ZEROS OF PRINCIPAL L-FUNCTIONS AND
RANDOM MATRIX THEORY

ZEEV RUDNICK anp PETER SARNAK

1. Introduction. Our goal in this paper is to study the distribution of zeros of
the Riemann zeta function as well as of more general L-functions.! According to
conjectures of Langlands [14], the most general L-function is that attached to an
automorphic representation of GLy over a number field, and these in turn should
be expressible as products of the “standard” L-functions L(s, ) attached to
cuspidal automorphic representations of GL,, over the rationals. Such L-functions
are therefore believed to be the building blocks for general L-functions, and we
call them (principal) primitive L-functions of degree m. (They do not factor as
products of such L-functions.)> For m = 1 these are the Riemann zeta function
{(s) and Dirichlet L-functions L(s, y) with y primitive. For m = 2 the analytic
properties and functional equation of such L-functions were investigated by Hecke
and Maass, and for m > 3 by Godement and Jacquet [5]. We are interested in the
fine structure of the distribution of the nontrivial zeros of such primitive L(s, x).
Let p™ = (1/2) + iy™ denote these zeros. To motivate the formulation of our
results, we begin by assuming the Riemann hypothesis (RH) for L(s, n), that is,
that y™ e R. We order the y™’s (with multiplicities)

The number of y’s in an interval [T, T + 1] is asymptotic to (m/2n)log T as
T — oo (see (2.11)). It follows that the numbers 5™ = (m/2m)y; log|y;| have unit
mean spacing. The problem is to understand the statistical nature of the sequence
7: Do they come down randomly (Poisson process) or do they follow a more
revealing distribution?

In the case of the Riemann zeta function, following the original calculation by
Montgomery [20] of the pair correlation (see below) and the extensive numerical
calculations of Odlyzko [21], [22], it is now well accepted (but far from proven)
that the consecutive spacings follow the Gaussian unitary ensemble (GUE) distri-
bution from random matrix theory. That is, if é, = ,,, — 7, are the normalized

1The reader interested only in the Riemann zeta function {(s) should read the paper with L(s, )
replaced by {(s) and m = 1 everywhere, in which case the results were announced in [26].

21t is quite plausible that these coincide with the primitive Dirichlet series introduced by Selberg
[29] or the “arithmetic Dirichlet series” in Piatetski-Shapiro [24].
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spacings, then for any nice function on (0, o), one expects
1

(1.1) 5

Y fG)~ f S($)P(s) ds
n<N 0
where P(s) is the distribution of consecutive spacings of the eigenvalues of a large
random Hermitian matrix. This distribution was determined by Gaudin and
Mehta [18] and is given as follows:
d’E

P(s) = F(S)
where E(s) = det(I — Q,), Q, being the trace class operator on L?(—1, 1) whose
kernel is

_sinzs(¢ — n)/2
06 m =

The Fredholm determinant defining E(s) converges, and it is easy to check that
P(s) vanishes to second order at s = 0. This means that, unlike a Poisson process,
the numbers §, tend to “repel” each other (this is often referred to as “level repul-
sion”). The graph of P(s) and its comparison with Odlyzko’s computation for
zeros near the 102°th are depicted in Figure 1.

For Dirichlet L-functions, the picture is similar, and Rumely [27] has carried
out analogous numerical experiments. Recently, Hejhal [6] has succeeded in
computing the three-level correlation function for zeros of {(s), assuming RH
and in a restricted range, similar to the assumption and restriction used by
Montgomery.

The consecutive level spacing distribution is determined by the n-level correla-
tion functions for all n > 2 [28]. The main result of this paper is the computation
of the general n-level correlation function for the zeros of a primitive principal
L-function (also in a restricted range). We show that the answer is universal and
is precisely the one predicted by Dyson’s computations for the GUE model [3].
To define the n-level correlations, suppose that as above we have a set By of N
numbers §; < -+ < Jy. The n-level correlation function measures the correlation
between differences of n elements of By. That is, for a box Q = R"™!, set

(12) R,(By,Q) = % #{Jj1s--» Jn < N distinet: (§j, — ¥,,.... %, _, — %) € Q}.
A technically more convenient way to measure this distribution is to use smooth
test functions f(x,, ..., x,) satisfying the following.

ConprtioN TF 1. f(x,, ..., X,) is symmetric.

ConpITION TF 2. f(x + t(1, ..., 1)) = f(x) for t e R.

ConpitioN TF 3. f(x) — 0 rapidly as |x| — oo in the hyperplane Y ;x; = 0.
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FIGURE 1. Nearest neighbor spacings of zeros of {(s)

Probability density of the normalized spacings J,. Solid lines: GUE prediction. Scatterplot:
empirical data based on 78,893,234 zeros near zero number 10%°, Reprinted from Odlyzko

[21].
The n-level correlation sum R,(By, f) is defined by

!
(13) R(By.))=% T 109
Is1=2

Here f(S) = f(ay,...,a,) if S ={a,,...,a,}. Since f is symmetric, this is well
defined. Condition TF 2 asserts that f is a function of the successive differences so
that we recover what (1.2) seeks to measure. Condition TF 2, together with the
localization TF 3, means that we can think of R,(By, f) as counting clusters of
size n in By. It turns out that knowing the asymptotic behaviour of R,(By, f) as
N — o0 is equivalent to knowing that of the smoothed correlations

T TEARYEAW S L
(1.4 R(TLW= % h(T) h(T)f(znyh, 2nv,-,,)
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for a sufficiently rich family of localized cutoff functions h (e.g., of rapid decrease).
Here L =mlog T, and ) ' means sum over distinct indices. Note that since h
localizes y to be of order T, the normalization (L/2x)y is the same as }.

As mentioned above, Dyson [3] determined the limiting n-level correlation
density W,(x,, ..., x,) for the GUE model. He showed it is given by

sin 7x

(1.5) Wo(x15 -5 X,) = det(K(x; — j))’ K(x) =

W,(x) is a density (though not a probability density) satisfying 0 < W,(x) < 1 with
W,(x) =0 if and only if x; = x; for some i # j, and W,(x) =1 if and only if
x; — x;€ Z and x; # x; for all i # j.

Before stating our results, we need a technical hypothesis concerning the coeffi-
cients of L(s, n). For Re(s) large, write

(16 Ten= -3 200

where A(n) = log p if n = p* is a prime power, and is zero otherwise. The hypo-
thesis asserts that for any k > 2,

k 2
R ZIa,(p ;}‘ogpl <o
p

This is a very mild hypothesis. Firstly, the general “Ramanujan conjectures” for
cusp forms on GL,, asserts that |a,(p*)| < m, which yields (1.7) with a lot to spare.
Secondly, we show in Section 2 that (1.7) is valid for m < 3.

Returning to the n-level correlations, we note that if h and f are defined for
complex argument and are localized, then the sums (1.4) make sense even if we
do not assume RH, and we still refer to these as the n-level correlations. As
explained above, RH and the GUE model (if it applies) can be used to predict
their asymptotic behaviour as T — oo. Our first result proves that this prediction
is correct at least for a restricted class of f’s.

THEOREM 1.1. Let © be a cuspidal automorphic representation of GL,/Q. As-
sume m < 3 or the hypothesis (1.7). Let f satisfy TF 1, 2, 3 and in addition assume
that f(£) is supported in ¥ ;|| < 2/m. Let g € CX(R) and h(r) = [, g(u)e™ du (so
that h and f are entire). Then as T — oo,

o]

Ry(T, f, ) ~ %"E Tlog T f h(ry dr f . F)W,(x)6 (2‘.1:%) dx, - dx,

where 8(x) is the Dirac mass at zero.
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If we assume RH for L(s, n), we can relax the smoothness condition on h and
in fact choose it to be the characteristic function of an interval. In this way
we can prove that the n-level correlations of the zeros are GUE at least for
f’s with restricted Fourier transforms. Precisely, we deduce the following from
Theorem 1.1.

THEOREM 1.2. With the assumptions of Theorem 1.1 and also RH for L(s, T),

Rn(BN’ f) d J f(x)VV,,(X)(S (Wﬁ) dxl e dx,,

as N - oo.

Remark 1. The restriction Zjléjl < 2/m is a natural one when m = 1, since in
this case it is exactly the region in which the asymptotic behaviour of R,(By, f)
is dominated by the contributions from all the multidiagonals (see Section 3).
Beyond this region, a saturation takes effect and the diagonals no longer domi-
nate. For {(s), this region is also distinguished by being the range in which the
pole at s =1 contributes only terms of lower order to R,(By, f). In the case
of {(s) and n =2, Theorem 1.2 coincides with the result of Montgomery [20].
For m > 1, the restriction Y, |&| <2/m is no longer natural in the sense
that we expect the diagonals to continue being the dominant terms as long
as Y ', |&| < 2. The difference and heuristic reasoning leading to this is given
at the end of Section 3. In all cases we conjecture the complete universality of
the n-level correlations—that is to say that Theorems 1.1 and 1.2 hold without
any restrictions on the support of f. It would be very interesting to check
numerically the level spacing distribution for the various types of primitive
L-functions of degree m = 2 (e.g., of CM type, general type, holomorphic, and
nonholomorphic).

Remark 2. The condition that L(s, w) be primitive (i.e., coming from a cuspidal
n over Q) is crucial. Firstly, if, for example, we look at L(s) = {(s)?, then clearly
the distribution of the zeros of L(s) will be GUE with multiplicity two. However,
also in the case L(s) = L(s, #,)L(s, m,), with n, # =, (e.g., the Dedekind zeta func-
tion of a quadratic extension of Q), the distribution will not be GUE. The reason
is that one can by these methods easily see that the zeros of distinct primitive
L-functions are uncorrelated—so to speak are unaware of each others’ existence.
As a consequence, the zeros of L(s) will not exhibit the “level repulsion” charac-
teristic of the GUE distribution. Indeed, the natural conjecture here is that the
zeros of L(s) = L(s, n,)L(s, n,) will follow the distribution of the superposition
of two GUEs [18]. This clarifies the role played by the primitive L-functions in
understanding the distribution of zeros of the general L-function.

Remark 3. The universality (in =) of the distribution of zeros of L(s, n) is
somewhat surprising, the reason being that the distribution of the coefficients
a,(p) in (1.6), as p runs over primes, is not universal. For example, for degree-two
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primitive L-functions, there are two conjectured possible limiting distributions for
the a,(p)’s: Sato-Tate or uniform distribution (with a Dirac mass term) [30]. As
the degree increases, the number of possible limit distributions increases rapidly.
However, it is a consequence of the theory of the Rankin-Selberg L-functions
(developed by Jacquet, Piatetski-Shapiro, and Shalika [8] for m > 3) that all these
limiting distributions have the same second moment (at least under hypothesis
(1.7)). It is the universality of the second moment that is eventually responsible for
the universality in Theorems 1.1 and 1.2. For the case of pair correlation (n = 2),
this is reasonably evident; for n > 2 it was (at least for us) unexpected, and it has
its roots in a key feature of “diagonal pairings” that emerges as the main term in
the asymptotics of R,(T, f, h) (see Section 3).

To end the introduction, we outline our proof of Theorems 1.1 and 1.2. As in
[20] (and indeed in all work on zeros of L-functions), we use some version of
Riemann’s “explicit formula” relating sums over zeros to sums over primes. One
technical novelty lies in our means of using the explicit formula, which results
in an integrated and smoothed version in Theorem 1.1. This allows us to avoid
appealing to RH and also considerably facilitates the computation of the n-level
correlation functions. Theorem 1.2 is easily recovered from the smooth version.
The advantage is that the multidimensional sums over primes that arise can be
analyzed by rather “soft” means (e.g., no large sieve inequalities are needed).
What emerges as the main term are contributions from diagonal pairs. The com-
binatorics relating this to what is predicted by GUE, viz. the determinant (1.5),
are nontrivial, after all, at some point we have to see this determinant emerge
from the theory of primes. The marriage comes from the pairing structure men-
tioned earlier (which in turn stems from unique factorization) and the cycle struc-
ture of the determinant (1.5)—this being encoded in the identity of Theorem 4.1
and Proposition 4.3. This combinatorial analysis is described in Section 4. A
crucial ingredient is the combinatorial method of Spitzer [34]. In Section 2 we
collect various facts about principal L-functions, local factors, and Rankin-Selberg
L-functions, as well as Ramanujan-type bounds that will be needed. The use of
the explicit formula to convert the problem to sums over primes is carried out in
Section 3. The appendix contains the calculations of the Rankin-Selberg local
factors at the ramified places.

2. Background on L-functions

2.1. Principal L-functions. This section is devoted to reviewing some more or
less standard facts about automorphic L-functions on GL,,. Our emphasis, in
places, will be on the higher-rank theory (m > 3), the results for Dirichlet L-
functions being well known and the case m = 2 being by now also classical. For
definitions and proofs of various statements below, see Jacquet’s article [7]. We
have also included an appendix in which proofs are given of some facts that we
could not find either explicitly stated or proved in the literature.

Let # = ®,n, be an irreducible cuspidal automorphic representation of GL,,/Q.
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For normalization purposes, we assume that = is unitary, by which we mean that
the central character w, of = is unitary. To =, one associates an Euler product
L(s, n) = I—[p L(s, m,) given by a product of local factors. Outside of a finite set of
primes S,, m, is unramified and we can associate to n, a semisimple conjugacy
class {4,(p)} € GL,,(C). Such a conjugacy class is parametrized by its eigenvalues
o.(j, ), j=1, ..., m. The local factors L(s, n,) for the unramified primes are
given by

m

@1 L(s, m,) = det(I — p~A,(p)) "' = j_l_Il (1 - os(j, pp™) "
At the ramified finite primes, the local factors are best described by the Langlands
parameters of n, (see the appendix). They are of the form L(s, 7,) = P,(p™*) 7},
where P,(x) is a polynomial of degree at most m, and P,(0) = 1. We will find it
convenient in this case, too, to write the local factors in the form (2.1), with the
convention that we now allow some of the a’s to be zero.

The local constituents 7, of a cuspidal = as above are generic [23], [33]. Using
local methods, Jacquet and Shalika [10] show that a generic 7, satisfies

22) lo(J, P)I < P2

The general “Ramanujan conjectures” for cuspidal automorphic = on GL,, assert
that for p unramified, |«,(j, p)l = 1. This is known for certain = (e.g, on GL,
corresponding to holomorphic forms, due to Deligne) but certainly not in general.
We will derive a slightly sharper estimate than (2.2) for all p < c0. In the appen-
dix it is shown by a well-known global argument that for any p < oo,

2.3) o, p)| < ptiR-vm+1),

There is also an archimedean local factor L(s, ., ). Again, it is best described in
terms of the Langlands parameters of =, (see the appendix). For now it suffices to
note that L(s, 7,,) can be written as a product ¢f m Gamma factors:

24) L(s, 7)) = ﬁ Tas + ()

where Tg(s) = n7*2T'(s/2) and {u,(j)} is a set of m numbers associated to 7.
They satisfy the analogue of (2.2),

@.5) Re(a(j) > —5-

We refer to the appendix for a discussion of (2.5) and of the analogue of (2.3).

2.2. The functional equation. With all the local factors defined, we can turn to
the functional equation. Firstly, from (2.2) it is clear that

(2.6) Ls,m) = [] L(s ,)

p<
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converges absolutely, at least for Re s > 3/2. Set
.7 ®(s, m) = L(s, m,)L(s, 7).

Associated to = is its contragredient %, which is itself an irreducible cuspidal
automorphic representation. For any p < oo, 7, is equivalent to the complex
conjugate 7, [4], and hence

{aﬁ:(j9 P)} = {an(k’ p)}

{mz(0)} = {1}

The basic analytic result, proven by Godement-Jacquet [5], [7] is that ®(s, «)
extends to an entire function (except in the case of {(s), which has a simple pole at
s = 1). Moreovet, ®(s, ) is bounded in vertical strips and satisfies a functional
equation

(2.8)

(s, m) = &(s, )®(1 — s, 7)
2.9)
&(s, m) = t(m)Q;*

where Q, > 0 is the conductor of #. It is a positive integer with prime factors in S,
[9], and (%) € C*. We note that Q, = Q, and 1(n)7(%) = Q,.

The zeros of ®(s, n) will be denoted by p,, and by definition are the “nontrivial”
zeros of L(s, ). The nontrivial zeros of L(s, ) are related to those of L(s, #) via
s — 1 — 5. The analogue of the Riemann hypothesis for L(s, n) is that Re(p,) =
1/2. Inasmuch as ®(s, n) is of order one and the real parts of the zeros are con-
strained to lie in a strip, it follows that the counting function

(2.10) NL(T):= #{p,: |Im p,| < T}

satisfies N(T) = O(T**®) for all ¢ > 0. A standard winding number argument [2]
shows that the Gamma factors in L(s, w,,) control the number of zeros; in fact,

@.11) N/(T) ~ gT log T.

2.3. An explicit formula. For Re s > 3/2, we may take the logarithmic deriva-
tive of (2.6). This yields

(2.12) f(s’ m=-)y — >~
where A(n) = log p if n = p* and zero otherwise, while

(2.13) a(p*) = jz (s )
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Note that
(2.14) az(n) = a, ().
It will be convenient to set
(2.15) c(n) = A(m)a,(n).

We recast the information in the Euler product and functional equation in
terms of an explicit relation between the zeros p, and the a,(p*). Such relations
go by the name of “explicit formulae”; the one we use is a smooth version of
Riemann’s original formula [25].

ProposITION 2.1 (The explicit formula). Let g € CX(R) be a smooth compactly
supported function, and let h(r) = [, g(u)e™ du. Write p, = 1/2 + iy,. Then

i i
(216) 3 h(y) = &(m) {h<‘§> +h (E)}

1 [® mITe(1
+ 5 le h(r) (log 0.+ j; T‘_E(f + u(J) + ir>

/1 —
+ r—:(i + u(J) — ir))dr
Co(n)

_3 (c:}:_l')g(log n) + \/'_1 g(—log n))

n=1

where 6(n) = 1 if & corresponds to {(s), and is zero otherwise.

Proof. Set H(s) := h((s — 1/2)/i), and consider the integral

(2.17) S = 1 d

37 Juuiy @ (s, m)H(s) ds.
Now Hf(s) is rapidly decreasing in Im s and is entire, so that the integral con-
verges absolutely, and all contour shifts below are legitimate. ®’/® has simple
poles at the zeros of ®(s, ) with residues the multiplicity of the zero (and in the
case of {(s) a simple pole with residue —1 at the poles s = 0, 1). Shifting the
contour in (2.17) to Re s = — 1, we have

S = —6(n){h(—%) +h<-;—>}+2h(y,,)+—1—f g(s, n)H(s) ds

2mi Res=-1 @

where the sum is over the zeros, each counted with its multiplicity. The functional
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equation (2.9) gives

' (04 -
6(59 7'5) = —IOg Qn - 6(1 =S, 7[).

Using this and changing variables gives

S = —d(n) {h( —%> + h(%)} + Y h(y,) — 5% Lem log Q H(s) ds

1 @

T s @ — (s, R)H(1 — s) ds
or
. , 1
2. h(y,) = 8(x) {h(—%) + h(—;—)} — 5= Lmz log Q. H(s) ds
1 (0 1
tom Les , 3 &MHE) ds + 7 )i (D(s, R)H(1 — 5) ds.
Using ®(s, ©) = L(s, ©,)L(s, 7), we get
1 0} 1 m
% Res=2 o (s n)H(S) ds = 2_7151 Res=2 (fZl l—‘~ll(s * ﬂ"(J)) * .__(s, n)) H(S) ds-

Now, shifting the contour of integration to Re s = 1/2,

1 L B 1 [* & TIg(l
Y R mHE ds =5 | 3 (2 +ir+ u,,(f)) () dr.

27” Res=2 j=1 —o0 J=1

That no poles are picked up on shifting the contour from Re s =2 to Re s = 1/2
is equivalent to the inequality (2.5).
Thirdly, using (2.12) we have

1 L c.(n) 1
5 Les , L(s, m)H(s)ds = — Z n I 7

2, c,(n)
- g(log n).
”Z \[

8

I h(r)e~r1o8" gy

We do the same for the integral involving @'/®(s, &), and use (2.14) and (2.8).
Collecting the terms gives the explicit formula of the proposition. O

2.4. Rankin-Selberg convolutions. A crucial ingredient in Section 3 is the
asymptotic behaviour of the mean square of c,(n) = A(n)a,(n). To determine the
asymptotics, we will need the Rankin-Selberg L-function. Its general theory has
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been developed by Jacquet, Piatetski-Shapiro, and Shalika [8], and more recently
by Shahidi [32] and Mceglin-Waldspurger [19]. For cuspidal automorphic repre-
sentations n on GL,,, ' on GL,,, the Rankin-Selberg L-function L(s, = x 7') is
defined as a product of local factors L(s, # x n') = [[, L(s, n, x ). Initially, it is
seen to be absolutely convergent for Re s > 1, but in the end one finds this to be
so in Re s > 1. For primes p where both 7, and 7, are unramified, the local factor
is given in terms of the corresponding sem1s1mple conjugacy classes A,(p), 4.(p)
(2.1) by

(2.18)
L(s, m, x my) = det(I — p™4,(p) ® 4.(p)) ™' = ﬂ (1 = on(p, j)og(p, K)p~™)7 .

The local factors for ramified primes will be described in the appendix. They are
of the form P,(p~)~!, where P,(x) is a polynomial of degree at most mm’ with
P(0) = 1. At infinity the local factor is of the form [[;; Ta(s + tpx (s k). If 7,
and =, are unramified, then

{“nxn’(j’ k)} = {”’n(.]) + ”n’(k)}

See the appendix for a description of the general case.
For us, the case of most interest is 7’ = 7. In this case we see from (2.8) and
(2.18) that for ©, unramified,

2.19) log L(s, @, X # i M(I’_’O)
j v=1

!‘

Ian(p“)lz .

M

With the local factors, one can define the completed Rankin-Selberg L-function
(2.20) D(s, m X &) = L(s, my, X Ry )L(S, ® X 7).

Some of the basic analytic properties of L(s, # x %) which we will use are as
follows.

PrOPERTY RS 1 [10]. The Euler product for L(s, © x &) converges absolutely
for Re s > 1, and L(s, & x ) has a simple pole at s = 1.

PrOPERTY RS 2. (s, = x 7)) has a meromorphic continuation to the entire com-
plex plane and satisfies a functional equation

D, n x 7)) =¢(s,n x A)P(1 — s, T X &)
es,mxR)=1r x Q5

where Q,,; > 0and t(n x ®) = + Q2.



280 RUDNICK AND SARNAK

ProOPERTY RS 3. ®@(s, w x 7) is bounded in vertical strips, and is holomorphic
except for simple poles at s = 0, 1.

There are two approaches to proving analytic properties of ®(s, = x #). The
first is via Rankin-Selberg integrals as developed by Jacquet, Piatetski-Shapiro,
and Shalika, and the second uses the constant term of general Eisenstein series, as
is done by Shahidi and by Mceglin and Waldspurger. The first approach yields
RS 1 and RS 2, but the complicated nature of the archimedean integrals [11]
makes RS 3 much more elusive by this method. On the other hand, the second
method (which avoids such integrals) yields [19] that ®(s, = x #) is entire except
for simple poles at s =0, 1. To see that s(1 — s)®(s, # x ) is of order one and
bounded in vertical strips, we can proceed as follows: As in the first part of
[11] choose Whittaker functions W,, and W, for n,, and 7, and ¢ € (R™). The
archimedean integrals ¥(s, W,,, W.., ¢)

s s, W, W, 9)
q(s, W, Wy, @) := m

are entire and satisfy a functional equation
9L =5, W, Wy, §) = e(s)gs, Wio, Wi, 9)

with &(s) of the form ab®. Moreover, note that ¥(s, W, W., ¢) is bounded in
vertical strips (except for a finite number of poles in the strip in question) and is
uniformly bounded for Re s > 0. It follows that g(s, W,,, W,, ¢) is of order one.
Now, using the global Rankin-Selberg integral, one checks that

_ B(s, We, Weo, 9)

=97 XD = o W Wi )
where B(s) is entire of order one (it comes from an integral against a standard
Eisenstein series). On the other hand, by [19] we know that s(1 — s)®(s, = x &) is
entire, and so it must be of order one. Moreover, ®(s, = x %) is bounded for
Re s » 1, and hence by the functional equation RS 2 this is also so for Re s « 0.
By an application of the Phragmen-Lindeldf principle, the claim follows.

As an application of RS 1, we obtain the asymptotics of

2.21) o(x):= Y les(ml

logn<x n

We note that the bound (2.3) ensures that the contribution to o(x) of n = p®
for ramified primes p € S, is bounded independently of x. As for the unramified
primes, set Lg(s, @ x &) = [, ¢sL(s, @, x &,) (sometimes called the partial L-
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function). Differentiating (2.19), we see

' 2
22 f‘i(s,n xf)=— Y M
Lg n5,)=1 n

Differentiating (2.22), we have

’

2.23) 6= (gg) cthaxi= 3 (0EMACIa®F

Ls o,5)=1 n*t!

Since L(s, @ x 7) has a simple pole at s = 1, it follows from (2.23) that

2
(log n)A(:)|a,,(n)| — slz as s 0 (s real).
1

M8

n

Hence, by a standard Tauberian argument, we conclude that

(2.24) o (x):=Y (log m)A(n)|a.(n)|? N log? x '

n<x n 2

To relate a,(x) and o(x), we need to make a technical hypothesis. (This is the
hypothesis (1.7).)

HypotHEesis H.  For any fixed k = 2,

Zl(logp)cf‘u(p")l2 <o

P 14

We will establish H in many cases below. Note that it is an immediate conse-
quence of the “Ramanujan conjectures” mentioned after (2.2). Indeed, these assert
that |a,(p*)| < m, which implies H with lots to spare. In view of (2.3), we see that
if k > (m* + 1)/2, then

5 |(log p)a,(p*)|? <

.
P Pk
Hence, assuming H, we have
l ky|2
(2.25) 5 |(log p)ci,,(p )| <,
k=2 p 14

so that

(2.26) 6,(x) = o(x) + O(1).
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PROPOSITION 2.2.  Assuming H, we have o(x) ~ (log x)?/2.

That this asymptotic is independent of = is at the root of the universality of
GUE. Using RS 3, we can sharpen Proposition 2.2 somewhat.

PROPOSITION 2.3.  Assuming H, we have

leam)l® l°g2 * 1+ 0(log ).

n<x B

Proof. Since the ramified primes contribute only a bounded quantity, we need
only estimate the sum over (n, S,;) = 1. The function G(s) in (2.23) is holomorphic
for Re s > 0, with Taylor expansion at s = 0 of the form 1/s> + holomorphic. G(s)
is meromorphic and has at most double poles in Re s < 0. A term-by-term inte-
gration yields the familiar identity

n\|(log n)A@m)a,(m)|*> 1 x*
2.27) ; <1 - ;> - =5 LFI GO gy + OW)

(the O(1) term coming from the ramified primes and from (2.25)). Now RS 3
allows us to give standard bounds for G(s) in Re s < 0 and also to bound the
number of poles of G(s) in |s| < T by O,(T**®). In particular, ) 1/|p|(|p| + 1) < oo,
where the sum is over the zeros of L(s, © x 7). So shifting the contour in (2.27) to
the left of Re s = 0 yields

(2.28) 5 <1 B ;)lc,,(:)l2 _ Res O ( 5 logx )

n<x s=0 S(s + 1) s%o lpl(lpl + 1)

1 2
= °g2 X 4 0(log x).

If f(x) = o(log x), ¢ as in (2.21), then

j £ dt = Z( _x>|cn(n)| + o),

n<x
and hence

x log? x

(2.29) J " feyde = + O(x log x).
1

2
Since f is increasing, we have for any h < x

x—h

i wasswme) [ o

Applying (2.29) with h = x/4 yields Proposition 2.3. O
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We turn to the “technical hypothesis” H. There is little doubt about its truth,
since as was pointed out it follows from very modest bounds towards the
“Ramanujan conjectures” (which are proven for some of the known n’s on GL,,).
Even so, we have not been able to establish it in general.

PROPOSITION 2.4. Hypothesis H holds for 1 <m < 3.

Proof. For m =1 this is trivial. We give the proof for m = 3. For m = 2 it is
proven in the same way (or follows from known bounds in that case). Write
A, (p) = diag(xy, a,, @;) so that a,(p*) = tr A,(p)*. Assume that |o,| > |oy| = |ag).
Since w,(p) = det A,(p) has absolute value one and {%;} = {¢;*} by (2.8), we must
have |a,| = 1 and |a3| = 1/|a,]. Therefore,

log| + loa| + log| < oy + oy + o3| + 4
and

la(p*)* < 1 + |a.(p)**.

Together with |a,(p)| « p*? 10 (see (2.3)), we get

|(og p)*|a,(p*)? log?p < log?play(p)
g. P <<§ o +§ pIr2EDE

Since k > 1 we can apply RS 1 (in particular, the convergence in Re s > 1) to
conclude that

2 ky|12
Zl(log p) Ikau(p ¥ o
p

p

For the rest of the paper we will assume that either m < 3 or that Hypothesis
H is valid.

3. Sums over primes. We wish to study the asymptotic behaviour of the n-
level correlation function

1
3.1 R D)= * Nf(fil, s i)

iy, iy <

where N = N(T) and ) * means we sum over distinct indices i;. Instead of looking
directly at R,(f, T), we instead look at the sums

(3.2 G, T) = i Zi . SGis 5 )
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It is important to note that the sum in (3.2) is no longer over distinct ordered
zeros as in the definition of the n-level correlation function (3.1). We will recover
(3.1) from (3.2) by combinatorial sieving in Section 4. In order to determine the
asymptotics of C,(f, T), we look at smoothed sums

Yn L L
hn('f)f(ﬂ'yl’ LR E?n)

(3.4 L=mlogT

(33) GUbT= T b (Z%>

where we have set

and h;(r) is a smooth “cutoff”—we take
(3.5) hi(r) = f gj(w)e™ du

with g; € C°(R). Our main result in this section is Theorem 3.1, which gives the
asymptotics of C,(f, h, T). We prove it for f satisfying TF 2, 3, though in the end
one is only interested in looking at symmetric f. Our reason for considering these
more general f’s is to carry out the induction in Section 4. In fact, it will be
convenient to work with the Fourier transform of f; thus for ®, a compactly
supported C! function on R", we get an f satisfying TF 2 by setting

(3-6) fx) = Ln D)o + - + Eae(—x-¢) dE.

In the sequel, we set for h = (hy, ..., h,)

3.7 k(h) = Jv ) hy(r):--h,(r) dr.

THEOREM 3.1. Let ® € C!(R") be supported in Y}, |&;| < 2/m, and let f(x) =
[rn®(&)S(&y + -+ + &,)e(—x &) dE. Then, for hjasin (3.5), we have
L L TL
(8 Lh (%‘)h (’%)f(w z?’) = () L Co0)2() do + O(T)

with

(39 f @(v)Co(v) dv
R

[n/2]
=0(0) + ﬁ:l Z f . fl%' =, | D(vg €1y, jory + 0+ v,ei(,),j(,)) dv, - dv,
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where the sum is over all choices of r disjoint pairs of indices i(t) < j(t) in {1, ..., n}
and for i < j we set

e'-’ j = e; - ej
(3.10) {ei =(0,...,1,0,...) the ith standard basis vector.

From Theorem 3.1, we will deduce the asymptotics of the unsmoothed sums
C,(f, T); for this we will assume the Riemann hypothesis for L(s, x).

THEOREM 3.2. Let ® € C*(R") be supported in Y |&;| < 2/m, and f be given by
(3.6). Assume the Riemann hypothesis for L(s, 7); then

C.(f, T) ~ N(T) J @(u)Co(u) du + O(T).
R?

Proof of Theorem 3.1. To begin the proof, we rewrite the sum C,(f, h, T)
using the Fourier transform as

G1) Gk T)= L H{z hj(?f> -uy;,}axc)a(cl g &) dE.

n j=1

We can convert (3.11) into a sum over primes by use of the explicit formula (2.16),
with the test functions

(3.12) Hy(r) = by <_;_> e, Gp(u) = Tg,(T(LE + u))

where g;(u), hj(r) are as in (3.5), and £ e R.
The explicit formula (2.16) with this choice reads

(3.13)

y h(—;;) e L% = §(n) {h(—f%) T-me2 4 h(ﬁ) TWZ} + log Q,- Tg(TLE)

1 0 m /
+2—1;L ;( ( +u,,(1)+zr)
(1 .
()

2 7 {a(m)g(T(LE + log n)) + a(mg(T(LE — log n))}

= polar + Tgp(TL¢) + TS*(E) + TS™ (&)
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where
i\, i\ o
(3.14) polar = §(m) {h<_—2—7_“> T ™2 4 h(ﬁ) T 4‘/2}
(3.15) gr(x) = % J:o h(r)Q,(rT)e™ " dr
Ig(1
(16 Q) =logQ,+ ¥ ( + 1) + zr) 2 (2 + i) - )
1'1 R
+ o [\
$'@O=-% \[ )g(T(LE + log )
(3.17)
An)a(n)

$76) = - 3, SRR a(TLe ~ og ),

(The term polar occurs only in the case of {(s); in the sequel we omit it.)
Inserting (3.13) into (3.11) with the different h;, we find that we have expressed
C,(f, h, T) as a sum over primes as desired:

(3.18)
C(fih, T) = J H {Tg;, r(TLE) + TS (&) + TS; (&)} P(E)S(E, + -+ + &,) dE.

R? j=1

Expanding the product in (3.18), we find that C,(f, h, T) is an alternating sum of
terms of the form

(19) .y = L ) i) o, )
’ \/ Myt ot Mg

where we have set

(3.20) c(n) = A)a(n)

and

(321) 4,0 T)=T" f I 6/T(Lg + log ) 1T arwe, - 1ogn)

- 11 9;, 7(TLE;) - ®(E)6(Ey + -+ + &,) dE.

j>r+s



ZEROS OF PRINCIPAL L-FUNCTIONS 287

In expressing C,(f, h, T) as a sum of various C, (T), we get terms from all possi-
ble choices of r of the factors to be S;*(&;), s of the factors to be §;(¢;), and the
remaining k = n — r — s of the factors to be g; +(TLZ)).

Lemma 3.1. (1) We have

log T, |x|«loglogT
gr(x) « 1 .
— x| > loglog T.
i |x| > log log
(2) We have [|g;(x)| dx < log T.
Proof. Recall that by (3.16),

1 S —SX
gr(x) = 3 Les=o h (;) w, (Ts)e™* ds

with
m (Te(1 IR/l ——
(02D o) =logQ.+ ), (r—: (5 + i)+ s) + f—:(i + 1) s)) :

Assuming that x > 0, we shift the contour of integration to the right to
s = o + ir, with ¢ > 0; this we can do since, by Stirling’s formula, Q,(r) « log(r)
and h(r) is rapidly decreasing as |Re(r)| — oo. Since Re(1/2 + u.(j)) > 0 (2.5), the
first I'-factor is holomorphic in Re s > 0. The second factors contribute simple
poles at

o 12+ () + 2k
S’ = ——,1'.,’_—-_”

N[ Q

Thus

: S 1 m s}j’) )
x) = — ki - o (sT)e ™ * ds + — h| = e ™.
gr(x) i Les:a (l> (T) T ,Zi oskz(‘a/Z)T ( !

The double sum is majorized by

m —ax/T
1 y e~ URHID+2ONIT & (1 _ gmoup2)
T =1 o<k<lo)T x

where @ = min, ¢, {1/2 + Re p.(j)} > 0.
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As for the integral, by Stirling’s formula,

(1 _ .
F_n<§ + () + sT) « log((1 + |s))T),

and since h(s/i) is rapidly decreasing in vertical strips, we can bound the integral
by

1

— h <§> w(sT)e ™ ds< e log T.
2mi Res=a l

Thus we see that

—ax/T

gr(x) < 1—e"?)+e " log T,

giving part (1). Part (2) follows from integrating this. O

From Lemma 3.1 we see that the integrals defining A, ((n, T) are rapidly
convergent.

LemMMmA 3.2. Let ® as in (3.6) be supported in |&,| + - + |&,] < (2 — d)/m.
Then A, (n, T) = O unless |n;| « T and nyny- -+ *n,, < T272,

Proof. The integrand in (3.21) is zero unless there is an n e Supp @ (so
Y;n; = 0) such that

(3.23) |IT(m;L +logn))l <1, j=1,...,r
’ |T(;L —logn)l <1, j=r+1,..,r+s.
Hence
24 My 40l
(3.24) =140
so that n; « T™l « T'™2 and nyny =+ 4 < "I « T27%. O

What follows is a series of reductions which show that the main term in C, (T)
comes from the “diagonal sums.”

Lemma 3.3. Let /‘f,,s(n, T) be as in (3.21) with the region of integration in the
variables &;, j>r + s, restricted to |TLE;| « T3, Then, for T sufficiently large,
A, (n, T) =0 unless n = (ny, ..., n,) satisfies the conclusion of Lemma 3.2 and, in
addition,

(3-25) Ry My = Mgy Py
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Proof. Since g has compact support, in order that the integrand not vanish
we need some # € Supp D, that is,

ITo;L +logn)| <1, j=1,...,r
(3.26) |T(y;L —logn)| <1, j=r+1,...,r+s
|TLy;| <« T3, j>r+s.

Furthermore, ) _, #; = 0, and hence

n ...nr r r+s
(327) |log—— =Y (Ln;+1logn)+ Y (Lnj—logn)+ Y Lu;
Rpiy " My j=1 j=r+ JSTs
« i + T6/3—1
T .
Thus
necoon
(3.28) log—2 T |« T71%93,
gnr+1 T Py

Setting M =n,-*n,, N=n,,,""n,,,, we know that MN « T?% and that
|log M/N| « T~1*9/3, Assume that M # N,say M = N + u, u > 1. Then

(3.29) T14oB

1
IOg%{[[-‘ = log(l + l) > 1 > > T2,

N N /MN

Since é > 0, this gives a contradiction for T large. Thus M = N, establishing the
lemma. 0O

Recall the sum C, ((T) given in (3.19), and denote by C, ,(T) the corresponding
sum with 4,  (n, T') replaced by A4,  (n, T).

PropoSITION 3.1.  C, (T) = C, (T) + O(T*~%R).

We begin by estimating the difference between A,  (n, T) and ff,,s(n, T). As in
the proof of Lemma 3.3, weset M =n; - -n,, N =n,4y " n,.,.

LEMMA 3.4. If NM « T?7, then

T'%B3L"s  |log M/N|« T%37!

Ar,s(na T) - Zr,s(n, T) < LS

—— . |log M/N|>» T,
llog M/N| |log M/N| >
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Proof. The region of integration for the difference 4, ((m, T) — /T,,s(n, T)is a
union U of the sets &, = {£: |TLE| » T%R}, k > r + 5. Without loss of generality,
we estimate this integral over the region %,. For this purpose, set

T(LE +1logny), 1<j<r
xj=< T(L{;—logn), r+1<j<r+s
TL¢;, j>r+s.

We have, on changing variables,

r+s

A T) = A, 0. T) = T | [T (T +logm) T[ g(T(LE—logn;)

U j= =r+

I 9;,7(TLE) @()d(, + -+~ + &) dE

j>rts

n |gj(xj)| n 1|gj,r(xj)|

<
n—1
L j{lle« TL, |x,|» %3} j<r+s r+s<j<n—

dx, - dx,_; .

n—1
g,,’T<Tlog M—TlogN -} xj)

Jj=1
We claim that

(3.30)

x|« TL, |x,|» T3
il n

dx, - dx,_,

n—1
IT g6) 11 gj,T(xj)gn,T<T log M/N — j; xj)

j<r+s r+s<jsn-—-1

( Ln—l—r—s

—E |log M/N| « T?*1

< <
Ln—l -r—s

- 4/3—1
| Tliog M/NT log M/N|> T .

To see this, first assume that [log M — log N| « T??*~1, As in the proof of Lemma
3.3, since MN « T?7°, this implies that M = N, and so in this case, on using
Lemma 3.1, the integral in (3.30) is bounded by

J‘lle« TL

n—1-r—s

IT gx) T1  g5r(x)| TP dx,--dx,y «

/3
Jj<r+s r+s<jgn—1 T /
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If [log M — log N| > T??*71, then we write the integral as a sum I, + I, of inte-
grals over regions |Y7-1 x;| < (1/2)T|log M/N| and | "=} x;| > (1/2)T|log M/N|.
In the first case, we have |x,| = | T log M/N — Y 1} x;| > T|log M/N|, and then

1
[T g9) 11 1gj,r(xj) dx

I, «
' |Tlog M — T log N| 1254 %1 < (1/2)Tllog M/N| | j<r+s rts<j<n-
Ln—l-—r—s
< .
|T log M — Tlog N|

For the integral I, over the region where |) x;| » T|log M/N|, we write the re-
gion as a union of domains where for some j > r + s we have |x;| » T|log M/N|
(this is possible since |x;| « 1if j <7 + s). On such a domain, we use

1
gr(x;) « w < _Tllog MIN|

(Lemma 3.1) to see that the integral I, over, say, |x,_,| > T|log M/N|, is bounded
by

r+s n—2

1

< Fos M/NI g;(x;) g5, 7(x;)
T|log M/N| {xe &,:|x,_|» Tllog M/N|} j;l T s P
n—1
.gn’T<Tlog M/N— Z xj) dxl.”dxn—l-
=1

Now set y = T log M/N — Y "_! x; and change variables in the integral over x,_,;
in the region of integration, it is bounded by

d
J &y «< L.
T3 «y«<TL ¥

We find that

1 Ln—l—r—s
—_— < .
T|10g M/N| {XE fn’ Ixn_ll»TIlosM/N” IT 10g M - T lOg Nl

This proves our claim (3.30) and so Lemma 3.4. O

To prove Proposition 3.1, we divide the difference C, (T) — 5,,S(T) into two
sums X, + Zoq the first sum Xy, over m such that |log M/N|« TP,
which implies as before that M = N, and the second sum X 4 over n for which
T|log M/N| » T%3.
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For the diagonal sum Z;,,, we need to note that

+
rzs ()l < (log T)y*s.
nl...,,ﬁj«Tz—a REERVAL

We defer the proof to Lemma 3.9 where we will see a more precise result. Com-
bining this with Lemma 3.4, we see that

(3.31) T giag < T3,

Next we handle the off-diagonal sum X ;. We have

1 1 s | c(ny)|
DI R e D) Ela)
O LMt ynSh2-5 |log M/N)| = )
M2 llog M/N| j=1 /n,
Setting
k
aM):= Y ] le@m)l,
nyme=M j=1
we have
(3.32) L a(M)a,(N)

Lr+s Has *
MNT \/MNllog M/N|
LemMA 3.5. For k > 1 fixed, and any ¢ > 0,

Y am)? <, X

m<X

Proof. We begin by noting that, on using Cauchy-Schwartz and the fact that

the number of ways of writing m = m;- -+ -m, is O(m*®) for any ¢ > 0, we have
anf <m 3 el e,

and so

(3.33) mgx a(m)? « X o --kasx le(my)[? -+ |clmy)[>.

To estimate the above sum, we first note that

(3.34) Y le(m)? « X1+

n<X
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for all ¢ > 0, which follows immediately from the absolute convergence of (2.22)
in Re(s) > 1 together with that series having nonnegative coefficients. Next, we
make a dyadic decomposition of the sum (3.33) into O((log X)*) terms of the form

Z le(my)? - |c(my)|>.

MiSmi<2M; M <mp<2M;

If M, - M, « X, then on using (3.34) we find

Z le(my)|? -+ |c(my)|> « Mi*e -  MA*e « X1*e,

M <mi<2M;  Mp<m<2M;

which gives the desired estimate. O

Returning to (3.32), we may without loss of generality assume that N < M,
which implies that N « T!7%2, We consider two ranges in (3.32): the sum .#, with
N < M < 2N and the sum .#, with N < M/2. For the first case,

P a,(N)a,(M)
! ng“’ﬂ N<i=<2N . /NM log M/N
« N a,(N)ay(N + k)
ng—m =1 /N(N + k) log(1 + k/N)

3 r(N)as(N + k)

< Z Y
N<TI-6/2 k=1

€ 3T @ a )

« (T1—6/2)1+e, IOg T,
so that foralle > 0
(3.35) S, < T1792%e

For the sum .#,, when 2N < M, then log M/N > log 2, so that

_ a,(N)ay(M) a,(N)a,(M)
s = N<TZ o2 z~Z<M ,~/MN log M/N « MN;Tz—a JMN

MN<T2-

Again by use of a dyadic decomposition, we will know

(3.36) £, « 192+
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once we can show that for AB < T?*7°

(3.37) y &NaM) _ ypya+e,
asesis VMN

Now the left-hand side in (3.37) is

a,(N) a(M)
<A<1;<24 \/N)(B@;@B ﬂ)

1\12 1/2 1\ 12 1/2
<<( ) -> ( a,(N)2> ( —> ( as(M)z)
A<i<24 N 4<N<24 B<ir<28 M B<MX2B

« A1/2+3‘B1/2+el R

by Lemma 3.5.
Combining the estimates (3.35) and (3.36), we conclude that

(3.38) Tog& T102+e

for any ¢ > 0. From (3.31) and (3.38), we get Proposition 3.1. O

We have seen that for T > 1,

clmy) f] () A, o, T) + O(T195),

N j=r+1

6¥ cun- 3 I

nj«T

By S s
nym, (< T2

Now change variables in the integral (3.21) for /T,,s(n, T)(when ny - 'n,=n,."
n,. ) by setting

T(L¢ +1logny), 1<j<r
(3.40) yi=< T(LE—logn), r+1<j<r+s
TLE;, j>r+s.
Note that we still have ) ;y; = 0, and the region of integration is
Y;y=0
(3.41) V=<lyl«l, j<r+s

lyl « T?B, j>r+s.
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We then get

r+s

(342) ‘;fr,s(n9 T) L' Tn—-1 j l_l g](y]) H g] T(y]

y1 logn, Vrts | 108 Pris
“’(ﬁ LT L TL>dy

Expanding ® in a Taylor series about the point (—(logn,)/L,..., (log n,.)/L,
., 0) (recall that @ is C!) and using the constraints (3.41), we see that

r+s

(343) r, s(n T) n gj(yj l—[ g] T(y]) dy

j>r+s

log n, logn,, 1+
: - cees AL T 1B
{d)( I 3 0)+0( )

with the error term uniform in n subject to n; « T.

LEMMA 3.6. Setting k =n —r — s, we have
r+s

1
(3.44) H g;,(y;) n gi.r(y;) dy = 2—K(h)Lk +Oo(L¥).
v j=1 n

j>r+s
Proof. First we claim that

(3.45)
r+s r+s Lri-r=s
H g,(yj) H g r(y) dy = I] 9;(3;) .ﬂ+ g;,r() dy + 0(—————)-

>r+ z =0 j=1 >r+s TJ/S

Indeed, the difference between the two integrals in (3.45) is an integral over the
union | Jy»,+s Vi» where

Vo= {Z i = 0: |yl » T‘m}-
i=1

1t suffices to estimate the integral in (3.45) over such V,, say k = n:
r+s

5= |
v, |i=

H gj(yj) n gj,T(yj)
j=1 j>r+s
a J‘J\ly,+ Yy, 1[>>T‘$/3

dy

r+s

l_[ gJ(yJ) gJ T(yj)

]— ]"S

dy; - dy,-y -

n—1
gn,T<~ > y,-)
Jj=1




296 RUDNICK AND SARNAK

By Lemma 3.1, part (1), on V,,

1
gn, T3 °
T< Z yJ) IZJ =1 .I Tm
so that
1 rts n—1-r—s
S < s f f H g;(») _,1_! 95,70 Y1 -y < —mps

Applying Parseval’s equality to (3.45) gives

1 (= 1
(3.46) J i gl(yl)'“g,.(y..)dy=ﬁf_ hy(@):- h,(r) dr=ﬂrc(h),

from which it follows that

r+s

1 <o)
(3.47) H gi) 11 g;r(y)dy =5~ j_ i)~ h(NQ(Tr) dr.

Zy =0 j=1 j>r+s

On using Stirling’s approximation, we get for |r| > 1 that Q (Tr) = m log(Tr) +
0(1), so that

(3.48) % Jtn hy(@): - h,(NQ (T dr = %1; k()L + O(L* ™),

and the lemma follows. O
We can conclude the next lemma from the above.

LeEmMMA 3.7. Forr + s> 0,

r+s C( )

r .
Lr+s LT n];T l—=-I —\/—_—j =r+1 \/—;

”1"'”r="r+1"'”2r+s
"1"‘"r+s<<T

.(D(_log n  logn,

(3:49) G.o(T) = K(h)

T ,0>+0(T).

Proof. From (3.43) and (3.44), we see that for n in the range of summation,

-~ T log n, log n, . T
(3.50) A, n T)= T 3 (h)(I)< AR »oos 0]+ 0 %)
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and so

(3.51)

Gl = gt {1+ 0( 1)}

roc(n) o —— logn logn,.
1:[ I1 c(nj)~<1><— L‘,..., L*,...,o).

J j=r+1

n< T

ny "'”r=”r+1"'”2r
nyen, (T

We will see below (Lemma 3.9) that the sum is O(L™*), and so once that is
established Lemma 3.7 will follow. O

LEMMA 3.8. Assumer + s > 3. Then

c ky ceee e "r)c l‘)"“'C 5
(3.52) 5 y (r™) (I:,+...(ﬁ )| _
P L+ Fl =k + otk 14 r

(the sums with k;, [; > 1).

Proof. We first omit the restriction ) k; =3 I, set t =r + s > 3, and write
ko1 =1, ..., k, = I, The sum (3.52) is bounded by the sum

(3.53) Yy le(®™)- c(p™)|

kit k)2
7 k> P of

Recall (2.3), which asserts that a(p*) « p*2# for B = 1/(m? + 1) > 0. We use
this to bound the sum (3.53) when we restrict the exponents to k; + -+ + k, >
K> 1/
le(p™)- - c(p*)] p2=A 1o
(3.54) 5 o) clp )l 5 __éﬁkr
p ky+Fk2K P v P k>K

t

<y log p < o0

i

To deal with the sum ) k; < K, we need to use the Rankin-Selberg L-function.
It suffices to show that for s fixed, s < K, the sum

359 5 [e(p*) - (p*)

s/2
P kit Hk=s p ;

is bounded.
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Recall that ¢ > 3, and so we may replace all but two of the coefficients c(p*)
by p*¥2=8 log p. Doing this, we find that for fixed p, the summand in (3.55) is
bounded by

(3.56) le(p*)e(p*)] log"~?p

ky+ky)/2 Kat - +k
kithy So-q-2)  pEE kgt o Hl=s~ky ~ky p%s 0P

le(p*)c(p*?)| log'~?p

s PR 8

ky+ky<s—(t—2)

le(P*)I le(p*)

< KT TR
s p(k,+6 )2 p(k2+6 )2

1<ky,ka<

for some & > 0. Now fix k,, k, < s as we may, sum over p, and use Cauchy-
Schwarz:

le(p*)] le(p*)] le(p*)IP\ " | le(p*)IP 12
(3.57) > Fvoz gt K > 5T ) e .
p D p p P p D

Each of the sums is now seen to converge by applying RS1. O
We use Lemma 3.8 to deal with sums over several prime factors.

LEMMA 3.9. If 1 <r <s, then

(3.58)
¥ c(py)- -+ -e(pfre(gr)- -+ -e(qy) _ [O((logx)™),  r=s
P pfrmglreegls piplr O((log x)*7%), r<s.
p’."'tq’.isx ’

Proof. We divide the sum (3.58) into subsums according to the number of
distinct prime factors appearing, and we collect together factors corresponding to
the same prime. The sum (3.58) then becomes a sum of products of the form

(3.59) n kgzt.C(pJ ) cz()l-b )e(p;t) c(pj)

[7EXE
Pi#Pj pfi, ... pla<x X

where the product is taken over distinct primes. There are at most r factors,
and by Lemma 3.8, each factor in (3.59) contributes a bounded quantity unless
a =b =1, in which case it is bounded by O(log? x). Thus the product (3.59) is
O(log? 2 x) unlessr = s and a = b = 1 in each factor of (3.59). Thus, if r < s, then
(3.58) is O(log?® ™2 x), while for r = s we can relax the condition that the product
in (3.59) is over distinct primes at the cost of introducing a bounded error in each
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factor, which after multiplying will introduce an error of O(log? 2 x). Therefore,
we find on using Proposition 2.3 that for r = s, (3.58) equals

log?"

> +0(log2’1 x). O

(3.60) [=] % 'c(”f W 4 0og?2 x) =

p1<x J

Recall from Lemma 3.7 that

1 T
(3.61) Coo(T) = 5 k) o= @y

Z c(ny)--e(m)e(m,q) - c(n,.,)

”1"'”r=”r+1"'”2r+s nl ...nr

nyen, <

~q><—l°g m o log "'“,o,...,o) +O(T).

L 7 L

LemMmaA 3.10. (1) C, (T) = O(T) unlessr = s > 0.
(2) If r = s, then

TL 1/m 1/m
Cr,r(T) = Tx(h) z J J vl
T ces, Jo 0

° (D(-—-l)l, ceey —Ur, vo’(l)’ ceey vc(,), 0) d1)1 dv,. + O(T)

where S, is the permutation group on r letters.

Proof. The first statement follows from the upper bound in Lemma 3.9. As for
the second, we use summation by parts and the asymptotics in Proposition 2.3:
From Lemma 3.8, we know that only distinct primes (not higher powers) are
going to contribute to the main term. Thus

T

r !C(Pj)|2
(L)2r T §,<TJ‘I;11 D;

(3.62) G (T) =7 xb) 7oy

log p, log p, log g, log g,
o — ey — , ,0,...,0 )+ 0O(T
,,1.....‘,;,,‘...,.,,, ( J 7N L L +0(T)

where the inner sum is over primes g;. Since py, ..., p, are distinct primes,
the primes g; are then a permutation of p;. Thus, for some o €S,, g; = py;,
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j=1,...,r. Therefore,

(3.63)
1 T rle(py)?
C' » T)=—k —— "
AT 2n (h)(L)Z' ! pn--grsTj'-Hl 4]
. ® _IOg D1 _108 p, log Ds(1) log Do(r 0 0)+ o1
=3 L RS L ’ L PRRRE} L s Uy eeey s

and we need no longer restrict to summing over distinct primes. The sum in (3.63)
can be approximated by using summation by parts in the following form: By
Proposition 2.3 (assuming H),

2
@) _ % log? X + O(X).

p<X D

Hence, for reasonable functions ¢ (e.g., a C! function),

(3.64) T 'c(;’) '2 ¢<li§!’-> = jum vg(v) dv-log? T + O(log T),
p< 0

and therefore

1 T 2 1/m 1/m
(3.65) Cr,r(T)=EK(h)®m'(L) o;s,jo "'L U0,

“D(—01,..s =V Vg(tys -5 Vgryy 05 ..., 0) dvy - - dv, + O(T)

" TL J\l/m J’l/m
= k(h)— s vy,
()5~ a;s, . , o

‘(I)(-—vl, ceey =0, v“(l), ceey v,(,), O, ceey O) dvl "'dv, + O(T),

as required. O

If we use Lemma 3.10 and bring into account all possible choices of r =0, ...,
[n/2] and signs, we obtain Theorem 3.1.

Remark: The support condition |&,| + -+ + |£,| < 2/m. Consider first m =1
and the case of {(s). In this case (and only in this case), there is an added term in
the explicit formula (2.16) arising from the pole at s = 1, of the form

Jj=1

366 ] {h("ilf) T2 + h (2—’f> T"'éfﬂ} ~ h(O) T™Ues+ +iED2
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Corresponding to this all the coefficients A(n) in the sum over primes are non-
negative. From (3.66) it is clear that the region ) ;|¢;| < 2, which appears in Theo-
rem 1.2, is precisely that which renders (3.66) smaller than the main term T log T.
Indeed, outside this region this polar term will be significant and the central
diagonal terms in the proof of Theorem 1.2 are no longer dominant.

In the case of Dirichlet L-functions L(s, ), the same is true but no longer
because of the (nonexistent) polar term—see below. For m > 2, the region in
which we prove Theorem 1.2 is no longer “natural”: In the case of the pair corre-
lation function, the relevant sum coming from our analysis is

367 Y UM o og T+ log ny)g(T(2E, log T — log m)f(Ey, &)

ny,ny o/ nl A/ Ny

with &, + &, = 0. If we assume that f is supported near &, = —&, = & > 0, then
the diagonal contribution is of size log T. Consider the off-diagonal contribution:
These are essentially sums over primes

_log®>T

2
T§ llog m/n|«< /T
m#n~T:

(3.68) OD: c(m)c(n)

log? T
= 07g~2€ y Y c(m)e(m + h)

m~T2 lshst‘f_l

log? T
< ‘7g~Té Y sz c(m)e(m + h).

1<h<TX-1m~T

The inner sum in (3.68) will have substantial cancellation if a(m) are the Fourier
coefficients of a cusp form on GL(2)/Q. We expect the size of the inner sum to be
of order square root of the number of terms, that is, O(T¢). With the square root
saving, we find that the off-diagonal contribution will be bounded by

log? T
(3.69) OD<—E ~ Y Ti=T'log*T.
T 1<h<T2-1

Hence, for £ <1 (ie., || + |&,] < 2), we see that the diagonal still dominates.
That is to say that the region should be the same as in the case m = 1.

In this respect, we observe an important difference of the above analysis when
m = 1 and a(p) = x(p) is a Dirichlet character, say of conductor Q. Then the sum

(3.70) Y. AP1PAP + 2kQ)x(p + 2kQ)

X<p<2X
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is of order X, if we assume the “twin-prime” type conjectures of Hardy and
Littlewood. Thus the inner sum of (3.68) does not have the same cancellation as
for m = 2. In fact, as with {(s), the region || + |&,]| < 2, valid for L(s, y), is
the largest in which the diagonal dominates.

Proof of Theorem 3.2. We first show that in Theorem 3.1 we can take h; =
Xi-1,17 to be the characteristic function of the interval [—1, 1]. In what follows we
assume the Riemann hypothesis for L(s, 7). In Theorem 3.1 we established that
for h; as in (3.5), and f satisfying (3.6),

1 AWTAYLEE AN
X)) N—(T—)Zh1<—T—) h,.(7>f(-2;yl,...,5,;v,.> cu(f)

where N(T) = #{0 <y < T} ~ TL/2x, and u(f) is the measure given by (3.9).
By taking linear combinations, we obtain

1 ¥\ (L
(3.72) NT) S h (?) f <§; y> = k(h)u(f)

where h(7) is a finite linear combination of functions of the form h,(r,)- - h,(r,)
and

(3.73) k(h) = jw h(r,...,r)dr.

To extend the validity of (3.72) further, we note that if H(¥) is piecewise continu-
ous of rapid decrease, then, given ¢ > 0, there are finite linear combinations A, h,
as above so that h; < H < h, and %, (h; — hy)(r, ..., 1) dr < &. We use these to
show that (3.72) is valid for such H: Indeed, given f as above, we can find an
f+ >0 with |f| < f, and f, admissible for (3.72) (at least assuming ® in (3.6) is
C?). If we set

1 y L _
(3.74) DH, f; T):= m H(f)f(ﬁ?) k(H)u(f),
then

|D(H, f; T)| < |D(hy, f; T)| + |D(H — hy, f; T)|

<10, £3 T + 05 B = (1) 12 (7)1 = o))

<|D(hy, f; T) + ID(hy — hy, f35 T))

+ K(hy — h)pu(fy) + k(H — hy)|u(f)I,
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and since (3.72) is valid for the first two terms, we find

listup ID(H, f; T)| < k(hy — hy)pu(fs) + ©(H — h)lp(f)] < e(u(fs) + (D).

Since ¢ > 0 is arbitrary, it follows that D(H, f; T) — 0.

With this approximation argument, we can include many more admissible
functions h, and in particular the characteristic function of the cube [—1, 1]"
Hence Theorem 3.1 is valid with hj(r) = x;_y, 1;(r) OF X457, for a < b.

Next, we need to discuss the passage from the normalization of zeros (L/2w)y
appearing in the definition of the smooth sums C,(f, h, T) in (3.3), and the nor-
malization § = (m/2n)y log|y| initially used to define C,(f, T) in (3.2). We explain
it for the pair correlation (n = 2). Consider, for y(x) = f(x + y, y),

~ mlog 7, mlog 7,
s T)= -
Ciy, T) T$}'1,z)'2S2T ¥ <V1 e Y2 o

(3.75)
cn=, 3 v(re-w).

T<y;,y2<2T
Then we claim that
(3.76) CWy, T)— C, T) = O(T).

This will show that the different normalizations lead to the same main term, and
thus prove Theorem 3.2.
To see this, observe that

s L m Y1 m V2
Ciy, T)= —(y, — 4y — n_ ., .
w. ) Tsvlg:zszr 4 (2% 01 =72)+n 2n log T 72 2n log T

Applying the mean value theorem, (3.76) equals
' m Y2_ m Y1
2 712}'2 ‘// (5?1,Y2,T) <y2§; log 'T' "1 o log T)

where 0, . r is in the interval with endpoints (m/2m)(y, log y; — 7y, log ;) and
(L/2m)(y; — 7,). Thus (since 0 < log(y;/T) < log 2),

(B.77) ICW. T —CU I« Y W@l G2 =)

T<y1<72<2T

For this fixed ¢, let ¢, > |¢'| be a rapidly decreasing function on R which is even



304 RUDNICK AND SARNAK

and monotone on [0, o0). Then, by (3.77),

L
E(')’l —71)|-

T<y1,y2<2T

~ 1
Cwn-cwDi<p, T (mo-m)

We can find a majorant ¥, and h which are admissible in Theorem 3.1, sat-
isfying .. (x) > |x|¢,(x) and h > x;1,, 1. Then, with these choices, we have

~ 1 "1 Y2 L
€W, 1) = CW. T <1 X h(f)h(f vel5=)s
and we can bound the sum by O(TL), by Theorem 3.1. Thus we find
~ 1
|CY, T) — C(y, T)| « ETL « T,

as required. This establishes Theorem 3.2.

4. Combinatorial sieving. In Section 3 we showed that the unrestricted sums
C,(f, T) have a limiting distribution

(4.1) C(f, T):= i Z J@ipy oo W) ~ N(T)'Ln f@)Co(u) du

where the sum is over all indices (i, ..., i,). However, the n-level correlation func-
tion R,(f, T) is the same sum but over distinct indices; it differs from C,(f, T) by
omitting all sums over diagonals i; = i;, which measure lower-order correlations.
In this section we recover R,(f, T) by a combinatorial sieving.

We begin with some set-theoretic combinatorics. A set partition F of N =
{1,...,n} is a decomposition of N into disjoint subsets [F;, ..., F,]. The collec-
tion I, of all set partitions of N forms a lattice with the partial ordering given by
F < G if every subset G; is a union of subsets of F. The minimal element of II,, is
0 =[{1}, {2}, ..., {n}], and the maximal element is N = {1,2, ..., n}.

The Mobius function of a poset such as IT, is the unique function u(x, y) so
that for any functions f, g: I, — R, satisfying

4.2) fx) = x;y g(»),
we have

(4.3) g(x)= x;y u(x, »fy)-
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In the case of IT,, the Mébius function can be computed explicitly [15, §25], in
particular,

v(F)
“4) wo, F) = I;[1 (=D (Rl - D

Given a set partition F = [F,, ..., F,] € IT,, we have an embedding 7z: R - R,
given by 15(x;, ..., x,) = (y1, ..., y,), Where y, = x; if | € F,. For instance, if F =
[{1’ 3}; {23 4}] € H4, then lg(xa y) = (X, Vs X, )’)

We can define the lower-order correlations

(4.5) Re(f, T)=Rypif £, T) = Y S>> 7))

distine!
This is the v-level correlation between n zeros (y,, ..., y,) where we mandate that
the indices i, = i, are equal if [, k € F}, and i; # i, if k, | are in different subsets of F.
Thus if F = N, then Ry(f, T) =) f(§, ..., ) counts the number of zeros up to
height T, while if F = 0, then R, is just the n-level correlation function (1.3)
defined in the introduction (after division by N and where By = By, N(T) =
#{j: Iyl < T}). We similarly define unrestricted correlation functions by setting

igyeees

(4.6) Celf, T) =G f, T) = Zi JC@is -5 7))

so that C,(f, T) = Co(f, T).
Observe that we have an identity

(4.7) Cof, T) = ; Re(f, T)
or, more generally, for any G € I1,,,

4.8 Ce(f, T)= G;p Re(f, T).

This is merely partitioning the unrestricted sum for C, as a sum over the various
possibilities for coincidences between the indices. Thus we can use M&bius inver-
sion to express the n-level correlation function Ry(f, T) in terms of the unrestricted
sums Cg(f, T): N

(4.9) Ro(f, T) = ; HQ, B)Ce(/, T).

This allows us to find the limiting behaviour of R,(f, T) by using Theorem 3.2,
which yields the limit of Cg(f, T). To describe the answer, we define 5-functions
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as follows: For a subset S < {1, ..., n}, we put

leS

(4.10) Os(u) = 6 ( Y u,) ,

where d(x) = Dirac delta mass at the origin, and for a set partition F = [Fy, ..., F,]
we define

v(F)

(4.11) Sp(u) = j_]‘"[l Fg(u).

O is a delta function supported on the linear subspace

4.12) UF={ueR": Zu,=0,j=l,...,v(1_~‘)}.
- leF,

LeEmMMA 4.1.  With the assumptions as in Theorem 3.2,
cts 1) = N [0yt du + o)

where Cg(u) is given by

[v(F)/2] r

“13) G =80+ 3. 3T 6r05,®

r=1

>

le Fi(t)

H 6Fk (u) ’

k+#i(a), j(b)

the sum being over all possible choices of r pairs of subsets (F,, Fy,) of F, no
repetitions allowed.

Proof. We first express if f = @E as a Fourier transform, in terms of the origi-
nal @ such that f = ®:

4.14) Op(vy,...,0,)=06v, ++1,) ﬁ 5(vj -y u,)(b(u) du.
- ]

R? j=1 €E

Indeed,

™

- D(E)0(&s + - + Ea)e(— & 1p(x)) dE

lgf(xl, --~’xv)

r

- d’(é)e(— > x,( 5 a)) dz
Jete+g,=0 j=1 " \ieE,

= {JI q)(g)df}e<—i xjvj> dv,
J "l+"'+"v=o lel’]¢l=”j Jj=1
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which proves (4.14). Note that (4.14) implies that if Supp ® = {} '}, |§;| < r}, then
Supp @ = {}}-1 Injl <1}

Now we use Theorem 3.2 to get the asymptotics of Cg(f, T) (note that the
conditions TF 2, 3 descend to if f)

Celf; T) = GGt f, T) = N(T): j @¢(v)C, () dv + O(T).
RV

On using (4.14), we find

j ®,()C,(v) dv = J '[ o ] 5(1;,.— y u,) C(oy, .., v,) du dv
U RY JR" j=1

leFj

=J (I>(u)Cv< Yoy, Y u,)du.
R" 16F, 167,

Now substituting the expression (3.9) for C,(u) in Theorem 3.2 yields (4.13). O

We have seen that

4.15) Ro(f, T) = N(T) J ®(u)Ro(u) du + O(T)
Rn

where

(4.16) Ro(u) = ; m(Q, F)Cg(u).

In view of (4.15), (4.16), and the definition of the GUE determinant W,(u) (1.5),
Theorem 1.2 follows from Theorem 4.1.

THeOREM 4.1. Let W, (x) = det(K(x; — x;)), K(x) = (sin nx/nx). Then, for
Y;luj| < 2, the Fourier transform W,(u) is equal to Ro(u) in (4.16).

Similarly, Theorem 1.1 follows from Theorem 3.1 (with h; = --- = h, = h) and
the above combinatorics.
We will divide the proof of Theorem 4.1 into three propositions.

PRrROPOSITION 4.1.  We have

v(F)
(4.17) ; H(Q, F)Cglu) = ; 0(u) J_l:[1 X ()

where, for any subset S = N,
(4.18)
Xs@) = (=1)F(S| = DL+ (=D"72 3 (IS = DI(IST| = 1)!

S=s+us—

Z+ w.

leS
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PROPOSITION 4.2.  The Fourier transform of the GUE determinant

Wiy, ..., u,) = j det(K(x; — xj))e< 2": “J‘xj) dx
R? j=1

is given by

R v(F)
(4.19) W, (u) = ; O(u) I;[1 (=D Yp ()

where, for any subset S = N,

420 %= ¥ r’ [0 + ) f0+ uy, e+ ) do,

the sum over all cyclic permutations of S, and

@2 ro={y S

(so that K(x) = f,(x) is the Fourier transform of ).

PROPOSITION 4.3. For a subset S < N with Y, su; =0, Y, s|u| <2, we have
an identity

(4.22) Xsu) = (— 1) Yg().

By comparing the coefficients of J¢(u) in Propositions 4.1 and 4.2, we see that
Proposition 4.3 is exactly what is needed to establish Theorem 4.1. The rest of
Section 4 is concerned with proving these propositions.

Proof of Proposition 4.1. It is expedient to introduce some structure on set
partitions that corresponds to the combinatorics of pairs appearing in the calcu-
lations. To this end, we define a marking ¢ of a set partition G = [G,, ..., G,] to
be a choice of r > 0 pairs of subsets (G}, G;,), ..., (G, G)

We will denote such a marking by

G, ) =[G}, Gi3 Gy G -3 G, G 3 G s -.n GE1.
We will allow the trivial marking (G, ¢) = [GS; ..., G°].

A marking (G, @) reduces to an unmarked set partition F if, forall j =1, ..., r,
there is a subset F; of F so that F; = Gi‘; U G;., and likewise for all k there is a
subset of F so that G} = Fy,,. We will denote this symbolically as F = red(G, ¢) or
(G, 4) - F.
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Note. A marked set partition reduces to a unique unmarked one; however,
there are usually several different marked partitions reducing to the same un-
marked one.

With the notion of marking of a set partition, we can describe the formula (4.13)
for Cg(u) as

(4.23) Cgu) = ; Oreas, ) (4) E

P

J

where the sum is over all possible marking of G, and for the trivial marking the
empty product is interpreted as equal to one. Therefore we find

(4.24) Y (0, O)Csu) = Y, (0, G)dreqg, ™) H
G G, 9) j=1

B

Z+ u.

leGj

—T o Y w0 6]
E (G, ¢)~F Jj=1

Now fix a set partition F, and consider the coefficient of Jy above. Then we have
a factorization identity: Ifu e Up, then

(4.25) ; wo, Q)ﬁ 2 M
(G, H~F j=1|1eGt
v(F)
- 11 v -
j=1

—1yFi-2 | G| = 1)
+(=1) FGjZUGj_(IGA G| — 1!

=

To prove this, just multiply out the right-hand side of (4.25) and compare with

(4.4). The factors in the product are exactly what we called X 5 in Proposition 4.1,
and so we find, as desired, that

leZGj"' H

v(F)

(4.26) ; 10, G)Cq(u) = ; 0 (u) ,-1:[1 Xp(u)-

This proves Proposition 4.1. O

Proof of Proposition 4.2. We expand the determinant W, as a sum over all
permutations of N = {1, ..., n}:

4.27) WXy, .o X)) = 3, (1) Ul K(x; = Xo(p)-

geS,
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When taking the Fourier transform of W,, decompose each permutation as a
product over disjoint cycles ¢ = 7, :** - 1,, with 7; = (i, ..., i,,) a cycle of length
m = m(j). Note that (—1)° = [J(—1)"?~*. We then notice that the Fourier trans-
form of each summand in (4.27) breaks up into a product of Fourier transforms
of similar expressions over the cycles 7;:

j_l:[1 K(x; — X,5)e (Z ujxj> dx

r
= le JK(xi, - x;, ) K(x;, — xi,)‘”K(xim —x;)e(; x; + - + “imxim) dx.
It is therefore sufficient to compute the Fourier transform of each factor sepa-
rately when we have a cyclic permutation.

LEMMA 4.2. We have

jK(xl — x,)K(x; — x3) * K(x,, — x1)e(uyx; + - + ,,x,,) dx

=0(u + -+ um)f LW +uy) Lo +uy + 0+ Uy y) do.
Proof. Sett; = x; — xj41, j = 1,..., m — 1. Then, changing variables, we find

[K(xl — x,)K(x; — x3) - K(x,, — X;)e(uyx; + - + 4,Xx,,) dx

= fK(tl)”'K(tm—l)K(‘tl = tyet)
'e(tlul + -+ tm—l(ul + -+ um_l) + xm(u1 + -+ um)) dtl"'dtm__l dxm
=0(uy + - + up) fK(tl)"‘K(tm—l)K(—t1"' —tm-1)

‘e(t1S1 + -+ tm_lsm_l)dt

where we have set s, = u; + - + y.
Since K = f,, we can use Parseval to see

(4.28) jw Kt )K(—1 — ty)e(t,s,) dt, = J‘_w L) f2(v + sy)e(vt) dv.

—o0
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Applying this witht =t, + --- + ¢t,,_,, we find

JK(t1)"‘K(tm-1)K(—t1“‘ —tm-1)e(tySy + "+ ty_ySp—q) dt

= jfz(”)fz(” + 51)e((t; + - + ty-1))K(t2)  K(tm-y)
ce(tySy + 4 ty—1Sm—1) dt dv

= f L0)f2 + 51) E '[K(tj)e(tj(v + 5;)) dt; dv

= Ifz(”)fz(v + 5020+ 53)  fo0 + 5,y ) dv. O

To finish the proof of Proposition 4.2, we decompose the permutations into
products of disjoint cyclic permutations indexed by set partitions F of N =

{1,...,n}:

S, =[] S*(Fy) x -+ x S*(F,)
F

where, for a subset F; = N, $*(F;) denotes the set of all cyclic permutations of the
indices in F;. The sign of any cyclic permutation in $*(F;) is (— 1)'%'*. Proposition
4.2 now follows. 0O

Proof of Proposition 4.3. 1t clearly suffices to prove Proposition 4.3 for the
case § = N, which we assume from now on. We will need some preparation: For
ueR", with Y ;u; =0, and ) ;|u;| <2, and an ordering 6 = (6(1), ..., 6(n)) of N,
we define the consecutive partial sums

k
(4.29) Sk(g) = Zl uo(j) = uo(l) + -+ uo(k)
j=

and let M(6), m(0) be the maximum (respectively, the minimum) of these partial
sums:

M,(0) = max{s,(0), k=1,...,n},
(4.30)
m,(0) = min{s;(6), k = 1,...,n}.

Further, set

(4.31) V(0) = M(0) — m(9).
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When no ordering 0 is explicitly given, we just write V for the corresponding
quantity.

It is useful to think of u; as the increments of a “random walk” on the real
line, starting and ending at the origin, and the partial sums s,(0) are the positions
after k steps. M and m are the farthest positions to the right (respectively, to the
left), and the difference V(6) = M(6) — m(6) is then the maximal deviation of the
walk. From this description, it is apparent that V(6) = V(@) if & is a rotation of 6,
e.g., 0 =(6(2),...,0n),0(1)).

The connection of this to our previous discussion is the following.

LEMMA 43, Ifuy + - +u, =0, ;|u;| <2, then

(4.32) jw Lofo+u) - fLo+u, ++u)dvo=1-—V.

Proof. Recall that f,(v) is the characteristic function of the interval I =
[—1/2, 1/2]. Thus, the integral (4.32) is the length of the intersection of the inter-
vals I, —s; +1, ..., —s,_; + 1. This intersection is nonempty if Y |u;| <2,
in which case it equals the interval [—m — 1/2, — M + 1/2], whose length is
-M+12—-(-m—-1/2)=1-V. O

Set
(4.33) Tw) =Y V),
{0}

the sum being taken over all orderings modulo rotations, i.e., over cyclic permu-
tations of {1, ..., n}, of which there are (n — 1)!. Using Lemma 4.3, we can rewrite
Yy(u) in (4.20) as

(4.34) Yy(@) = (n — 1)! — T(w).

Taking into account the definition of Xg(u) (4.18), in order to prove Proposition
4.3, it suffices to prove the following identity between piecewise linear functions:

> Uy

leF

(4.35) Tw= Y (IFl—)in—|F|—1!
[F,F€]

This we accomplish below by adapting Spitzer’s combinatorial method [34].3
Both sides of (4.35) are continuous in u, so it suffices to prove (4.35) for u
generic, i.e., the components u; are linearly independent over the rationals. Since

3 Apparently, this identity is quite old—it can already be found in Kac [12].
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W,

(2, uy + uy)

©.0) (,0)

FIGURE 2

V(0) is invariant under rotations, we may write T'(u) in (4.33) as
1 1 1

(4.36) T ==Y V(@) ==Y MO —-Y m@).
ne n‘g n-y

The sums ) o M(6) and Y ,m(6) are easily seen to be negatives of each other, and
SO

4.37) T(u) = %2‘; M(@9).

For u = (uy, ..., u,) € R', define the (polygonal) walk W, to be the walk (0, 0) —
1, u)—>-—>(r,uy +---+u,). The chord is the segment connecting (0,0) to
(r,uy; + -+ + u,). Define the upper convex envelope U, of the walk W, to be the
lowest convex curve lying above W, (Figure 2).

LeEMMA 4.4 (Spitzer [34, Theorem 2.1]). Given u = (u,, ..., u,) in generic posi-
tion, there is a unique rotation of u so that the walk lies below its chord.

Given u, W,, and U,, let 0 < k, <k, <--- <k, =r be the first coordinates of
the vertices of the upper convex walk U,. Note that the walk W, restricted to the
sets {1,...,k;}, {ky + 1,..., k,}, ... has the following properties.

PROPERTY SP 1. The walks lie below their chords.

PROPERTY SP 2. Their respective slopes are decreasing, i.e.,

O T T S S
> o
ky ks — ky

Returning to the ordering 6 of N = {1,..., n}, and u e R", 3 ;u; = 0, which we
assume is generic, we get a convex polygon U,(f) above the walk W,(6). This
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convex polygon starts at (0, 0) and ends at (n, 0) (Figure 2). It determines intervals
as above, G;(0) =[1,...,k,], G,(0) =[k, + 1,..., k;], .... Each of these comes
with an ordering ;(6). So, for each ordering 0, we get data D(0) = (G,(0), ¥1(6)),
(G,(0), Y,(0)), . .. satisfying SP 1 and SP 2. Moreover,

@38) MO =33

i

Z“t'

le G](O)

Conversely, given u generic and a set partition G = [G,, ..., G,] of N and order-
ings y; of G;, we can uniquely arrange them to satisfy SP 1 and SP 2 by first
arranging their slopes (i.e., SP 2) and then using Spitzer’s Lemma 4.4 to adjust
each ordering ; by a (unique) rotation so as to satisfy SP 1. That is, using this
bijection and (4.38), we have

( > (Ile—l)!'"(IFvl—l)!).

F=[Fy,F3,...,F,]

4.39)

SMO=; ¥ (|61|—1)1~-~--<|Gv|—1>!( >
0 G=I[G G,]

leG,

+o Y

leG

v

=3, (RI- 1| % w

leFy

For a fixed subset F; = N, the innermost sum is clearly equal to the sum over all
set partitions of the complement F{ = N — F; of

(4.40) Y (Rl=D(F]- D

[F3, 7 F)]

This counts all the permutations of F; when writing a permutation as a product
of disjoint cycles. So the sum (4.40) is simply |F;|! = (n — | Fy|)!. Hence

(4.41) ZM ©) = (IFy] = Dl — | Fy])!

2
leF,

2F,

Grouping together the terms corresponding to F; and its complement Ff, and
using ) ;u; = 0 (so that [, ., ty| = |ZleFf u|), we have

(4.42) ZM..(H)—-ZZ”((IFI — Dl —[F! + (n — |F|

n

=5 2 (FI-Dn—IFI-DY } wu
leF

2 [F,Fc]
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Hence, from (4.37),

(4.43) Tw= 3 (Fl—Di(n—|F|—D!

[F,F€]

R

leF

This concludes the proof of (4.35) and so of Proposition 4.3. O

APPENDIX

A.l. Our goal in this appendix is twofold. Firstly, we describe the local
L-factors at ramified places, and secondly we derive the estimates (2.3) and (2.5)
for the a,(j, p) and p(j).

Let 7, be an irreducible admissible (generic) representation of G = GL,,, over R
or Q,, with unitary central character. From the description below it follows that
if m, is tempered, then L(s, m,) is holomorphic in Re s > 0. The general non-
tempered representation 7, can be described as a Langlands quotient: There is a
standard parabolic subgroup P of type (my, ..., m,) (so that the Levi complement
M, = P/Up ~ GL(m,) x *-- x GL(m,)), tempered representations o; of GL(m;),
and real numbers ¢; > - > ¢, (called the Langlands parameters of 7,) so that

(A1) n, = J(G, P;0.[t],..., 0,[t,])

is the unique irreducible quotient of the induced representation Ind(G, P; o, [t,],
..., 6,[t,]). Here the twist operation for ¢t € C is defined as ¢[t] := ¢ ® |det(-)[". If
7, is unitary, then {o;[t;1} = {6;[—t,]}. In terms of this data, the L-factor is
given by

(A2) l@m»=ﬁL@+%®
j=1

where the definition of the tempered factors still needs to be given. Indeed, in this
case, for ¢ tempered, there is a standard parabolic P of type (m,,..., m,) and
square-integrable representations 7; of GL(m;) so that ¢ is isomorphic to the full
induced representation I(G, P; 14, ..., 1,). Then

(A3) L(s, o) = [] L(s 7).
j=1

This reduces the problem to the case of square-integrable representations. We
describe these separately in the p-adic and real setting.

A.2. p-adic factors. For the p-adic case, the square-integrable representations
are built out of supercuspidal representations as follows: If = is a unitary square-
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integrable representation of GL,,(Q,), then there is a divisor d|m, a standard par-
abolic subgroup P of type (d, ..., d), and a unitary supercuspidal representation p
of GL, so that = is the unique square-integrable constituent of Ind(G, P; py, ..., p,)
where n = m/d, and p; = p @ |det]/""*V2 j=1,..., n. We will write # = A(n, p).
We note that the contragredient of such a representation is A(n, p) = A(n, p). Then
the principal L-factor is given by L(s, n) = L(s + (n — 1)/2, p). Next, for super-
cuspidal representations p, we have L(s, p) = 1 unless m = 1 (in which case the
supercuspidal condition is empty) and p =|-|° is unramified, in which case
L(s, p) = (1 — p~¢™)7!, This completes the description of the p-adic factors for
the principal L-function.

Next, we describe the p-adic factors for the Rankin-Selberg L-function [8]. Let
n, o' be irreducible, unitary generic representations of GL,(Q,) and GL,(Q,),
respectively. We say two representations m,, m, are in the same twist class if
deg n; = deg n, and n; = ©, ® |det|. First, if = is supercuspidal, then for deg = =
deg n’, the Rankin-Selberg local factor L(s, # x 7') equals one unless n’ is twist-
equivalent to #: 7’ = #[¢] (in particular, 7’ is itself supercuspidal). In that case,

1

p—r(t+s)

(A4) L(s,m x #[t])=L(s+t,n x ) = .

where r|deg 7 is the order of the cyclic group of unramified characters y = |det|*
for which n ® y ~ =.

Now if & = A(n, p), o’ = A(n’, p’) are square-integrable representations of GL,,
and GL,, respectively, then

‘ min(n,n’) n+ n'
(A.5) L(s, A(n, p) x A(n', p')) = j_l’[l L(s t—s——hpx p’>-
In particular, we see that L(s, # x #') = 1 unless p, p’ are in the same twist class.
For the general =, given as a Langlands quotient n = J(G, P; 0,[t,], ..., 6,[t,])
as in (A.1), we can, by using induction by stages, assume that g; = A(n;, p;) and
t; =+ > t,. Then we have

—-

L(S + t] - tk’ q, X 6’:)
1

(A6) Lismux@)=

Js

=
Il

r min(nj,nk) n+n
. " -

We know that the only factors which contribute are those for which p;, p; are in
the same twist class. We can partition the components p,, ..., p, into twist classes;
there is a set partition F = [Fy, ..., F,] of {1,...,r} and unitary supercuspidals
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pl, 1=1, ..., h, which are twist-inequivalent, and reals u; so that for jeF,
p; = p'[iu;] is a unitary twist of p’. We then find

(A7) 5
L(s, m x &) = l—ll .[IF L(s + t; — &, Aln;, Pl[i“j]) x Ay, p'Liug])) =: l:[ LF,(S)~
JREL]
We have
(A8) L= T1 LG+t = tu Ay, p'Ting]) A(my, p'[iw]))
Jker]
minni,nk )
= l—[ Ls+Sj_Sk+nJ+nk—vaplxﬁl
jikeF, V=l 2

where s; = t; + iu;. We know that L(s, p' x p') = (1 — p™°)™" for suitable r,|deg p'
(A.4), and so we find

min(nj,nk)
(A9) Ly =TT TI (= @resmnyrspmyn,
JkeF v=

To transform this further, we note that by unitarity, the set {s;: j € F;} is stable
under s — —35. Thus

min(nj.nk) )
(A.10) LF,(S) = H 1—[ (1 — (p¥~ O+ mo2=s;=Sip=syriy~1
j.keFp  v=1
min(nj,nk)
= l_l l_l (1 _ (pvzj-z-k)r,p—r,s)—l
J.keF; v=1
where
(A.l 1) zj = p'("j/2+3j)’ j e E .

To conclude, we see that, with the above notation,

min(n;,n;)

(A.12) Ls,zx®=[] [T TI a—@zzp™y)™.

U jkéF, v=1

Therefore, if t; >--->t, are the Langlands parameters of © (A.1), then the
local factor L(s, @, x #,) is holomorphic for Re s > 2 max{|t;|} with a pole at
s = 2 max{|t;|}. Since it is known that the local factor is holomorphic in Re s > 1
[8], being the greatest common divisor of local integrals with this property, we
see that for 7, generic and unitary, the Langlands parameters satisfy max{|t;|} <
1/2. As a consequence, if we write the principal local factor as L(s,7,) =
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[T — alp, j)p~®)7", then we see that |a(p, j)| < p™*4 < p'. This proves
(2.2) for all p < c0.
We can expand L(s, m, X #,) and Lg(s) in a Dirichlet series

Lis. 7, x 7) = 3, 22
e=0
(A.13)
b er,
L= 3 'I‘,’j,,s’).

Lemma A.1.  If r|e, then

(Al4) bi(p°) >

Z (p(l n])/2— })e

€|jeF

Proof. Take logarithms in (A.10) to find

—ers

P
log Ly(s) = ¥. 2— 2,9
with
min(n~,nk)
Mle)= Y (p’z;Z )™
J.keF; v=1
2
= Z ( pv)er, Z Zjer,
1<y {n JGFI} jeFI:anv
On substituting z; = p~®/2~%, we get
2

(p(v— j)/2— j)er,
jeFp: n; >v

Ai(e) =

1<v<max{nj jeFp}

Z (p(l— j)/Z—sj)er,

jeF;

Exponentiating, we find that

by > 295 1 5 remrogyel

]EFI

a

As a consequence of (2.19) and (A.14), we see that the L(s, ® x #) has non-
negative coefficients b(n) > 0.
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A.3. Archimedean factors. Any irreducible unitary representation of G =
GL,,(R)is given as a Langlands quotient

(AIS) T = J(Ga Py 0'1[51], ...,O',[S,])
where o; are square-integrable representations and Re s, > --- > Re s;. For the
real case, GL,(R) does not have square-integrable representations if n > 3. To

describe the principal L-factors in the remaining cases n = 1, 2, we define Gamma
factors by

Tp(s) = o2 <%>

Te(s) = 2Q2n)~°T'(s).

(A.16)

Note that the duplication formula reads I'c(s) = I'z(s)Tg(s + 1). In the case n = 1
(when the condition to be square-integrable is vacuous), the unitary representa-
tions are of the form n(x) = |x|' or n(x) = sign(x)|x|' = |x|""'x™!, with ¢t € iR. We
then set L(s, n,,) = I'x(s + t) in the former case, and L(s, ) =Ig(s +¢t + 1) in
the latter. In the case n = 2, the unitary square-integrable representations are
unitary twists of the kth discrete series Dy, k > 2 (these correspond to holomorphic
forms of weight k), for which the L-factor is given by L(s, D,) = I'c(s + (k — 1)/2).

To summarize, for p = oo the local factor has the following form: We can write
m =r; + 2r,, and there are complex numbers s; = t; + iu;, j= 1, ..., r; + 1, sat-
isfying Y L, t; + 2 72, t; = O and integers k; > 2, j = 1,..., r, so that

" r: k-1
(A17) L(S, nco) = n FR(S + Sj) l_[ rc(S + Sy, +j + - 3 )
Jj=1 Jj=1

We can rewrite this using the duplication formula as a product of m real Gamma
factors:

(A.18) L(s, m,) = H Tas + ie)-

The Rankin-Selberg local factors are defined in terms of L-factors attached to
representations of the Weil group Wy by means of the Langlands correspondence,
and L(s, @, X &) can be computed from knowledge of a few basic cases. We will
list them and use this knowledge to derive (2.5). Suppose that m,, is a unitary
irreducible generic representation of GL,(R). If we exhibit n, as a Langlands
quotient J(G, P; 6,[s{], ..., 6,[s,]) as in (A.15), then

(A.19) L(s, my, X fi) =[] L(s + s — > 0j X 6y).
Jsk
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It therefore suffices to check the following cases:

(1) L(s, 0 x 1) = L(s, 0);

(2) L(s, sign x sign) = L(s, 1) = I'g(s);

(3) D, ® sign ~ D, and so L(s, D, x sign, s) = L(s, D,) = I'c(s + (k — 1)/2);

4 if ky > k,, then L(s, Dy, x Dy,) = T'c(s + (ky — k3)/2)Te(s + (ky + k3)/2 — 1).
In particular, L(s, m,, x %,,) has its first pole at s = 2 max|¢|, t; = Re s5;. On the
other hand, if n,, is the local component of a cuspidal automorphic represen-
tation =, then according to RS 3 of Section 2, L(s, #, X fi,)L(s, ® X &) is
holomorphic for Re s > 1 with a simple pole at s =1 coming from the Euler
product L(s, # x %). Thus L(s, n,, x 7) is holomorphic for real s > 1, and hence
2 max|t;| < 1. That is, in the notations of (A.18), Re u.(j) > —1/2, proving (2.5).

Remark. We have given a global proof of (2.5) in order to avoid the complica-
tions involved in carrying out the analogue of the p-adic proof via the archimedean
Rankin-Selberg integrals [11]. A purely local proof of (2.5) is given in [1] by
going through Vogan’s classification of the unitary dual of GL,(R) and checking
which representations are generic. On the other hand, the improvements of the
bounds (2.2) and (2.5), described below, do require global considerations.

AA4. Global bounds. The first improvement is for the finite places and follows
a well-known argument [31].

ProPOSITION A.1. Let m be an irreducible cuspidal automorphic representation
of GL,,/Q, and let m, be a local constituent of m. Then

(A.20) o (P, )| < plA VD)

Proof. This is merely an application of Landau’s theorem [13]. Indeed, we
have shown that the series L(s, # x #) = ) b(n)n™* has nonnegative coefficients,
and by RS 3 a meromorphic continuation with Gamma factors and poles exactly
at s =0, 1. In Landau’s notation, we have B =1 and n = m?/2, and his result
gives

Y b(n) = Ax + O,(x@1~D/@n+1)te)

n<x
for all ¢ > 0. Moreover, since b(n) > 0, it follows that
b(n) «<, n1~DI@n+D+e,

For 7, unramified, in view of (2.19), this means that for e > 1,

2
= |a,(p°)I* < eb(p®) <, ep

m

2, (P, )

Jj=1

e((2n—1)/(2n+1)+e)
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This clearly implies that

; 1/2)((2n—1)/(2n+1 1/2—1/(m2+1
|“n(P, ])| < p( 2)((2n—1)/(2n+1)) ___p/ [m2+1)

For ramified primes we find from (A.14) that for all [, if r;|e, then

2
< eb(p) <, ep2e(1/2—1/(m2+1)+e)’

Z (p=m2=sj)e

jeFl

and therefore we get a bound on the Langlands parameters

m*+1°

ST

max [t;] <
j

In view of the formula (A.2) for L(s, m,), we find that |a,(p, j)| < p*>~™**1 in the
ramified case as well. 0O

As for the analogous improvement at infinity of (2.5), it is shown in [16] by a
quite different method that for x,, spherical, we have exactly as in the finite places

1

(A21) IR ()] < 5= .

N —
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