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ABSTRACT. Cilleruelo conjectured that for any irreducible polynomial f with
integer coefficients, and deg f > 2, the least common multiple of the values of
f at the first N integers satisfies loglem(f(1),..., f(N)) ~ (deg f —1)Nlog N,
as N tends to infinity. He proved this only for deg f = 2. No example in higher
degree is known. We study the analogue of this conjecture for function fields,
where we replace the integers by the ring of polynomials over a finite field.
In that setting we are able to establish some instances of the conjecture for
higher degrees. The examples are all ”special” polynomials f(X), which have
the property that the bivariate polynomial f(X) — f(Y) factors into linear
terms in the base field.



1. INTRODUCTION

When studying the distribution of prime numbers, Chebychev had the idea of
estimating the least common multiple of the first n integers. This was the first
important step towards the prime number theorem, and in fact the asymptotic
estimate loglem(1,..., N) ~ N is equivalent to the prime number theorem. Later,
the l.c.m. problem was generalized to the study of the least common multiple
of a polynomial sequence. The linear case was also solved and is a consequence
of the prime number theorem for arithmetic progressions [2]. In 2011 Cilleruelo
conjectured that for any irreducible polynomial f € Z[X] with deg f = d > 2, the
following estimate holds [3]:

loglem(f(1),...,f(N)) ~(d—1)NlogN, asN — o

Cilleruelo proved this estimate for quadratic polynomials, but if deg f = d > 2 the
conjecture is still open. An examination of Cilleruelo’s argument also shows a good
upper bound, that is for any irreducible polynomial f € Z[X] with deg f = d > 2
we have

loglem(f(1),...,f(N)) < (d—1)NlogN.
Here f < g means that |f(z)] < (1 +0o(1))g(x).

In 2018 Maynard and Rudnick provided a lower bound of the correct magnitude,
i.e. (see [0, Theorem 1.2])

d
loglem(f(1),..., f(N)) = ﬁNlogN.

In 2019 Ashwin Sah improved the lower bound to (see [10, Theorem 1.4])
2
loglem(f(1),...,f(N)) = gNlogN.

Eventhough we have these upper and lower bounds, and due to Rudnick and Zehavi
the conjecture holds for almost all f in a suitable sense (see [9]). There is not a
single polynomial of degree > 3 for which it is known that Cilleruelo’s conjecture
holds, e.g. for 22 4+ 2 we do not know this conjecture. Our goal is to study the
analogue of Cilleruelo’s conjecture for function fields, and establish examples of
arbitrary degree.

The function field analogue.
For a polynomial f € (F,[T7)[X], set

Lf(n) :=lem(f(Q): @ € M)

where M,, = M7 := #{Q € F,[T] : @ is monic and deg@ = n}. So the analogue
of Cilleruelo’s conjecture for function fields is

Conjecture 1.1. If f € (F,[T])[X] is absolutely irreducible and separable with
deg (f) =d > 2 (the degree taken w.r.t X ), then

degL¢(n) ~ (d—1)¢"n , n— o0

Remark. Here f € (F,[T])[X] is absolutely irreducible, if for any algebraic
extension F, C F f is irreducible over F[T]. We need the assumption that f is
absolutely irreducible and separable to apply Chebotarev’s density theorem over
function fields. We establish instances of conjecture 1.1: Let K be a field. We
call a polynomial f(X) € K[X] special, if the bivariate polynomial f(X) — f(Y)
factors into a product of linear terms in K[X,Y]. For these ”special” polynomials
in (F,[T])[X], when they are also absolutely irreducible and separable, conjecture
1.1 holds. Our main result is the following theorem:
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Theorem 1.2. For the following polynomials in (Fy[T])[X] conjecture 1.1 holds:
(1) (X + A)¢+ C, when ¢ =1 mod d.
(2) (sz — Apl_lX)k + C, when p is prime, ¢ = p™ and I,m,k € N satisfy
Llm, k|p™
where 0 # A, C € F,[T], and 3P € F,[T)] prime s.t. P | A,C, but P*{C.

For instance, take ¢ = 7™ and consider the polynomials f(X) = X?+T, g(X) =
X7 —T%X + T over F,[T]. Then we know

deg L¢(n) ~2¢"n , deg Ly(n) ~ 6¢"n , asn — oo.

Remark on notation. Throughout the next two sections we fix a poly-
nomial f(X) € (F,[T])[X] which is absolutely irreducible and separable, with
2 < degx(f) = d (the degree taken w.r.t X). we also write

d
f(X) =) fX°
i=0
finally, note that we follow the same standard notaions in function fields as in [7],
e.g. for Q € F,[T] we write |Q| to be the number of elements in Fy[T] mod Q, i.e.
@l = g*e.
Acknowledgements.

2. THE UPPER BOUND AND THE QUADRATIC CASE

To achieve the upper and lower bounds, similarly to the integer case, we set
Pr(n) == [lgen, f(Q) and the main idea is to estimate the difference to Ly(n),
ie.

deg L(n) = deg P¢(n) — (deg P¢(n) — deg L¢(n))

Claim 2.1. deg P¢(n) = dg"n+ O(q"™)

Proof. For n sufficiently large n and Q € M, deg f(Q) = dn + deg f4. Hence
deg Pr(n) = deg [[ f(Q)= ) degf(Q)

QeM, QeM,,
= Y (dn+deg fq) = dg"n + O(q").
QeM,

O

To estimate deg Py(n) — deg Ly(n) we write the prime decomposition of Ls(n)
and Pf(n) as

Lim)= [ ™, Prm)= ] pPor®™
P: Prime P: Prime
So, for P € F,[T] prime we see that

ap(n)= Y vp(f(Q) , Bp(n) =max{vp(f(Q)): Q€ My,}.

QeM,
where vp(Q) = max{k € Z : P¥ | Q}, for Q € F,[T).
Thus,

deg Ly(n) = dg"n— Y _(ap(n) = Bp(n)) deg P+ O(g").
P
To evaluate ap(n), we define for k,n € N and P € F,[T] prime:

e ps(P*) =#{Q mod P* : f(Q) =0 mod P*}
4



o sp(PF n)=#{Q € M, : f(Q) =0 mod P*}
Our main tool to estimate ap, Bp is the following lemma:

Lemma 2.2. Let P € F,[T] be prime.

(1) Bp(n) = O (25)
(2) if Pt disc(f) (a-k.a "good” prime), then

arlo) =0 5 +0 ()
and if P | disc(f) (a.k.a "bad” prime), then
ap(n) = 0(q")
Proof. 1. Since PPr() | f(Q) for some Q € F,[T], noting that f(Q) # 0 we get:

Bp(n)deg P < deg f(Q)
and for sufficiently large n we have deg f(Q) = dn + deg f4, thus

n
Bp(n) < dog D’

2. For any prime P we have

ap(n)= Y op(f@Q)= Y > 1

QEeM,, QEeM,, k>0:
P*£(Q)
=Y Y = ¥ o
k< gy QEMy: k< gp
PRIF(Q)

Noting that s;(P*,n) = pf(P’“)Qﬁi\f’l’J + O(l)) and py(P*) < 1, we get

q'n,
S (P = Y pr(Ph) <Pk+0(1)>

k< 7l k< 25
q" n
= PHY( L )+0(—=).
Zn s )<P’“)+ (degP>
k<<W

Now, if P {disc(f), then by Hensel’s lemma we have p;(P*) = p;(P), and so

ap(n)= > ps(P) <|](§|Lk> +0 (deZP)

k<L eep

=q"ps(P) ) (;)k o (@Z,P)

h<aegp
_ B
— 4 \P\—1+ deg P

and if P | disc(f), then

ap(n)= Y pp(P") (%)*O@e?glz))

k< g

k
1 n
n . O -
P (|P|> ’ (degP>
b zgp
< q".




Corollary 2.3.

deg I r™) =06

n<deg P<n+deg fq

Proof. Set 6 := deg f4. By lemma 2.2 for n sufficiently large and P € F,[T] prime
s.t deg P > n, we have ap(n) < 1. Thus, by the Prime Polynomial Theorem (in
short PPT, see [7, Theorem 2.2]), we get

deg H por) | — Z ap(n)deg P
n<deg P<n+4 degn<deg P<n+4
n+d
S TR
deg n<deg P<n+J k=n+1deg P=k
n+é k n+5+1 n+1
q q —q
< k= t——————
> kg po
k=n-+1
=0(q")

O

Claim 2.4. Denote Rs(n) = [1P*™, where the product is over primes p s.t.
deg P < n+deg fq. Then

deg R¢(n) = ng™ + O(¢")

Proof. By lemma 2.2 | noting that in our estimation we can neglect the contribu-
tions of "bad” primes with an error term of O(g"™), we have

deg Ry(n) = Z ap(n)deg P+ O(¢")
deg P<n

Z q"MdegPJr Z O(n) + O(q")

deg P<n |P| -1 deg P<n

We bound the error term using PPT:

n
Z n:nz Z 1
deg P<n k=1deg P=k
n k k k
@yt y s
k=1

1<k<n/2 n/2<k<n

<<nq”/2 Z %—&—nz Z q"

n
1<k<n/2 n/2<k<n

< ng"?logn + 2¢"/? Z g~
0<k<n/2
n/2+1 _ 1

n/2q < qn

n/2

< ng"'“logn + 2q

qg—1
We evaluate the main term using Chebotarev’s density theorem and PPT (for
an exposition on Chebotarev’s theorem see [I, pages 1-2]). Chebotarev’s density

theorem yields:
k k/2
q q
P)=—+0|—
> ps(P) ot ( : )

deg P=k
6



plainly speaking, in our case Chebotarev’s density theorem gives a correspondence
between the number of roots of f mod P and the the number of fixed points of a
certain Galois automorphism of the spliting field of f. By Burnside’s lemma (see
[8, Theorem 3.22])), the latter is on average 1 and so the quantity py(P) is also on

average 1.
Thus,
P
> o agr=gy Y 0T
deg P<n k= ldegP k
N n k . k qk qk/2
=" a7 > riP)=qa Z 1| O
q° =1 qh 1]k k
k=1 deg P=k =

n qk k/ n k/2
— {qlirO(q ﬂ ! Z[1+O< 1)]
k=1 k=1
g2
=ng" +q" ZO(

So we conclude

) =ng" + O(q").

deg Ry(n) = ng" + O(q")

Proposition 2.5. (Upper bound)
L¢(n) S (d—1)ng", as n — oo
Proof. Using claim 2.1 and observing that ap(n) > Sp(n), for all P prime, we get
deg L¢(n) = deg Py(n) — (deg P(n) — deg L¢(n))
= dng" =Y (ap(n) — Bp(n))deg P

P
(1) <dnq" — Z (ap(n) — Bp(n)) deg P
deg P<n-deg fq
=dnq" — Z ap(n)deg P + Z Bp(n)deg P
deg P<n-+deg fq deg P<n-+deg fq
(2) =(d—1)ng" + Z Bp(n)deg P+ O(q")
deg P<n-deg fq

where (1) follows from neglecting negative terms, and (2) from claim 2.4.

To finish the argument all we need is Zdeg P<n-tdeg fa Bp(n)deg P = O(¢™). By
lemma 2.2 and the analysis we already did in claim 2.4, we have

n
Z Bp(n)deg P < Z dog P deg P

deg P<n+deg fq deg P<n+deg fq

= Z n<q".

deg P<n+deg fq

O

Definition 2.6. Let f € (F,[T])[X] s.tdegyx f =d > 2, and let f; be the leading
coefficient of f. Define the quantity S¢(n) to be the number of primes P € Fy[T]
s.t. degP > n+deg f; and ap(n) # Bp(n). Noting that ap(n) # fp(n) <~
3Q1, Q2 € M, distinct s.t P | f(Q1), f(Q2), we see

deg P +d s
Si(n) = # { P € FyIT] : 5, 10080 T B80S0 in) |
7



Corollary 2.7. Let f € (F,[T])[X] be absolutely irreducible and separable with
degy f =d > 2. Then, conjecture 1.1 is equivalent to

S¢(n) = o(q")
Moreover, we have
St(n) < q"

Proof. In the proof of the upper bound there is only one inequality (i.e. (1)),
namely

Z (ap(n) — Bp(n))deg P >0
deg P>n+deg fq
so it suffices to prove that

Sy(n) =o(q") > (ap(n)—Bp(n))deg P = o(ng")
deg P>n+deg fq

For P € F,[T] prime, let 1p(n) = { (1) ftgeprgz)sf Bp(n)

Note that ap(n) # Sp(n) < 3Q1,Q2 € M, distinct s.t P | f(Q1), f(Q2), and
for n sufficiently large deg P > dn = ap(n) = 0. Hence, for n sufficiently large
we have

Sy(n) = > 1p(n).
dn>deg P>n+deg fa

From lemma 2.2, for sufficiently large n, if deg P > n then ap(n) < 1, so

Y. (ap(n) = Bp(n)deg P < > Lp(n) deg P

deg P>n+deg fq dn>deg P>n+deg fq

< Z 1p(n)n

dn>deg P>n+deg fq

= S¢(n)n.
On the other hand
(ap(n) — Bp(n))deg P > Z 1p(n)deg P

deg P>n+deg fa deg P>n-+deg fa
> Z 1p(n)n
deg P>n+deg fq
= S¢(n)n.
Therefore
S¢(n)n < > (ap(n) - Bp(n))deg P < Sp(n)n
deg P>n-+deg fa
and so
S¢(n) =o(q") <= degLs(n) ~(d—1)¢"n, asn— oo
Finally, note that Sy(n) <« ¢" follows from the upper bound. O

From this corollary we can easily achieve the quadratic case:

Corollary 2.8. Let f(X) = foX? + f1(T)X + fo(T) be a quadratic polynomial
which is absolutely irreducible and separable over F,[T]. Then,

deg L¢(n) =ng" +0(q"), as n— oo
8



Proof. for P prime in F,[T], and A, B € M,, we have

Pl f(A),f(B) = P|f(A) - f(B)=(A-B)(fpA+ f2B+ f1)
= P[(A=B)VP|[(f2A+ 2B+ f1)
= deg P < max{n + deg fa,deg f1}.

Hence, for sufficiently large n if deg P > n + deg fa, then ap(n) = Bp(n).
Thus S¢(n) < 1, and by corollary 2.7 we are done. O

3. A LOWER BOUND

Remark. First we prove a lower bound similar to the one Maynard and Rudnick
provided (see [5, Theorem 1.2]), then will show an improved lower bound similar to
Ashwin Sah (see [10, Theorem 1.4]). Our arguments here are due to Sah, though
in the improved lower bound something gets lost in translation to the function field
case (e.g. the characteristic is now positive), so we get a lower bound with some
restrictions.

Lemma 3.1. For n > deg fq and P € F,[T] prime such that deg P > n, we have
ap(n) < d?

Proof. Note that py(P) < d, since f is irreducible over Fy[T] of degree d. And
since deg P > n, at most d polynomials Q € M,, satisfy P | f(Q). For such @, and
n > deg fq, we get

deg P™ > nd +n > nd + deg f4 = deg f(Q)

Hence,

ap(n)= Y wp(f(@Q)< Y d<d
QeM,, QeM,,:
Pf(Q)
U

Proposition 3.2. (Lower bound) Let f € Fy[T] be absolutely irreducible and

separable. Then
d—1
Ly(n) 2 —5—nq

mn

Proof. By lemma 2.4 and claim 2.1, we get

P
(d—1)ng"™ < deg #(n) = E ap(n)deg P
Ry (n)
deg P>n+deg fq

< > d*deg P < d*deg L (n)

deg P>n+deg fq,
ap(n)#0

from which the proposition follows. U

Lemma 3.3. For sufficiently large n, if char(F,) > d, and P € F,[T) is prime s.t.
deg P > n + deg fq, then we have

d(d—1)

—

Proof. Fix a prime P € Fy[T] s.t. deg P > n + deg fq.

Denote B; :== #{Q € M,, : P'| f(Q)}, for i € N. By lemma 3.1, B; = 0 Vi > d,

thus
=Y Y =Y Y 1=Yn

QEM,, i>0: i>0 QEM,: i=
P'f(Q) PIf(Q)

ap(n) <



we claim B; < d — 1 for all 1 <4 < d, from which the lemma follows immediately.
Suppose for the sake of contradiction that B; > d — i+ 1 for some 1 < ¢ < d,
and let Q1,...,Q4—i+1 € M, be distinct s.t. P* | f(Q;) for all 1 <j <d—i—+ 1.

Consider the value
d—i+1

— @)
A= = (@ — Q)

This value (as we will see) is in F4[T]. To see this, note that from the theory of
Lagrange interpolation polynomial, we have the identity: Let Aq,..., A, € F,[T]
be distinct for some n > 1. Then, for I >n —1
n Al- n .
ZH ,(Aj,_Ak): Z HA?J
j=1 L1k ay+...+ap=l—(n—1) j=1

where the sum is over all tuples (ay,...,a,) of nonnegative integers that sum to
I — (n—1). Note that for I < n — 1 this value vanishes.
Thus we have

d d—i+1 Ql'
A= J
202 oo

=0
d d—it1
= 2. [ @7
l=d—i ai1+..4aq—iy1=l—(d—2) Jj=1

where the inner sum is over all tuples (aq,...,aq—;+1) of nonnegative integers that
sum to [ — (d — 7).
Therfore, A € F,[T].
Note that the number of summands in the last inner sum (i.e. I = d) is (dd ), and

—i
from the condition that d > charlFy, this value does not vanish in F, . Thus, for
sufficiently large n the degree of A is

d—i+1

deg A =deg | f4 Z H QY

a1+..4aqg_iy1=l—(d—1) j=1

d—it1
) deg fq + max deg H Q?j
j=1

a1+...+ag_ip1=l—(d—1)
=degfa+i-n

where in (1) we used that Q1 ...,Q4—;+1 are all monic of degree n.
However, since P | f(Q,) for all 1 < j < d —i+ 1, we have from the definition of
A that

Pla I @ -

1<j<k<d—i+1

and since P'{ (Q; — Q) for any 1 < j < k < d—i+1, we see that P" | A. Whence
i-n+degfyg<i-degP <degA=1i-n+degfy

which is a contradiction, so we obtain our result. O

Proposition 3.4. (Restricted lower bound) Let f € Fy[T| be absolutely irreducible
and separable s.t. 2 < degy f < char(F,). Then, we have

2
deg L(n) 2 7"

10



Proof. By claim 2.1 and lemma 3.3 we have

P
(d = Dng" < deg 2L

Ry (n)
= Z ap(n)deg P+ O(¢")
deg P>n+deg fq
-1
< dd-1) deg P+ O(¢"™)
deg P>n+deg fa,
ap(n)#0
dd—1
< WD dog 1) + ()

whence the proposition follows.

Remark. Note that this lower bound yields the quadratic case, when char(F,) >
2.

4. SPECIAL POLYNOMIALS

In this section we will prove Cileruello’s conjecture for some special subset of
polynomials over function fields with appropriate characteristic. Our method will
rely on the following observation:

Definition 4.1. Let K be a field. We call a polynomial f € K[X] special, if the
bivariate polynomial f(X) — f(Y) € K[X,Y] factors into a product of linear terms
in K[X,Y].

For special polynomials in (F,[T])[X] we can prove Cilleruelo’s conjecture. This
is in fact a generalization of the property that yields the quadratic case. However,
over the integers no such polynomial exists with degree greater than 2, as we shall
see.

Claim 4.2. Let K be a field, and f € K[X] monic of degree d > 2. Assume that

d
f(X)—fy)= H(X — ;Y + 5;) € K[X,Y] (i.e. f is a special polynomial).
i=1
Then, the coeeficients o, . .., aq satisfy
d
X4—1=][(x - ).
i=1

Proof. Let f(X) = X+ Zj;ol a; X" € K[X], assume that f(X) — f(Y) is special

so that
d

FX) = V) = [[(X = aiY +5) € KX, Y]
i=1
after expanding the product to the right, while grouping together the terms X —a;Y,

we get
d

d—1
X =y 4> o (X - Y = [[(X —a;Y) + AX,Y)
i=1 i=1
where A(X,Y) € K[X,Y] and deg(A4) <d —1.
Hence, since ngl(X — «;Y") is homogeneous of degree d, we have

d
X —y?=[(X —a;Y).
i=1
d
1=1
11
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Corollary 4.3. There are no special polynomials of degree greater than 2 with
rational coefficients.

Proposition 4.4. Let f(X) € (F4[T])[X] be monic and of degree d w.r.t. X. If f
is special, absolutely irreducible and separable. Then

deg L¢(n) = (d—1)ng" + O(q").

Proof. Since f is special, by claim 4.2 we assume
d
f(X) = fY) = H(X_aiy+bi)
i=1
where b; € F,[T] and a; € F;.
Let P € F,[T] prime, and @1, Q2 € M, distinct, so
d
Pl f(@) (@) = P|f(Q1)— f(Q2)=]](@1+aiQ:+b)
i=1
— Jis.t.deg P < max{n, degb;}.

Hence, for sufficiently large n (i.e. n > max;degb;), if deg P > n, then ap(n) =
Bp(n). Thus, Sy(n) < 1 and by corollary 2.7 we are done. O

So now our goal is to classify these special polynomials, and according to claim
4.2 we will split our study to two cases, whether the degree divides the characteristic
or not.

4.1. First case: ged(d,p) = 1.

Example: Let f(X) = X3+ T € (F,[T])[X], for some ¢ =1 mod 3.
Here we have a primitive third root of unity, namely ¢ € Fy, ¢ 3 =1, and with that
in hand:

FX) = (V) = (X = Y)(X?+ XY +Y?) = (X - V)(X = (Y)(X - ¢*Y)

so f is special, absolutely irreducible and separable. Hence, by proposition 4.4 we
get
deg Ly(n) = 2nq" + O(q")

To generalize this example, note that for X% — H to be irreducible is equivalent
to requiring that if 4 1 d, that for any prime divisor ¢ | d, we have H is not an
(-th power in Fy(t), and in addition if 4 | d then H ¢ —4(F,(t))?, see [6, Theorem
14.1.4).

Claim 4.5. Let f(X) = X% —H, where 2 < d and H € F,[T], monic with deg H >
1. Further assume that:
(1) ¥p | d prime, H & (Fq[T])?
(2) g=1 mod d
Then,
deg Lf(n) = (d —1)ng" + O(¢")

Proof. By proposition 4.4, we need to verify that f is absolutely irreducible, sepa-

rable and special. Firstly, separablity of f follows easily from ¢ =1 mod d, and to

see that f is absolutely irreducible we’ll use the preceding theorem, noting that in

this case the second condition of the theorem is contained in the first one, since H
12



is monic. Let Hle P = H be the prime decomposition of H, and denote by F,
the algebraic closure of F,. Take p | d prime, then the first assumption yields

H ¢ (]Fq[T])p Aand pTng(nlv"'vnk)

and since [y is a perfect field, for each ¢ all the roots of P; are distinct, moreover
Vi # j P; and P; have no roots in common, therefore

H ¢ (FQ[T])Z) Aand pTng(nlv"'vnk)

whence, f is absolutely irreducible and separable.

Secondly, from the second assumption d | ¢ — 1, and we know a9~ = 1, Va € Fr
(| Fy |= ¢ —1). Hence, since F; is a cyclic group, F, contains all d-th roots of
unity, i.e. Jaq,...,aq € Fy s.t.

d
(3) z?—1 :H(x—ai), in Fy[z]
i=1
substituting x = % and multiplying by Y? in (3) we get
d
X4 —y?=T[(X —a;Y), now in (F[T])[X,Y]
i=1
Whence, f is special and we obtain our result.
O

Corollary 4.6. Let f(X) = (X + A)? — C € (F,[T))[X], where ¢ = 1 mod d,
0# A,C e Fy[T], and Vp | d prime, C ¢ (Fq[T])? and C is monic. Then we have

degLy(n) = (d—1)¢"n+O(¢"), asn— o0

Proof. From the assumptions on C note that f(X — A) = X% — C is absolutely
irreducible, hence so is f and separability follows immediately. To see that f is
special, note that from ¢ = 1 mod d their exists ¢ € F; a primitive d-th root of
unity, so

d

X' -yt =][(x - ¢v)

i=1

and after shifting (X,Y) — (X + A, Y + A), we get

FX) = f(V) = (X +A) = (¥ + 4)¢
d
=[[(X+4-(v+4)

K3

Il
-

[X =Y+ (1-¢)Al

.

@
Il
—

Thus f is special, and by proposition 4.4 we obtain our result. O

Proposition 4.7. Let f(X) = X%+ A4 1 X9 ...+ A1 X + Ag € (F,[T])[X] be
a special polynomial, of degree d > 3 where ged(q,d) = 1. Then 3A,C € F,[T] s.t.

f(X)=(X+ A4+

Proof. Assume WLOG that Ay_; = 0, otherwise consider f(X) = f(X — 14,4)
which is also special (we assume that ged(d,p) = 1 so that d is invertible in F,)
13



and its (d — 1)-coefficient is zero.
So, since f is special, we write
d—1
FX) = F(V) = (X =) JT(X = Y +0)
i=1

where (4 € F, is a primitive d-th root of unity (this is a necessary condition by
claim 4.2), and b; € F,[T]Vi.
Hence, we have

d—1
(4) w = [I&x -Gy +o)
i=1

on the left hand side the degree (d — 2)-homogeneous part vanishes, i.e.

del _ Ydfl
Ajor—————=0.
X-Y
Hence comparing the (d — 2)-homogeneous part of both sides in (4) yields
d—1 d-1 4
0=> b [[(x-¢Y)
i=1  j=1
J#i

Take any 1 < iy < d — 1, and substitute X = Cflo, Y =1 to get

0= bio ( ;O - Ci)
j=1
J#io
since all the terms in the sum vanish except the ig- term.
Thus b; =0 for any 1 < i < d — 1, and therefore

d—1
) —f¥Y) =X -V J](X - ¢y) = x? —v*
i=1
so f(X) = X%+ Ay, and we obtain our result. O

Thus, we have classified all special polynomials, with degree co-prime to the
characteristic of IF,.

4.2. Second case: ged(d,p) = p.

Example: Take ¢ = 3™ and consider f(X) = X3 +2X + T € (F3=[T])[X].
Note that for any Q € M,
fQ=Q°+2Q+T=0 < QQ*+2)=-T

but the degree of the left hand side is divisible by three, so this cannot happen.
Thus, f is absolutely irreducible and separable. Moreover

FX)—fV)=X3-V34+2(X -Y)
=X -YV)(X?+ XY +Y%+2)
=X-Y)X-Y+1)(X-Y+2)
Therefore, f is also special. So, in this case conjecture 1.1 holds .

Proposition 4.8. Let f € (F,[T))[X] be of degree p' (w.r.t. X), where ¢ = p™
and m,l > 1. Then, f is a special polynomial if and only if the following conditions
hold:

14



(1) f is of the form
-1
FX) =X+ Aux? 4 A
k=0
meaning all the d-th coefficients of f vanish when d # 0 and d is not a

power of p.
(2) f(X)— f(0) factors into a product of linear terms in (Fy[T])[X].

Proof. Let f(X) = X? 4 >rhoo i ApXF. Assume that f is special, then by claim
4.2 (noting that by the Frobenius endomorphism X P_1= (X —1)P ) we have

P
fX HX Y + By) Vk By € F,[T)]

Take 0 < d < p', then by comparing the d-th homogeneous part in both sides of
the above we get

p'—d
Ag(X? =Y = > (x =v)* ] B
1§k1<...<kpl_d§pl i=1

p'—d
= (X —Y)? > 11 B

1§k1<...<kp17d§pl =1

Thus, since X — Y4 = (X —Y)? if and only if d is a p-th power, we conclude that
for d > 0 which is not a power of p we get

p'—d
Ay = Z H By, =0

1<ki<..<k,_,<p' i=1
which is condition 1. So now
-1
L k
FX) = X7 43 A XP + A,
k=0
Hence, by the Frobenius endomorphism and the assumption that f is special, we

have
-1

FX) = fY) = (X =Y+ Au(X - V) + 4
k=0

ﬁ X —Y + By).

Substitute X —Y = Z to obtam

-1 pl

F2) - f0)=2" + 3" A, 2"" = [[(Z + By)
k=0 k=1
which is condition 1.
Now, for the other direction assume that both conditions hold for f. Then we have
U

-1 p
F(2) = 1) =27 + 3" Az = T[(Z + By)
k=0 k=1
where Vk, B € F,[T]. hence by substituting Z = X — Y and using the Frobenius
endomorphism, we get our result. O

15



Remark. This proposition reduces the classification of special polynomials of
degree p! in F, to the classification of polynomials of degree p! — 1 that factor into a
product of linear terms. For small degrees we can get conditions on the coefficients
due to Vieta’s equations, as the next claim suggests.

Claim 4.9. Take g = 3™ for some 0 < m € Z. Let f € (F,[t])[X] with degx f = 9.
Then f is special if and only if
f(X)=X24(C}+CH(CL+ CHXP+ CIC3(C? -~ C2)*X + C
for any C1,Cs,C € Fy[T).
Proof. By proposition 4.8, f is special if and only if f is of the form
fX)=X°+AX*+BX +C
and 3By, € Fy[T], k=1,...8s.t.

8
X°+ AX® + BX = X[(X?)' + AX? 4+ B] = H X — By)
Since all monomials (in the brackets) are of even degree this is true if and only if

4
Y 4+ AY + B = H(Y—Ak)
k=1

where Aj, A, Az, Ay € Fy[T] are squares.
So, by Vieta’s equations we need to solve the following:

(1) > Ai=0

1<i<4
(2) > A4 =0
1<i<j<4
Squaring the first equation and subtracting twice the second one we get
(1) Ay =—(A1 + Ay + A3)
(2) ¥ 42=o.

1<i<4

Inserting equation (1) into (2) we get a quadratic equation in A3 with parameters
Ala A2

0= A2 + A2+ A2 + (A1 + Ay + A3)?
= 0=24%+2(A; + Ax) Az + AT + A3 + (A + Ay)?
= 0=24%+2(A; + Ag) Az + 24?2 + 242 + 24, A,.
Noting that 2 = —1 since the characteristic is 3, the solution is:

Ay + Ay £ /(A1 + A2)2 — 2(247 + 243 + 24, Ay)
4

= Avt Apk \JAZ 1 2A Ay + A3 — A2 - A3 Ai A
= A+ Ay + A1A2:(\/A>1i\/A>2)2
If A3 = (VAL + VA, ) then by the first equation we get:
Ag=—Ay — Ay — Ay — Ay — /A1 Ay = Ay + Ay — /A1 Ay
= (VA - V&)

Ay =

16



and since A;, Ay are squares, Let C% = Ay, 03 = Ay, then A3 = (C1 + Co)?, Ay =
(C1 — Cy)%
Now by Vieta’s equations we have:
B =A1AA3A, = 012022(01 + 02)2(01 — 02)2
= CIC3(CY - C3)°

and
A=A1A2A3 + A1 Ay Ay + A1 A Ay + Ay AsAy =
= C{C3(C1 + C2)* + CFC3(C1 — C2)* + CF(CF — CG3)* + C3(CF — C3)?
= C{C3[(C1 + C2)” + (C1 = C2)*] + (CF — C3)*(CF + C3)
= CYC3[2CF +2C3] + (CF — C3)*(CF + C3)
= (CT + C3)[2C7C3 + (CF - C3)7)
= (CT+ )T + ).
So, we have
F(X) =X+ (C}+ C3)(C} + C3)X? + CFC3(CF - C3)°X + C.
d
Remark. Note that f is absolutely irreducible with a correct choice of the

constant C, and so it is also separable if and only if C;,Cy # 0 and C; = £C%. In
which case conjecture 1.1 holds.

Proposition 4.10. Let p be a prime integer, and take ¢ = p™, m > 1. Then, for
1 >0 s.t. 1| m, the polynomial

fX)=x" A" 1X O
where A,C € Fy[T), is special.

Proof. We need to verify both conditions of proposition 4.8. Condition 1 is trivial
and to see condition 2, note that From [ | m we have p' — 1 | p™ — 1, so we can
take ¢ € F, a primitive root of unity of order p' — 1. Then by the Frobenius
endomorphism we have

f(X) = f(0) = X7 — AP 71X

— X(xP - A
p'—1
=X [[x-¢'4)
i=1
so f is special. O

Proposition 4.11. Let g(X) € (F4[T))[X] be a special polynomial s.t. degyx g =
pl,q = p™. Then, for any A,C € F,[T], and k > 1 s.t. p = 1 mod k, the
polynomial

F(X) = [g(X +A4) —g(O)]" +C

is special over F[T1].
17



Proof. Let A,C € F,[T], assume WLOG that g(0) = A = 0 (otherwise consider
f(X) = f(X — A), and note that if f is special then so is f). By Proposition 4.8

we write
-1

9(X) =XV +3 X"
i=0
Let ¢, € Fy be a primitive k-th root of unity. From k | p — 1 we have (xg(X) =

9(CrxX), since C,fz = (j Vi > 0. Therefore
FX) = F(V) = [g(X)]* = [g("))"

Il

@
Il
-

(9(X) = Gg(Y))

[

(9(X) = 9(¢LY))

i=1

and since g is special the result follows. O
To sum up what we found in the last section we have the following thorem:

Theorem 4.12. For the following polynomials in (F4[T])[X] conjecture 1.1 holds:
(1) (X + A+ C, when ¢ =1 mod d.
(2) (sz — Apl_lX)k + C, when p is prime, ¢ = p™ and l,m,k € N satisfy
Ilm, k|p~1.
where 0 # A,C € F,[T), and 3P € F,[T] prime s.t. P| A,C, but P?{C.
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