-vm. O
Proof of Lemma 2.2. The correlation between f(t) and f’(¢) is given by

BLAOS 0] = oo

Since we know that
r(t,t) =1,

upon differentiating,

0= (L0 20) 10 =220
B oty Oty (&8 = oty (&:1)

by the symmetry. O

Remark 2.3. In fact, the proof above shows that the covariance of the underly-
ing stationary field F' satisfies Vrp(0) =0, as rp(z,z) = 1.
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3. The 2-point correlation function.

3.1. Kac-Rice formula for computing the second moment of the number
of zero crossings. Let f and Z be as in section 2.1. We define the 2-point cor-
relation function K, = Ky : I X I — R (also called the second intensity) in the
following way: for t| # t, we define it as the conditional Gaussian expectation

Ky(t1,t2) = b1,,6,(0,0) -E[| f'(t1)] - [ f'(t2)[| f (1) = f(t2) = 0]

where ¢y, 4, is the probability density function of the random Gaussian vector
(f(t1), f(t2)). The function K, admits a continuation to a smooth function on
the whole of I x I (see Section 4.4), though its values at the diagonal are of no
significance for our purposes. We will find an explicit expression for K;(t1,t;) in
terms of 7 and its derivatives (see Lemma 3.1 below); finding such an expression
involves studying the centered Gaussian vector (f(t1), f(t2),f'(t1), f'(t2)) with
the covariance matrix ¥ = Y4.4(¢1,%2) as in (3.6).

It is known [11] that under the assumption that for all ¢; # ¢, the matrix
Y (ty,t7) is nonsingular (i.e., the Gaussian distribution of

(f(t1), f(t2), f'(t1), f'(t2))

is nondegenerate), the factorial second moment of Z is
E[Z2%-Z]= / K (ty,t)dt dts,
IxI
so that accordingly
Gl Va(Z)= / (Ka(tr.ta) — K1 (1) - Ky (t2)) dty dt + E[Z);
IxI

note that the “extra” E[Z] manifests the degeneracy of the matrix X(¢;,¢,) on the
diagonal t, = ;.

Moreover, if 11, I, C I are disjoint nice sets (e.g., intervals), and the degeneracy
assumption holds for all (¢1,t,) € I} x I, then if for J C I we denote Z; to be the
number of zero crossing of f in J, then (either employing the proof in [11] or
using [1, Theorems 11.2.1 and 11.5.1] on [; U I, whence we will need to make the
non-degeneracy assumption for all (t1,t;) € (I; U)?)

E[Zy, - Z1] = Ky (ty,t2)dtdts,
11 ><12

so that

32)  Cov[Zy 2] = /1 (a(t ) = K (1)K (1) s,
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However, the non-degeneracy assumption is not satisfied in the case of f as
in (2.1), and we may construct examples of curves, where the Kac-Rice formula
as stated is wrong. However, in a situation like this we will be able to write an
approximate Kac-Rice formula, prescribing the same order of magnitude for the
fluctuations of the nodal intersections as the precise Kac-Rice (see Proposition
1.3). We will see in Section 3.3 (Proposition 3.2) that under certain conditions on
r (namely that |r| is bounded away from 1) we will be able to approximate the
2-point correlation function in terms of powers of r and its derivatives; this will
allow us to write the approximate Kac-Rice formula of Proposition 1.3 in terms of
the relevant moments of r and its derivatives rather than in terms of the integral
of 2-point correlation function. We will prove the approximate Kac-Rice formula
of Proposition 1.3 in Section 4 assuming the preparatory work in Section 3.3, and
some upper bounds for the 4-th moments of r and its derivatives along the relevant
curve in Section 6 (Lemma 6.1).

3.2. An explicit expression for the 2-point correlation function. Let
Ky (t1,t2) = Kpum(t1,t2) be the 2-point correlation function of our process f as in
(2.1),1.e., forty # t,

Ky (t1,t2) = é1,,1,(0,0) - E[| f'(t0)]- [f'(t2)[| f (t1) = f(t2) = 0],

where ¢y, 4, is the probability density function of the random Gaussian vector
(f(t1), f(t2)). The following lemma gives an explicit expression for K> in terms
of 7y and its derivatives; recall the definition (2.3) for « and its explicit value
a=2m*m.

LEMMA 3.1. We have explicitly

1
(3.3) K, = Kz;m(tl,tz) = 27 \/ 1— —I—parcsmp
T (1 3/2
where
(3.4) = i (t1,t2) = \/a 1—r2)—r?. \/a 2)—r3,
and

ria(1—72) +rrir
\/ 1—r2)— \/a 1—1r2)—

is the correlation between the derivatives f'(ty) and f'(t,), conditioned on both
values vanishing (thus satisfying |p| < 1).

(3.5) p=pm(ti,t2) =
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Proof. The covariance matrix for (f,,(¢1), fm (t2), £}, (t1), f1,(t2)) is

A B
where
or O*r
1 TS C ot
A— T . B= 2 o 10t
r o1 or 82T
Z 0 o
oty ot10ty
We abbreviate
or or *r

ri=—, Thi=—, T|pi=———.
Dot T ok T an0t

The covariance matrix for the conditional distribution of f],(t1), f,,(t2) condi-
tioned on f,,(t1) = fi(t2) =01is

2 J—
Q = Qm(tlvtz):C—BtAilB: < (6% T12> o 1 ( Tl 7‘7‘17“2)

T2 o 1—7r2\ —rrim T%
3.7

12 r(l—r3)+rrry a(l—r?)—r3

1 < a(l—r?)—r 7’12(1—7‘2)4-7“7‘17‘2)

The two-point correlation function is then given by

KZ;m(tlatZ) = EHWleH,

1
2mv/det A

where
(W1,W,) ~ N(0,Q)

are centered Gaussian with covariance (2. By normalizing the random variables

(WI,WZ) _ [ 742 /v 7’2

1—r2 1—r2

we write K., as

(3.8) Koyn = S u-E[ViYal],

27 (1 —1r2)3/
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where p is given by (3.4), (Y1,Y2) ~ N(0,A(p)) with

(3.9) A(p) = (; f)

and p is given by (3.5).
It remains to evaluate

G(p) = E[[V1Y2]]

with (Y7,Y2) ~ N(0,A(p)). We may compute G explicitly to be equal to (see e.g.,
[4D),

2
(3.10) G(p)=— <\/1—p2+parcsinp>,
T
which finally yields the explicit formula (3.3) via (3.8). O

3.3. Asymptotics for the 2-point correlation function.

PROPOSITION 3.2. For every €3 > 0, the two point correlation function satis-
fies, uniformly for |r| < 1—ep:

2
—I-oz-O(r + (ri/vVa) + (ra/vVa)* + (rin/a)?) .

3.11) Ks(ti,t2) = <1+17“ ——(m/\/—) ——(7"2/\/_) (7“12/@)>

Bearing in mind (2.4), we may equivalently write

Ko (ty,t2) — K (t1) Ky (t2) = % (Tz— <%>2_ <%>2+ <%>2>
oot () () +(2))

with constants involved in the “O”-notation depending on e, only.

Proof. Note that if r, \ﬁ \ﬁ’ and 712 are small, then p is small too. We may

then expand p and p about r = ,’”—\/1—: ,\75—0,%—0.

p="2 (1= (P (V) (1= (P (rafVa))

(3.12) +O (P + (n/Va) + (r/vVa) + (ri2/a)’)
=240 (7 +(r/va) + (n/Va) + (r/a)’).
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Next we need to Taylor expand the function G(p) as in (3.10) about p = 0:

Glp) = 2 (1 + %p2> +0(ph).

™

Substituting (3.12), we obtain

60) =2 (14 5(1/af ) £ O + (V&) + (2 V@) + (rafa).
Next
—a\/l—rz (r1/va)?) \/1—7“2 (ra/va)?)
—a (1= = L0 VA - oV
+a0 (r*+ (r/Va) + (r/va) + (ra/a)*),
and
m =1+ %r2+0(r4).

Finally, substituting all the estimates above into (3.3) we obtain
e 5 (1-37)n (-4 (30) 43
2 L ri20n m\* m \* e 4
‘;<1+2<a>>+a0< (ﬁ) +<ﬁ> +(3)
«@ 1 1
:—2<1—|—§r2—§(r1/\/&) ——(7“2/\/_) E(T12/0)2>

+a0(r* + (11 /Va)* + (r/Va)* + (ria /)

An inspection of each step reveals that all the expansions are valid under the as-
sumption that |r| is bounded away from 1. O

4. Approximate Kac-Rice for computing the variance of nodal intersec-
tions. This section is entirely dedicated to proving Proposition 1.3. Throughout
the present section we assume that ¢y > 0 is fixed, and m satisfies |7,,,(4)] < 1 — €.

4.1. Nodal intersections on short arcs. Let ¢y > 0 be a small number (de-
pending on €)), and divide our curve into short arcs of size roughly - \/— More
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precisely, let K = K,,, = {L- CLTJ +1,

)

L
00 = Oom = 2= <

3

m
and define the partition I = Ufi i of I = [0, L] into short intervals
;= [(Z - 1) : 507,5. ) 50]7

1 =1,..., K, disjoint save for the overlaps at the endpoints. We will eventually
choose ¢ sufficiently small so that the Kac-Rice formula will hold on the short in-
tervals (see Lemma 4.3), and the value of 7 or of one of its derivatives in a “singular
cube” will be bounded away from O (see Definition 4.5 and Lemma 4.6).

For the future we record that, as ¢y > 0 is constant,

1

For 1 <i < K, let Z; be the number of nodal intersections of F,, with v(1;),
that is Z; is the number of zeros of f on I;. We have a.s.

K
z2=Y z,
i=1

so that
K
(4.2) E(2%| =) E[2]]+2) E[Z-Z)];
i=1 i<j
equivalently
K
4.3) Var(2) = ZVar(ZZ-) +2ZCOU (Zi,Z5).
i=1 i<j

Later we will apply Kac-Rice (3.1) to “most” of the summands in (4.3) (see
Section 4.3) and bound the contribution of the rest of the summands; integrating
and summing these up will eventually establish the statement of Proposition 1.3.

4.2. Nodal intersections variance on short arcs. As a first goal, we will
establish an estimate on the variance Var(Z;) of nodal intersections with a short
arc of ~; with the help of the latter we will be able to control the contribution of
any individual summand in (4.3), via Cauchy-Schwartz (Corollary 4.2).
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PROPOSITION 4.1. For every 0 < €y < 1 we can choose co = co(€g) sufficiently
small, such that for any m with |7,,(4)] < 1 — eo, we have

Var(Z;) = O(1),

uniformly for i < K, where the constant involved in the “O”-notation depends on
€y and co only.

Before proving Proposition 4.1 we draw the following corollary, as announced
above.

COROLLARY 4.2. Forevery 0 < ¢y < 1 we can choose cy = cy(€y) sufficiently
small, such that for any m with |7,,(4)| < 1 — €9, we have

|Cov(Z;, Z5)| = 0(1),

uniformly for 1,5 < K, where the constant involved in the “O”-notation depends
on €y and cy only.

Proof of Corollary 4.2. Applying Cauchy-Schwartz we have

|Cov(2;,2))| < /Var(Z:) - Var(Z;) = O(1),
by Proposition 4.1. U

To prove Proposition 4.1 we will need Lemma 4.3 and Proposition 4.4 stated
below.

LEMMA 4.3. Forevery 0 < ey < 1 we can choose cy = cy(€g) sufficiently small,
such that for any m with |7,,(4)| < 1 — €o, the matrix ¥.(t1,t), defined in (3.6), is
nonsingular for all t1,t, € [0, L]* with

co
Vvm

The proof of Lemma 4.3 is quite long and technical, and is thereupon relegated
to Appendix A.

0<|ta—ti| <

PROPOSITION 4.4. For t; € [0,L] and |t, —t;| < \j—% one has the uniform

estimate
Kz(tl,tz) = O(m)
with constant depending on cq only.

The proof of Proposition 4.4 is deferred to Section 4.4.
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Proof of Proposition 4.1 assuming Lemma 4.3 and Proposition 4.4. Thanks to
Lemma 4.3 the covariance matrix Y(¢;,%,) is nonsingular for all (¢;,t,) € I? with
ty # t1, so, by the discussion in section 3.1 above we may apply Kac-Rice (3.1) to
I; C I to write

4.4) Var(ZZ-) = /I I.(Kz(tl,tz) —Kl(tl)Kl(tz))dtldtz-I-E[Zi].

Applying Proposition 4.4 and the Kac-Rice formula (2.1) for computing the ex-
pected number of zeros on I;

E[ZZ] = / Kl(t)dt <K \/E(S()
I;
(see Lemma 2.1) to (4.4) yields
Var(Z;) < m- 654+ /m- 6 < 1,
bearing in mind (4.1). This concludes the proof of the present proposition. O

4.3. Proof of Proposition 1.3. Recalling the notation from Section 4.1 we
now divide the domain of the integration, namely, the cube S := I? = [0, L]? into
small cubes S;; = I; x I; of side dp; some of the latter will be designated as “‘singu-
lar” and the rest as “nonsingular”. Let €; > 0 be a small number that will be fixed
till the end (e.g., €; = ﬁ is sufficient).

Definition 4.5. (Singular and nonsingular cubes and sets.)

(i) We call a point (¢1,ty) € [0,L)? singular if either |r(t,t)| > ¢ or
|7’1(t1,t2)‘ > €] \/ﬁ or ‘Tz(tl,tz)‘ > €] \/ﬁ or ‘le(tl,tz)‘ > €1-m.

(ii) Let

Sij = I; x I = [ido, (i 4 1)do] x [jdo, (j + 1)d0]

be a cube in [0, L]*. We say that S;; is a singular cube if it contains a singular point.
(iii) The union of all the singular cubes is the singular set

B=B,= |J Sy

Sij singular

Note that outside the singular set X:(¢1,%,) is nonsingular (provided that € is
chosen sufficiently small) by (3.4), (3.5), and (3.9); we are thereupon allowed to
apply the Kac-Rice formula on S'\ B; in particular for all , j with .S; ;NInt(B) =0
(this implies ¢ # j):

E[Z;Z;] :/ Ko (t, ) dty dt.
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We plan to approximate the 2-point correlation function as the corresponding
sum of powers of r and its derivatives; by Proposition 3.2 we are allowed to do so
unless r is big, and we will bound the contribution of the domain where it is.

LEMMA 4.6. If S;; C B is singular, then for all (t1,t2) € S;; either r(t1,t2) >
€1/2 or the analogous statement holds for one of the derivatives in the definition of
singular point (Definition 4.5(i)).

Proof. The statement for ¢y sufficiently small follows from the fact that the
scaled covariance function rz(y/y/m) of the ambient field F' and its derivatives
are Lipschitz with a universal constant (independent of m) (as it is easy to check,
first for the individual function x +— cos(27(u,x)), and then for their average), and
thus the same holds for 7. ]

LEMMA 4.7. The total area of the singular set is
meas(B) = O (an/z) .

Proof. We apply the Chebyshev-Markov inequality on the measure of B.
Lemma 4.6 shows that it is bounded from above by

1 4
meas(B) < rtyta)* + —5ri(ty, 1)
m

1
— ot )+ — Tt )Y ) dtdts,
+m7“2(12)+m47"12(12)> 1612

which is small by Lemma 6.1 (which is independent of the arguments of the present
section). O

Recall that B consists of cubes of side length § < \/L— (see (4.1)). Lemma 4.7
implies that the number of singular cubes is < N3 /2 and, teamed with Corollary

4.2, yields the following estimate on the total contnbutlon of the singular domain
B.

COROLLARY 4.8. The total contribution of the singular set is:
> Cov(Z;,Z;)|=0(m-N,*?).
Sij singular

Proof of Proposition 1.3. Consider the equality (4.3) and apply Kac-Rice on
every nonsingular cube (i.e., use (3.2) for those I; and I; such that S;; is not lying
in B, bearing in mind that for all (t;,t,) € S;;, X(t1,2) is nonsingular). We then
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obtain

Var(Z):/S\B(Kz(tl,tz)—Kl(tl)Kl(tz))dtldt2+ S cov(2,2))

S;j singular

— /S\B (K(t1,t2) — K1 (t1) Ky (t2) ) dtidts +O(m - N,,3/?),

by Corollary 4.8. We finally use the expansion in Proposition 3.2 for K, valid
outside of B (the latter of the two equivalent forms), and use Lemma 6.1 again for
bounding the contribution of the error term in (3.11), together with the everywhere
boundedness of the integrand on the RHS of (1.13) to conclude the proof. O

4.4. Proof of Proposition 4.4.

Proof. From Lemma 3.1, since % <G<L,

1 1
K>(th,1) < m'u<< m\/@(l—ﬂ)—r%-\/a(l—rz)—rg.

Note that
1
7(1—7“2 3/2\/a(1—r2)—7“f-\/a(l—rz)—r§
2
’
1 i -——2
“.5) ,/—1_Tz\/ 1—7“2)\/ a(1-12)

7'2 «
m\/l‘Tﬂ) \/1‘a<13r2)§m'

The diagonal cube S = S;; contains a point of the form (¢;,¢;). We may Taylor
expand the integrand K (t1,t;) for (¢1,t;) € S about (t1,t;) as a function of ¢,, ¢;
fixed, and assuming WLOG ¢, > ¢;.

To expand r we differentiate and evaluate the derivatives at the diagonal ¢, =
t1: The first derivative r, = Or/0t, is

r2==Vrg, (v(t1) —(t2)) -¥(t2),
and on the diagonal
(4.6) ra(t,t) = 0.
The second derivative 75, = 9%r/ at% is

rn = 3(t2)" Hyp,, (7(01) =¥(12)) -4(t2) = Vi, (v(t) = 7(t2)) - 4 (t2),
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on the diagonal 7, (¢,t) = —a. The third derivative is

o = a% K62 Hyp (v(t1) —7(82))-3(82)]
CA(t2) Hyr (4(t2) (1) - A(t2) — Vs, (1(t1) — 4 (82)) - F(82)
— 5t a% [H,, (v(t) —(t2)] -A(t2)

+39(t2)" - Hy,, (v(01) =(t2)) - 3(t2) = Vs, (v(t1) =7 (t2))- 7 (t2),

A.7)

and on the diagonal

(4.8) 22 (t1,t1) = =3a(t2)" - H(t2) =0,

since the acceleration is always orthogonal to the velocity (¢ is the arc-length pa-
rameter). Moreover, the Hessian satisfies H < m and 0H/0t, < m3/? every-
where, so that we have

o (t1,t2) = O(m>/?)

everywhere.
The expansion of r(t1,¢,) around the diagonal ¢, = ¢, valid for 0 < t, —¢; <
\;—0— with ¢ sufficiently small, is
m

e}
r=1- E(tz — )2+ 0(m*?(ta— 1)),

and

(4.9)
L—r?=(1-r)(1+7)
= [%(tz—tl)2+O(m3/2(tz—t1)3)] [2—%(tz—t1)2+0(m3/2(t2—t1)3)]
=a(t,— 1) (1+0(Vm(ta—t1))),
3 ar? =Pt — 1) (1+0(m' At — 1)),

2
r 1/2
a2y = O Pt —t)),

and hence

2
51

0<l——
- a(l—r?)

=0(m"*(t,—t1)),
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and the same estimate holds for

2
P

l_a(l—rz)'

Consolidating all the estimates we conclude that (4.5) is uniformly bounded by

\/1_ \/1_7’7%
\/l——r 1—7’2) a(l—1r2)

< TG, Ty Ot A=) = O(m)

recalling that o = 27%m. U

5. Asymptotics for the second moments of the covariance function and
its derivatives. Recall that r is the covariance function restricted to the curve C:

(5.1) r(tyta) = r(y(t),v(t2))

PROPOSITION 5.1. IfC C T? is a (smooth) curve with nowhere vanishing cur-
vature, then for all ¢ >0

L pL L2 1
(5.2) /C/rz = / / r(ty,to)>dt dty = o +0 <N%>

(5.3) // —L—2+O L
‘ 2my/m atl - 2N, N2-¢
and
1 & |* Belé)
4 =
(5 ) /C/C 47r2m8t18t2 Nm +O<N%E>
where

(55 Bele //Nm <|M| it )>2'<|Z—|7"}’(t2)>2dt1dtz.

Before proceeding with the proof, we can conclude the proof of Theorem 1.2:
Use Proposition 1.3 to write an approximate integral formula for the nodal inter-
sections number variance and substitute the result of Proposition 5.1 in place of the
main term of (1.3). g
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5.1. Main terms. Squaring out, we have (on isolating the diagonal pairs
/
=)

21 2milp—pl oy (1) —(82))
(5.6) r(t1,t2)[? Ner— > ermiumiatt

psp'€E
pE

and hence integrating we find

2

(5.7) / \T(tl,tz)\zdtldtz_— it (0) g

u#u

For the second moment of the derivative r; = 0/0t; we compute

1 or _ 1 B 27y (t)—y(t2)
(5.8) i O (tl,tz)—Nmzu:<|M|,7(t1)>e

and setting

5.9 A/t:£,.t><i"t>
( ) u,u( ) <|/L| fy( ) |N/| ’7( )
we find
or 2
// 27T\/ﬁ8_t1(t1’t2) dt dty

1 L L
- A, (t)dt 1dt
(5.10) NZ, Z/ ) 1/o ’
Z / A, (e 27”(# Hv“/(tl)>dt1/ 27ri<u/fum/(tz)>dt2_

HHGE
pFW
Similarly,
azr 2
// mm(thtZ) dtldtz
5.1 N2 Z//AHH HH tZ)dtldtz

2
/0 A, u(t)e 2= (1) gy

1
taz 2
o' €E
pF
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For Or /0t; we use (see [25, Lemma 2,3]) that for any v € R2,
1 2_m 2
(5.12) &~ 2 twv? =l
nes
and applying it for v = 4(¢) which has unit length we get that
(5.13) o S A =3I =

Integrating over ¢; and ¢, shows that the diagonal term in (5.10) is L?/2N,,.
For 0%r /0t 0t, the diagonal term in (5.11) is

CAE //Nm <wv<t1)>2-<“’j—‘ﬂ<tz)>2dt1dt2=B]fff).

5.2. Off-diagonal terms. To handle the off-diagonal terms y # 1/, we need
the following consequence of van der Corput’s lemma (see [7]): For each 0 # £ €
R? define a phase function on the curve C by

515 6lt) = (500
Let A € C*(0, L) be a smooth amplitude and for  real, set

(5.16) I(k) = / A(t)ehee)

LEMMA 5.2. Assume C has nowhere vanishing curvature. Then for |k| > 1,

(5.17) [1(k)] < {IAlls+ 11401},

| k|1 121/2
the implied constant depending only on the curve C (independent of £).

Applying Lemma 5.2, we see that for p # 1/,

L
(5.18) / L Q) e R —
0 \M—M’WZ

Moreover, |4, /| <1 and |A’u u’| < 2K nax Where Kpax is the maximum value of
the curvature on C, because

= (g0 (8y0)
o () (8 10) () o).

(5.19)
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where v = kv with x the curvature and v the unit normal to the curve. Therefore
we likewise find

L
(5.20) / A, () O gt <o —
0 e (1) | — |12

Hence we find that

L2 1 1
5.21 t1,t2)|Pdt dty = — — § S
( ) ﬂ|r( 1y 2)‘ 16402 Nm+o ern ,8|N_N/‘
pE

and for j = 1,2

2dtcht—L2 +0 ! Z !
TN, N2, <= ’

1 or
(5.22) // ‘Wa—tj(thtz)

pE
and finally
(5.23)
// ;a—zr(t t)zdt dt _BC(S)_|_O L Z #
Armotot, Y TP TN, Nz, e =]
pE
Proposition 5.1 hence follows from:
PROPOSITION 5.3.
1
(5.24) > = < N, Ve>0.
psp' €E
p#

5.3. A result of Mordell. Denote by H the set of h < H for which the
system

(5.25) P =m=|u'P, |-y =2h

has integer solutions, and by A(m,h) the number such solutions.

We give an arithmetic characterization of the set . To do so, we will need
a result of Mordell [22] (see also Niven [23]) on the representation of a binary
quadratic form as a sum of two squares of integer linear forms.
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THEOREM 5.4. (Mordell [22]) Let A, B,C' € Z. Assume that the integer binary
quadratic form

F(x,y) := Az* + 2Bxy + Cy?
is positive definite, i.e., that A,C' > 0 and AC — B? > 0. Then we can represent
F(z,y) = (uz+u'y)* + (vz +v'y)?

with integer u,v,u v if and only if

(5.26) AC — B* = s a perfect square,
and
(5.27) gcd(A, B,C) =040 is a sum of two integer squares.

Pall [24] gives the exact number of solutions as 7, (gcd(A, B,(C)) if AC —
B? >0, and 2ry(gcd(A, B,C)) if AC — B? =0, where r3(n) is the number of
representations of n as a sum of two integer squares.

Writing i = (u,v) and p' = (v/,v") we have

(5.28) (uz +u'y)* + (ve +v'y)* = |zp+yu'|?

so that we can interpret Mordell’s theorem as saying that given A, B,C as above,
there are integer vectors i, i1’ € Z? satisfying

(5.29) ul>=A, (u)=B, |WP=C

if and only if (5.26) and (5.27) hold.
A consequence is the following:

COROLLARY 5.5. Let m,h € Z, O < h < m. There are two integer vectors
o ! with |p|> = m = |/ |? and |pn— p'|> = 2h if and only if

(i) h(2m —h) =0 is a perfect square, and

(ii) ged(m,h) =040 is a sum of two squares.
In this case the number of solutions is A(m,h) = r(ged(m,h)) < oW,

5.4. Proof of Proposition 5.3. Let H = N . We separate the sum into that

over “distant” pairs | — p/|? > H and “close” pairs 1 < | — p/|> < H. For the sum
over distant pairs, we crudely use

1 N2
(5.30) Z g m,
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To handle the sum over “close” pairs, we write

1 A(m,h) 1
(5.31) 3 =3 <H Y —.
(i) EEXE o= 1] hern  V2h heH vh
0<‘M7M/|2<H O<h<H O<h<H

For h € H, we write d = (h,m), which is a sum of two squares (d = [0+ ),
h =dh', m = dm’ with (m’,h/) = 1. Then h € H means h(2m — h) = [J and so
R (2m' — k') = 0. Thus we find

1 1 1
(5.32) Y == = 3 .
heH \/E dlm R (2m'—h)=0 h
O0<h<H d=0+0 (W, m!)=1

We claim that the inner sum over &’ is O(1). To see this, use 1/v/A’ < 1 and
separate into cases according to i’ being odd or even. If A’ is odd and (', m’) =1,
then the condition A/ (2m’ —h') = O implies /' = O and 2m’ — ' =0, that is ' =
u? and 2m — h' = v? with v > 0,0 < u < \/H/d. If I/ is even, then the condition
B (©2m'—1)=0and (W,m’) =1 implies (h'/2,m' —h'/2) =1 and 1//2 =0,
m' —h'/2 -0 so that /' /2 = u?, m' — 1 /2 = v* with v > 0, 0 < u < \/H/d.
Summarizing, we get lattice points on the circle u? +v* = 2m/ or u? +v?> = m/
depending on the parity of A/, with 0 < u < /H/d, v > 0. These conditions puts
these lattice points on a “short” arc on the circle, since H < m°("). Recall Jarnik’s
theorem [15], which states that on an arc of size < R'/3 on a circle of radius R
there can be at most two lattice points. Hence there are at most two such lattice
points in each of the two cases, and thus the number of participating A’ is at most
4. This proves that the inner sum in (5.32) is bounded.

We conclude that

1 1
(5.33) E — <K E —.
heH \/E d| \/E
O<h<H d=0+0
d<H

Below in Lemma 5.6 we will show that this sum is bounded by O(NF,). This will
show that the contribution of close pairs is O(Ny,). Combining with the bound
(5.30) on distant pairs we get

NP

1 N2
(5.34) Y < RN, <N,
“Ap—=w'| VH
pEp

on recalling that = N . This will conclude the proof of Proposition 5.3, once
we prove:



1630 ZEEV RUDNICK AND IGOR WIGMAN

LEMMA 5.6. Suppose that H = N, for some o > 0. Then

1
> 7 <. NE,.
d
d=0+0
d<H
Proof. Write m = m%mz where m; =2"[] ge=3 mod 4 qz isa product of powers

of primes ¢, = 3 mod 4 and possibly a power of 2, and m, = 2¢ H p ’ is a product
of powers of primes p; = 1 mod 4, possibly times 2 (¢ =0, 1). Then

Ny =]](a;+1).

J

Likewise we write d = d%dz in the same fashion, so that d | m is equivalent to
dl | mq and d2 | map.
The sum over d’s is bounded by

Z —<< Z Z <<10gHZ—<<logNmZ \/_

dim di|m dz\m ds \m da|ma
d=0+0 d H
d<H 1<VH

where in the sum over d, we have dropped the condition d < H.
It now suffices to show that for all € > 0, there is some C(e) > 0 so that

> Jmoen

Ignoring the possible factor of 2,

1 1 1 1
¥ e T ) < T
d2 j pj pg. it/ ; 1—

da|ma

Recalling that Ny, = [[;(a; +1) > [];2 we find

m d2|m2 pj|m \/pi]
(5‘35) p;=1 mod 4
1
< =:C(e),
La-pr

where in the last line, the product is over all primes satisfying (1 — %)26 < 1. This
gives 3 i, 1/v/dy < C(e)N§, as claimed. O
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6. Bounds for the higher moments of  and its derivatives.

of the following lemma were used in Section 4 in the proof of Proposition 1.3.

LEMMA 6.1. We have the following estimates on the 4th moments of the co-
variance function and its various derivatives along a (smooth) reference curve -y

with nowhere vanishing curvature:

// r(ty,ta)* (

0,2
4ty dty = (ﬁ)

%//[(mpmz(tbtz) (

(6.1)

1
—2// ra(ti,ta
m=JJo.Lp

Proof. Abbreviating e(z) := €2,

// T(tl,t2)4dt1dt2
o, L

dtidt, =

1
32

1

=

dtidt, =

=

[ ]

At dty =

l\)

W)

we have

Z //0 ({1 + pa+ pa + pa,y(t) — y(t2)))dtidts

le 7#468

1
:W Z |11(M1,/L2,/L3,M4)|2

m H1 7"'7#468

with

(6.2) 11(M1>M2,M3,M4):/ e
[0,1]

(Qur 4 pra =+ p3 + paa, ¥ (1)) dt.

Now by Lemma 5.2, for f¢1 + p12 + 43 + 14 7 0 we have the estimate

(6.3)

Hence

r(t1,12 4dt1dt2 L —+
//[(),L]z (fn:t2) Ny,

‘[1(N17N27N37M4)| <

1
1+ pa2 + 13+ pa

/2"

> !
Ky Ja €EE g1 + g2+ s + peal|
pi -t pa s #0

1631

The estimates
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since for given puy,uy € £ with uy # —puy there exist (precisely) 2 choices for
143, fq € &€ so that

p1+po+p3+pa =0,

by an elementary argument due to Zygmund [27]. The estimate (6.1) now follows
from Lemma 6.2.
For the derivative r; we have:

//[‘ ]2 Tl(tl,t2)4dt1dt2
0,L

(6-4) (27‘r)4
= N4 Z IZ(N17M27M37N4)'Il(/’L17N27N37,u4)7
m ulv"'7u4€€

where I; was defined in (6.2), and

(s pro, 13, f14)

6.5) L o
- /0 (1 + 12+ 3+ g V(O b () (B () (1) it

We invoke Lemma 5.2 again to yield the bound

1
|11+ p2 + pa + a2

(6.6) L] < m?-

so that combined with the estimate (6.3) and (6.4) it implies

1 // . 11 1
— ri(t,tr) " dt1dty € — + — s
m? J Jo,rpe (t1,%2) NZ, N, " mzmeg |11 + 2+ p3 + pa|

P+ p3+HaF#0

yielding the statement of the present lemma in this case as before, via Lemma 6.2.
The argument for 7, is identical.
For the second mixed derivative r1, we have:

T 2
ot 1) =~ S S t2)e (-t s (1) = 2(02)),
m neé

and

7T8 4
rattn ) = B0 S T A0)) - (g3 (82)

m Hl7"'7“4€gj:1
x e ({p + pa+ p3+ pa,y(t) —v(t2)))
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so that by separation of variables and upon recalling (6.5), we have

2m)8
//[0 L]zrlz(t1,t2)4dt1dt2 = (N‘*) Z L, 2, 13, 12) 2

m Hiyeees 4 €E
and invoking (6.6) (valid for pt + po + p3 + 14 # 0), we finally have

1 // \ o |
— ria(ti,ta) dtidty < — + —5
m* J Jo,rp2 (h-t2) Ni  Naoo, .Zmeg 121 4 2+ 3+ pa|

B2+ p3+pa 70

by Lemma 6.2. U

LEMMA 6.2. We have the following bound

6.7) 3 ! ) (N,ff) .

Bl HaEE H'“l"‘#z—l-m —|—M4||
1+ a3+ pa#0

Proof. Let us denote v = 11 + pp + 3 + 114. We choose a big parameter A > 0
and split the summation into 3 ranges:

(@) [lvf] < A.

We invoke Zygmund’s elementary observation [27] again to deduce that, given
w1 and pp and v such that

i+ po # v,
there are (at most) two choices for ps, g € € that solve
M1+ po + ps g = .

Therefore we may bound the contribution to the sum (6.7) of this range as

1
uu-;mes 11 + w2+ s + pal|
(68) [[pe1+ 2+ p3+pal| <A
! dx A
SN,31~Z—<<N§L/ —:an/ dt:A-Ngw
joiza IVl <leli<a 1o 1

by comparing the sum Z\IvI\SA ﬁ to the integral f1§|x\|§A Hcﬁc—m”.
(i) A < |[Jol| < N/,
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We claim that given 1, uo, i3 there exist at most 2 lattice points 4 that lie in
the relevant range so that || + pp + 3 + pal| < N3/%. Once established the above,
the contribution of this range is, bounding the summands point-wise,

1 1
@ 2 <—.N},.
5 A €E 4 g2+ p3 4l = A

A< |1+ pat+pa+pal | <N

To see that indeed, given 1, ..., 13 there are at most two vectors 4 that return
us to the relevant range, we consider the geometric picture. Let pu1, iy, 13 be fixed,
define w = w1 + pp + w3 and suppose that there exists a vector py so that v =
w1+ po + ps + pg satisfies Ny, /log N, < ||v|| < N2/* indeed. By the triangle
inequality, the vector w satisfies

Vm— N2 < |w|| < N2+ m;

adding the vector p4 translates it to a circle of a small radius N, log V,,, around
the origin, which means that 14 has to be on a circular arc of angle « of the order
at most

N2/

a~sina < ————
= 27
\/m—N,fq,/

3/2
with arc length < \/m#, which is much smaller than m1/3, so by Jarnik
m

there exists at most two such lattice points, as claimed.
3/2
(iii) ||v]| > N2
Here it is sufficient to bound the summands in (6.7) pointwise; since the total

number of summands is N, the sum is bounded as

1 1
(6.10) > < —5 Ny =N/
/2 m m

e 3/2Hm+uz+u3+u4ll N,

[l 1+ po4p3+peal| > Nyt

Consolidating (6.8), (6.9), and (6.10) we find that the sum (6.7) is bounded by

1
A-an+Z-an+an/2,

and the lemma follows by taking A = NTI,L/ 2, 0
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7. Fluctuations of the leading constant.

7.1. Some basic observations. Recall that given m we denoted £ to be the
set of lattice points on the circle of radius y/m, and that we defined the probability
measures 7,,, on S' as in (1.6). We may then rewrite B¢ (&) (1.11) as

Be(€) = /C /C /S (0 3(0))(0.4(12)) (D)t

More generally, for any probability measure 7 on S!, invariant w.r.t. 5—rotations
and the reflection (z,y) — (x,—y) we define the number

L rL
)= [ [ [ @aerese)
(7.1) 5

_ /S dr(6) M)Lw,&(t))zdt] ,

so that, in particular,
(7.2) Be(€) = c(Tm,7).

The leading constant (7.1) is intimately related with the (weak) limiting angular
distribution of lattice points in £. As usual when we deal with convergence of
measures, weak convergence is denoted by “=-". Thus if {m} is a subsequence of
energy levels such that 7,,, = 7 for some probability measure 7 on § ! then

(T, ) — e(7,7)-

Therefore the variety of limiting values of B is related to the weak partial limits
of {7,,}, i.e., probability measures 7 on S! such that for some subsequence m; of
energy levels, such that 7,,,; = 7. The classification of all such measures 7, called
attainable, was first addressed in [18], and was subsequently studied in more detail
in [20]. It is well known that the lattice points & are equidistributed on S' along
generic subsequences of energy levels (see e.g., [13, Proposition 6]) in the sense
that 7,,, = %dQ along some density 1 sequence {m;}, and thus, in particular,
the normalized arc-length measure %dQ on S! is attainable. Among other things
it was shown in [20] that for 7 attainable the value of the Fourier transform 7(4)
attains the whole interval [—1, 1], a fact that is going to be important in the example
considered in section 7.2 below.

7.2. An example: explicit computation of ¢(7,~) for circular arcs. LetC
be the circular arc

v(t) = (rcos(t/r),rsin(t/r)),
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t € [0, L]. Here we obtain after some elementary manipulations

1 1 1 ~
(7.3) o(1,7) = ZL2 + grz sin®(L/r) + grz sin’(L/r)cos(2L/7) -7 (4),
where we exploited the 7 /2—invariance of 7 to write 7(2) = 0. Since, as it was
mentioned in Section 7.1, all the values of 7(4) € [—1,1] are hit by attainable
measures, the leading constant 4¢(7,7) — L? in (1.10) takes all values between

r2sin*(L/r) and r2sin’(L /r) cos>(L/r).

We may also infer from (7.3) thatif yis a %—circle plus a multiple of a quarter-
circle (L/r =% +kn/2,k=0,1,2,3), or amultiple of a semi-circle (L/r = m,27),
then the leading constant is independent of 7. For the latter case the constant van-
ishes universally; here the nodal length fluctuations are of lower order of magnitude
than prescribed by Theorem 1.2. The only other case when the leading constant
vanishes occurs for quarter circles plus multiples of semi-circles and

1
(7.4) T=7 (07 /s +0437/4)

the “tilted Cilleruelo measure” (attainable), name inspired from the “Cilleruelo
measure” [18, 10]

1
(7.5) T= Z((Sil +944)

(when thinking S! C C); these are excluded from our discussion by bounding
|7(4)| away from +1 (see e.g., the formulation of Theorem 1.1).

7.3. Classification of the leading constants. By applying the Cauchy-
Schwartz inequality on (7.1) it is obvious that for all 7, -y, one has ¢(7,v) < L. A
stronger bound is possible, thanks to the 7 /2-rotation invariance of 7.

We will employ an auxiliary notation in order to rewrite the definition (7.1) of
¢(7,7y) in a more useful way for our purposes. Given a direction

g=¢"eS!

we denote the L?-squared energy of the projection of the tangent directions of + in
the direction 6:

L
(7.6) A(7,0) = /O (0,5(1))*dt,

so that we may rewrite (7.1) as

a7 o(r,y) = /5 A0 (6).
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PROPOSITION 7.1. (i) For all T measures on S', and smooth toral curves ~
one has

2
(7.8) - Sclny) <122
(i1) The minimum value
L2
6(777) - T

is attained for a given measure T if and only if for all 0 in the support of T,
A(v,0) = £.

Proof. We observe that for #+ a perpendicular direction to @ (any of the two),
A(7,0) + A(v,00) = L,

from which it is easy to show that

2
(7.9) % < A(7,0)* + A(7,01)* < L%

We then use the invariance properties of 7 to write (7.7) as
o(r) = [ AN + A0 P)ar(6),
S1/i

where S!/i is a quarter of the circle identifying ¥ and ¥ + 7 /2 of measure

(8! /i) = %

by the invariance. It then readily yields via (7.9) that
LZ
@10 )= [ 2400+ A0 =
Sl /i

and also (7.8). This concludes the proof of the first statement of the present propo-
sition, and, in fact, this proof also yields the second one. U

The following corollary from Proposition 7.1 gives the necessary and sufficient
conditions for the leading constant to vanish (equivalently, for ¢(7,7) to attain its
theoretical minimum ¢(7,7) = LTQ). Define the complex number Z(+y) as

L
I(v) = /O e* 0 dt,

where 4(t) = ¥ i.e., ¢(t) is the angle of #(t) w.r.t. the coordinate axes.
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COROLLARY 7.2. (i) The minimum value

LZ
C(Tv 7) = T

is attained universally (i.e., for all T), if and only if

(7.11) I(y)=0,

(ii) If (7.11) is not satisfied, then the only measures T where ¢(T,7) may equal
LTZ are the Cilleruelo measure (7.5) and the tilted Cilleruelo (7.4); it will occur if
and only if

L L
ReZ(vy) = / cos(2p(t))dt =0 or ImZ(y)= / sin(2p(t))dt =0
0 0
respectively.

Proof. Under the notation (t) = *#(*) as above,

L L
A(7,0) = /O cos(0—¢(t))2dt:§+% /O cos(2(9 — o(t)))dt,

and therefore A(v,0) = % if and only if

L
/0 cos(2(9 —p(t)))dt = 0.

Now the latter integral is

L L L
/ cos(2( — (1)) )dt = cos(2) - / cos(2ip(t))dt + sin(20) / sin(250(1))d.
0 0 0

Thus, if the tuple (cos(21),sin(219)) attains at least two not co-linear values with
¥ € supp(7), it implies that

L L
/ cos(2p(t))dt = / sin(2p(t))dt =0,
0 0

which is equivalent to (7.11); in this case the constant ¢(7,~) vanishes universally,
i.e., for all measures 7.
The only two attainable measures that violate the condition of

(cos(219),sin(249))

attaining at least two not co-linear values with ¥ € supp(7) as above are Cilleruelo
(7.5) and tilted Cilleruelo (7.4). Here the condition for vanishing of the leading
constant is fOL cos(2p(t))dt =0 or fOL sin(2p(t))dt = 0 respectively, as prescribed.

0
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The next proposition studies when ¢(7,) attains the “theoretical maximum”
LZ

>

PROPOSITION 7.3. The maximum value c(T,7y) = LTZ is attained for T the
Cilleruelo measure (7.5) and C a straight line parallel to either of the axes, or
T the tilted Cilleruelo measure (7.4) and C parallel to y = +x. Though excluded
by Theorem 1.2, this could be approximated arbitrarily well by c(t,7) for length-L
smooth curves with non-vanishing curvature.

Proof. By the proof of Proposition 7.1 above the upper bound in (7.8) is at-
tained if and only if for all # € supp(7),

(7.12) A(7,0)* + A(v,0+)* = L2,

which happens if and only if for all § € supp(7) one has A(v,6) =0 or A(y,0*) =
0. Equivalently, for all § € supp(7) and all ¢ € [0, L], either § L #(¢) or 0+ L ~(t).
Thus there is a “unique” maximizer for ¢(7,7), where 7 is an attainable measure
and 7 is a curve, namely the only cases prescribed in the statement of the present
proposition. Since we exclude the straight lines from our discussion, this is the
supremum rather than maximum. U

Appendix A. Non-degeneracy of the covariance matrix. In this section
we prove Lemma 4.3: given a fixed 0 < ¢y < 1 we are to find a constant ¢y =
co(€o), so that for all m satisfying |7,,,| < 1 —€p (with 7, defined in (1.6)), we have
detX(t1,tp) > 0 (with X(¢;,;) given by (3.6)) is strictly positive for [t —¢;| <
;—Om. Recall that p and p are given by (3.4) and (3.5) respectively (with o = 272m);
we have explicitly

A detX(ty, 1) =det A-detQ = (1 —7%)- (1 —r?)2p*(1 - p?)
' = (1=r) "2 (1= p%).

As above, 4(t) = e*#(t) .., the vector 4(t) is a unit vector in the direction
©(t), and

A(t) :=Tin (4) - cos(4p(t)).

In order to establish the positivity of det(¢;,¢,) we Taylor expand the expression
,u2 (1= p)z, considered as a function of ¢, and ¢; constant, around ¢, = t,, as in
the following lemma, with the other term (1 —72)~! having been readily expanded
4.9).
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LEMMA A.1. We have
p(1 =) = o (Ah) ~ DA~ 1) (12— 1)
i O(m13/2(t2 )0y m15/2(t2 _ tl)“),
valid for [t —t)] < —=.
Proof of Lemma 4.3 assuming Lemma A. 1. Recall that by (A.1) we have
detY = (1 —r2)"1. p2(1—p?).

It is obvious from (4.9) that (1 —r2) (and hence its reciprocal) is strictly positive
for [t — 1] < \ﬁ with ¢y depending on + only. Concerning the other factor, we
use Lemma A.1 to expand

p (1= ) = ot (A() ~ (A~ 1) (62— )"
+O(m13/2(t2 _t1)10+m15/2(t2 —tl)ll).

(A.2)

Note that
[A(t)] < [Tm(@)] <1—eo
is bounded away from 1. That implies that the leading term in (A.2),
2
14m7(1 — A(tl))(l — A(tl)z)(tz — tl)lo 2 571'146(3) . m7(t2 - tl)lo
> m! (ty—t)'°,

is bigger than the remainder term in (A.2) for |t; — ¢ < \ﬁ for ¢y chosen suffi-
ciently small. O

Proof of Lemma A.1. We have
(A3) 2(1—=p*) = (a(1=r*) =) (1 =) =13) — (ria(1 = 1?) —|—7°7°1r2)2.

Let ¢y, =cp () := 8t4 F(t1,t1), em =ep(t)) == 8t6 £ (t1,t1). Using the identities

3 1 1
40 == + —cos(26) + = cos(4
cos” 6 8—|—2cos( 9)—1—8c0s( 9),

and

5 15 3 1
6(0) — —
cos’(f) = T —|— cos(29) T cos(46) + % cos(66),
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and 7,,,(k) = 0 unless 4|k, by the 7/2 rotation invariance, we may compute

(2

Cm = D (WA +0m?)
(A.4) nee
= n)t (34 7 (@eostaa) ) + 00 P)
A =0(m?),
._ (2m)° t 6 5/2
em 1= = (1 A(1)° + O(m*?)
(A5) Het

—(2m)%m? <li6 + 1367{”\1(4) cos(4¢>)> +0(m?).

Let z :=t, —t;. Bearing in mind that (4.8),

or Pr
o5 —(t1,t1) = 8253 (t1,t1) =0
(cf. (4.6) and (4.8)), and
85
8t5 (tlﬂtl) O(m2)7

we may Taylor expand r = r(t1,t,) for ¢; fixed as:

@ 1 1
e o 7/2,7
r 57 +24Cm( 1)zt + 5556m m ()28 +0(m*2° +m’/227),

where the constant involved in the “O”-notation depends on ~y only. We may dif-
ferentiate term-wise to obtain (the terms involving ¢}, e}, are of smaller order and
are absorbed in the various error terms)

1 1
ry = —z+ 6cmz + memz >+0 <m224 +m7/2z6> ,

1 1
] :az—gcmz3 o5 +O(m z +m7/2z6)
_ L, 1 7/2 6
—z<a—gcmz ~ Tap¢m >—|—O(mz +m'°2%),
1 1
M =0 sems’ = remst +0(m’z Sem2P).
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Incorporating the above, we have (using |z| < \ﬁ to consolidate the various
error terms throughout)

1—r2=(1—=7r)(1+7)

(2 1 52 1 4 a, 1 4
¥ (o S S S (2-C2y
- (2 24" 7206’”Z> < 2° +24sz>

+0(m?2° +m/%27)

2
_ 2 _(CEm Q) 2 (_em a > 7/2.1
z (a (—124- 4>z + —36O+24Cm >—|—O(mz +m'z"),

r? =22 <a2 — %cmzz—i- <C—m — gem> > +0(m32° +m®%27),

and the same estimate holds for r%;

72
+O(m z +m9/zz7),

a(l—rz)—rf:z4<%(cm )+i(ema+3a cm—ZC ) 2>

and the same estimate holds for a(1 — T2) — 7’%;

(a(l=r)=1})-(a(1=r3) =13)

(A.6) =8 <Té—; (cm — az) + m (em —a?) (ema+3a’en, —2cp,) z2>
+0O(m®2° 4+ m"/2:M),
Continuing,
2 LI
r12( l—r <a ﬁem’z >

2, ( 6m @ 9/2 7

><<a < >z —I—( 360+24Cm) >—|—O(mz +m z)
a? 2 1 cm(t1)?

2 (a2 2, [~ 2 1 4

<a < Cm + 4> +< 45aem—|—6a m+ o >z>

+O0(m32° +m?227),
o 1 1 1 2
rriT) = —2? (1 22 + ﬁcmz“) (a— gcmz2 — memz“)
+0(m32° +m?27)

le} 5 le} 1
=32 <a2 - €(3a2 +20m)z2 + <ﬂazcm 60em + %c%> z4>

—I—O(m z +m9/2z7).
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Combining the last couple of estimates we obtain:

2 4 (&, 2 1 L, 1, 2
r(l—r?)+rrrm =2z (Z(a —cm) + <—%aem—ﬁa cm+ﬁcm>z >
+O(m z +m9/zz7),
and
(r12(1 =72 +77r11)?
_ 2 g O/ 2 1 2 2y 2
=ala® —cp)z <1—6(a —cm)+m(—2aem—3o¢ cm—l—cm)-z>
+O0(m®2? +m13/2:1),

Finally using the latter estimate with (A.6) we obtain (the term corresponding
to 2% cancels out precisely, and by the non-negativity the Taylor series necessarily
starts from an even power)

(a(1— r?) —r%) (a1 —7?) —r%) — (ri2(1— r?) —|—rr1r2)2

134(oz2—cm)(c +aem) 20+ 0(mb2° +m!2:1).

Note that by (2.6), (A.4) and (A.5) we have

(A7)

02 — ¢y = 272 (T (4) cos () — 1) + O(m?/?),
and
2, 4 aey, = 4r8m* (T, (4)? cos? (4¢) — 1)+ O(m 72y,
so that, bearing in mind (A.3), (A.7) is
2
pr(l—-p?) = o" mhmT (At) = D)(A(6)? = 1) (t2 — 01)"°
+O0(m82° 4 m1/221);

(A.8)

this is almost identical to the statement of the present lemma, except that we have
to improve the error term. To this end we observe that since, in light of (A.1),
the expression on the Lh.s. of (A.8) is non-negative, the Taylor expansion on the
r.h.s. of (A.8) is guaranteed to begin with an even power of z. Hence the first error
term O(m®2%) is O(m'3/221%) (recall that this expansion is valid for |t, —t|| <

1
). O
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