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Gap distributions in circle packings

Zeev Rudnick and Xin Zhang

(Communicated by Joachim Cuntz)

Abstract. We determine the distribution of nearest neighbor spacings between the tan-
gencies to a fixed circle in a class of circle packings generated by reflections. We use a
combination of geometric tools and the theory of automorphic forms.

1. INTRODUCTION

1.1. A class of circle packings. In recent years, there has been increasing
interest in the quantitative study of aspects of circle packings, in particular
for Apollonian packings. For instance, the asymptotic count of the number of
circles with bounded curvature has been determined [8, 10], as well as several
questions concerning the arithmetic of Apollonian packings, see [4, 12].

In this paper, we investigate local statistics for the distribution of tangen-
cies to a fixed circle in a circle packing, in a class of packings generated by
reflections. The packings that we study are formed by starting with an initial
finite configuration IC of circles in the plane with disjoint interiors, and such
that the gaps between circles are curvilinear triangles, as in Figure 1. We then
form the group & generated by reflections in the dual circles defined by the
triangular gaps of the configuration, see Section 2. Applying the elements of
S to the initial configuration K, we obtain an infinite circle packing P, see
Figure 1 for an example.

We create such initial configurations by starting with a finite triangulation
G of the Riemann sphere C = C U {oo}. By the circle packing theorem of
Koebe, Andreev and Thurston [13], there is a circle packing K of C having G
as its tangency graph, that is, a collection of disks with disjoint interiors on C
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132 ZEEV RUDNICK AND XIN ZHANG

F1GURE 1. An Apollonian-9 packing found by Butler, Gra-
ham, Guettler and Mallows. On the left is the initial configu-
ration, for which the tangency graph is the icosahedron.

corresponding to the vertices of G where two disks are tangent if and only if
the corresponding vertices are connected in G. The gaps between the disks are
the connected components of the complement C \ Ucex C of the disks in C.
They are triangular because we assume that G is a triangulation, that is, each
face of G is a triangle. After stereographic projection from the point oo, we
obtain a circle packing K in the finite plane C.

1.2. Tangencies. We fix a base circle Cy € P and consider the subset Py C P
of circles tangent to Cy. Let Z C Cp be an arc (if Cp is a line, take Z to be
a bounded interval). Let Az be the set of tangencies in Z, and Az z be the
subset of Az whose corresponding circles in Py have curvatures bounded by T',
see Figure 2.

We will show that the cardinality of Az 7z grows linearly with 71"

(1) #.AT,I ~ Z(I)CQCOT, T — o0,

where [(Z) is the standard arclength of Z, and c¢p ¢, is a constant depending
only on P and Cy. In particular, the tangencies are uniformly distributed
in Cyp. To compare, the total number of circles C € P with x(C) < T is
~ const(P)T? for some § > 1, see [8, 10].

The goal of our paper is to study the distribution of nearest neighbor spac-
ings (gaps) in Az. Let {xZTI} be the sequence of tangencies in Ap 1 ordered
by some orientation (say, the counter-clockwise orientation). The nearest-
neighbor gaps, or spacings, between the tangencies are

d(95T s xTJrI)

Miinster Journal of Mathematics VoL. 10 (2017), 131-170



GAP DISTRIBUTIONS IN CIRCLE PACKINGS 133

FIGURE 2. Tangencies A ¢, associated to the Apollonian-9
packing of Figure 1, with Cjy being the bounding circle.

where d denotes the arc-length distance. The mean spacing is
Iz 1
<dT> = ( ) ~ .
#Arz  cpc,T
We define the gap distribution function to be
i1

1 i d(l‘%«,xT ) }
—H#ah | ————= <.
o R

Clearly the definition of Fir7 does not depend on the orientation that we

choose. We will show there is a limiting gap distribution, which is conformally
invariant and independent of Z:

Frz(s)= Frypc,(s) =

Theorem 1.3. Given P,Cy, I as above, there exists a continuous piecewise
smooth function F(s) = Fp ¢,(s), such that

lim Frz(s)= F(s).
T—o0

Moreover, the limit distribution Fp c,(s) is conformally invariant: if M €
PSL(2,C), MP =P, MCy = Cy then

Fp 6,(8) = Fpc,(s).

Our method does not just give the existence, but actually explicitly calcu-
lates the limiting spacing distribution in terms of certain areas, showing that
it is a continuous, piecewise smooth function. We also show that F(s) is sup-
ported away from the origin, which is a very strong form of “level repulsion”.

In Section 7 we explicitly compute the limiting distribution for some ex-
amples. As a warm-up, we start with classical Apollonian packings, where we
start with three mutually tangent circles and then fill in each curvilinear tri-
angle with the unique circle which is tangent to all three sides of that triangle,
and then repeat this process with each newly created curvilinear triangle. In
that case we recover a theorem of Hall [7] on the gap distribution of Farey
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FIGURE 3. The density F’(s) of the gap distribution for clas-
sical Apollonian packings (dashed curve), which is the same as
that discovered by Hall for Farey sequence, for the Apollonian-
3 packings of Guettler and Mallows (dotted curve), and for the
Apollonian-9 packing of Butler, Graham, Guettler and Mal-

lows (solid curve).

points. See [1, 3] for a history and further results in this direction, and see [9]
for an approach using homogeneous dynamics.

We then compute the gap distribution for two other classes of packings: the
Guettler and Mallows [6] packing in Figure 4, called also Apollonian-3, where
the curvilinear triangle is filled by three new circles, each tangent to exactly
two sides, and for which the associated tangency graph is the octahedron; and
for the configuration (called Apollonian-9) found by Butler, Graham, Guettler
and Mallows [2, Fig. 11], for which the tangency graph is the icosahedron, as in
Figure 1. The density functions of these three cases are displayed in Figure 3.

1.4. Our method. We work on models where I consists of two horizontal
lines, with Cyp = R and C; = R + i, and the remaining circles lie in the strip
between them. We call such models generalized Ford configurations. Let I" be
the subgroup of & consisting of orientation preserving elements of & that fix
the base circle Cp. It is a non-uniform lattice in PSL(2,R) (this group was
used crucially in Sarnak’s work [12] on Apollonian packings). Using geometric
considerations, we reduce the spacing problem to counting elements (g 3) of
the Fuchsian group I such that the lower row (¢, d) € R? lies in a dilated region
defined by the intersection of certain quadratic inequalities, and such that a/c
lies in a given interval. After that, we use the spectral theory of automorphic
forms, specifically the work of Anton Good [5], to show that the number of
lattice points is asymptotically a multiple of the area of this dilated region.

1.5. Plan of the paper. In Section 2 we give details how to construct P from
the initial configuration K. We will also construct related groups and prove
their geometric properties. In Sections 3, 4 and 5 we will prove the uniform
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FIGURE 4. An initial configuration in the plane, which we
call the Apollonian-3 configuration, for which the associated
tangency graph is the octahedron.

distribution of tangencies (1) and Theorem 1.3 in the special case that P is a
generalized Ford packing, and Cj is one of the two lines from P. In Section 6
we show how to deduce the general case of (1) and Theorem 1.3 from the
results of Section 3.4 and Section 4. In Section 7 we compute some examples.
We reduce the computational effort involved by using conformal invariance,
observing that the packings in the examples admit extra symmetries. For
instance, in the case of Apollonian-9 packings, the associated symmetry group
is the non-arithmetic Hecke triangle group Gs.

2. CONSTRUCTIONS

2.1. Constructing initial configurations. We start with a (finite) triangu-
lation G of the sphere. By the circle packing theorem of Koebe, Andreev and
Thurston [13], there is a circle packing K of S? having G as its tangency graph,
that is, a collection of disks with disjoint interiors on S? corresponding to the
vertices of G (there must be at least four vertices), where two disks are tangent
if and only if the corresponding vertices are connected in GG. The interstices,
or gaps, between the disks, are the connected components of the complement
52\ Ugex C of the disks in S2. Because we assume that G is a triangulation,
i.e., each face of G is a triangle, this means that the gaps are triangular.

We may identify S? with the Riemann sphere C = C U oo, and then by
picking a point which will correspond to co and performing a stereographic
projection onto the plane, we obtain a circle packing K in the finite plane C.
If 0o is contained in the interior of one of the disks, then K is realized as a
configuration of finitely many circles, with one circle containing the other ones,
see Figure 4. If oo is a point of tangency of two disks, then K is a configuration
consisting of two lines and several other circles in between; we call this type of
configuration a generalized Ford configuration, see Figure 7.
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FIGURE 5. An initial configuration, which generates a classi-
cal Apollonian packing. The dual circle corresponding to the
triangular gap labeled A is the dashed circle.

2.2. Construction of the packing. We start with a circle packing K as
above, of H tangent circles Cq,Co,...,Cy in the plane, so that the gaps be-
tween circles are curvilinear triangles. We build up a circle packing P from
KC by refections: for each triangular gap, we draw a dual circle which passes
through the vertices of the triangle, see Figure 5. We can generate new circles
in the gap by reflecting K through the dual circles. Each of the circles forming
the gap is fixed under this reflection, and the remaining circles are reflected into
the gap. Denote these reflections by S = {51, 52, ..., 5%} and the correspond-
ing triangles by T = {As,, As,, ..., s, }, where k is the number of gaps.
Note that all these reflections are anti-holomorphic maps in C (throughout
this paper, by triangle we mean solid triangle with vertices removed).

Let & = (S1,52,...,5k) be the group generated by the reflections. The
reflection group & has only the relations S7 = S2 = ... = S2 = id. This can
be seen from the pingpong lemma: Ag, are disjoint sets, and S; maps every
Ag, into Ag; when j # i. If we apply & to the configuration K, we obtain a
circle packing P of infinitely many circles.

Pick a circle Cy from P, and let Py be the circles tangent to Cy and let
Ko=KnPy={C,...,Cr}. We are interested in studying the counting and
spacing problems on Py. The first step is to place P in an ambient hyperbolic
space with Cjy being the boundary, and show that there is a finite covolume
Fuchsian group I' acting on Py and having finitely many orbits.

2.3. Construction of I'. A general element in & is given by T3 -...- T}, with
T; € S. Therefore each circle C € P can be represented by T7 -. . .- T}, C;, where
C; € K. We denote the triangular gap corresponding to 1; by Ar,. We define
the length of the above word to be m. We say the word above is minimal for C
if we can not find any shorter expression, and we say C' is in m-th generation.
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We first show that there is a canonical way to express a circle with minimal
length:

Lemma 2.4. The minimal word for a given circle C' € P is unique. Moreover,
Ty ... T,,C, = C is minimal if and only if we have
{Tmcl C ATm’ TmfleCl C ATm—l’ ceey Tl...TmCl C ATl.

Proof. We first prove the “only if” direction by induction on the generation
of C. For the base case first generation, if 71 C} is minimal, then A, N C; =
@, otherwise T} will fix C; and then the word is not minimal. As a result,
T1C; C Aq,. Suppose the “only if” direction holds for generations up to m—1
and C = T115...T,,C; is a minimal word for C, then T5...T,,C; has to be
a minimal word for some circle. By our induction hypothesis, 75 ...7T,,C; €
Ay, ..., TCp C Ap, and CiNAr, = &. Since Ty # Ty (otherwise T1T» = id
and the word is not minimal), we must have 7115 - - - T,,,Cy C T1Aq,, C A,
From (2) we see that Ty corresponds to the unique triangle in 7 where T7C
sits in, T5 corresponds to the unique triangle in 7 where T5 sits in, etc. Finally,
Ty, corresponds to the unique triangle in 7 where Tj_1---T1C sits in. This
canonical description shows the uniqueness of minimal expression for a circle.
We prove the “if” direction by induction on the length of expression (2).
If Ar, N C; = @, then T1C) is a circle lying in Agq,. The only circles with
shorter words are the ones in Koy, all of which do not lie in A, so T1C; is
minimal. Now suppose C = 1T} ...T) Cp is the minimal word for C'. Then
by our discussion above, T7 is the unique reflection that corresponds to the
triangle in 7 where C sits in, so 7] = Ty. Then ThC = T ...T,,C; satisfies
condition (2) and the minimal word for T1C is T1/C = T4...T) Cy. By our
induction hypothesis, we have m’ =m, ' =1, T/ =T, foreach 1 <i<m. O

If m > 1, we write Aq,..r, = 11+ ...  Tpp1A7, , and define Az =
ATy ---T,, to be the minimal triangle to C. Clearly C is contained in A¢.

Now let I'y be the subgroup of & consisting of elements that fix a given
circle Cy. By relabeling let Ko = {C1,Cs,...,Cr} C K be the set of circles
that are tangent to Cy, and their tangencies are aj,as,...,ap. Let Sp =
{S1,...,8r} C {S1,..., Sk} be the set of generators of & that fix Cy, where
S; € Sy is the reflection corresponding to the triangle formed by Cy, C;, Ciy1.
For our convenience, at this point we make the convention that C;yp = C;
irn = oy and S;yp = S; for i € Z, because the C; from Ky form a loop
around Cj.

Lemma 2.5. Ty = (Sy) is generated by the reflections in Sgy.

Proof. If v =1Ty...T, where T1,...,T, € § and vCy = Cp, we first absorb
the trivial identities T;7T; 1 = id if T; = T;41, then we cut the first and last
few consecutive letters of the word T7 ... T, that are from Sy (which may not
exist). We continue this procedure several times until it stabilizes, then we
get a word for Cp, which has to satisfy condition (2) so is minimal. But the
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FIGURE 6. The fundamental domain Fq for I'y.

minimal word for Cy is just Cy. Since each cutting corresponds to multiplying
an element in (Sp), we have v € (Sp). O

Lemma 2.6. T’y acts on Py, and has finitely many orbits on Py.

Proof. T'y acts on Py because & sends pairs of tangent circles to pairs of tangent
circles. Since I'g fixes Cp, it will send any circle tangent to Cy to some circle
tangent to Cy. Now suppose C € Py and the minimal word for C is C' =
Ty ...7,,C;. From the argument in Lemma 2.4, T7 corresponds to a triangle
A, € T, which has to be a triangle that contains part of Cy where C' lies
in, so 71 has to be from &p. By the same argument, one can show that
To,..., Ty € Sy, and C; € Ky. Therefore, the number of orbits is h, the
cardinality of Kp. g

2.7. Geometric properties of I'. Now we put a hyperbolic structure asso-
ciated to I'. Without loss of generality we assume that Cj is the bounding
circle of radius 1, whose interior is the unit disk D, and let g; be the geodesic
connecting «; and a;+1 (again we extend the definition for all i € Z by setting
gi = Gi+n), so that the region bounded by g; and Cy contains the triangle
Ag,. Each S; € S preserves the metric in D, so 'y C Isom(D), the isometry
group of D. Let Fy be the open region bounded by g¢;’s (see Figure 6). The
following theorem, due to Poincaré (see [11, Thm. 7.1.3]), tells us that I'g acts
discontinuously on D with fundamental domain Fj.

Theorem 2.8. Let P be a finite-sided, convex polyhedron in D of finite volume
all of whose dihedral angles are submultiples of w. Then the group generated
by the reflections in the sides of P is a discrete reflection group with respect to
the polyhedron P.

As corollaries, I'g has aq, ..., ap as cusps, and the fundamental domain for
I'y has volume V(I'g) = w(h — 2) by Gauss-Bonnet.

For our purpose, we want to take the orientation preserving subgroup of
'y, which we denote by I'. The group I' is a free, index-2 subgroup of I'y
generated by S5S57,...,5,51. To see that I' is free, we apply the pingpong
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lemma to 5;S1, which maps Ag, to Ag, when j # i. From the properties
of I'g, we immediately get the following result.

Proposition 2.9. T has cusps at «;, with stabilizer T, = (S;S;11). The area
of a fundamental domain is area(I') = 2w(h — 2).

3. THE UNIFORM DISTRIBUTION OF TANGENCIES IN CIRCLE PACKINGS

We now study the distribution of tangencies on a fixed circle from a circle
packing. Recall that P is generated from a finite circle packing K, which is
associated to a triangulated spherical graph. We pick a circle Cy € P and let
Py be the collections of circles in P which are tangent to Cy. Given a bounded
arc Z C Cy, let A7z be the collection of tangencies of circles from Py, whose
curvatures are bounded by T'. Let [ be the standard arclength measure. We
will show the following theorem.

Theorem 3.1. As T — oo,

#ATJ ~ Z(I)CP’COT
with cp ¢, independent of L given by
h

D
(3) Cp.Cy = m7 D= ;Dia

where D; is the hyperbolic area of the region bounded by C; and the two
geodesics linking o to cp1 and oy to a;—1 (see Figure 8). Moreover, cp c,
is conformal invariant: if M € SL(2,C), M(P) = P, and M(Cy) = Cy, then
Cp Gy = CP,Co-

We deduce Theorem 3.1 from some old results of A. Good [5], but it is in
principle known; for instance it is a special case of [10].

We will first prove Theorem 3.1 for a generalized Ford packing, when the
initial configuration contains two parallel lines, one of them being the base
circle Cp. The general case will follow by conformal invariance (Theorem 6.1)
whose proof is deferred to Section 6. For an explicit formula for the areas D;
in the case of a Ford configuration, see (7) at the end of the present section.

3.2. Ford configurations. We first show that any of our initial configurations
may be brought into a standard shape, that of a (generalized) Ford configura-
tion, see Figure 7.

Lemma 3.3. We can map the initial configuration IC by using a Mébius trans-
formation and possibly a reflection, to one which includes two parallels Cy = R
and Cy = R+1, two circles tangent to both of R and R+1 with their tangencies

on R being 0 and %, respectively, and some circles in between.

Proof. We may use a Mobius transformation of the Riemann sphere to map
the configuration to the interior of the strip 0 < &z < 1 as follows: Pick a
triangle in the tangency graph G one of whose vertices corresponds to Cp,
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FI1GURE 7. The generalized Ford configuration corresponding
to the Apollonian-3 configuration of Figure 4.

and whose other vertices correspond to two other circles C; and Cs, so that
Cy, C1, Cs form a triple of mutually tangent circles. Setting oy = Cy N CY,
ag = CyNCy, B =C1NCy to be the tangency points, corresponding to the
edges of the triangle, we see that there is a (unique) Mobius transformation
M € SL(2,C) with

M:a3— 00, as—0, [—i.

Then M will map Cy and C to a pair of tangent lines passing through 0 and i,
respectively, and Cs will be mapped to a circle tangent to both Cy and C
at these points. Hence M will map Cy to the real axis Co = R, C1 to the
line C; = R +i and Cy to the circle Cy = C(%, %) centered at % and having
radius 3, and the remaining circles all lie in the strip 0 < $(z) < 1.

The triangular gap A between Cy, C7, Cs is mapped into one of the two
triangular gaps forming the complement in the strip 0 < (z) < 1 of the circle
Cy = C(%, %) After applying if necessary the reflection z — —Z, we may
assume that A is mapped to the gap in the half plane R(z) < 0, so that all
the other circles in K are mapped into the gap with ®(z) > 0. Since any
triangulation of the sphere has at least four vertices, there must be at least
one such circle distinct from Cy, C7, Cs. Since in the resulting configuration
the gaps are still triangular, that means that there is one other circle tangent
to both R and R + i, say C} = Cit+1i 1) t>2), and that the images
of all the other circles are mapped to circles lying between Cy and Cy, as in
Figure 7. |

3.4. Uniform distribution of tangencies for generalized Ford pack-
ings. We carry over all previous notations. The initial configuration K in-
cludes two parallel lines Cy = R and C; = R + i, two circles Cy = C(%, %)
and C, = C(h + 1, 1) tangent to both of R and R + i, and some circles in
between. Our base circle Cy is R, so Ko = K NPy and Py is the collection of
all circles tangent to R. The reflection S} corresponds to the triangle formed
by R, R+1iand C}. Applying S to K, the fundamental domain for I" is formed
by geodesics connecting tangencies of £ and SK on R. Each tangency is a
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parabolic point for I', and since S, 510 = ¢, we have
To = (S,51) + (1 tlz) ,

from Proposition 2.9.
We record a computation which will be used at several places:
Lemma 3.5. Let M = (2Y) € SL(2,R).

(i) If ¢ # 0, then under the Mébius transform M, a circle C(x + yi,y) will
be mapped to the circle

O(ax+b+ ri T )
cx+d  (cx+d)? (cx+d)?

if cx +d # 0, and to the line Sz = 1/2c%y if ct +d = 0. When ¢ = 0,
the image circle is
ar+b r
o= %),
d d?
(ii) If ¢ # 0, then the lines (degenerate circles) C = R + iy are mapped to
a 1 1
C(_ .—7 —) )
c + 12c2y 2c%y
and to the line R + a?yi if c = 0.

Proof. For both (i) and (ii), if ¢ # 0, we use the Bruhat decomposition to write

M as
v D6 )

For each factor above, the transformation formula is simple. Then the cur-
vature of the image circle is obtained by composing these simple formulae
together. The case when ¢ = 0 is a simple check. (]

To deduce Theorem 3.1, we need to calculate the contribution from each
C; € Ky. For i # 1, write C; = C(a; +7;i,7;). From Lemma 3.5 it follows that

Y= <av bv) € SL(2,R)
d'Y

Cy

sends C;, i # 0, 1, to a circle of curvature (cyai+d7)2/ri and the line C7; = R+i
to a circle of curvature 203. Therefore, for i # 1, we need to calculate

(cy0i +dy)? a0 + by
4 €T/T,, | % ThH) p @B TOy 7L
(1) #{rerym, ) Gt Tk

and for ¢ = 1, we need to calculate

(5) #{76F/Fm|2c§§T, Z—” ez},
8l
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This counting problem is a special case of a theorem of A. Good (see the
corollary on [5, p. 119]), which we quote here:!

Theorem 3.6 (Good, 1983). Let T be a lattice in PSL(2,R). Suppose oo is a
cusp of I with stabilizer I's and £ is any cusp of I' with stabilizer I'c. Choose
M¢ so that M¢(§) = 00. Any v € I'c can be written uniquely in the form

1 6\/0 —v 3\ /1 6
6 D0 )6 )

with v > 0, so this determines functions 01,62, v on PSL(2,R). Let Z,J be
two bounded intervals in R. Then as T — oo,

ug)T

#{y €M V) ST 00 €T 620 € T} ~ TR

Now apply Theorem 3.6 to deduce Theorem 3.1. For i # 1, we set £ = «;
2(aip1 — 1) 1z

and
M, = @  bo , §:i=
‘ —5 sy (atig1 — o) (i—1 — ay)

so that |Ma, (a;41) — Ma, (ei—1)| = 4. Therefore,

M, To, My = {j: <é Tf) Ine Z} =B

because |M, (j+1) — Ma, (c;—1)| contributes half of the fundamental period of
the stabilizer at co of MaiFM(;il; the other half comes from |M,, Si+1(ci—1) —
Ma, (tiq1)]-

The map v — 7/ = vM_ ! is a bijection of the cosets I'/T's, and T'M!/B.

Write
;[ ay by
T <Cv’ dv/> '

ay = (ay0i +by)s, ¢y = (cy +dy)s
(when either a;_1 or a1 is oo, this expression is interpreted as a limit). Then
the condition

3

Then

a0 + by

cyo; +dy

from (4) is the same as Z—W: € Z or 61(y') € Z. The condition
Y

SA

(cyai + d7)2
T

<T

is the same as c,2y, <7r;8?T or v(y') < r;is?T.
Therefore, counting (4) is the same as counting

#{7 eTM;! | v(y) <ris’T, 61(7') € T, 62(7) € [0,1)}.

IThe notation in [5] is particularly cumbersome; the reader is advised to consult Good’s
index of notations on [5, p. 125] to convert to our more standard usage.

Miinster Journal of Mathematics VoL. 10 (2017), 131-170



GAP DISTRIBUTIONS IN CIRCLE PACKINGS 143
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D2 D 3
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Co 0 1

FIGURE 8. The regions D; (shaded) bounded by the circles C;
in the initial configurations, and by the two geodesics linking
«@; to a;—1 and to ay41. Displayed is an initial configuration,
generating the classical Ford circles, consisting of two parallel
lines Cp = R and C7 = R+1, and two mutually tangent circles
Cy = C(%, %) and C5 = C(1+ %, %) Here oy = 00, ag = 0,
a3 = 1.

Recall that the area of I' is 2w(h — 2). Then by setting J = [0,1), from
Theorem 3.6 we obtain
I(Z)r;s?
) ~ 2m2(h — 2)

We interpret this in conformally invariant terms: Let D; be the area of the
region bounded by C; and the two geodesics g;—1, ¢; (see Figure 8). Then
M, will translate this region to a triangle with vertices co, My, (a;+1), and
M, (a;—1). Note that My, (a; + 2ri) is a point on the segment connecting
Mo, (ai-1) and Ma,(@it1), and that M, (o; + 2rid) = 5. We also have
|Ma, (atiy1) — Ma, (ci—1)| = . Since M,, is area preserving, we have

T asT — oo.

2ri(oigpr — oi—1)

Di = Ma» (67 — Ma. (75 . 2527"1' = 827"1' = .
(Mo, (@351) = Ma (i) e o) o)

Hence we find

U(Z)D;
()N%T as T — oo.

The case of ¢ = 1 is simpler. Counting (5) is the same as counting

d
(6) #{vemzcigz’,a—”ez,—”ej},
Cy Cy
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where J is a fundamental period of ', the length of which is twice the
distance of aj, and ag, which is 2a;,. We obtain
Z)2ap, T
6)~ 5579737
22(h —2) 2
Noting that the area of the region bounded by C; and the two geodesics gy =
gh, 91 18 D1 = ay,, we find

as T — oo.

(Z)D,
6) ~ —————=
(©) 272 (h — 2)
Adding up the contributions from all C; € Ky, we obtain Theorem 3.1, with
the constant

T asT — oo.

D h
Cp.Cy = m7 D= ;Dia

where D; is the hyperbolic area of the region bounded by C; and the two
geodesics g;—1 and g;. Explicitly,

Qjp1 — Q-1

7 D=« s Di = 2Ti
( ) ! h (ai+1 - 051')(011'—1 - 051')

. i#1

(when one of a;_1, a1 is 0o, we take the appropriate limiting value of D).

4. THE GAP DISTRIBUTION OF TANGENCIES IN CIRCLE PACKINGS

We now study the gap distribution on Cy. As in Section 3, let Z C Cy be
an arc (or a bounded interval), and Ap 7z = Ar NZ the tangencies in Z whose
circles have curvature at most 7. Let {z% 7} be the sequence of tangencies
in Ar 7 ordered by counter-clockwise direction. The nearest-neighbor gaps, or
spacings, between the tangencies are

d(xé“,la m%j,r%)
and the mean spacing is
1€)
dTI =
(dr.z1) e
We define the gap distribution function on Z to be

1 d(zh 7, 257 7) }

FTJ(S) <s

= — xi —_—
#ATJ#{ Tz (drz) ~
We will find the limiting gap distribution of Ar z:

Theorem 4.1. There exists a continuous piecewise smooth function F(s),
which is independent of T such that

lim Frz(s) = F(s).
T—o00 ’

The limiting distribution F(s) is conformal invariant: let M,P,Cq be as in
Theorem 3.1, and F' be the gap distribution function of Cy from P, then F' = F.
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FI1GURE 9. The radius of any circle contained in a triangular
gap formed by two mutually tangent circles, both of which are
tangent to the real line, is smaller than the radii of these two
circles.

The explicit formula for F' is given in Theorem 5.5.
This section is devoted to proving Theorem 4.1 in the case of generalized
Ford packings.

4.2. Geometric lemmas. Recall that we assume the initial configuration /C
includes two parallel lines R and R + i, two circles tangent to both R and
R+1i with their tangencies on R being 0 and %, respectively, and possibly some
circles in between. Our base circle Cp is R, so Kg = K NPy, and Py is the
collection of all circles tangent to R.

Lemma 4.3. (i) Let K € Py lie in a triangular gap A bounded by the real
axis R and two mutually tangent circles K1, Ko # R. Then both Ky and
Ky have radius greater than that of K.

(ii) If C',C" € Py are such that C' lies in a triangular gap A\ bounded by the
real azis, which is disjoint from C”, then there is another circle C € Py
which separates C' and C” and has smaller curvature (i.e. bigger radius)
than that of C'.

Proof. To see (i), we may move the circle K so that it is tangent to both the
real line and the larger of the two initial circles K7 and K, say it is K;. We
get a configuration as in Figure 9.

If we denote by 71 the radius of the larger circle K1, and by ¢ = ¢(K7, Ko)
the angle between the segment joining the centers of the two circles K, Ko,
and the segment joining the point of tangency of the circle K7 with real line
and with the center of K7, then a computation shows that the radius of the
third mutually tangent circle Ko is 7(¢) = (tan %)27“1. This is an increasing
function of ¢. Since the angle ¢(K7, K) is smaller than ¢(K;, K3) for any circle
K contained in the triangular gap and tangent to both K7 and the real line,
it follows that the circle K has smaller radius than that of K5 as claimed.
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Ficure 10. If C',C" € Py (shaded black) are such that C’
lies in a triangular gap A bounded by the real axis, with A
disjoint from C”, then there is another circle C' € Py (shaded
gray), which is one of the bounding circles of A, which sepa-
rates C’ and C” and has smaller curvature than that of C’.

For (ii), note that if C” is disjoint from the triangular gap A containing C”,
then one of the bounding circles C of A separates C’ and C”. By part (i), C
has bigger radius than C’, see Figure 10. O

The following proposition is a crucial ingredient in understanding the gap
distribution.

Proposition 4.4. For any adjacent pair oy, ol € Ap with corresponding
circles C{ and CY, there is an element v € Ty and C;,C; € Ko such that
v(C;) = C1 and v(Cj) = Ch. The element v € Ty is unique if Ci, C5 are
disjoint, and if they are tangent then the only other element with this property
is ' = ~S;;, where S;; € S is the reflection in the dual circle corresponding
to the triangle formed by C;,C; and R.

Proof. Let C{ =Ty ...T,,C; be the minimal word for C7, so that the triangle
associated to O is Agy = Ti...Tp10r,,. Let Cy = T...T,C; be the
minimal word for C3 and Agy = T7...T,_1Ar;. Let us suppose n > m.
Suppose there exists an integer k € [1,m] such that Ty, # T}.. We take k to be
minimal, then T} ...T,,C; C Aq, and T},...T,C; C Aqy, and A, and Agy
are two disjoint sets. Since Ty = T, when 1 < s < k—1, we see that T} ... Tk
maps Ay, and Agy to two disjoint triangles lying in Aq,. These two triangles
contain C and C}, respectively. We have a contradiction here because by
Lemma 4.3 (ii), there is another circle in Py separating C and C4 which has
smaller curvature, so C] and C} are not neighbors. Therefore Ts = T, when
s € [1,m], and

Cl=T1...TC;, Co=Ti...T,T) . ...T,C;.
Now we claim that 77 fixes C; when s =m + 1,...,n. This will show that
Cl =Ty .. TnTl 1. T'Cs, Ch=Ti..TnTly ... TLC;
so that we may take v := Ty ... T}, which satisfies C{ = vC; and Cj = ~vC}; as

required.
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Otherwise, let k € [m+ 1,n] again be the smallest integer such that T,C; #
Cy, then Ay contains Ty, ... T, Cj, and Ay and C; are disjoint. As a result
Ty... Ty =T{...T/_, maps C; and Ay to two disjoint sets: C7 and the
triangle A = T ... Ty _;Ar,, the latter of which contains C%. Therefore, by
Lemma 4.3 (ii), between C] and C) there must be a circle whose curvature
is smaller than that of C%, so that Cf and C} cannot be adjacent in Arp,
contradiction. Hence T.C; = C; for s € [m + 1,n] and we have constructed
vi=T]...T).

To address uniqueness of 7, assume 7 also sends C; to C7, C; to Cy, then
y~14/ fixes C; and C; simultaneously. Therefore, if C; and C; are disjoint, then
y~19" =1id; if C; and C; are tangent, then v~y =id or S; j, where S;; € S
is the reflection corresponding to the triangle formed by C;, C; and R. O

4.5. Determining which cosets of I' define neighbors in A7r. We now
use Proposition 4.4 to relate the gap distribution problem to a question of
counting certain cosets in I'.

For each pair of circles C;,C; € Ky in the initial configuration which are
tangent to Cp, we will define regions Q}J in the right cd-plane {(c,d) | ¢ > 0}
as follows.

(a) If o, aj # 00, we require

<T,

, 2
(ca; + d) <7

T

(co + d)?

Ty

(8)

and in addition:
(i) If C;, C; are tangent, then (c,d) satisfies

if (ca; + d)(caj +d) <0,

9 d 2
©) then2c2>TandM>Tf0rallk7éi,j,oo
Tk
and
if (cay +d)(coj +d) >0,
(k) 2
10 ca;  +d
(10) then%>7’forallk7§i,j.
Tig

where S; ;C), = C(ozl(»? + irl(ffj),rgcj)), with S; ; being the reflection corre-
sponding to the triangle formed by C;, C; and R.

(ii) If C; and Cj are disjoint (non-tangent), then (c, d) satisfies
(cay, + d)?

Tk
(11) if either oy, lies between «; and «;j, and (cay + d)(ca; + d) > 0,

>T (0r2c2>Tifak:oo),

or ay, does not lie between «; and o, and (coy; + d)(ca; +d) < 0.
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(b) If one of oy, oy is 00, say a; = 0o, we require

i 2
M< 2¢2 < T

= ) =

(12)

ri
and in addition:
(i) If C;, C; are tangent, then (c,d) satisfies

t ct
ifai:0,d>00rai:§,%+d<0,
(13) (cag + d)?
then ———— > T for all k # 4,
Tk
and
t ct
ifm:o,d<00rai:§,%+d>o,
(14) col®) + d)?
then % > T for all k # 1, j.
T

(i) If C; and C; are disjoint (non-tangent), then (c, d) satisfies

(cay, + d)?
(15) Tk
if either a > o and ca; +d > 0 or o < o and ca; +d < 0.

>T

Note that Q7 is a finite union of convex sets and
O = VTQY.
The result is:

a~ by

Proposition 4.6. For any C;,C; € Ko and v = (CW dw) € I', the circles
Y(Cy),v(C;) are neighbors in Ar if and only if (cy,dy) lies in some Q7 in the
right half plane, defined by the following conditions:

(1) If ay,a5 # o0, then we require (8), with (9) or (10) in the case that
C;, C; are tangent, and if they are disjoint then we require (11).

(i) If aj = oo, then we require (12), with (13) or (14) in the case that C;, C;
are tangent, and if they are disjoint then we require (15).

Proof. Let S € S be the reflection in the line Re(z) = t/2, corresponding to the
triangular gap bounded by the lines R, R + i and the circle with tangency %

From Proposition 4.4, passing to the orientation preserving subgroup T,
every (unordered) pair of neighbor circles can be expressed as (v(C;),v(Cj))
or (v5(C;),~vS(Cy)) for some v € T'and C;, C; € Ko with ¢ # j. The expression
is unique when C; and C}; are disjoint because the simultaneous stabilizer for
C; and Cj is trivial. However, we only need to calculate the contribution to
F from (C;, C;) under I': the contribution from (S(C;), S(C;)) is the same as
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that from (Cj, C;) because they are mirror symmetric under the reflection of
the line Rz = % Or more formally,

[(5(C:),5(Cy)) = STS(S5(Ci), 5(C5)) = ST(Ci, C)

and S is metric preserving on R.

When C; and C; are tangent, then (S(C;),S(Cj;)) is also in the orbit of
(Cy,C;) under T'. In this case, every pair of circles from I'y((C;, C;)) can be
uniquely expressed as v(C;, C;) for some v € T

If two neighboring circles in Ap can be expressed as v(C;),v(Cj), then we
need their curvatures to satisfy

k(Y(Cy)) < T, K(y(Cy)) <T.

By Lemma 3.5 we have x(vC;) = (ca; +d)?/r; and so we get (8).

All the circles in between v(C;) and «(C;) must have curvatures greater
than T. We see from Lemma 4.3 that it suffices to check finitely many circles.
A useful fact here is the following:

Observation 4.7. If neither C; nor Cj is the horizontal line from Ko, which
means o, oy # 00, then for another circle C; € Ko, v(Cy) is in between v(C;)
and v(Cj;) if and only if

Sign(cy + dy)(cya; +dy) = — Sign(oy — o) (ou — ).

If C; is the horizontal line, so that o;j = oo, then v(Cy) is in between v(C;)
and v(C;) if and only if

Sign(c(cay + d)) = Sign(a; — o).

Proof. The observation is that given real numbers a and b, a third real c lies
between them if and only if

Sign(c —a)(c — b) = —1.
Now take the numbers to be a = ya;, bya; and ¢ = ya; and compute

(v — ai)(au — a)
ey + dy) (e o 4 dy) ey + d)?

Sign(yoy — yoy) - (yau — ;) = Sign (

=-1
from which the claim follows.
In the case a;; = 0o, we have
Sign(yay — ya;)(yay — yo0) = — Sign % =-1
which gives the claim. O

There are two cases:
Case 1: C; and C; are tangent. Then aj, does not lie between o; and o,
for all k.
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If (ca; + d)(caj + d) < 0, then the circles Cy for k # ¢, j are mapped by v
to some circles in between v(C;) and v(C};), and in this case we need
if (ca; + d)(caj +d) < 0 then k(y(Cy)) > T for all k # 4, j.
Using Lemma 3.5 which gives x(v(Cx)) = (cay + d)?/rk, we obtain condi-
tion (9).
If (ca; +d)(ca; +d) > 0, then from Observation 4.7 none of the circles vCy
lie between vC; and vC}, but the circles S; jCy for k # i, j are mapped by ~ to
some circles in between v(C;) and v(Cj;) (recall that S; ; € S is the reflection

corresponding to the triangle formed by C;, C; and R). In this situation we
need

if (cay + d)(coj +d) > 0 then s(v(S;,;Cr)) > T for all k # 1, j.
By Lemma 3.5, if S; ;C) = C(a(k) +irtk) r(k)), we have

.J 6,J 0 1]
(k)
(cagj + d)?

k) 7
2

k(7S:,;Ck) =
r
which gives condition (10).

Case 2: C; and Cj are not tangent. We need to make sure that (Cj) has
curvature > T whenever v(Cy) is in between v(C;) and v(Cj).

Again from Observation 4.7, if (ca; +d)(ca;j +d) > 0, then the circles whose
tangencies lie between «; and a; will be mapped by v to some circles between
~v(C;) and v(C;); if (cay +d)(coj +d) < 0, then the circles whose tangencies do
not lie between «; and «; will be mapped in between v(C;) and v(C;). Thus
we need £(y(Cy)) > T if either

ay, lies between «;, a; and (cay + d)(ca; +d) > 0
or
oy, does not lie between o, oj and (ca; + d)(cay; + d) < 0.
This gives condition (11) once we use x(7y(Ck)) = (cax + d)?/r, (Lemma 3.5).
From Lemma 4.3, once (10) or (9) hold when C;, C; are tangent, or (11) is
satisfied if C; and C; are disjoint, then all circles between v(C;) and v(C;) have

curvatures greater than 7. Putting the above together, we have established
Proposition 4.6. g

4.8. The contribution of each pair of circles to the gap distribution
function. We need to calculate the contribution from each pair of circles
(C;,C;) to the proportion Fr z(s) of gaps of size at most s, and we denote

this quantity by Fp7(s):

L d(ah 2.2 7)
_ #H{Ghr o) € Donay) | THETE <)

16 F (s

(16)  Fiks) Py
We will later show that these have a limit as T" — oo:
(17) Fhi(s) = Th_r}réo Eri(s).
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A direct computation shows that the distance between v(C;) and v(Cj) is

given by |% |. The average gap is asymptotically 1/cp ¢, 1. There-
i j
fore, the relative gap condition
a—og
| (cozi—i-d)(cojzj +d) |

s
1/ep,c, T(1+0(1)) —
in the definition of F}JI can also be written as

(18) |(ca; + d)(coy +d)| > (@ — aj)|CP7CDT(

1+ 0(1)).
We will work with a simpler condition

|(a; — aj)lep.c, T
S

(19) |(cai + d)(ca; + d)| =

which will finally lead to a limiting gap distribution function F(s) which is
continuous. Then in retrospect working with (18) will lead to the same limiting
function F'(s), by the continuity of F'.

If one of o; and «; is 0o (say a; = 00), the above is changed to

T
(20) cl(ca; + ) > P

We define a region Q}J(s) to be the elements (¢, d) € Q}j satisfying (19) (or
(20)). Then we have found that

(21)  Fpl(s)

1 ay b i,j
= #{ z(V 7>6F ai,vyo; €I, (cy,d EQ’JS}.
#Ar 1 7 ey dy | ye, vay (¢y,dy) 7 (8)
The region Q}J (s) is compact because condition (8) already gives a compact
region bounded by two sets of parallel lines with different slopes. Note also

that Q77 (s) is a finite union of convex sets.

From the defining equation, it is clear that the region Q}J (s) grows homo-
geneously with respect to T':

Q5 (5) = VTQY (s).
4.9. Strong repulsion. As a consequence of the analysis above, we find that
the normalized gaps in our circle packings are all bounded away from zero:
Corollary 4.10. There is some 6 = §(P,Cp) > 0 so that all gaps satisfy
d(m%,x?l)CQCOT >0>0.

Thus the limiting distribution F'(s) is supported away from the origin. This
is a very strong form of level repulsion, familiar from the theory of the Farey
sequence.
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Proof. To prove the assertion, note that we expressed the distribution func-
tion Fr as a sum over all (unordered) pairs of distinct circles from the initial
configuration C;, C; € Ko:

Fr(sy= > F@s)+ Y Fr(s),
C;,C; tangent C;,C; disjoint

where

Fl(s) = —— {(7 7>€I‘ ~p Y EQWS}.
e = ot (0 4 er s e o)
Here Qzlj (s) is the region in the plane of points lying in the compact sets Qzlj
of Section 4.5, satistying |Q; ;(z,y)| > cp.c,/s:

i,j i,j CP.Co
Q47(s) = {(z.9) € 0 | Qi) > T}
with
(zai +y)(wey +y) ifi,j # oo,
z(za; +y) if i = 0.

Qi j(z,y) = {

The sets Q%7 are compact, and therefore the functions |Q;, j(z,y)| are bounded
on them. Thus if

5(P,Co) = P Co _
max;,; max(|Qi;(z, )| : (,y) € Qy7)

then 6 > 0 and Fr(s) =0if 0 < s < 4. O

In the examples of Section 7, we have § = 3/7% = 0.303964 for the classical
Apollonian packing in Section 7.2 (which reduces to the Farey sequence by
conformal invariance), § = 2v/2/72 = 0.28658 for the Apollonian-3 packing in
Section 7.3, and & = 5(1 +1/5)/(672) = 0.273235 for the Apollonian-9 packing
in Section 7.4.

5. THE LIMITING DISTRIBUTION F'(s)

5.1. Using Good’s theorem. We now pass to the limit 7" — oo, by relating
the counting problem encoded in our formula (21) for F%JI(S) to the area of
the region Q77 (s). This is done via an equidistribution theorem of A. Good.
To formulate it, recall the Iwasawa decomposition

PSL(2,R) = NTAK,

([ IR (G B

K =PSO, = {(COSH _Sme) 16 ¢ [0,77)}.

sinf cosf

where

and
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We can uniquely write any v € PSL(2,R) as

(22) Y= (é 33(17)) (2/(7)_é y(,y)%> <Z?r?383 _czlsnG?’(yz)) '

We have the following joint equidistribution according to this decomposition,
which is another special case of Good’s theorem (see the corollary on [5,
p.119]):2

Theorem 5.2 (Good, 1983). Let I be an bounded interval in R, and let J be
an interval in [0,7). Then, as T — oo,

#{yeT|a(y) €L, y(v) < T, 0(7) € T} ~

Theorem 5.2 allows us to prove the following:

Proposition 5.3. For a “nice” subset Q C {(c,d) | ¢ > 0},

#{’y = (;’; CZ) €T \T |z(y) €Z, (¢y,dy) € ﬁQ}

as T — oo, where m is the standard Lebesque measure in R%2. Here “nice’
means bounded, convex with piecewise smooth boundary.

! Z(I)MT

area(T") T

20Z)ym(QY)
= marea(T") T

4

Proof. We note that if v = (’; ;) then the Iwasawa decomposition (22) gives
d=1y"?cos, c = y'/?sin b so that (y'/2,6) are polar coordinates in the (d, c)
plane.

We prove Proposition 5.3 in the special case that € is bounded by two
continuous and piecewise smooth curves r1(),72(0) with 6 € [0y,02], and
ro(0) > r1(0). Equality is obtained only if 8 = 6; or 5. This special case
suffices for what we need for © = Q%7(s). This is essentially a Riemann sum
argument. First we can express m(Q2) as

02
m(Q) = % /0 r2(0) — r2(0)do.

Divide the interval I = [f1, 85] into n equal subintervals {I; | i = 1,...,n}. For
each subinterval I;, pick 67,67, 9;’ i»05,; at which r1 and 72 achieve their max-
imum and minimum, respectively. Let Q. be the union of truncated sectors
I; x [r (9@),7‘2(9%)], and Q,, the union of I; X [r; (9;),7“2(92771-)]. We have

0, CcoCcot

and
lim m(£,,) = lim m(Q}) = m(Q).
n—oo n—oo
We notice that the statement in Proposition 5.3 satisfies finite additivity.
From Theorem 5.2, we know that Proposition 5.3 holds for sectors, thus it
holds for a finite union of truncated sectors, which is the case for ;' and Q, .

Letting n go to infinity, we prove Proposition 5.3 for €. (]

2We state the result slightly differently than in [5]: We use PSL(2,R) instead Good’s
original form in SL(2,R); his parametrization for K differs from ours.
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5.4. The formula for F(s). We can now state our main result, the formula
for the limiting gap distribution F'(s), along the way proving Theorem 4.1. We
keep our previous notation.

Theorem 5.5. For any interval T C Co, limp_oo Frz(s) = F(s), where

@) Fe=5( Y m@le)+z Y m@r )
C;,C; tangent C;,C; disjoint

with D given in (3).

Proof. We saw that

Pro(s)= Y Fph(s)+2 > Fph(s)

C;,C; tangent C;,C; disjoint

and we need to estimate Fr}jz From Proposition 4.4 and Proposition 4.6 we
can rewrite F7 as
#{v el |yaj,va; €T, (cy,dy) € Q7 }
#Arz
In terms of the Iwasawa coordinates (22), the condition y(«;), v(a;) € T is

essentially equivalent to z(y) € Z, when y(y) tends to +oo, as we shall explain
now. Writing = z(v), y = y() and 6 = 6(y), we have

(@) +1 acosf —sinf
a)=r+-—- ——
K y «asinf + cosf

and since y = y(v) > 1, this will essentially be x(y) provided |asin8 + cos |
is bounded away from zero.
We first excise small sectors Bg of angle 8 containing as bisectors those §’s

such that
cosf) —sind o — oo
sinf cosf T

where ¥ = i or j. Then for any € > 0, there exists Tp such that if (c,, d,) € Q%
and y(y) > To, then

1 oy cosf —sinf

Y Q,sinf 4+ cosf

Set N N
Q=7 (s) \ (27 (s) U Bg)
so that the area of Q differs from that of Q%7 (s) by at most O(eT)). Then there
are two intervals Z_,Z1 such that Z= C Z C Z.F, and
T —TI7), (T —T) < 2.
and so that
#{7 | z(7) €I, (cy,dy) € Q} < #{7 | yas € Z, (¢4, dy) € Q}
<#{vlz(y) €IF, (¢y,dy) € Q.
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Applying Proposition 5.3, which approximates the above cardinalities by
2(ZF)m(Q)  2(T)m(Q ()T

7-2n(h—2)  7-2m(h—2) +O(eT)

(recall area(T") = 2w (h — 2)), and dividing by
D

#AT7I ~ Z(I)C'P’COT = l(I)mT,

we obtain
i 2m (4 (s
Fi(e) = 22 (4 4o+ 0() +0(8).
Letting 5, — 0, we get
i 2 ij i

(24) Jim Frip(s) = 5m(@1 (s)) o= FY(s),

with D as in (3), and m (€27 (s)) being a piecewise smooth, continuous function
of s. Summing over all pairs of circles in Ky, we get

F(s)= > F(s)+2 >  F"(s)

C;,C; tangent C;,C; disjoint
9 - -
(Y m@iey+2 Y m@ie).
C;,C; tangent C;,C; disjoint

The reason there is an extra factor of 2 for C;, C; disjoint is because I'(C;, Cj)
only parametrizes half of the gaps formed by the I'g-orbits of Cj, C}, and the
contribution from S(C;), S(Cj) is identical to that from C;, Cj. O

6. CONFORMAL INVARIANCE

Let M € SL(2,C) be a M6bius transformation. In this section we show that
if a circle packing P and a circle Cy from P satisfy Theorem 3.1 with some
constant c¢p ¢,, and Theorem 4.1 with some piecewise smooth continuous func-
tion F', then the packing M (P) and the circle M (Cy) also satisfy Theorem 3.1
and Theorem 4.1 with the same constant and distribution function.

In fact, we will give a more refined statement: For any pair of distinct
circles C;,C; € Ko in the initial configuration, the densities F77(s) defined
in (16), (17) are conformally invariant. This is particularly useful in reducing
the computations of the limiting densities in the examples of Section 7 to
manageable length. The argument itself is routine: The claims are obvious if
M is a dilation, and are proved for general M € SL(2,C) by localizing.

Theorem 6.1. Let T C Cy be an arc (if Cy is a line then take a bounded
interval), and M € SL(2,C). Assume there exist 0 < b < B such that b <
|M'(x)| < B for any x € T.

(i) For the packing M(P) and the base circle M(Cy),

#Av@) T ~epco  IM(T))-T, asT — oo.
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(i) For any pair of distinct circles C;,C; € Ko in the initial configuration,
the densities Fy”(s) are conformally invariant:
Fri(s) ~ F;J?M(I)(S), as T — oo,
where on the right-hand side, F;jM 7 (s) refers to the gaps associated
with the pair of circles M(C;), M(C;) and the packing M (P) with base
circle M(Cy).
(iii) As a consequence, for all M and subarcs T C Cy,
lim F = F(s).
e M (T),7(8) (s)
Proof. We use the notation O and o throughout the proof related to the as-
ymptotic growth as T — oco. Without further explanation, all the implied
constants depend at most on M and Z.

(1) We first show that for a circle C with tangency a on Z, the curvature of
M (C) satisfies
£(C)
(25) k(M(C)) = ——~ +Onz(1).
[ M ()|
Choose a parametrization z(t) = x(t) + iy(¢) for C in a neighborhood of «,
with z(0) = . Then the curvature is given by

1S (0))
O = Lo

Therefore, a direct computation shows that

S@TO)(M)(0)] k()
KMO) = =G~ ) Ol

M”(a)
M’(Oz)Q

which gives (25).

We divide the arc M (Z) on M (Cp) into u equal pieces Ji, ..., J, with their
preimages 73, . ..,Z, on Cy. We pick a point «; from the interval Z; for each i,
and let 8; = M(«a;). We have

(26) 0T = %(1 +0(%)).

For any circle C' on J;, we have
K(MHO)) = M (00)|s(O) (1 + o(%))
Therefore, there exist ¢1,co > 0 such that
(27) Az rinraala-5) © M Az 1) C AL 1 e 0+2)-
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Dividing the above expression by T', and letting T"— oo, we obtain
! C]_ . . #AJ, T
) . _ )< J
ep,o ()| M (al)|(1 u) < ll_rrglo%f T
#Ag,.1

< limsup
T—o0

< ep. UM ()| (1+ 2).
Replace (Z;) by (26), sum over all 4, and let uw — co to obtain

lim #Av (1), T
T

T—o0

= cp o, l(M(2)).

Thus we prove the conformal invariance of the density of tangencies.
(ii) Now we show that for each pair of circles C,, Cy € Ko,

i Pl a(5) = F7406)

Let {y%f} be an ordered sequence of Aps(z,) 7
Letk{x];illM,(ai)‘} be the sequence of Az |ns/(a,)7 ordered in a way such that
M({xT"ZM,(m”}) has the same orientation as {y}'}.

D,q s Jyt
Let AL,IM’(m)\T be the subset of Az, |as/(a,)|7 consisting of those T\ M ()| T
such that

1
(x|]1\l4/(ai)|:m fo’(txiﬂT) € I'(ap, ag).

Let Aé\)}lq(zi)j be the subset of A (z,),r consisting of those y%l such that

(3" yr™") € MT(ay, ag).
Then
Sy e A |
Fra (g = 2= T E M) | D) F A =

M(T),T

>ic1 #AME) T

From (27), the symmetric difference

T
#(M_l(AM(Ii),T) A AI%|M’(O¢)|T) = O(F)

Therefore, if we let
Az = {3 | M~ (y%") and M~ *(y5"") are not neighbors
in Az, a1}
0 ki jri k+1,i :
Az v (e T = {z3" | M(2%") and M(xIM’(ai)IT) are not neighbors
in AI,i7T}7
then
T T
# Az = O(p) and  #AL, ()T = 0( )

u?
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Let {yJTvl} and {xﬁv,im)T} be the ordered sequence from Aysz,),7 \ A?V[(L) T
and Az, | v (a7 \ AL M ()| T respectively. Then M is a bijection on these
two sequences. Let us say

ke v _ o Juyt
M ([ i) = 977"

Therefore,

' yp ™) S}
M(Z;))/#Amz) T ~
Ju+1,%

- . d(yj“’i,y ) T
_ Jus D.q T T —
= #{y:r < AM(L),T | UM(Z;))/# Az, sspt O(u2)

#{y%lj’l € AZ]\);[(I(Ii),T \ A%/I(L),T | l(

and

kuw,i o ppa A0 d(x];:’“i, ygu,+1,i) 3
#27" € AL it \ AT @7 | I(M(Z:))/# Az, | v (a) T N

o d(a ity T
_ ot o gPa T > JT < o= ).
#{ot e e | oy <) O(R)

Now

Ju 1 1,7 w T w 1 1
@8) ) = I @)l i) (1 0(5):

I(M(Z;) 1 o
(29) #Amaz)r CP,CQT(l o).
(30) LCO N

#HAL M@y eP.co| M (i)|T

Combining (28), (29), (30), we see that there exist ¢3, ¢4 which only depend
on M and Z, and for any arbitrary small number €1, €2, there exists T'(eq, €2),
such that when T' > T'(eq, €2),

d( Kw i kw+1,

, zt x )
ki D,q [ M’ ()| T ™| M ()| T 3
#{m|M’(a)T € 'AL'JM’(OH)‘T | Z(I)/#AI | M/ (i) | T = 8(1 N 61)(1 N U )}
o Al et
< Jv,leA;D,q T »>JT <
<#{" €Al | OO A <°

i P (37 i 230 o)) ¢
S #{lel(a)TEAIi,M,(ai)T | l(I)/#AI"M/(ai)IT §8(1+62)(1+ E)}

We also have

#Av (T = #AIMIM/(O"i)‘T(l + O(%))
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Therefore, there exist ¢, cg > 0, such that

s C3 Cs
FQ“IM,(MT(S(I - 61)(1 - Z)) T

< #{yj € Al (o), 7| M z))/#AMmT < s}
- #An(z),T
C4 Cg
< P e (S0 + ) (14 5)) + 3
As a result, as T'— oo, we obtain

FPa (s(l — 61)(1 — CU—B)) - 3< hmlan]ﬁI"&) (s)

< lim sup Fzﬁlgz 7 (8)
T—o0

< FWI(S(I—!—Q)(I—F 6—4)) +
u u

Since Fy;{7) 1(s) is a convex combination of Fyii, (s), if we let u — oo,
€1, €2 — 0 and use the continuity of FP? (as follows from (24)), we obtain
711_1>an M(D),T r(8) = FPi(s). O
6.2. Proof of Theorems 3.1 and 4.1. Any bounded circle packing can be
written as M (P) for some generalized Ford packing P. The only issue we need
to deal with is oo; if an arc J in M (Cp) contains Moo, the argument in the
proof of Theorem 6.1 does not directly apply. However, this is easily solved
by precomposing M with some X € T, so that (M X)~1(J) is a bounded arc,
and b < |[(MX)'(a)| < B for some b, B > 0 and any a € (MX)~'(7). Then
we can apply Theorem 6.1.

7. EXAMPLES

We compute the gap distribution function F'(s) for three examples: The clas-
sical Apollonian packing, where we start with a configuration of four mutually
tangent circles, whose tangency graph is the tetrahedron; the Apollonian-3
packing in which one starts with three mutually tangent circles, and in either
of the curvilinear triangles formed by three mutually tangent circles we pack
three more circles, forming a sextuple whose tangency graph is the octahedron;
and the Apollonian-9 packing introduced in [2] where the initial configuration
consists of 12 circles, with the icosahedron as its tangency graph.

It would be interesting to apply the method to compute the gap distribution
for other examples, such as the ball-bearing configurations of [6].

7.1. The computational procedure. We explain the procedure used in the
computations: According to Theorem 5.5, the gap distribution F(s) is given
in terms of a sum of functions F*J(s) over (unordered) pairs of distinct circles
Ci, C; € Ko of areas of regions Q7 (s) = Q)7 (s) in the (¢, d) plane, explicitly
described in Section 4.5. So for instance in the case of the Apollonian-9 packing,
there are (g) = 10 such pairs. We are able to cut down on the computational
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effort involved by using conformal invariance, once we note that the packings
we study below enjoy more symmetries than a generic packing. According
to Theorem 6.1, if there is some M € SL(2,C) which preserves Py and Cy
(note that F(S) only depends on Py, not on all of P), and takes the pair
of circles (C;, C;) in Ko to another pair (MC;, MCj) = (C,Cy¢) in Ko, then
Fii(s) = FRE(s).

In each of these packings, there exists a group [ which is larger than T’
that also acts on this given packing. In each of the three examples presented,
the bigger group T is one of the Hecke triangle groups Gg4, which is the group
of Mobius transformations generated by the inversion S : z +— —1/z and the
translation Ty : z = z + Ag, where Aq = 2cos 7:

1 2cosZ 0 -1
6= (n=(o *TF) 5= (1 9))

For ¢ = 3 we recover the modular group: Gz = PSL(2,Z). For ¢ # 3,4,6 the
groups G, are non-arithmetic.

In all three cases, we show that I' < G, is a normal subgroup of the
appropriate G,4. In the first example, the classical Ford packing, we have
I' «Gs = PSL(2,Z) which acts transitively on the Ford circles Py. In the sec-
ond example, the Apollonian-3 packing, I' < G4. In the third example, the
Apollonian-9 packing, I' < G5.

It is a simple check that in each of these cases, the generators G, send circles
in ICy to some circles in Py. So if we show G, normalizes I', then it follows
that G, permutes the circles in Py = I'y. We further show that G, acts
transitively on pairs of tangent circles in Ky for ¢ = 3,4,5, and on pairs of
disjoint circles for ¢ = 4,5. Hence by conformal invariance of the components
F%i(s), this gives an expression for F(s) as a sum of areas of two regions for
q = 4,5 (only one for g = 3).

These regions are in turn expressed as a finite union of certain subregions
Z(s). For each subregion Z;, C Q%7 the first two equations give the conditions
k(C;) < 1,k(C;) < 1, and the other equations except the last one gives the
condition k(C) > 1, where C exhausts circles in Ky such that v(C) is in between
~(C;) and v(Cj). The last quadratic equation corresponds to conditions (19)
or (20), capturing relative gap information.

The areas of these regions can be explicitly computed in elementary terms,
but the resulting formulae are too long to record. Instead we display plots of
the density of the normalized gaps (the derivative of F).

7.2. Classical Ford circles. We start with a configuration of four mutually
tangent circles in Figure 11: The base circle is Cp = R, and the other circles
in the initial configuration are

il il
=R .7 = (_7_)7 = (1 _7_)'
(& +1 Cy=0C 33 C3=C(1+ 575
The resulting packing P is a classical Apollonian packing, generated by
inscribing a unique circle into every curvilinear triangle produced by the four
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Co Cs

c=R

Fi1GURE 11. Ford configuration of Apollonian type.

mutually tangent circles and repeating. The circles Py tangent to the real line
are precisely the classical Ford circles C' (%, #), having as points of tangency
the Farey sequence {p/q | ¢ > 0, ged(p,q) = 1}. The gap distribution of the
Farey sequence was found by Hall [7], and we carry out the computation here
as a warm-up to illustrate our method.

The value of D is 3 according to (7), see Figure 8, and thus

o D3
PG T om2(h—2)  2m2

The group I'y is generated by the three reflections

_}—10,_>—12, _)10,
z 0 1)% * 0 1)% * 9 _1)7

so I is generated by (§2) and (3 9), which are the generators of the principal
congruence subgroup

r(Q2) = {7 = (ﬁ Z) € PSL(2,Z) | v = I mod 2}

which is a normal subgroup of PSL(2,Z) = Gs. Any two pairs of circles from
{C1,C5,C3} are conformally equivalent, in the sense that there exists some
v € Gz = PSL(2,Z) which preserves the packing and maps Cy, Cs to this
given pair of circles: Indeed,

13(C1,C2) = (C1,Cs), T35(C1,C3) = (Cs,Cs).
Therefore we have F'1:3(s) = F23(s) = F12(s), and so by Theorem 5.5,

F(s) =3F"%(s) = % 2m(QM2(s)).

It remains to compute the area of Q2 (s).
We compute the region Q7%(s) using (12), (13), (14). A direct computation
gives
K(7(C1) = 2¢%, w(y(Ca)) =2d%,  K((C3)) = 2(c+d)*.
The distance between ya; = yoo and yag = 70 is 1/|ed|. When d > 0, C3 will
be mapped by v to some circle in between (C7) and (C3) by Observation 4.7,
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06}

04}

FIGURE 12. P(s) for the classical Apollonian packing.

and the corresponding region is

1 3
Z = d < d< — d>—, cd> —— 5.
1(8) {(Ca )|0<Ci\/§ 0< \/— c+ \/— 27‘(’28}
When d < 0, then S12(C3) = C(—1+1i/2,1/2) will be mapped in between
~4(C1) and (C3) by v, and the relevant region is

1 1 1 3
Z3(s) =<(c,d)|0<ec< —,0>d>——,¢c—d>—, cd< ———— 7.
CRCEIEE 7z 75 o<
Note that Z1(s) and Z3(s) are symmetric about the c-axis, so we only need
to calculate one area. Therefore, by Theorem 5.5,

F(s) = % 23m(QM2(s)) = 4m(Zy(s)).

The density function P(s) of the normalized gaps (the derivative of F(s)) is
given in Figure 12.

7.3. The Apollonian-3 packing. Our next example was discovered by
Guettler and Mallows [6], in which one starts with three mutually tangent
circles, and in either of the curvilinear triangles formed by three mutually tan-
gent circles we pack three more circles, forming a sextuple IC, see Figure 13.
The base circle is Cyp = R and the circles of IC tangent to it are
. il V2 1.1 1,1
Ci=R+i, G=C(53) Cu=0(F+3g) C=0(V2+313)
In this case,
D V2
D =42 d == —.
V2 and cpc 2n2(h —2) 72
The group 'y is generated by

_ 1 0 _ 3 —2V2\ _ -1 2v2\ _
z—>—z,z—><2\/§ _1)z,z—><2\/§ _3)z,z—><0 1>z
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Cy
CZ C4
Co=R
F1cure 13. Ford configuration of Apollonian-3 type.

(6 )6 ) (s )

The Hecke group G4 is generated by S = (? _01) and Ty = ((1J \{5) It
contains I' because

3 -2v2\ _ g2t
<_2\/§ A >_T4 ST 28T, 1,

To see that I" is normal in G4, we check that the conjugates of the generators
of I by the generators S, Ty of G4 still lie in I':

2= )

Therefore,

(e o)
(e 3= (e 37
nfs )
s 97 1) (2 )

o 3 W2\, (1 0) (1 -2V2
Ne2v2 3 )¢ — " \2v2 1) \0 1 )°
There are six (unordered) pairs of circles from Ky: Four pairs of tangent
circles (C1,C2), (C2,C3), (C3,C4), (Cy,C1), and two pairs of disjoint circles

(C1,C3),(Cq,Cy). Each of these cases gives one equivalence class under the
action of Gy:

Ty(Ch,Cs) = (C1,C4), TuS(C1,C4) = (C5,Cy), TuS(Cs3,Cy) = (Co,Cs),

and
T,5(C1,C3) = (Cq,Cy).
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Hence from formula (23),

2 1,2 1 1,2
F(s) = m(‘lm(Q #(s)) +4m(Q212(s)) = V2(m (2" (s)) +m (27 (s)))
We compute the areas Qi’Q and Qi’3. Note that if v = (‘; 3) then
K(7(C1)) = 2¢%, K(7(Ca)) = 2d2,
V2 2 2
K(7(Cs)) = 4(70 +d) ., A((Ch) =2(V2e+d)%

First we consider Q7%: The distance between () = v-00 and v(az) = 7-0
is 1/]cd|. Therefore, we need to consider the cases d > 0 and d < 0 separately.
If d > 0, then the circles C'5 and Cy will be mapped by v to some circles in
between v(C1) and (C3). The corresponding region Z; is

Zi(s) = {(c,d) |0<V2c<1,0<V2d<1, V2e+2d>1,
V2
m2s |’

20—|—\/§d21, cd >

If d < 0, then the circles

2 i1l
S12C5 = c(—£ 42

G+ q) md SiaCi=C(—V2+ 5 5)

will be mapped in between «(C1) and v(Cs). The corresponding region Zs is

Zg(s):{(c,d)|0<\/§c<l, 0>v2d> -1, V2c—2d > 1,
2 —2d > 1, cd<—§}.
s

The region Q}'*(s) is the union of Z; (s) and Zy(s) which are symmetric, hence
the area is

m(Qy%(s)) = 2m(Zu(s)).
Next we consider Q7°(s). Here
#(v(C3)) = (V2¢ + 2d)*

and we need to split it into two cases. If V2 +2d > 0, then vCy4 will be in
between vC; and vCs, and the corresponding region is

Zs(s) = {(c,d)|0<\/§c§ 1,0<V2e+2d<1, 2¢+V2d > 1,

c(%c—i—d) > ﬂT\/i}
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08l

06l

0.2

FIGURE 14. P(s) for the Apollonian-3 packing.

If v/2¢ + 2d < 0, then vC3 will be in between vC; and vCj5, and
Zu(s) = {(c,d) |0 <V2c<1,0>V2c+2d>—1, V2d < —1,
1 V2

- <_xX2\
c(\/§0+ d) - 7T28}
Then Q] (s) is the union of Z3(s) and Zy(s) (which have equal areas), and

m(Q%(s)) = m(Zs(s)) +m(Za(s)).
Thus
F3(s) = V2(2m(Zu(s)) +m(Zs(s)) + m(Za(s))).

The density function P(s) of the normalized gaps (the derivative of F(s)) is
given in Figure 14.

7.4. The Apollonian-9 packing. This packing was introduced in [2]. The
initial configuration X, whose tangency graph is the icosahedron, is shown in
Figure 15. The base circle is Cy = R and the circles Ky tangent to it are

G =R+, ngc(%,%), CB:C(ﬁ2_1+3_4\/gi’3_4\/5)’
0420(1+3—4\/5i’3—4\/5)’ 0520(\/52+1+%’%)'

The constant cp ¢, in this case is

5(v5+1)
PCo T T iogz
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Cy
Cz C5
C. C.
Co : ‘

F1GURE 15. Ford configuration of Apollonian-9 type.

The group I'y is generated by the reflections

H<_ol ?)Z Z_><\/51+1 _01)2’ H@%ﬁ :;ﬁ)z’
Zﬁ(%/_gﬁ :g:é)z, z—><_01 1+1\/5)z.

Taking the products of the first matrix z — —Z and each of the other four
matrices, we get generators for I':

607G -G08 20v8) (620 2 108):

We claim that I C G5, the Hecke-5 group, which is generated by

0 -1 1 Yo+l
= = 2
We check that each generator of I' can be written as word of S and 75 and
hence lies in Gg: Clearly,

(1 1+\/5):T52, ( 1 0):57’5—251.

0 1 1+v5 1
Moreover,
(2437 1130 -nstir
and
(2\/;;/2 ;1 Vg) — ST ST 28T 'S !
as claimed.

Since I' is generated by elements of Gs, it is a subgroup of that group, and
since both groups have finite volume, I' is a subgroup of finite index in Gs,
and in particular is non-arithmetic.
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To see that I" is normal in G5, we check that the conjugates of the generators
of I by the generators S, Ts of Gj still lie in I':

S((l) 1+1\/5>S_1:(1+1f (1)>_1’
<1+\/— ?)Slz((l) H\/—) ’
JavE IR eI
VISR v v
Ts( 1+\/5 -1 1+5
0 0> 51 (01 1+\/>3 245 345\
( +V5 1>T5 _< 1 ><1+\/5 2+\/3) ’
and hence
s () (s )
IR TG )60 )

The pairs (C1, C2), (C1,Cs5) are representatives of two conformally equiva-
lent classes of pairs of circles from Ky, characterized by the two circles being
tangent or disjoint and G5 acts transitively on each class: Indeed,

(01,02) (01,05) (04,05) (03704) (02,03)
and
(C1,C3) 12 (Co, C5) 2255 (€1, Cy) 225 (O3, C5) 2225 (Co, C).

Each equivalence class contains five pairs of circles. Therefore,

F(s) = (5m(Q}’2(8)) + 10m(Q}’3(s))).

_ 4+
5(v5+1)

The curvatures of the transformed circles are

KO(C) =23, R(1(C) =28, r(3(Ca) = 2(c+ L0’
e = 2(Et e LY = o(LEHE

Note that x(yCy) is greater than x(yCs) and x(vCs).

c—|—d)2.
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We first compute Q}'(s). If d > 0, then by Observation 4.7, the circles
C3,Cy, C5 will be mapped by v in between v(C7) and v(C3). The correspond-
ing region is, using (13),

Z1:{(c,d)|0<c<?,0<d<\/7§,c+\/52+1d>\/7§7
VE+1 V2 5(v/5 + 1)
>V2 o> 2Vl
5 c+d> 2,cd7 197 }
The condition k(y(Cy)) > 1 is redundant here.
If d < 0, then
~V5+1 3-V5. 35
5172(03)—0( SRS )
3—V5,3-5
5172(04)—0(—1—# R )’
—V5-1 i1
S12(C) = (=5 —+3.3)

will be mapped in between v(C7) and y(C3). The corresponding region is, by
(14),

2 2 1 2
ZQZ{(C,d)|O<CS§, 0>d2_§, c_‘/g; d> \/7—
VB+1 V2 5(v6+1)
2 ¢ 2 2’ cd < 12725 }

The region Q1%(s) is the union of Z; and Z,, which are symmetric.
Now consider Q1"(s). By (15), if ¢ + @ d > 0, then the images vCy and
~vC'5 will be between y7C7 and vC3, and the corresponding region is

ZBZ{(Cad)|0<C<§,0<c+\/52+1d<g, \/52+1c+d2?7
VE+1l VBl V2 VB 5(v/5 + 1)
> — > )
5 ¢t—p 4= 2’0( 2 C+d)— 12”28}

Similarly, if ¢ + @d < 0, then vC5 will be in between vC and vCj5, and
the region is

Z4={(c,d)|0<cég, 0>c—\/52+1d2—§, dg_g,
Vh-1 5(vV5+ 1)
JEEN

12725
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08}

06}

0.2

3.0

FIGURE 16. P(s) = F’(s) for the Apollonian-9 packing.

The region Q]%(s) is the union of Zs and Z,. Therefore,

4 (Y2 (s (53 (s
F(S)—5(\/5+1)(5 (77(s)) + 10m(92,°(s)))

= o (m(Z1(s) + m(Za(s) + m(Zs().

The density function of the normalized gaps is given in Figure 16.

[1]
[2]
[3]
[4]
[5]
[6]
[7]
(8]

[9]

[10]
(11]

(12]

REFERENCES

F. P. Boca, C. Cobeli and A. Zaharescu, Distribution of lattice points visible from the
origin, Comm. Math. Phys. 213 (2000), no. 2, 433-470. MR1785463

S. Butler et al., Irreducible Apollonian configurations and packings, Discrete Comput.
Geom. 44 (2010), no. 3, 487-507. MR2679050

C. Cobeli and A. Zaharescu, The Haros—Farey sequence at two hundred years, Acta
Univ. Apulensis Math. Inform. No. 5 (2003), 1-38. MR1997446

E. Fuchs, Counting problems in Apollonian packings, Bull. Amer. Math. Soc. (N.S.) 50
(2013), no. 2, 229-266. MR3020827

A. Good, Local analysis of Selberg’s trace formula, Lecture Notes in Math., 1040,
Springer, Berlin, 1983. MR0727476

G. Guettler and C. Mallows, A generalization of Apollonian packing of circles, J. Comb.
1 (2010), no. 1, 1-27. MR2675919

R. R. Hall, A note on Farey series, J. London Math. Soc. (2) 2 (1970), 139-148.
MRO0253978

A. Kontorovich and H. Oh, Apollonian circle packings and closed horospheres on hyper-
bolic 3-manifolds, J. Amer. Math. Soc. 24 (2011), no. 3, 603-648. MR2784325

J. Marklof, Fine-scale statistics for the multidimensional Farey sequence, in Limit the-
orems in probability, statistics and number theory, 49-57, Springer Proc. Math. Stat.,
42, Springer, Heidelberg. MR3079137

H. Oh and N. Shah, The asymptotic distribution of circles in the orbits of Kleinian
groups, Invent. Math. 187 (2012), no. 1, 1-35. MR2874933

J. G. Ratcliffe, Foundations of hyperbolic manifolds, 2nd ed., Graduate Texts in Math.,
149, Springer, New York, 2006. MR2249478

P. Sarnak, Integral Apollonian packings, Amer. Math. Monthly 118 (2011), no. 4, 291—
306. MR2800340

Miinster Journal of Mathematics VoL. 10 (2017), 131-170



170 ZEEV RUDNICK AND XIN ZHANG

[13] K. Stephenson, Circle packing: A mathematical tale, Notices Amer. Math. Soc. 50
(2003), no. 11, 1376-1388. MR2011604

Received November 7, 2016; accepted November 18, 2016

Zeev Rudnick

Raymond and Beverly Sackler School of Mathematical Sciences,
Tel Aviv University, Tel Aviv 69978, Israel

E-mail: rudnick@post.tau.ac.il

Xin Zhang

Raymond and Beverly Sackler School of Mathematical Sciences,
Tel Aviv University, Tel Aviv 69978, Israel

E-mail: mathzhangxin@gmail.com

Miinster Journal of Mathematics VoL. 10 (2017), 131-170



