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1. Introduction. Let p be a prime ideal in the ring Z[i] of Gaussian
integers. Assuming the norm N(p) = p = 1 mod 4 is a split prime, we can
write p = a®+b? with o = a+1b a generator of p, unique up to multiplication
by one of the units 1, £4. This gives us an angle 6, such that o = a 4 ib =
/P %, which is unique if we fix it to lie in [0, 7/2).

Hecke [6] proved that the angles 6, are equidistributed in [0,7/2) as
p varies over prime ideals of Z[i]. This means that if we fix a subinterval
I C[0,7/2), then as X — oo,

X

/2 log X

Recall that by the Prime Ideal Theorem, #{p C Z[i] : X < N(p) < 2X} ~
X/log X.

Kubilius [§] and others studied the existence of prime angles in nar-
row sectors. Ricci [I0] proved that remains valid for any interval I C
[0,7/2) of length |I| > X ~3/10+¢ By a sieve method, Harman and Lewis [5]
proved the existence of prime angles in somewhat narrower sectors without
an asymptotic expression. Assuming the Generalized Riemann Hypothesis
(GRH), it is known that is valid for any interval I C [0,7/2) of length
|I| > X~1/2*¢ Tt is important to point out that one cannot do better because
of the existence of “forbidden regions”, for instance the interval (0,1/v/X)
does not contain any prime angle of norm less that X (in fact angles for
any such integer ideals). This is a striking difference from the well studied
problem of (rational) primes in short intervals, where one expects that any
interval [z, z + y] will contain ~ y/logx primes as soon as y > z¢, for any

(1.1) #{p CZ[i] : X < N(p) < 2X, 6, € I} ~
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€ > 0, while similarly to our problem, the Riemann Hypothesis only gives
the existence in intervals of length y > 21/2+e(1),

Instead of asking about all short sectors, one can ask about the existence
of prime angles in “typical” sectors, that is, in almost all short sectors. As-
suming GRH, Parzanchevski and Sarnak [9] and Rudnick and Waxman [I1]
showed that almost all sectors contain a prime angle, in fact the asymptotic
formula (at least in a smooth form) remains valid for almost all I if
[I| > X~1%¢ which is the most we can expect (up to log factors) since the
number of prime ideals with norm about X is roughly X /log X, hence almost
all sectors shorter than 1/X will contain no prime angles 6, with N(p) ~ X.
Rudnick and Waxman [II] gave a precise conjecture about the asymptotic
behavior of the number variance, supported by a theorem for a function field
analogue of the problem.

In the present paper, we prove an unconditional result on Gaussian
primes in almost all narrow sectors. We will say that a property holds for
almost all narrow sectors I = (3,8 + 7] (where vy = X7, 0 < p < 1, and
X < N(p) < 2X with X — o) if it holds for all 5 € [0,7/2] apart from an
exceptional set of measure o(1).

THEOREM 1. Let 0 < p < 3/5. Then (L.1)) holds for almost all short
sectors I C [0,7/2) of length |I| > X~°.

Our result is a consequence of an upper bound on the number variance
estimated using zero-density theorems.

We recall that under RH, Selberg [I3] showed (in 1943) that almost all
intervals (z,z + ¢(z)log? 2] contain primes for any function ¢(x) tending to
infinity. See [12], [7], [3, Chap. 9]) for unconditional results.

The problem of Gaussian primes in small balls is similar in flavor to that
of primes in short intervals, and was studied by Coleman [1] who established
individual results, both on GRH and unconditionally (see also [4]), and a
result about almost all balls.

We briefly discuss in Section [] the analogous problems for real quadratic
fields.

2. Preliminaries

2.1. Hecke characters and their L-functions. For a non-zero ideal
a = (a) C Z[i], with generator o, Hecke defined characters Zx () = (o /@),
k € Z, which give well defined functions on the ideals of Z[i]. In terms of the
angles associated to ideals, we have e*% = = (a).

To each such character Hecke [6] associated its L-function

sy X = [T 0-S6Ne ) R > 1
0£aCZ[i]

p prime
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Note that L(s, =) = L(s, =_k). Hecke showed that if k£ # 0, these functions
have an analytic continuation to the entire complex plane, and satisfy a
functional equation:

(2.1) E(s, k) = a~ CHARD (s 4 2|k L(s, Z) = £(1 — s, k).
We denote Loo(s, k) := n~ 2D P(s + 2|E]).

2.2. The zero-free region. We will need a “non-standard” zero-free
region for L(s, Z):

THEOREM 2 (Kubilius [8]). For k > 0 and V := /(T +2)2 + (2k)2, if
Pk = Bk + 1Yk i a zero of L(s, =), then

1- /Bk,n > "Yk,n‘ <T.

1
(log V loglog V)3/4’

2.3. The zero-density estimate. We now introduce a zero-density
theorem. We set

N(o; T, K) == #{prn = Brn + ikm : 0 < k < K, |Ypn| < T, Brm > 0}
In his thesis (1976), Ricci [10] showed
THEOREM 3 ([10]). Foro >1/2, K,T > 2, and T = o(K), we have
N(o;T,K) < TK 3 (179 (log K)?
for some B > 0.
3. The number variance. We wish to get an unconditional result on
angles of Gaussian primes in almost all narrow sectors. We recall some def-

initions: Pick f € Cg°(R), which is even and real-valued, and for K > 1
define

(3.1) Fie(60) = jéf(;/z (9—/;)).
Let @ € 02°(0, 00) and set

vrx(®) = S0 52 ) Al Fic(6a - 0),

with the sum over all powers of prime ideals, where the von Mangoldt func-
tion A(a) is log N(p) if a = p” is a power of a prime ideal p, and is zero
otherwise.

By |11, Lemma 3.1|, the expected value of ¢k x(6) is

o0 o0

E(Yk x) = (Vk x) ~ % | fx)dz | &(u)du.

—0o0 0
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Here for any function H of 8, we define the mean value

w/2
1
H):=—\ H(6)db.
(H) = 5 | HO)
We wish to study the number variance
1 /2
Var(Yg x) = =2 S [ x(0) — E(vr x)|* .
THEOREM 4. If K = X" with 7 < 3/5, then for some A > 0,
Var(¢k x) —A
—5 < (log X as X — oo.
(E(vr,x))? (log X)

Consequently, in this range, for almost all 8, there is a prime ideal p with
N(p) < X such that [§ — 6,| < 1/K.

3.1. The proof of Theorem @. We have [I1], Corollary 4.4] @
Vi, x(0) — (Y. x)

X1210g K

—7,4k9

= — g k: K) E @ )X + O —— ] |,

“ RS ( (o, i ((logX)mO ))
k0

with the inner sum over all non-trivial zeros pg, = Bin + iVkn of L(s, Zk).

Computing the mean square over 6 and dividing by the square of the
expected value, namely by (X/K)?2, gives

Var(l/}[( X

By < xz 2 /K7

XY2)og K) 2
k0

(log X)IOO

Below we will see that the contribution of the first term is O((log X)~4).
The contribution of the second term O(ﬁ;ﬁ%f is O(X~9)if K < X172
so that modulo this fact we have

Var(T/JKX <<7Z|fk/K"Z@Pk )X P

Ewr )P < X2 2 X

Next, we note that up to a negligible error, we can truncate the sum
over k to 0 < k < K19 for any fixed 0 < § < 1, where we take § > 0 such
that

K < X5(1-28),

(*) There it is formulated assuming GRH.
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Indeed, since ]?is rapidly decaying, using the trivial bound Rpy, < 1 we see
that the tail of the sum is bounded by

B 3 TR a0 S 710 (5 660w

k>K1+6 n k>K1+6

For each k # 0, we use the rapid decay of the Mellin transform |®(py.,)| <
(1 + [7.n]) 1% and the bound

#{n T < |yl < T+ 1} < log(2[k|(T +2))

to estimate the sum over the zeros by
- log (T +2)
S 16(p10) 21 (M) 7y < 1os(2Ik)
n

Hence the tail of the sum is bounded by

vz X IFR/E)P[S Bpw ) xPe |

k>K1+6

< > |f(k/K)[*(logk)? < K71
k>K1+6

on using | f(y)| < |y|~1%%/% for |y| > 1. Therefore

m < % 2 |f(k/K)|2‘Zé(pk7n)ka’" L xe

0<k<K1+é

We may also restrict the sum to zeros with |y;,| < K¢, at the cost of
another negligible error, again by using the rapid decay of @. Thus we have
Var(¢k x) _
e KW XF

(E(¢r,x))?

where

W= S FWREP Y de x|

O<k<K1+é iy n | <KE

By the Cauchy—Schwarz inequality,
1 - . .
W< S EEP Y Bl Y (o) X
0<k<K1+6 n: "Yk,n|<KE n: |’Yk',n|<KE

Using the rapid decay of & and the logarithmic density of zeros gives

> 1®(orn)l < log K
n: |'Yk,n‘<K€
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so that

log K _ _
W<<O§ SO ERIKP DY [ B(pra)| X,

0<k<K1+6 n: |y, n| <K€
Let
M = (log K)”10, A =[2/5],

so that for K > 1, there are no zeros of L(s, =) with real part fy, >
1 —A/M, by Theorem . We use a dyadic decomposition to bound W':

vl v Sy S @) X
X2 "

0<k<K!+s m=0 0<T<K®lim <p, <lymtl
T<|, n|<T+1

M—-A
log K mt1 1
S aiD D INDS > XN
X2 1+6 =0 0<T<Ke 1 m 1, m+1 (T + 1)100
0<k<K m= SI< §+W§ﬁk,n<§+w
TS"\/k,n|<T+1

log K "o 14 mtl 1
<=5 2 X MZW(Z > 1)

m=0 0<T<Ke 0<k<K!o 14 m <p <2421
T<'Yk n<T+1
XM logK m 1
X/ log K /M 1+6
< X ZX Z 100 <2+2MTK >
0<T<K5

Now use the zero-density theorem (Theorem [3|) to bound, for T < K¢,

N(l Loy Kﬁa) < TKUD5 G730 (log K)

2 2M
Hence
1/M B+1 M-A
W< XM (log K) Z ym/M Z K(1+5)10(§—%)
X 1<k T
1/M B41 M-A
<X (13? K) ZO Som/M g (146) 12 (4 gm)
F(+0)3 . M-A X m/M
L5 vym B+1 L
<— X" (log K) ZO (K(1+5)g> .

Since we assume that K < X 5(1-20) (here § > 0 is arbitrarily small), so that

X

T > x1-(146)5(1-20)F _ xd+26° > X‘5,
K 3
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M-A X m/M X 1-A/M
Z (K(Ha)g > < <K(1+5)§> ’

m=0

we have

so that we obtain

X )—A/M < (logK)B-H

K(1+5)§ oa-t

W < XYM(log K)B+1<

Since we took A = [2/d], we have ‘m L > L so that
(log K)#*
W< —m—
< exp(—1(log X)1%) = O((log X)~4).
Thus we see that if K < X%u*%), then

Var(vr x)
(E(¢r,x))?
This completes the proof of Theorem

< (log K)P*+! exp(—log X/(log K)*/19)

< (log X)=4

3.2. Primes vs. prime powers. Now set

b st( > (6, — 6) log N(p),

with the sum over all prime ideals. Let

w/2
rime 1 rime rime
Var( IID(,X ) = /2 S Wp (0) — E(vg )‘Qde
COROLLARY 5. If K = X7 with 7 < 3/5, then
Var(wprlme)

— < (logX)*‘4 as X — oo.
E(vix")?

Proof. By |11, Lemma 3.1] again, the mean value of wp“me( ) is
. : X
(3.2) E@Wrx) = Wrx )~ (Urx) ~ = S z)dz S P(u
—00 0
Moreover,
) — (e )| < X2/,

And by the prime ideal theorem, we have

%:@(N)(;)) Z@( ) (p)log N(p) + O(X/?).
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Then by the same proof as in [I1, Lemma 4.8|, we have

<’1/JKX T/Jprlme ><<X/K.

Using the triangle inequality as in [11, §4.4], together with the above esti-
mates and Theorem [4] we complete the proof of our corollary. =

3.3. Proof of Theorem [I By Chebyshev’s inequality and Corollary [5]
we find that

) . X oo oo
(3.3) rx (B) ~E@Wkx") ~ | f(z)de | &(u)du
—00 0

for almost all g € [0,7/2).

Theorem [1| follows by removing the smoothing. Let fI(y) be a smooth
function depending on ¢ and satisfying fr(z) = 1if z € [0, 1], fF(x) € [0, 1]
if z € [—¢,0]U[1,1+¢], and fF(z) = 0 otherwise. Here ¢ is a small positive
constant. Define F+ (0) as in m that is,

-5 (0-15)

JEZ
Similarly, we can choose #1 to be a smooth function depending on ¢ and
satisfying @1 (u) = 1 if u € [1,2], &7 (u) € [0,1] if u € [1 —¢,1] U [2,2 + €],
and &1 (u) = 0 otherwise. Let
A={p CZi]: 0, € I:=[B,8+7/(2K)], X <N(p) <2X}.
Note that for X > 21/¢,

Sore Yo (SR -

peA P
1+¢
< Fy (6, — B)log N(p).
= logX 2 < ) (0 — B)log N(p)
For B € [0,7/2) satisfying (3.3) with f = fI and & = &1, we have
X I X

1<(142 =(1+2)4 1

g +29)" 5, ax - 2 e X

for X > X(e) sufficiently large.
Similarly, we can obtain a lower bound of Zpe 4 1 by another smooth

counting, so that for 5 € [0, 7/2) satisfying (3.3) with f = f- and ¢ = &_,

we have

for X > X (g). Taking the limit € — 0, we obtain an asymptotic formula for
Zpe 4 1 for almost all 8. This completes the proof of Theorem
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4. Prime angles for real quadratic fields. One can also study ques-
tions about angles related to the representation of primes as norms in a real
quadratic field, similar to those for Gaussian primes.

Let E be a real quadratic field, and € = eg > 1 the fundamental unit,
so that the group of units is {£e" : n € Z}. For simplicity, we will assume
that the fundamental unit has negative norm, and that the (narrow) class
number of F is 1, so that all ideals are principal (Gauss conjectured that this
occurs infinitely often). Given a prime p which splits (completely) in E, to
any solution of Normpg g(a) = p, that is, to any generator of an ideal p | (p),
we associate an angle variable

t(p) € R/(2loge)Z ~ S*

exp(i;jg(?) _

(where o — @& is the Galois involution of E), which is independent of the
choice of generator of the ideal p. Note that for the Galois conjugate ideal
we have t(p) = —t(p) mod 2loge.

For example, take £ = Q(v/2). The ring of integers is Op = Z[v/2], the
fundamental unit e = 14 /2 has negative norm, and the class number (both
wide and narrow) is 1. The split primes are those satisfying p = +1 mod 8.
For every such prime, we can represent both 4+p as a norm, that is, solve
a® —2b? = +p. The corresponding angle parameters describe the relative size
of the solution coordinates a and b.

Hecke [6] showed that as p varies over split primes, the corresponding
angle parameters become uniformly distributed in R/(2loge)Z ~ S*.

Using ideas similar to those for the case of Gaussian primes, one can show
results analogous to Theorem [I] The non-standard zero-free region for the
corresponding L-functions is due to Coleman [2]. The zero-density theorem
needed can be proved along the lines of Theorem [3]

by
a im/loge

o
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