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On the Volume of Nodal Sets for Eigenfunctions
of the Laplacian on the Torus

Zeév Rudnick and Igor Wigman

Abstract. We study the volume of nodal sets for eigenfunctions of the Lapla-
cian on the standard torus in two or more dimensions. We consider a sequence
of eigenvalues 47*F with growing multiplicity N/ — oo, and compute the
expectation and variance of the volume of the nodal set with respect to a
Gaussian probability measure on the eigenspaces. We show that the expected
volume of the nodal set is constv/E. Our main result is that the variance of
the volume normalized by v/E is bounded by O(1/v/A), so that the normal-
ized volume has vanishing fluctuations as we increase the dimension of the
eigenspace.

1. Introduction

The nodal set of a function on a manifold is the set of points where it vanishes.
Nodal sets for eigenfunctions of the Laplacian on a smooth, compact Riemann-
ian manifold have been studied intensively for some time now. For instance, it is
known [6] that except for a subset of lower dimension, the nodal sets of eigen-
functions are smooth manifolds of codimension one in the ambient manifold. In
particular one can define their hypersurface volume (in two dimensions this is the
length). A conjecture of Yau is that the volume of the nodal set is bounded above
and below by constant multiples of square root of the Laplace eigenvalue. Yau’s
conjecture was proven for real-analytic metrics by Donnelly and Fefferman [7]. The
lower bound in the case of smooth surfaces is due to Briining [4], see also [5] for
planar domains.

In this paper we study the volume of nodal sets for eigenfunctions of the
Laplacian on the standard flat torus T¢ = RY/Z?, d > 2. We write the eigenvalue
equation as Af = —47?Ef, where E > 0 is an integer. The eigenvalues on the
torus always have multiplicities, with the dimension N' = N'(E) of an eigenspace
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corresponding to eigenvalue 472 E being the number of integer vectors A € Z% so
that |\|> = E. In dimension d > 5 this number grows as £ — oo roughly as E(zifl,
but for small values of d, particularly for d = 2, the behaviour is more erratic, and
depends on the prime decomposition of F.

We will consider random eigenfunctions on the torus, that is random linear
combinations

1
f(z) = Z by cos2m(A\, x) — ¢y sin 27w (\, ) (1.1)
\/2'/\/ AEZA:|N|2=E

with by, cx ~ N(0,1) real Gaussians of zero mean and variance 1 which are inde-
pendent save for the relations b_» = by, c_x = —cy. Let £ = Eg be the eigenspace
associated to the eigenvalue 47%FE (i.e., the space of functions of form (1.1)). We
denote by E(e) the expected value of the quantity e in this ensemble. For instance,
the expected amplitude of f is E(|f(z)[?) = 1.

Denote by Z(f) the volume of the nodal set of an eigenfunction (1.1). Our
first result, Proposition 4.1, is that the expected value of Z is

E(Z) = const - VE

for a certain constant depending only on the dimension d. This is of course con-
sistent with the bounds of Donnelly and Fefferman [7].

Our main result, Theorem 6.1, is that the variance of the normalized volume
Z/V'E is bounded by

Var(\/ZE><<\/1A/, as N — co.

(We believe that the correct upper bound for the variance is O(1/N)). Thus the
fluctuations of Z(f)/vE around its mean value die out as the multiplicity N
tends to oo. Note however that Z(f)/vE is not asymptotically constant; for in-

stance, if E = dm? then for the eigenfunction f(z) = H?:l sin 2mmax; we have

Z(f)/VE = 2v/d while if E = m? then for the eigenfunction f(z) = sin 2rma; we
have Z(f)/VE = 2.

Theorem 6.1 can be viewed as lending support to the expectation' that for
eigenfunctions on negatively curved manifolds, which are believed to behave simi-
larly to random waves [2], the volumes of nodal sets, normalized by the square-root
of the eigenvalue, do tend to a limiting value. See [12] for some work on the com-
plezified nodal set of eigenfunctions in this context.

Previous work in this vein is due to Bérard [1], who computed the expected
surface measure of the nodal set for eigenfunctions of the Laplacian on spheres.
Neuheisel [10] also worked on the sphere and gave an upper bound for the variance.
Berry [3] computed the expected length of nodal lines for isotropic, monochromatic

IWe thank Steve Zelditch for a discussion of this.
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random waves in the plane, which are eigenfunctions of the Laplacian with eigen-
value F. He found that the expected length (per unit area) is again of size about
VE and argued that the variance should be of order log E.

More recently, F. Oravecz and ourselves have investigated a different char-
acteristic of the nodal set of eigenfunctions on the torus, namely the Leray nodal
measure [11], and have succeeded in obtaining the precise asymptotics of the vari-
ance of the Leray measure as N’ — oo.

1.1. Plan of the paper

We employ a version of the Kac—Rice formula for the volume of the nodal set,
which using the Dirac delta function can be written as

2= [ SU@)Ivi@)ds.

see Section 3 for the rigorous version. To compute the expected value of Z is then
a simple matter once we find that f(x) and 0f/0x; are independent Gaussians.
This is done in Section 4. In Section 5 we derive a formula for the second moment
of Z, which requires knowing the covariance structure of the 2d + 2-dimensional
Gaussian vector v(z, y) = (f(z), f(y), Vf(x), Vf(y)). That v(z,y) is indeed a non-
degenerate 2d + 2 dimensional Gaussian is verified in the appendix. As a result,
we find that E(Z?) = [, K(z)dz, with

1 -1, T
K@= b e SPREEOERD @
V1 —u(z)? V/det Q(z) (2m)d+
where u(z) = E(f(x) f(z+2)) is the two-point function of the ensemble, and where
Q(z) is a certain positive definite 2d x 2d matrix which enters into the covariance
structure of the Gaussian vector v(x,y). In Section 6, which is the heart of the
paper, we bound the variance of Z.

2. The model: Random eigenfunctions on the torus

2.1. Random eigenfunctions

We consider non-constant eigenfunctions of the Laplacian on the standard flat
torus T¢ = R?/Z?. The solutions of the eigenvalue equation

A +4n’Eyp =0, E#0,
form a finite dimensional vector space £ = £g, having as a basis the exponentials
e2m{A%) for X in the frequency set
A=Ap={NcZ |\N*=E}.
We define an ensemble of Gaussian random functions f € £ by

fay=

= N Z by cos 2m (A, x) — ¢y sin 2w (\, )

A€A
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with by, cx ~ N(0,1) real Gaussians of zero mean and variance 1 which are inde-

pendent save for the relations b_y = by, c_x = —c). Thus we can rewrite
2 .
f(z) = \/ Z by cos2m(A, x) — ¢y sin 2w (\, x) (2.1)
N
AEA/+

where now only independent random variables appear. With our normalization,
we have E(|f(x)|?) = 1 for all x € T¢.

Definition 2.1. An eigenfunction f € & is singular if 3z € T¢ with f(z) = 0 and
Vf(z) = 0. An eigenfunction f € € is nonsingular if Vf # 0 on the nodal set.

Lemma 2.2 ([11], Lemma 2.3). The set of singular eigenfunctions has codimension
at least 1 in &, and so has measure zero in &.

2.2. Properties of the frequency set

The dimension A" = dim & is the number of the frequencies in A, which is the
number of ways of expressing E as a sum of d integer squares. For d > 5 this
grows roughly as E%/2~1 as E — oo. For d < 4 the dimension of the eigenspace
need not grow with E. For instance, for d = 2, N is given in terms of the prime
decomposition of E as follows: If E' = 2], Py’ T qzw where p; =1 mod 4 and
gr = 3 mod 4 are odd primes, «, 3,7, > are integers, then N' = 4Hj(ﬂj + 1),
and otherwise F is not a sum of two squares and A/ = 0. On average (over integers
which are sums of two squares) the dimension is const - v/log E.

The frequency set A is invariant under the group Wy of signed permutations,
consisting of coordinate permutations and sign-change of any coordinate, e.g.,
(M, A2) = (=A1, A2) (for d = 2). In particular A is symmetric under A — —\ and
since 0 ¢ A, we find AV is even. We write A/+ to denote representatives of the
equivalence class of A under A — —A\.

We will need some simple properties of A:

Lemma 2.3. For any subset O C A which is invariant under the group Wy, we

have
1 E
Adpg =" -0k. (2.2)
|O| )\Z J d Js
€0
Moreover for any C € RY,
1 E
o) SICH? = JICF. (23)
A€O

Proof. For i # j use the symmetry of O under the sign change of the i-th coor-
dinate to change variables and deduce that the LHS of (2.2) vanishes. For i = j
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note that the sum >, A? is independent of i since O is symmetric under per-
mutations; hence we may average the RHS over ¢ to find that

d
@
Soesly s es by e = 9F,

€0 i=1 €O €0
proving (2.2). To prove (2.3) we expand (C, \)? = Zik:l cjcpAj A, and use (2.2).
O
Note that (2.3) implies that the frequency set A spans RZ.
2.3. The two point function
The two-point function of the ensemble is
2
u(z) =E(f(z+2)f(z)) = N Z cos2m(, z) . (2.4)

AEA/£

The two-point function clearly satisfies |u(z)| < 1. We will need to know some of
its basic properties, proved in [11], which we summarize as:

Proposition 2.4. The two point function satisfies

1. There are only finitely many points x € T¢ where u(x) = +1.
2. The mean square of u is de u?=1/N .

3. The mean fourth power of u is bounded by? de ut < 1/N .
4. The kernel 1/\/1 — u?2 is integrable on T¢.

Part 1 follows from [11, Lemma 2.2], part 3 is [11, Proposition 7.1], and part 4
is [11, Lemma 5.3].

3. A formula for the volume of the nodal set

Let x be the indicator function of the interval [—1,1]. We define for ¢ > 0

Z(f) = 1/de(f($)>|Vf(a:)|dx.

2€ €

Lemma 3.1. Suppose that f € £ is non-singular. Then
vol (£7(0)) = lim Z.(f).

Proof. By the co-area formula [8], for f smooth and ¢ integrable, we have

[ orviwis = [~ ( /. ¢<x>dx> ds.

2Except possibly in dimensions d = 3,4 we have a better bound in [11] of o(1/N), though we
have no use for this finer information in this paper.
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Taking ¢(z) := 21€X(f(f)), which is constant on the level sets f~1(s) gives

Z(f) = 216 /6 vol (f'(s)) ds.

—€

Now if f is non-singular then s +— vol(f~!(s)) is continuous at s = 0 and so by
the fundamental theorem of calculus,

lim 21 /E vol (f*l(s)) ds = vol (f*l(o)) .

—€

Thus lim._¢ Z(f) = vol(f~1(0)) as claimed. O
Lemma 3.2. For all f € £ we have
Z(f) < 6dVE.

We begin with the one variable case which we state as a separate lemma
(cf. [9, Lemma 2]):

Lemma 3.3. Let g(t) be a trigonometric polynomial of degree at most M. Then for

all € > 0 we have )

/ 1g/(8)ldt < 61
2€ Jitlg(t) <ey

Proof. We partition the set {¢: |g(t)| < e} C [0, 1] into a union of maximal closed
intervals [ag, bg] (with ar < by), disjoint except perhaps for common edges, such
that on each such interval ¢’ has constant sign, that is either ¢’ > 0 or ¢’ < 0. If
g’ >0 on [ag, by] then either g(ar) = —e or ¢’(ax) = 0 and ay, is a local minimum
for g, and g(bx) < +e. If ¢’ < 0 on [a, bi] then either g(ar) = +€ or ¢g'(ax) =0
and ay, is a local maximum for g, and g(by) > —e.

If ¢ > 0 on [ag, by] then

b b
/|5@W=/‘d@ﬁ:ﬂ@%ﬂmw§%,

ag ag

while if ¢’ <0 on [ag, bx] then

bi b
/|ﬂmw=/-¢@ﬁ=mm—mws%.

k Qg
Thus the total integral is bounded by the number v of intervals [ag, by]:

1
/ o' (®)ldt < v.
2€ J{tlg(t)<e}

Now the number of intervals is bounded by the number of a’s for which g(a) = +e
plus the number of a’s for which ¢’(a) = 0. Since both g and g’ are trigonometric
polynomials of degree < M, the number of such intervals is therefore 3-2M = 6M.
This gives the required bound. O

We now prove Lemma 3.2 by reduction to the one-dimensional case.
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Proof. Since |V f| < Z;l:l §a£| we have

ansyy ()2

and we will bound each term. Taking j = 1, we have

1 / (f(:v)) - / 1 /
X dr =
%€ Jpa € gemi-1 \ 2€ J{sery| f(e,9)|<e}

8$1
In the inner integral we have for each 3 € T?~! a one variable polynomial g(t) =
f(t, i) of degree at most vE and hence by Lemma 3.3, the inner integral is at
most 6v/E. Summing over j introduces another factor of d. O

dx

af(t.7) .
ot dt | dy.

As a consequence of the fact that for nonsingular functions we can compute
the volume Z(f) of the nodal set of f € £ via Lemma 3.1 and the fact that almost
all f € € are nonsingular (Lemma 2.2), we find:

Corollary 3.4. The first and second moments of the volume Z(f) of the nodal set
of f are given by

€1,e2—0

4. The expected volume of the nodal set

In this section we show

Proposition 4.1. Ford > 1,
E(Z) =I,VE

d+1
Zd:\/47'(r( 2 )

d T(3)

where

Proof. Since Z. is uniformly bounded by Lemma 3.2, we can use the Dominated
Convergence Theorem to write

E(Z) =E (313% ZE) = lim E(Z).

By Fubini’s theorem,

520~ (5 [ (") wswia)
:Ad]E<2lex(f(€x)>|Vf(a:)|) do ::/TdKE(a:)da:.
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Now for each z € T?, the function f gex(f(er))|Vf(x)| is bounded and hence
we may evaluate the integral by using the joint probability density of the variable
(f(z),Vf(x)), whose components are Gaussian of zero mean with covariance

B(@) =1, E(rw),! @) =0
and

05(x) Of(r)) _ 2 B
( Ozj  Oxy >_J\/ 47T2AZ )\J)\k_47r2d 04k (4.1)

by (2.2). Thus
L (@) o i db
Ke(z) = 2¢ / X (e . V2m / Bex ( ) (2m)4/2(4m2 E [ d)/?

VAT E 9 1 a 2
= —a“/2
\/d d+1)/2/ 1 eXp< |)dv2€/ﬂ{x(€)e -

Integrating over T¢ and taking the limit e — 0 gives
E(Z) =TI,;VE

where

1 1
I, = v —_|9* ) d
1= Jd(am) -1/ /Rd |v|exp< 2|v| ) 0

In the one-dimensional case, Z; = [, |v|e‘”2/2dv =2.Ford>?2,

/ |17|exp< |U|2) dit = vol (S~ 1)/ re~ " 2pd=1 g,
R o

i1, 2w Py a1 (d+1
vol(S* ") = .\, re dr=22T
r(4) 0 2

2

Using

gives

R

(which is consistent with the computation for d = 1). Thus

T d+1
Zd:\/4ﬂ- (2)

d T(3)

as claimed. O
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5. An integral formula for the second moment

5.1. The covariance matrix
The covariance matrix X(z,y) of the Gaussian vector (f(z), f(y), Vf(z), Vf(y))

is given by

o <E(Vf(w)TVf(w)) E(Vf(:v)TVf(y)))
E(Vi(y)'Vix) ENVfy)'VIwY))"

For generic (z,y), the covariance matrix X (z,y) is nonsingular (see Appendix A).

Lemma 5.1. The covariance matriz X(z,y) depends only on the difference z = z—y
and is given in terms of the two-point function u by

sen - (45 o)

Al2) = <u(12) u(lz)> , B(z) = <V’1?(z) —Vét(z)>

(here 0,Vu are row vectors), and

4’ E _H(z
c(z>=<_;[(j) fé})

where

2 . .
where H = (838"%) is the Hessian of u.
J

Proof. By definition of the two point function, we have A = (111 1{) To com-

pute B, use

" (sz (@) f <y>) = 3ijE(f(x)f(y)) — dyule —y)

and hence
In particular

Therefore

Bl = (V«ia % (2)>

(where 0 denotes the d-dimensional zero row vector).
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To compute C, use (4.1) to find

E(V/(2)TVf(x)) = 4”dE1d.

More generally

0? 0?

B/ @0 W) = o, BE@IW) == 5 =)
and so 52

BV 50) = (0 o (0=0) =~z ).

3,
Thus
4#2ETI - H
C= ( _f}{ 475E{[>

as claimed. O

The inverse of 3 (when it exists) is given by

o1 = (: Qfl)
with Q being the 2d x 2d matrix
Q=C-B"A'B.
We will call Q the reduced covariance matriz. We have
det ¥ = det Adet Q = (1 — u?)detQ . (5.2)

By Lemma 5.1, we have

an?(E/d)I -H 1 DTD  wDTD
8- ( —H 4W2(E/d)I) T 12 <uDTD DTD) (5.3)

where D(z) = Vu(z) and H = ( Ou ) is the Hessian of u.

Oz ),
5.2. A formula for the second moment

Proposition 5.2. The second moment of Z(f) is given by

E(Z?) = | K(x)dx (5.4)
Td
where ( . ) T)
1 exp (—,v 2w dv
K(z) = . 5.5
(ﬂj) \/1 . u2 /R2d ||U1HH’U2|| \/detQ (27T)d+1 ( )
Denote

(y)

€2

Kewon)i= o0 [1vs@iiwsmn( (!

We have the following

)du(f)-
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Lemma 5.3. For (z, y) € T% x T with u(z —y)? # 1

Keyex(@, y) <a , (5.6)

E
V1—u?(z —y)
where the implied constant depends only on the dimension d.
Proof. Write f(x) = (f, U(x)), where U(z) is the unit vector
V2
VN

and where we identify the function f with a vector in RV via (2.1). Note that
(U(z),U(y)) = u(xr — y) is the cosine of the angle between U(z) and U(y).
We have

U(z) = (cos2m (A, z),sin 2w (A, z)) e g1

AEA/E

Vf(x)=DU-f
where the derivative DU is a d x ' matrix. Equivalently,

(Vf(x), = <f, <8iU(x))>, 1<i<d.

By the triangle and Cauchy—Schwartz inequalities,

OIE Z 191 | (o, 0@) | < vENAL

by a computation of ggf Therefore

E

KE € b)
vel®y) <y /f(w)|<61
()] <es

Consider the plane 7 € R spanned by U(x) and U(y). The domain of the
integration is all the vectors f € RV so that the projection of f on 7 falls into the
parallelogram P of lengths 2¢; and 2e2. The cosine of the angle between the sides
of Pis (U(x), U(y)) = u(x — y). Therefore the area of P is

1
V1-u(z—y)?

Write the multiple integral in (5.7) as the iterated integral

/ ( / ||f||2e—'f“2/2df) " (5.8)
P ptmt

where the variable p runs over all the points of the parallelepiped P. The inner
integral in (5.8) is O(1) with the constant depending on d only. Indeed, note that
for every fi € t,

_ 2 _ 2 2
||p+f1||26 lp+f1ll7/2 — (||p||2 4 ||f1||2)e Ulpl*+1f2017)/2
< (L4 || A]f?) - e MnIP2,

1£)2e= 1P 2 gy (5.7)

area(P) = 4deqeg
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since [|p||2e~1PI*/2 is bounded. Our claim follows from convergence of the integral
Jan—a (14 |wl|?)e=1*I*/2dw. Therefore

1
I f%e =~ 12df < area(P) < €1€2 )
|f(z)|<e _ —_ )2
[1)l<es Vi-ul—y)
Substituting the last estimate into (5.7) proves (5.6). O

Proof of Proposition 5.2. By Corollary 3.4, we have

E(Z?) =

/Llliflo 261/ IV ”X( 6(1)>dw212 /w IV f(w)llx <f€(2y))dy}du(f)

where u is the Gaussian measure du(f) = e~lIfIP/2 (27:)%/2. We wish to change the
order of the limit and the integration. To do so, we notice that by Lemma 3.2, the
integrand is bounded by O(FE). Therefore, the change of order follows from the
dominated convergence theorem. Thus the integral equals

Jm /T) 9@ (7 ) (70 dsdyants).

Using Fubini’s theorem, this equals to

i [ L@ (8 ) (7 ) sy 69

Now we wish to exchange the order of taking limit and the integration over
(T9)2. To justify it, we use the dominated convergence theorem with Lemma 5.3.
The upper bound for u(x) # +u(y) is sufficient, since this happens for almost
all (z,y) € (T4)2, and changing the values of a function on a set of measure 0
does not have any impact on the integrability and the value of the integral of a
function. The convergence of the RHS of (5.6) was shown in [11]. Therefore, we
may exchange the order of the limit and the integral in (5.9) to obtain

E(Z%) = /Td y K (x,y)dxdy, (5.10)

where

K(zy)= _lim K e(y).
We will replace the vector (f(z), f(y), Vf(x), Vf(y)) with a 2d + 2 dimen-
sional Gaussian vector with covariance matrix X(z,y) = 3(x —y) defined in (5.1).
The proof that for almost all x,y this is indeed a 2d + 2 dimensional process, is
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relegated to Proposition A.1 in the appendix. This gives

Ke oo (z,9)
1 w2> —(v, w)zil(v ’LU)T/Q dvdw
v ||V e '
= ey Jo Tl 2|x( )x( e s
(’U w)E 1(’U u})T/2 dvdw
v1|||v2]|e . 5.11
46162/ /_52/ leflfe:| \/detE(Qﬂ')d‘H ( )

We therefore have

K(z,y)

dvd
S L el e e
61,624>0 46162 —ez \/det Z(27T)d+l

Since the last integrand is continuous, we may use the fundamental theorem of
the calculus to replace the averaging over wi, we by the value at w; = we = 0, to

obtain
dvdw

K(zx, =/ o1 ||||vs||e= @ DET @, D) /2 )
(z,y) - l[vrl[flva] Vet $(2m)d+1

We have
1 (x %
== (0 o)

with Q = C — BT A=! B being the reduced covariance matrix, which we computed
n (5.3). Together with (5.2) we find

1 exp (—30Q 0T)  dv
K = .
((E,y) \/1 2 ,/]1@211 |U1||U2| \/detQ (271')d+1

Finally, we get Proposition 5.2 by noticing that K(z,y) = K(x — y), and
therefore the (double) integral in (5.10) may be expressed as a single integral. O

In the course of the proof we saw that K (x,y) = lim, ¢,—0 K¢y e, (x) . There-
fore, taking the limit €1, e — 0 and using Lemma 5.3 we obtain

Corollary 5.4. If u(z)? # 1 then
E

V1 u(z)?

K(z) <

6. A bound for the variance
In this section we prove:

Theorem 6.1. For d > 2,

Var(Z):O<\/LjV_>.
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6.1. Plan of the proof

We use the integral formula (5.4) for the second moment of Z(f), that is E(Z?) =
Jpa K(2)dz, with

_ 1 exp (— ;UQAUT) dv
K@= o0 Lo e TP 200

As in [11], we will define a notion of “singular points” in T? where the factor
1/ V1 —u? is large, and treat separately the singular and nonsingular points. The
singular set is shown to give a contribution of O(E/N). On the nonsingular set,
the factor 1/4/1 — u2 may, up to an admissible error, safely be replaced by 1. To
treat the Gaussian integral, we write
2
Q(z) = 47TdE (I - 5(2))

and recover the square of the expected value E(Z)? from the contribution of the
identity matrix I; the rest is then the key quantity for bounding the variance.
Setting o(z) to be the spectral norm of S(z), we show that that variance is bounded
by E([ra0(2)dz + O(1/N)). Now o(z) is at most V/tr(S(2)2), whose integral we
need to bound. We do this by using Cauchy—Schwartz, which allows us to bound
it by (fpa tr(S(2)?)d2)/? < 1/V/N. Hence the variance is Var(Z) < E/VN. It
should be possible to improve this to O(E/N).

6.2. The singular set

We give the definition of [11] for singular points:

Definition 6.2. A point z € T? is a positive singular point if there is a set of
frequencies A, C A with density ‘\/XEI‘ >1— [ for which cos2m(), z) > 3/4 for all

A € A,. Similarly we define a negative singular point to be a point x where there
is a set A, C A of density > 1— !, for which cos2m(X,z) < —3/4 for all A € A,.

Let M ~ VE be a large integer. We decompose the torus T% = R?/Z% as a
disjoint union (with boundary overlaps) of M? closed cubes I i of side length 1/M

centered at k/M, k € Z°.

Definition 6.3. A cube [ is a positive (resp. negative) singular cube if it contains
a positive (resp. negative) singular point.

Definition 6.4. The singular set B is the union of all singular cubes.

In [11], we showed that the measure of the singular set is bounded by

meas(B) <</ u(z)tdr < ! (6.1)

Td N
(and except in dimensions d = 3,4 this is o(1/N)).
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In order to bound the contribution of the singular set to the integral in (5.4),
we use Corollary 5.4. It was shown in [11] (see (6.3)) that

dx 4 1
/B\/l_u(x)2 < /Tdu(a:) do <\ (6.2)

Therefore we obtain:

Corollary 6.5. The contribution of the singular set is bounded by

E
/K(x)dx < FE [ wx)lder< ..
Td N
B
6.3. The nonsingular set

We now want to estimate the contribution of the nonsingular set to the inte-
gral formula of Proposition 5.2 for the second moment of Z. Recall that it reads
E(Z?) = [14 K(2)dz with the kernel K (z) given by (5.5), that is

exp (—3vQz)" ) dv

1
KGO = o S el ™ R it

A consequence of the definition of singular points is that on the nonsingular
set, u is bounded away from £1. In [11, Lemma 6.5] we showed that if z € T¢ is
nonsingular then

1
lu(z)| <1-— 164"
As a consequence, on the nonsingular set, we may expand
1
V1 —u?
where the implied constant depends only on d.

We now wish to handle the “reduced covariance matrix” Q of (5.3) on the
nonsingular set. We write Q = (472E/d) - Q; and Q; = I — S, where

d 1 DTD (1—u2)H +uDTD
(1 —u?

=1+0(u?),

5= Bl w2 )H +uDTD DTD (6.3)

Note that since outside a set of measure zero, 21 > 0 is positive definite, we have
S « I in the sense that all eigenvalues of S are in (—o0,1). Let o be the spectral

norm of S, so that denoting the eigenvalues of S by ay, ..., asq,
o= max |aj.
1<j<2d

We give a bound on the mean and the mean-square of ¢ on the complement B¢ of
the singular set.

Lemma 6.6.

Lﬁm«b (6.4)
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and

1
/C odr < N (6.5)

Proof. The bound (6.5) follows from (6.4) by applying Cauchy—Schwartz, so it
suffices to prove (6.4). We have 0® < 37 a? = tr(S?), and so it suffices to show

/ tr(S2)da < A1[ (6.6)

On the nonsingular set, the expression _1u2 is bounded, and hence for pur-

1
poses of upper bounds may be ignored. The entries of S? on the nonsingular set

are thus bounded by sums of the following expressions :
1 0%u  O%u 1 0%u Ou Ou 1 Ou Ou Ou Ju
E? 0x;0xj Ox,0xy " E? 0x;0x; Oxy, vy’ E? Ox; Oz Oz, Oz
and it suffices to show that the integral of each over all of T¢ is O(1/N).
By applying Cauchy—Schwartz, it suffices to show

/ Fu 2d <Z Ju 4d <
1 .
pa \Omidz; ) SN a\oz, ) TSN
We have
0% — 872

= Aj A cos 2w (A, )
8xi8xj N AG%:E J

Pu \’ AN 1
Ad <5$18$J) de = (N) Z )\i)\j'ui'ujQ(S()\"u)

A peEN/E

1 oo B?
< 2 DA« %
A€A

and hence

since A < [\* = E.
To bound de(a‘ZZ’k Yidz, we write

ou

—4
Oz " Z Ak sin 27\, x) ,

AEA/£
and as above, we have

ou \* 1 E?
dr < PYRDYED VD VG
/W (axk> NS 2. ROOETART RS
AL teAa/+
A EA2EA3 £ =0
since A%, A2, A% determine A* once we decree that A' £ X2 £ A% £ \* = 0, and
AL < VE. 0
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6.4. Concluding the proof of Theorem 6.1
Since Q1 = Q - d/(47?FE) is symmetric and positive definite (away from a set of
measure zero), it has a positive definite square root P, = P{ > 0, Q; = P?. By
Proposition 5.2
1 L. oexp (=i~ tT dv
K(z) = [, 1l (=2 ) i
V1—u? Jgea Vdet Q (2m)

47’ E 1 - 2 dz
— P 7P —121%/2
p \/1_u2/|(2 1)1][(ZP1)2]e (2m)d+1
R2d

on using the change of variables v = Q’I/\ZE -z Py

We claim that
P =1(1+0(0)).
Indeed, if S = UDUT, U orthogonal and D = diag(a, ..., aq) then P, = U(I —
D)Y2UT and using the inequality [v/1 — a — 1| < |a| for —co < a < 1, gives

|aus |
(I-D)'? =140 =I(1+0(0)).
|azdl
Thus we may write 2P, = z (1 + O(0)).
On the nonsingular set, we may expand
1
=1+0(u?
V12 (u”)
and so we find that on the nonsingular set
47’ E 22 2 dZ
_ > 31— 212 /2 2
K@) =T [ Bl (- 0u) (14 0@) L1,

=E(Z)* (1+O0(u®) + O(c) + O(c?)) .
Integrating over the nonsingular set, and using
/ 1 =1+ O(meas(B))
we find
Jpe K(x)dx 2 2
=1 5(B)) -
E(22) +0 /C(u + 04 0%)dz | + O(meas(B))
Now [rq u(x)?*dz = 1/N ', and by Lemma 6.6
1 1
oldr < , / odr < .
/c N . VN
Furthermore, by (6.1),

1
eas(B) < tdr < ,
meas(B) /Tdu x N
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so that we find

. K(z)dr = E(Z?) <1 +0 <¢1N>) :

By Corollary 6.5, the singular set contributes at most

E
/BK(x)dx < N

Therefore we find

Bz} =E2P+0( ) ).

VN
that is
E
Var(Z) < .
(Z) N
Thus we have concluded the proof of Theorem 6.1. O

Appendix A. The non-degeneracy of the covariance matrix

In this appendix we show that the covariance matrix defined by (4.1) is nonsingular
for almost all (x,y) € (T%)?2, thereby justifying the change of variables (5.11).

Proposition A.1. Assume that N >4 1 and d > 2. Then for almost all (z,y) €
T¢ x T9 the linear map €& — R?¥*2 defined by

fe (f@), fy), V), V),
s surjective.
We want to show that for almost all pairs (z,y) € T x T?, the only vector

(a, B, c, D) e R24+2 gatisfying

af (@) + 81 W) + ) (C.VI@)+ (DY) =0, V€&
is the zero vector. Taking f(z) = 2™ M) X € A gives
ae? i) | ge2mi) 4 2T (O \) 4 2T V(DAY =0, VA€ A
or setting z =y — x,
a+i(C\) = =™ (B 44(D, X)), VAEA.
Thus we are reduced to proving the following:

Lemma A.2. Assume that N >4 1 and d > 2. Then for almost all z, the only
solution for the equation

a+i(C,\) = —e2™ N2 (B4 i(D,N)), YAEA, (A.1)
isa=£=0,C=D=0.



Vol. 9 (2008) Volume of Nodal Sets 127

Proof. We divide the work into two steps: In the first step, we show that for all
z € T?, the solutions of (A.1) satisfy 3 = +a and D = +C. In the second step, we
take 8 = +a and D = +C and show that for almost all z € T?, the only solutions
of (A.1) are @ = 0 and C = 0.

Step 1: We first show that for all z € T¢, all solutions of (A.1) satisfy 3 = +a and
D =+C.

Taking squared norms of both sides of (A.1), we get

o +(C, N2 =32+ (D, \)?, VAeA
or
(C, N2 — (D, \)? = 3% - a?, YA eA.
Setting A=C — D = (a1,a2,...) and B=C+ D = (by,ba,...), we have
(AN - (B,)\) =% —a? VieA (A.2)

and it suffices to see that A =0 or B = 0.

If N >4 1, then there is some A € A with two nonzero coordinates, say

A1A2 # 0 (by applying a permutation of the coordinates to A we may replace 1
and 2 by any pair of distinct indices). For each ¢ € {£1}4, replace A in (A.2) by

/\6 = (61/\1, 62)\2, ceey Gd/\d) y
multiply the result by
X1,2(6) = €1€2

and sum the resulting equalities over all € € {£1}%, using

> x12(0)=0

ec{£1}4
to get
> (A X) - (B,X) =0,
ec{x1}4
Expanding
d
(AN - (BX) = > ejerajbedid
Gok=1
and using
24, (j,k) = (1,2) or (2,1)
> xia()een = 0 herwi
iy otherwise
we get

Zd)\l/\g(albz + agbl) =0

and since we assume A1 \o # 0, we find a1bs + a1bs = 0. Repeating the argument
with any pair of distinct indices finally shows that

aib; +a;b; =0, Vi #*7. (A.3)
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If A+#0,say a; # 0, then we find that

b
bj=— 'a;, Vj#1. (A.4)

aj
Thus if by = 0 then all b; = 0, that is B = 0 and we are done. Therefore we may
assume that b; # 0 (and we have also assumed a1 # 0). We will show this cannot
happen.

If d > 2, we substitute (A.4) in (A.3) with any i # 1, j # 1 to get
b
2 ! ;a5 = 0

aj

that is since b; # 0, that

CLiCLjZO, VZ?A], Z,];ﬁl
Thus there is at most one index k # 1 with ar # 0, say k = 2, so we find that
a; =0 for j # 1,2, and by (A.4) we therefore have b; = 0 for j # 1,2. Thus
- b )
A= (ar,a2,0), B= " (a1, ~as,0)
1

(if d = 2 this still holds, we just ignore the extra coordinates).
Plugging this into (A.2) with A so that A\; # +Xs (which exists if N’ >4 1)
gives

(a1M1)? = (aghe)® = Zl (6% —a?) (A.5)
1
and replacing A = (A1, Ag,...) with (Mg, A1,...) gives
(a1)2)? = (a2)1)” = Zl (8% = a®). (A.6)
1

Comparing (A.5) with (A.6) gives
(a1A1)? = (azhe)® = (a1X2)? — (a2A1)”

that is

(AT = A3)(ai +a3) = 0.
Since we chose Ay # +A; this gives a; = as = 0, contradicting a; # 0. Thus we
are done with step 1.

Step 2: We take C = +D and @ = £f in (A.1) and wish to show that for almost
all z € T%, the only solutions are & = 0 and C = 0. If either (o« = 3 and C' = D)

or (¢ = —f3 and C = —D), then (A.1) gives ™(*A = —1 which is a measure
zero condition.
Otherwise, assume o = § and C' = —D (the other case is treated similarly).

Here we have ‘
a+i(C,\) = =™ (o — (O, ). (A7)
If « =0 and C # 0 then there is some A € A so that (C, \) # 0 and (A.7) forces
e?™#A) = 1 that is z lies on one of the hyperplanes
U)\EA{Z : (A, z) =0 mod 1},

which is a measure zero condition.
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If a # 0, we replace C' by —;C and « by 1 and drop the negative sign.
Taking the real part of (A.7), we have

14 cos2m(\, z) = (C, Ny sin 2m(\, z) .

We may assume that the sine on the RHS doesn’t vanish, since sin 27 (A, z) = 0 is
a measure zero condition. Therefore, we may divide to get
1+ cos2m(A, z)

(G A = sin 2 (), 2)

=cot (A, z).

Now square and average the result over an orbit O C A of the group Wy of
all permutations and sign changes of the coordinates. The LHS gives

1 o _ B
0] SO = 41¢]
by (2.3), which is independent of the orbit chosen. The RHS gives
1 9 1 1
|O] )\GZOCOt mhz) =1 \eO (sin7r<)\,z>)2
that is we find
1 1
0] A\eO (Sinﬂ'</\,2’>)2 .

Since 1/(sinm (), 2))? is even, we get the same term for A and —\ and so we may
replace the average over O by the average over O/+ where we have taken only
one of A\, —A. Thus

E 2
_1=
ic|

1 1

N |0/ + | Ny (sin7r<)\,z>)2 . (4.8)

E 2
-1
icl

Assuming that A > |Wy| = 24d!, we can find a different orbit @’ C A and
then comparing with (A.8) gives

1 1 1 1

o= (A.9)
|0/ £ Nerya (sinm(\, 2)) |07/ £ NeOT /4 (sinm(), z))

2

that is we have eliminated the variable C.

We claim that (A.9) forces the point z to lie on a measure zero subset of T¢.
Indeed, the functions involved are meromorphic in C?/Z¢ and hence if (A.9) does
not hold for all z, it can only hold on a complex submanifold of codimension (at
least) one and in particular its real points will have codimension at least one in T¢.
But near the origin z = 0, each of the functions 1/(sin7(), 2))? has singularities
on the hyperplane (z, A\) = 0 and these hyperplanes are distinct for A’s which are
not collinear (here the condition d > 2 comes in), as is the case for those appearing
in (A.9). Thus these functions are linearly independent and so (A.9) is not valid
for all z. O
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