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Abstract

We prove a function field version of Chowla’s conjecture on the autocorrelation of the Mobius
function in the limit of a large finite field.

1. Introduction

There is a well-known equivalence between the Riemann hypothesis (RH) and square-root cancella-
tion in sums of the Mdbius function w(n), namely, RH is equivalent to ), _ u(n) = O(N 1/2+0(D)y,
This sum measures the correlation between () and the constant function. Recent studies have
explored the correlation between w(n) and other sequences; see [1, 2, 5]. Sarnak [8] showed that
w(n) does not correlate with any ‘deterministic’ (i.e. zero entropy) sequence, assuming an old con-
jecture of Chowla [3] on the auto-correlation of the Mobius function, which asserts that given an

r-tuple of distinct integers «y, .. ., @, and €; € {1, 2}, not all even, then
. 1 €] €y
NITOONZNWMQ o u(n+ )T =0, (LD)
n<

Note that the number of non-zero summands here, that is, the number of n < N for which
n+aoy,...,n+«a are all square-free, is asymptotically c(w) N, where c(a) > 0 if the numbers
a, ..., a, do not contain a complete system of residues modulo p? for every prime p [6], so that
(1.1) is about non-trivial cancellation in the sum.

Chowla’s conjecture (1.1) seems intractable at this time, the only known case being r = 1 where
it is equivalent with the Prime Number Theorem. Our goal in this note is to prove a function field
version of Chowla’s conjecture.

Let I, be a finite field of g elements and F,[x] be the polynomial ring over IF,. The Mobius
function of a non-zero polynomial F € F,[x] is defined to be u(F) = (=1)" if F = cP; - -- P, with
0#cel,and Py, ..., P, are distinct monic irreducible polynomials, and p(F) = 0 otherwise.

Let M, C IF,[x] be the set of monic polynomials of degree n over IF,, which is of size #M,, = q".
The number of square-free polynomials in M, is, forn > 1, equal to g" — ¢"~! [7, Chapter 2]. Hence,
given r distinct polynomials «y, ..., a, € F,[x], withdega; < n, the number of ' € M, for which
all of F(x) + «;(x) are square-free is ¢" + O(rq" ") asqg — oo.
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For r > 0, distinct polynomials «y, ..., a, € F,[x], withdega; < nande; € {1, 2}, not all even,
set
Clan, ... apin)i= ) w(F +oa) - u(F +o,)". (12)
FeM,

Forr = 1andn > 1, we have ZFeMn w(F) =0[7, Chapter 2]. Forn = 1, we have u(F) = —1 and
the sum equals (—1)X<g". Forn > 1, > 1, we show the following theorem.

THEOREM 1.1. Fix r > 1 and assume that n > 1 and q is odd. Then for any choice of distinct
polynomials ay, ..., o, € Fylx], with maxdega; < n, and €; € {1, 2}, not all even

IC ey, ..., s n)| < 2rng" V2 + 3rn?g"~". (1.3)

Thus, for fixedn > 1,

lim
g—oo #

D W(F e u(F + ) =0, (1.4)

" FeM,

under the assumption of Theorem 1.1, giving an analogue of Chowla’s conjecture (1.1).

Our starting point is Pellet’s formula, see, for example, [4, Lemma 4.1], which asserts that for
the polynomial ring I, [x] with ¢ odd (hence the restriction on the parity of g in Theorem 1.1), the
Mobius function w(F) can be computed in terms of the discriminant disc(F) of F(x) as

w(F) = (—D)%F x5 (disc(F)), (1.5)
where y; is the quadratic character of IF,. That will allow us to express C(«y, . . ., @, ; n) as a character

sum and to estimate it.

2. Reduction to a counting problem
2.1. Character sums

We use Pellet’s formula (1.5) to write

Clay,...,o;n) = (D" Z x2(disc(F + o) - - - disc(F + a,)). 2.1)

FeM,

Since disc(F) is polynomial in the coefficients of F, (2.1) is an n-dimensional character sum; we
will estimate it by trivially bounding all but one variable. We single out the constant term ¢ := F'(0)
of F € M, and write F(x) = f(x) + t, with

f) =x"+ax"" + -+ ax, (2.2)
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and set
Dy (t) :=disc(f(x) + 1), 2.3)

which is a polynomial of degree n — 1 in ¢. Therefore, we have

IC@1, e < D0 1D xo(D g (D -+ Dy, ()] (2.4)

aEFZ_] telf,

We use Weil’s theorem (the RH for curves over a finite field), which implies that for a polynomial
P(t) € I [] of positive degree, which is not proportional to a square of another polynomial, we have
[9, Section 2]

D r(P0)| < (deg P —1)g'2 P(t) # cH0). 2.5)
teF,

For us, the relevant polynomialis P () = Dy, (1) - - - D p14, (t)*, which has degree < 2r(n — 1).
Instead of requiring that it not be proportional to a square, we impose the stronger requirement that
for some i with €; odd, D, (¢) has positive degree and is square-free and that for all j such that
J # 1, Dyig,(t) and Dy, (1) are coprime. We denote the set of coefficients a satisfying the stronger
condition by G, (the ‘good’ as, where we can apply (2.5)), and let G}, = IFZ‘I \ G, be the complement
of G,, where we use the trivial bound ¢ on the character sum. Thus, we deduce that we can bound

IClan,...aim| < Y @rin—1)=Dyg+ Y q

aeG, a¢G,

< @r(n—1) = Dg" ' + g#G¢, (2.6)

where we have used the trivial bound #G, < q"‘1 for the first part of the sum. Theorem 1.1 will
follow from the following proposition.

PROPOSITION 2.1.  Assume that n > 1 and max dega; < n. Then

#G), < 3rn2q"72.

2.2. Bounding #G,,
We can write G;, C A, U B, where:

(1) A, = A, ;isthesetof thosea € IE‘Z‘I for which D, () is either a constant or is not square-
free, that is,

A, ={ac€ ]FZ’1 1 Dyiq, () is constant or disc(D f4q,) = 0}. 2.7

2) B, =UJ i B(j), where B(j) are those as for which Dy, (f) and D .4, (¢) have a common
zero, which can be written as the vanishing of their resultant

B(j) ={a € Fy ' :Res(Df1q, (1), Dy, (1)) = 0} (2.8)
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Whatis crucial is that A, and each B(j) are the zero sets of a polynomial equation in the coefficients
a; this is a key property of the discriminant and the resultant.

We will need the following elementary but useful uniform upper bound on the number of zeros of
polynomials (cf. [9, Section 4, Lemma 3.1]).

LEMMA 2.2. Let h(Xy, ..., X,y) € Fy[ X1, ..., X,u] be a non-zero polynomial of total degree at
most d. Then the number of zeros of h(Xy, ..., X,y) in ]Ff]” is at most
#{x € IF;” thx) =0} < dq’"*l. 2.9)

As we will see below (see Section 2.3), the equation defining A,, has total degree 3(n — 1)(n — 2) in
the coefficients ay, . . ., a,—1, and the equation defining B(j) has total degree < 3(n — 1)2. Therefore,
by Lemma 2.2, if we show that the equations defining A,,, B(j) are not identically zero, then we will
have proved

#A, < 3n’q"? (2.10)
and
#B, < 3(r — DHn’q" 2. 2.11)
This immediately gives Proposition 2.1.
In order to show that a polynomial 4 € F,[X}, ..., X,,] is not identically zero, we may instead

consider it as a polynomial defined over IE_Tq, the algebraic closure of F,. In this context, we can
investigate the zero set Z, = {a € IE"’; : h(a) = 0}, which is a subvariety of the affine space A"™. The
polynomial / is not identically zero if and only if Z # A™. This shall be our main tool in the following
sections.

2.3. Resultant and discriminant formulas

The discriminant disc(F) of a polynomial F(x) = a,x" + a,_1x" "' +--- +ag, a, # 0, is given
in term of its roots ry, ..., r, in the algebraic closure F, as disc F = a2 2], jri—r )2, and
is a homogeneous polynomial with integer coefficients in ay, ..., a,, with degree of homogeneity
2n — 2, has total degree 2n — 2, and has degree n — 1 as a polynomial in ay. Moreover, if a; is regarded
as having degree 7, then disc(F') is homogeneous of degree n(n — 1), that is, for every monomial
¢ [1; @ indisc(F),

> iri=n(n—1). (2.12)

i
The resultant of two polynomials F'(x) = a,x" +---, G = b, x™ + - - -, of degrees n and m, is
Res(F.G)=arbl, [ ] (e—mw- (2.13)

F(p)=0 G(1)=0

It is a homogeneous polynomial of degree m + n in the coefficients of F and G, in fact it is
homogeneous of degree m in ay, . . ., a, and of degree n in by, . . . , b,,. Moreover, if a;, b; are regarded
as having degree i, then Res(F, G) is homogeneous of degree mn. We have

Res(F, G) = a” ]_[ G(p) = (=)™ ]_[ F(n). (2.14)
F(p)=0 G(n)=0
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Furthermore, the discriminant of a polynomial F(x) = a,x" + --- 4 ap of degree n may be
computed in terms of the resultant as

disc F = (—1)""=D/2gn=deelF)=2 Reg(F, F'). (2.15)

We apply this to compute the discriminant of D (¢) = disc(f(x) +1), f(x) =x" + a,_1x™ +
-+ + ayx. The discriminant disc(D s (¢)) is a polynomial in the coefficients ay, ..., a,—; of f(x). We
claim that the total degree of disc D¢ (¢) is 3(n — 1)(n — 2). Indeed, D/ (t) = Z;’;é bjtj is a polyno-
mial of degree n — 1 in ¢, and since it is homogeneous of degree 2(n — 1) in ¢, ay, .. ., a,—; we find
that b; are polynomials of total degree 2(n — 1) — j in the a;s. Now disc Ds(1) = ) ¢, ]_[j b::f
has total degree 2(n — 1) —2 =2(n —2) in the bjs, that is, er =2(n —2), and by (2.12),
ZJ. jrj = (n — 1)(n — 2). Thus, the total degree of disc D¢ (t) inay, ..., a,—; is

> rpdegh; =Y ri@Qn—1)—j)=20—1> r;—Y_jr
J
=2m—-1)-2—-2)—(n—1)(n—-2)=3(n—1)(n —2),

as claimed.

Arguing similarly, one sees that the resultant Res(D(t), D y4«(?)) has total degree 3(n — 1)? in
the coefficients ay, ..., a,_1.

Assume gcd(g, n) = 1. Then f/(z) = nx" '+ m — Da,_1x" 2+ --- has degree n — 1 and by
(2.14) and (2.15) we find

Dy(t) = disc, (f(x) +1) = (=)"*""2n" [T ¢+ f(o)) (2.16)
f'(p)=0

has degree n — 1, with roots — f (p) as p runs over the n — 1 roots of f”(x).

In the case where ged(q,n) > 1, f/(t)= —a,_1x" > +--- has degree n — 2 provided that
a,—1 # 0, in which case by (2.14) and (2.15) we have

Dy (1) = dise, (f(0) + 1) = (=122 T «+ o). (2.17)
f'(p)=0

which has degree n — 2 and again has roots — f (p) as p runs over the n — 2 roots of f”(x).

3. Non-vanishing of the resultant

ProposITION 3.1.  Given a non-zero polynomial o € Fy[x], with dega <n, then ar>
Res(D (1), Diq(t)) is not the zero polynomial, that is, the polynomial function

R(a) := Res, (D (1), Dy+a(1) € Z[d] 3.1
is not identically zero.

Applying this to o = o; — «; for each j # i will show that (2.11) holds.
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Proof. Write a(x) = A, 1x" "'+ -+ + Ag € F,[x] with degar < n.
Let p be the characteristic of F,. Assume first that p { n. Then, by (2.14) and (2.16), we find

Res(Dy, Dyo) =00 J]  (f(p2) +al(p2) = flp1). 32)
F(p1)=0
£ (p2)+a' (p2)=0

If p|n,buta, #0anda,_ + A,—; # 0, then by (2.14) and (2.17), we find
RCS(Dfa Df+oz) = aZTI—Z) (an_1 + Anil)n(n—Z)

x 1_[ (f(p2) +a(p2) = f(p1)). (3.3

f'(p1)=0
S (p2)+a (p2)=0

Note that when a,_; =0 or a,_; + A,_; = 0, the resultant Res(Ds, Dr,) is given by different
polynomials than in the above case. However, this might affect at most 2¢"~2 ‘bad’ as, which is a

negligible amount, and the conclusion of (2.11) remains valid. B
In both cases above, the ‘bad’ as are those for which there are p;, ps € [, such that

fle) =0, f'(p)=—a'(p2), f(p2) — f(p1) = —a(p). (3.4)

This is a linear system of equations for @ € A"~!, which has the form

M(p)a =b(p), p = (p1,p,2), (3.5)

forasuitable3 x (n — 1) matrix M (p) and vector b(p) € A3.Thus, over Fq , the solutions of R (a)=0
are precisely those a@ € F~" which satisfy the system (3.5) for some p € F;.
We consider the affine variety (possibly reducible) defined by these equations

Z={(p,a) € A> x A" " : M(p)a = b(p)} C A®> x A" (3.6)

Let ¢ : Z — A"! be the restriction to Z of the projection A? x A""! — A" 'andnm : Z — A be
the restriction to Z of the projection A2 x A"~ — A2,

Z C A% x A" 3.7

/ \
AZ An—l

From the above, the solution set of R(d) = 0 is precisely ¢ (Z).

We will show that Z has dimension n — 2, and hence the dimension of {R = 0} = ¢(Z) can-
not exceed n — 2 and hence is not all of A"~!. Thus, R is not the zero polynomial, proving
Proposition 3.1.

To do so, we study the dimensions of the fibres 7 ~'(p), which are affine linear subspaces. We
first assume that n > 3. In this case, we will show that 7(Z) is dense in A? and generically, that is,
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if p; # pa, the fibres 77! (p) have dimension n — 4. Moreover, there are at most deg o non-generic
fibres, each of dimension n — 2. This will show thatdim Z = n — 2.
We rewrite the system (3.5) as

4 3a3p; +2axp1 + a1 = —np !,
st 3azp; +2a:02 +ar = —a'(p2) —npy !, (3.8)
ot as(p; — pi) +ax(p — 1) +ai(pr — p1) = —a(p2) — (05 — pf).

To find the rank of the matrix M (p), we compute that

3p7 2p1 1
det | 3p3 202 1 = (p1 — p)*, (3.9)
ps—pi PI—pE p2—p

and thus M (p) has full rank 3 unless p; = po, and so the generic fibres w ! (p) have dimension
n—1-3=n-—4.

In the non-generic case p; = p,, the matrix has rank 1 and we need &’(02) = 0 = «(p;), which
constrains us to have at most finitely many fibres (the number bounded by deg «/2), each of which
has dimensionn — 1 —1=n — 2.

Finally, the cases n = 2, 3 are handled similarly, except that the image of the map w : Z — A? is
no longer dense, due to algebraic conditions constraining p;, p». We omit the (tedious) details. [

4. Non-vanishing of the discriminant

We wish to show that the condition for being in A,, is not always satisfied. Without loss of generality,
we can assume «; = 0. We first study a couple of small degree cases.

Forn = 2,disc(x? + ax +t) = a® — 4t is linear and hence has no repeated roots (recall ¢ is odd),
hence A, is empty. When n = 3, we have

Ds(t) = disc, (x> + ax? + bx + 1) = (a*b* — 4b>) + (18ab — 4a’)t — 2712 4.1)

If3 ] g, then D;(t) = (a*b? — 4b*) — 4a’t has degree 1 for a # 0;if 3 1 g, then D(t) has degree 2
and we compute that

disc, disc,(x® + ax?® 4+ bx +1) = —16(a® — 3b)*, 4.2)

which is clearly not identically zero. So we may assume n > 4.

4.1.

Similarly to our approach in the previous section, it suffices to show that outside a set of ds of
codimension at least 1 in the parameter space A"~!, D/(¢) is of positive degree, and is square-free,
that is, with non-zero discriminant.
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We conclude from (2.16) and (2.17) that if n > 4 and & is in the ‘bad’ set (but a,_; # 0 if
ged(n, g) # 1), then at least one of the following occurs:

(1) Thereis some p € I_Fq for which f’(x) has a double zero at x = p, that is, there is some p € I_Fq
for which

f'(p)=0, f"(p)=0. (4.3)
(2) There are two distinct p; # p; sothat (1) = f(p2) and so that f’(x) vanishes at both x = p;
and x = p,, that is,

f'ie) =0, f'(p2)=0, flp)= f(p2). 4.4

We want to show that the set of a € F;’l, which solves at least one of (4.3) and (4.4), has dimension
at mostn — 2.

4.2.
We first look at f for which (4.3) happens. This gives a pair of equations for a € IF‘Z":

n—1

S 4 2pay +a; = —np

4.5)
v 4 2a +0=—n(n—1)p" %

Defining
W = {(p,a) € A' x A" : (4.3) holds}, (4.6)

we have a fibration of W over the p line A' andamap ¢ : W — A"~!, the restriction of the projection
Al x A1 — AT

W cC Al x A"! “@.7
/ x)
Al Anfl

and the solutions of (4.3) are precisely ¢ (W).

The system (4.5) is non-singular (rank 2) and hence w : W — Al is surjective and for each p
the dimension of the solution set is n — 1 —2 =n — 3. We find that dim W = n — 2 and hence
dim¢p(W) <n —2.

4.3.

Next we consider the system (4.4) which given p; # p; is a linear system for a € IF‘Z“ of the form

-4 3pias +2p1ar +a; = —npi 7,
NS 3,0%613 + 2'02(12 +a = —npg_l, (48)
o (p3 = pas + (03 — pPas + (2 — pr)ar = —ps + p}.
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This system shares the matrix part of (3.8), and hence has rank 3 for every p; # p,. Thus, the
arguments of the previous section show that

{a e A" 1 3p; # py s.t. (4.4) holds) 4.9)

is of dimension at most n — 2. This shows that (2.10) holds, thus concluding the proof of
Proposition 2.1.
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