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Abstract

We explore the covariance of error terms coming from Weyl’s conjecture regarding the
number of Dirichlet eigenvalues up to size X. We also consider this problem in short in-
tervals, i.e. the error term of the number of eigenvalues in the window [X, X + S] for some
S(X). We look at these error terms for planar domains where the Dirichlet eigenvalues can
be explicitly calculated. In these cases, the error term is closely related to the error term
from the classical lattice points counting problem of expanding planar domains. We give a
formula for the covariance of such error terms, for general planar domains. We also give a
formula for the covariance of error terms in short intervals, for sufficiently large intervals.
Going back to the Dirichlet eigenvalue problem, we give results regarding the covariance of
the error terms in short intervals of 'generic’ rectangles. We also explore a specific example,
namely we compute the covariance between the error terms of an equilateral triangle and

various rectangles.
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1. Introduction

1.1. The Dirichlet Eigenvalue Problem
1.1.1. Definitions

Let I' be a planar domain. The Dirichlet eigenvalues of I' are defined as the eigenvalues
of (minus) the Laplace operator A corresponding to functions on I" which vanish on the

boundary dI'. In other words, A is a Dirichlet eigenvalue if there is a non-zero solution f to
-Af=Af inT
flar =0.

It is known that there are infinitely many eigenvalues, and that these eigenvalues are pos-

itive and form a discrete set with a single accumulation point at infinity. Thus, we can

denote these eigenvaluesas 0 < 1; < A, <..A, <...where lim, o1, = co.

1.1.2. Hearing the Shape of the Drum

In 1966 Mark Kac published an article titled "Can One Hear the Shape of a Drum?" [11].
This is a cute way of asking whether one can reconstruct the domain I' given its spectrum
(since one can think of the original domain I' as a two dimensional membrane, and the
eigenvalues are the possible frequencies of vibrations of that membrane where we hold the
boundary in place). In 1992 Carolyn Gordon, David Webb and Scott Wolpert found two
different domains with the same spectrum [6], which showed that the general answer to
the question is negative. Nonetheless, it is still interesting to ask what information can be
deduced about the original domain given its spectrum.

1.1.3. Weyl's Law

We denote n(X) = #{1; < X} the cumulative counting function of the Dirichlet eigenvalues.
We also define n(X, S) = n(X+S)—n(X) awindow count function which counts the number
of Dirichlet eigenvalues in the segment [X, X + S] where S(X) depends on X.

An important theorem regarding these counting functions is Weyl’s Law [18], which for the
two dimensional case states that

1
n(X) ~—Area(I') X.
47

An immediate corollary from this theorem is that the area of the original domain I' can be

deduced given its spectrum. Weyl also conjectured the next term in the approximation-

n(X) = ——Area(l) X - iLength(ar) VX+eX)
47 4n



where e(x) is of smaller order. While in general this conjecture is still open, it has been
proven by Victor Ivrii [10] for domains I' where the set of periodic trajectories of a billiard

in I" has measure 0.

1.1.4. The Error Term and the Window Count Error Term

There has been a lot of work dedicated to the study of e(X) and other statistical properties
of the spectrum. For example, another important function is the error term for the window
counting function, which can be expressed as e(X,S) = e(X + S) — e(X). The statistics of
e(X, S) behave differently depending on the growth rate of S(X) as X — oco. The case where
S(X) is constant is especially important due to the Berry-Tabor conjecture (their original
paper at [1], and a survey can be found in [15]). This is a major conjecture from the field of
quantum chaos, which suggests a connection between the statistical behaviour of e(X, S)

and whether the billiard flow for I is chaotic or integrable.

1.2. Lattice Point Counting Problem
1.2.1. Definitions

We now consider another classical problem, that of estimating the number of lattice points
inside an expanding planar domain. Let Q) be a convex shape in the plane, with smooth

boundary y = Q2 and positive curvature. We denote
N(R) =#{Z*nRQ}.

It is known that N(R) is aproximated by the area of RQ which is R%Area(Q). And so, we
define the error function
E(R) = N(R) — Area (Q) R®

1.2.2. Bounding the Lattice Point Error Function

There has been a lot of research dedicated to try and bound this error term E(R). One
can easily show that E(R) = O (R). However, it is believed that E(R) = O (R” 2”) for all
€ > 0. A special case of this problem is when Q is the unit disk. In this case showing that
E(R) = O (RY?*¢) for all € > 0 is known as the Gauss circle problem.

While we still don’t know to show that E(R) = O (Rl/ 2+€), there have been significant im-
provements in this area. The bound E(R) = O (RZ/ 3) was obtained by Sierpinski [16] at the
start of the twentieth century. Since then, various improvements to this bound were ob-
tained. The current best known bound for the case of the circle is E(R) = O (R517/824*€) due



to Bourgain and Watt [5]. The lower bound limsupy_., E(R)/R'/? > 0 was shown indepen-
dently by Hardy and Landau in 1915 [7] [13].

1.2.3. The Asymptotic Distribution of the Lattice Point Error Function

While proving the bound E(R) = O (R” 2”) is still outside our reach, in the 1940’s Wintner
considered a related problem [19]. Consider the normalized error function

F(R) = E(R)/R"2. (1.1)

We can ask whether this function has an asymptotic density. That is, we want to know if

there exists a density function p(f), such that for every segment [a, b] c R,

1 b
]lim ?/J({R €[0,T]:F(R) € [a, b]}) :f ptdt

where p is the standard Lebesgue measure.
Wintner and Heath-Brown showed that for the case of the circle such a density function
does exist [19] [8]. This was later generalized by Bleher for general convex domains with a

smooth boundary and positive curvature [3].

1.3. The Connection Between Counting Dirichlet Eigenvalues

and Counting Lattice Points
1.3.1. Domains with Explicit Eigenvalues Formulas

There is a connection between the Dirichlet eigenvalue counting problem and the lattice
point counting problem. This connection becomes apparent once we consider the Dirich-
let eigenvalue problem for domains where the eigenvalues can be explicitly calculated.
Very few such domains are known, and these include rectangles, ellipses, and a few select
triangles such as the equilateral triangle.

Consider for example the case of a rectangle I' = [0, a] x [0, b]. The Dirichlet eigenfunctions

in this case are given by

flx,y) = sin(n—Zx)sin(n—’Zy), n,meN

and the eigenvalues are

,(n® m*\
T ?+ﬁ ‘n,meNy;. (1.2)

And so it can be seen that n(X), the number of eigenvalues up to X, is related to the number
2
of integer lattice points inside the ellipse Q2 : z—i +%; < 2 dilated by a factor of v'X. There are

b2 — 72



still minor differences due to fact that the Dirichlet eigenvalues come from positive n, m.

Nonetheless, it can still be shown that
2 2
No(X)=4nr (X7)+=(a+b)X+0OQ)
b8

and as a result
Eq(X) =4er(X2)+0O (). (1.3)

A similar thing happens in the case of I" an equilateral triangle of side length ¢. While not a

trivial matter as in the case of the rectangle, it was shown by Lamé [12] that the eigenvalues
1672
907
McCartin [14]. Denoting by Q the ellipse x? + xy + y? <

of I' are of the form (n? + nm+ m?) for n,m € N. A nice account of this was given by

902
1672

we once more get a connection

Nq(X) = 6nr(X?) + %NX+ o).

which implies
Eq(X) =6er(X*)+0O (). (1.4)

We see that for these cases, the study of the error term from the Dirichlet eigenvalue prob-

lem is equivalent to the study of the error term from the lattice point problem for ellipses.

1.3.2. The Window Count of Dirichlet Eigenvalues and the Lattice Point
Problem in Thin Annuli

In the case of rectangles and special triangles, there is also an analogue for the window
count function in terms of the lattice point problems. The number of lattice points in a
thin annuli of shape Q and width £, is given by Nq(R, h) = Nq(R + h) — Nq(R). The ex-
pected number of points in this thin annuli is Area () (2hR+ h?). The error term is given by
E(R, h) = E(R+h)—E(R), and we define the normalized error term as F(R, h) = E(R, h)/R'/2.
Note that in the case of e(X, S), S is the area of the annulus, while in E(R, h), h is its width.

1.4. Main Results

In this paper we investigate further statistical properties of the error functions E(X) and
E(X, h) coming from the lattice point problem for convex smooth domains. Specifically, we
consider the covariance of such error function coming from two different domains. We give
a more precise formula for the case of ellipses. These cases are of particular importance as

they are also equivalent to error functions coming from the Dirichlet eigenvalue problem.



1.4.1. Global Covariance

Let Q1,0 be two convex planar domains with a smooth boundary and positive curvature,
and let F;, F» be their normalized error functions for the lattice counting problem as de-
fined in (1.1). It was shown by Bleher that these functions have an asymptotic density,
and he also gave a formula for their variance. We explore the covariance of these function,
where the covariance of F; and F» is

Definition 1.1 (Covariance).

T

1
Cov(Fy, F) = lim — F(F(tdt
T—oo T Jo

In Theorem 1.2 we give a formula for Cov (F1, F>).

Theorem 1.2. Denotey; =0Q;,i=1,2. Forve R? we denote x; (v) the pointony; with outer

normal ﬁ We define Y;(v) = v- x;(v) and p;(v) as the curvature radius of y; at x;(v). With

Vv P1(n)/p2(m)

|n|3/2| m|3/2

these notations-

]- !/ /
CovlF,F) =570 )

nez?  mez?
Y2(m)=Y1(n)

where Z' denotes a sum where0 is omitted.

Remark. A typical pair of domains Q;,Q, will have no non-zero n, m € Z? such that Y; (n) =
Y>(m) (which means that the covariance will be 0). If we restrict to the case where the
covariance is positive, then for the typical case the set of solutions n,m € Z? to Yy(n) =
Y, (m) will be of the form {(kng, kmyg)|k € Z} for some initial solution ng, mg € Z2.

However, regardless of the number of summands, the series in Theorem 1.2 always con-
verges. This is a result of the function F; being in the space B2 of almost periodic functions,

as will be discussed later.

Applying Theorem 1.2 for the case of ellipses, we get the following corollary-
Corollary 1.3. LetQ4, Qp be general ellipses of the form
Qr:ax’> +bxy+cy’<1, Qu:dx’+exy+fy*<1

for some parameters a, b, c,d, e, f. Then the covariance between the normalized error func-
tions Fq, (1), Fq, (1) is

167 Z rn(v)ra(v)
Vaac-b?\/adf -5 V3
where ry(v) is the number of integer solutions ny, ny to

\/cnf —bnyny + an;
47 =v

Vdac - b?




and similarly r,(v) is the number of integer solutions my, my to

\/fmf—em1m2+dm§
4n

Vadf —e?

1.4.2. Covariance in Short Intervals

=V.

We also consider the covariance of the error term for short intervals. Let F; (R, h), F»(R, h)
be the normalized error functions in short intervals of the lattice point problem related to
01,Q. We assume that h(R) tends to 0 as R tends to infinity. We define the covariance of
these functions as

Definition 1.4 (Covariance in Short Intervals). for a given function h(R), we say that the
covariance between F; (R, h) and F»(R, h) is f(h) for some function f if

T

1
T OFl(t,h(T))Fz(l‘,h(T))dl‘~f(h(T))-
=

In Theorem 3.8 we give a formula for the covariance in short intervals. However, our proof
techniques require us to have h(R) decay sufficiently slowly towards 0. Furthermore, we
also get a Diophantine-like condition that the two domains need to satisfy. For general
domains this condition is somewhat vague.

We can however make these conditions more concrete if we restrict our attention to a small
space of domains. In section 4 we restrict our attention to ellipses. In this case, Bleher
and Lebowitz showed [4] that the variance of the normalized error function F(R, h) of a
"generic" ellipse of the form {(x, ¥): X%+ ,uy2 < 1} has order h, provided that h(T) > T~ 1+e
for some € > 0. We show that for a generic pair of ellipses that have non-zero covariance
in the global case, the covariance in a short interval h will be of order h?log(h™!) provided
that h(T) > T~Y110%¢ for some € > 0. The main result for this is

Theorem 1.5. Almost all pairs of ellipses
Qi:ax’+bxy+cy’<1, Qu:dx’+exy+fy*<1

that have non-zero global covariance satisfy the following:
For any h(T) with h(T) > T~Y19%€ for somee > 0:

Cov(Fy (T, h), F»(T, h)) = Ch*log(h™ ")

where Fy, F» are the normalized error functions of Q1, Q5.

The constant C is given by
167

C=
vovVdac—b%\/4df — e




where v is the smallest positive number for which

\/cnf —bnyny + anj
=4

Vdac - b? Vadf - é?

has an integer solution ny, ny, my, my.

\/fm%—em1m2+dm§
- _

a7 =YV

We also examine the covariance between two specific ellipses coming from the Dirichlet
eigenvalue problem of an equilateral triangle and a rectangle. We get the following theo-

rem:

Theorem 1.6. Let F,, F» be the normalized error functions of the following two ellipses:
lex2+xy+y2s2, ngx2+ay2sl

for some parameter a € R*.

1. Foralmostall a € R, if h(T) > T~1/86%¢ for somee > 0, then the covariance of F; and
F, is 2=h*log” (h™")

Ta
2. Ifa = g is a rational such that 3pq is not a perfect square, then assuming h(T) >
T~1V82 the covariance of F; and F, is C—\/\/g h where C is a constant given in Theorem A.3.

3. Ifa= g is a rational and 3pq is a perfect square then assuming h(T) > T~ Y2, the
18

vy

Using (1.3),(1.4), we can restate Theorem 1.6 in terms of the Dirichlet eigenvalue problem:

covariance of F1 and F, is hlog(h™') where p' is the square free part of p.

Corollary 1.7. Let 'y be an equilateral triangle of side length 2—’;, and letT'» be a rectangle
with side lengths w and /amn for some a > 0. Denote by n;(t) the number of Dirichlet eigen-

values of T; up to t?, and denote
1 , 1
e;(t) = n;(t)— —Area(l';) t“ + — Length(dT';) t.
47 4n
1. Foralmostall a, if h(X) > X~ V8%¢ for somee > 0, then

h*log® (h™1).

1 fX (81(f+h)—el(t))(ez(f+h)—€2(t))d 3
— f~
X Jo t 8nva

2. Ifa= Z is a rational such that 3pq is not a perfect square, and if h(T) > X1/%2 then

h

le (61(t+h)—el(l‘))(ez(l“i'h)—ez(l‘))dtN C
X Jo t 8v3a

where the constant C is given in Theorem A.3.



3. Ifa= Z is a rational and 3pq is a perfect square, and if h(T) > X~V%2, then

X _ _
%f (er(t+h)—e (1) (ex(t+h) ez(l‘))dt~ 3 hlog (™))
0

t 4v/pp’

where p' is the square free part of q.

Using (1.2), Theorem 1.5 can also be restated in terms of the error terms of the Dirichlet
eigenvalue problem. This is not a direct corollary, but similar arguments to those given in

subsection 4.1 result in the following:

Corollary 1.8. LetT'; =[0,a] x [0,b],T'2 = [0, c] x [0, d] be two rectangles. Denote by n;(t) the
number of Dirichlet eigenvalues of T'; up to t?, and denote

1 1
e;(t) = n;(t) — — Area(I';) t* + — Length(dT';) t.
an 4w

For almost all pairs of rectanglesI'1,T'» that have non-zero global covariance, we have that if
h(T) > T~V1%*€ for somee > 0:

le (e1(t+h) —e1 (1) (e2(t+ h) — ex (1))
X Jo

- dt~Ch*log(h™).

The constant C is given by
abcd

- 2m)3vy

where v is the smallest positive number for which

2,2 4 202 _ 2,02 1 202 _
\/b nit+a 2—\/d mi+c ms5 =vq
has an integer solution ny, ny, my, my.

Similar results can also be obtained for a rectangle and equilateral triangle pair.

The reason we restrict our attention to rectangles is that their Dirichlet eigenvalues can
be explicitly calculated. For general parallelograms the eigenvalues with Dirichlet or Neu-
mann boundary conditions are not explicitly known (only with periodic boundary condi-
tions). In fact, for parallelograms which are not rectangles, the Dirichlet eigenfunctions are

not trigonometric, see [14, Theorems 4.1.2, 4.2.1].

2. Global Covariance

Let Q;,Q) be two convex planar domains with smooth boundary and positive curvature. In

this section we look at the global normalized error functions F; (R), F>(R) of these domains



as defined in (1.1). In order to find the covariance of these functions we use the fact that
these functions are Besicovitch almost periodic functions. In subsection 2.1 we introduce
the theory of almost periodic functions. In subsection 2.2 we apply the theory to the nor-
malized error functions to obtain a formula for the global covariance. In subsection 2.3 we
consider the more specific case where Q1,Q, are ellipses.

2.1. Almost Periodic Functions
2.1.1. The space B?

Definition 2.1. The space B? of Besicovitch almost periodic functions (see [2]) is defined

as the closure of trigonometric polynomials under the semi-norm

1 T 1/2
Ifll= (limsup— fz(t)dt) )
T Jo

T—o00
In other words, a function f : R — R is in B2 if there exists a sequence of trigonometric
polynomials fx(f) =) ,<n cnemnt, (c;, € C, A, € R) such that

T
lim limsup%fO (f—fN)z(t)dt:O.

N—oo T
For a function f € B2, the limit
1 T
lim — | f2(pdt
T—oo T Jo

exists.

2.1.2. Fourier Transform of Almost Periodic Functions

Definition 2.2. The Fourier transform of a function f € B? is defined as

A 1T ;
= lim — “ietqy.
f©) Jim Tfo f(ne *tde
An important result in this regard is the following lemma-
Lemma 2.3. (&) is 0 for all ¢ except at most a countable set.
If (o) #0, we refer to &, as a frequency of f.

Definition 2.4 (Frequency Expansion). If {1,¢», ... are all the frequencies of f € B2, we de-
note

Z f(én)eiént
n=1
as the frequency expansion of f.

Note that this frequency expansion can be a divergent series. As such, it should be regarded

as a formal way of encoding the Fourier transform of f, and not as a formula.

10



2.1.3. Parseval’s Identity for Almost Periodic Functions

Our main gain from introducing Fourier transform of functions in B? is the following theo-

rem

Theorem 2.5 (Parseval’s Identity). Let f be a function in B, and let ¥ fEnent be its

frequency expansion. Then-
2 1, S 2
1712 = lim —f fPwde=Y | e
T—’OOT 0 n=1

Corollary 2.6. Let f, g € B? with frequency expansions

o0

f(an)ei“"t, > g(BnePr.

||f'18

Denote (&} = {an} N {B,} the set of common frequencies. Then

1T © Ao A
lim —f f(ogde = Re(z f(fn)g(fn)) .
T—o0 T 0 n=1

Proof. Apply Parseval’s Identity to f + g, which is also in B2. Note that the frequency expan-
sion of f + g is the sum of the frequency expansions of f and g. O

2.2. Covariance of General Planar Domains
2.2.1. Definitions

We reintroduce some of the definitions given in Theorem 1.2. Let Q be a convex planar
domain with a smooth boundary y = Q and positive curvature. For v € R?> we denote x(v)

the point on y with outer normal —. We define Y (v) = v- x(v) and p(v) as the curvature

Tl H
radius of y at x(v). Denote also F(R) the normalized error function associated with Q as

defined in (1.1).
2.2.2. Almost Periodicity of the Error Function

In [3] Bleher proves that the normalized error function F(R) is in B2. More specifically, we

have

Theorem 2.7. Denote

4

|,”3/2

. 3 . 3
Pn(1) = Z (exp(lZnY(n)t—lI)+exp (—zZnY(n)t+LZ))

nez?
0<hﬂ<N

11



which can be more compactly written as

Loy Vel

Py (1) = |3/2

3
cos (ZnY(n) t— I) .

nez?
0<|n|<N

For N eN, T € R such that N°'? < T we have

T
%f (F(t)- Pn(0)?dt=0O(N'3).
0

Corollary 2.8.
1 T
lim limsup— | (F(t)—Pn(£)?dt=0.
N—oo 7100 T'Jo
which implies F(R) € B,
Proof. see [3], Theorem 3.1 and Lemmas 3.2, 3.3, 3.4. O

Furthermore, it can be shown that the frequency expansion of F(R) is

1 v/ p(n)

(e (iZnY(n)t iBn) +e ( i2nY(n)t+ iSn)) 2.1
— X] —i— xXp | — — 1. .
=TT )7 1

2.2.3. A Formula For the Covariance

Consider once more the problem of computing the covariance of F; (R), F>(R), the normal-

ized error functions associated with Q; and Q..

Proof of Theorem 1.2. From (2.1) we have an expression for the frequency expansions of
F, and F,. Furthermore, from Corollary 2.6 we get a formula for the covariance of two
functions in B%. putting these together we get that

Vv P1(n)y/p2(m)
Cov(Fy, F2) = Z X 312( 17,1312
neZZ mez? |n|>'=|m|
Yo(m)=Y1(n)
which proves Theorem 1.2. O

Remark. Note that the covariance is always non-negative, and it is positive if and only if F;
and F, share common frequencies.

Corollary 2.9. Let Q1,Qy be convex planar domains with a smooth boundary and positive
curvature. The covariance between the normalized error functions of Q, and aQ; is 0 except

for a countable set of a's for which the covariance is positive.

12



Proof. The covariance is positive if and only if the normalized error functions share com-

mon frequencies. This happens only when « is of the form

a=Yi(n)/Ya(m), O0#n,meZ>

2.3. Covariance of Ellipses
2.3.1. Calculations Related to Ellipses

We can get a more specific formula than that in Theorem 1.2 if we restrict to the case of

ellipses. Let Q2 be a general ellipse given by
Q:ax®*+bxy+cy*<1.
Denote H(x, y) = ax? + bxy + cy? — 1. The normal at a point (xy, yo) on y = 0Q is given by

(Hx(x0, y0), Hy (X0, 0)) = (2axo + byo,2cyo + bxy) .

It follows that
2cny—bny 2an; — bn
x(ny,ng) = ,
Vdac— bz\/an§ —bminy+cn? Vdac- bz\/an§ —bniny +cn?
and

2\/an§ —bniny +cn?

Y (ny1,np) = (ny,np) - x(ny, np) = . (2.2)

Vdac - b?

The formula for the radius of curvature at a point (xg, yp) on v is

(Hz + H3)%'?

(xO) J’O)

It follows that

(2.3)

p(ny,ny) =

3/2
Vaac - b? ne + nj
2 an—bmny+cnz|

It will be useful to note that

1 p(ny,ny) Viac—b?

27 (n2 + n§)3/4 2V2n (ani — bnyny + cn?

)3/4 =

2V 2m 4ac - b? s V8w oY NI
=——@2nY(m,n .2
Vaac— b2\ 1672 (ani — bniny + cn?) Vaac — b2 b2

13



2.3.2. A Formula For The Covariance of Ellipses
We can now prove the formula for the covariance of normalized error functions of ellipses.
Proof of Corollary 1.3. Let Q;, Q, be general ellipses of the form

Qi:ax’+bxy+cy’<1, Qu:dx’+exy+fy*<l

for some parameters a, b, c,d, e, f. We plug (2.2) and (2.3) into the formula of the covariance
from Theorem 1.2. We get that

Cov(Fy, Fo) =
1 D VP1(n)y/p2(m) oy Y Vo1 | [ V/p2(m)
Z”Znezz e |n|3/2|m|3/2 n 2n|n|3/2 2n|m|3/2 :
Y2(m)=Y1(n) Y2(m)=Y1(n)
From (2.4), we get that this is equal to
167 1
Cov(F,Fo) =) ’ -
ne2?  meg? Vaac—Db*\/4df - e? 2nYi(n))
Yo(m)=Y1(n)
Denoting by r; (v) the number of integer solutions n,, n, to
\/ang —bnyny +cn?
4 =v
Vdac— b?
and similarly r»(v) the number of integer solutions m;, m; to
\/dmg —emymy+ fm?
%4 =v
Vadf —e?
we get from (2.2) that
167 rivra(v
Cov (Fy, Fy) = Z 1( )32( )
Viac-b*\/adf-e2 5 v
where v goes over all positive common frequencies. O

3. Covariance in Short Intervals

In this section we compute the covariance in a short interval h(T) of general domains
01,Q; as defined in Definition 1.4. We will always assume that the global covariance of
the normalized error functions Fj, F»> of Q4,Q is non-zero. We begin in subsection 3.1 by
approximating our functions Fj (t, h), F» (¢, h) with trigonometric polynomials and calculate
their covariance. Then, in subsection 3.2 we use the fact that we found the covariance of

the approximating trigonometric polynomials to deduce the covariance of F, (¢, h), F»(t, h).
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3.1. Covariance of Approximating Trigonometric Polynomials
3.1.1. The Trigonometric Polynomials P; y

The functions F; (1), (i = 1,2) are approximated by

Pin(0) = % 2 o7 cos (ZHYi(l’l)t— %Tﬂ)

|,”3Q

nez?
0<|n|<N

in the sense of Theorem 2.7.
It will be useful to introduce the following notation:

Definition 3.1 (Averaging Operator). For a function F,we define

1 T
=— | Fwad:.
(F)t T‘[o (ndt
Theorem 2.7 then states that
<(Fi(t) —P,-,N(t))2>T =O(N3)

provided that N < T2/,

Consider then the trigonometric polynomials
Pyn(t,h) = Pn(t+ h) — Pn(D).

Using the trigonometric identity

COS(OC)—cos(,B):2sin(“+ﬁ)sin(ﬁ;a)
we get that
p h\ . Mo
Pin(t,h)= nEZZ \I/’Esm(mﬂﬁ(mz)sm(znyi(n)(H_E)+Z .
O<|n|<N

From the triangle inequality we get that, for sufficiently small i, P; x(¢, h) is an approxima-
tion of F;(¢, h) in much the same way as P; y(f) is an approximation of F;(¢), since

\/<(Fl~(t, h) - Py (2, h))2>T <
\/<(F,-(t+ h) - Pi n(t+ h))2>T + \/<(Fi(t) —Pi,N(r))2>T =
\/ ((Fin-Pin)*) .

We continue by computing the covariance of Py (%, h) and P, n(£, h).
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3.1.2. Covariance of P, y and P,

In this section we calculate (Py y(t, h) P, n(t, h) ), where N = N(T) is sufficiently small.
We introduce the following notation:

D(M)= min |Yi(n)-Y2(m)|.
0<|n|,|m|sM
Yi(m)#Ya(m)

Definition 3.2. Let Q;,Q, be two convex planar domains with smooth boundary. We say
that Q;,Q, are a x-Diophantine pair for some « > 0 if D(M) > M.

-1
Lemma 3.3. Assume that;,Q, are ax-Diophantine pair. Let N(T) = O (T(%S“‘) ) Under
these assumptions

(P1N(t, R(T) Pan(t, H(T))) =

3 Zr Z, Vv P1(n) \/p20m) |

h)? -1/6
P 1n(2nY1(n)§) +O(N"°) 3.1

712
|n|<N |m|<N
Y1(n)=Y2(m)

Proof. Let T > 0. From the linearity of (F) 7 as a function of F:

(Py N(t, R(D)Pon (L, W(T))), =

. Z Z Vv p1(n) \/Pz(

. h
|I’l|3/2 |3/2 (27‘[Y1(7’l) )Sln(ZnYZ(m)E) x

nez®>  meZ (3.2)
In|l<N |m|<N
. hy m\ . hy =n
<Sln(2ﬂYl(l’l)(t+—)+—)81n(27rY2(m)(t+—)+—)>
2) 74 2)74)/;
We can rewrite sin(a) as % (exp(ia) —exp(—ia)). We get that
(sin[zmviim 13+ ) i )+3))
sin[2zYi(n)|t+—=|+—|sin(2aYo(m)|t+—=|+— =
2) "4 2)74)/;
1 ,
:1_ [(eXp(ZT[l(Yl(n) _ Yz(m)))>Telﬂh(Yl(n)—Yz(m))
(3.3)

+(exp2mi(Y2(m) — Y1 (n)))), e H20m=Yi(m)
_ <exp(27ri(Y1(n) + Yz(m)))>T o~ imA/2+ W) (Y1 (m)+Ya(m)

If Y1 (n) = Y2(m) we get that

(exp(x2mi(Y1(n) — Yo(m))), = 1.
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Since both n, m satisfy |n|,|m| < N, in all other cases we get-
|£Y1(n) £ Yo(m)| = D(N).
Since Q,,Q; are a k-Diophantine pair, and from our choice of N, we get that
D(N) > N ™% s T7/(%+%),
Thus, since |(exp(iat)) | < %, we get that in these cases

[(exp@mi(+Y1(n)  Ya2(m))) ;| < Tx/ (F+x)-1

And so, since there are N* pairs of n, m we get that-

Y (exp@uixYi(m) & Ya(m)), < NATK! (B +x)-1

+Y1(n)#xY>(m)
|nl,lm|I=N

« TEHR(F+x)=1 _ p-1/6(F+x) . p-1/6

Thus, from (3.2), (3.3) we get that

(P1,n(t, R(T)Pa,n (8, h(T))) 1 =

2 vV P1(n) \/p2(m)
)

|n|3/2 |m|3/2

h 2
— sin(ZnYl(n)—) +O(N7YE)
T MSN  |m<N 2
Y1 (n)=Y>(m)

Our main result in this section is the following proposition, giving an expression for

(P1,n(t, h(T)) Py n(2, (T))) 1

which does not depend on N. There is an implicit dependence, as the formula requires T

to be sufficiently larger then NV, and N to be sufficiently larger than h.

Proposition 3.4. Define the function

f)=4) Fy(v)E>(v)sin® (gv)

where v goes over common frequencies of F1 and F.
Under the assumptions of Lemma 3.3 and assuming h™'?(T) < N(T), we have that

(P1n(t, h(T)), Pa,n(t, (T))) ¢ = f(R(T)) (1 +0(1))

17



In order to prove Proposition 3.4, we will first need the following two Lemmas regarding the

function f-

Lemma 3.5. Let F|(t), F»(t) be the normalized error functions corresponding to convex pla-
nar domains with smooth boundary. Assume also that Fy, F» have a non-zero global covari-
ance. Define

rM= Y FmEW).
[vi>M

where v goes over all common frequencies. Then
r(M) < M1,

Proof. The function r(M) is weakly decreasing, since F; (v)FTg(v) is always positive. Fur-
thermore, from Parseval’s Identity we know that r (M) tends to 0 as M tends to co. Using

Parseval’s Identity, namely Corollary 2.6, we get that

rM) = Y FMEBW) = Iim ((F(0) = PLu(0) (Fa(0) = P (D))
v>M —o0

where we used the fact P; ps and P, ) are the truncated frequency expansions of F; and F,
respectively, as seen in (2.1). Using the Cauchy-Schwarz inequality we get that

r(M) < lim <(F1(t)—Pl,M(t))2>T¢<(Fz(r)—Pz,Mm)2>T.

From Theorem 2.7, we have that
lim ((Fi(0) - Pyu(0)*) =0 (M),
Tooo \© b T
Thus we have that r(M) < M~1/3, O

Lemma 3.6. Let F(t), F»(t) be the normalized error functions corresponding to convex pla-
nar domains with smooth boundary. Assume also that Fy, F» have a non-zero global covari-
ance. Then
Y B mE (W) sin? (gv) > h?log(h™).
[v|sh™1

Proof. We assume that the global covariance of F; and F is positive. This means that there

exist a common frequency v( such that Fi(vg)F>(vg) > 0. Let k € N, and consider the fre-
quency kvy. From the equalities

Yi(kn)=kY(n), pikn)=p;(n), |kn¥?=1>%n3"?
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we get that Fy (kvo) Fa (kvo) 2 75 F1 (vo) 2 (vo). This shows that-

A = _ h A = . _
f(h) = ZFI (V) E, (v) sin? (Ev) > Z Fy (kvo) Fa (kvo) (hkvg)?

ksvg'h1

A ~ 1
> h? (V%Fl (Vo)Fg(Vo)) ( > —) > h*log(h™)
k<h!
O
We can now prove Proposition 3.4:

Proof of Proposition 3.4. From Lemma 3.3 we have that

(P1,n(t, h(T)), Py n(t, h(T))) ;=

2 Z/ ZI V Pl(n) V pZ(m)

|n|3/2 |m|3/2

h 2
— sin(ZnYl(n)E) +0O(NYE).
|n|<N |m|<N
Y1(n)=Y2(m)

We are going to show that f(h) > h?log(h™!), and since N > h™!? the error term O (N~1/6)
is going to be negligible.
We use the fact that Y;(n) = |n| and rewrite the RHS as

%zsinz(mm( 5 \/M)( 5 @)

|n|3/2 |m|3/2

V=N n:Y1(n)=v m:Yo(m)=v

where v goes over all common values of Y; (n) and Y>(m). Using (2.1), this is equal to
4 E (v)%sin2 (ﬁv) )
Ivl<2nN 2
where v goes over all common frequencies.
We now wish to prove that this expression is asymptotically equal to f (k). We do this by
showing that the terms in f corresponding to frequencies larger then N are negligible. And

so, it is enough to show that

), B Fsin® (ﬁv) < Yy EMEWsin® (ﬁv)
|vI>N 2 lvih-1 2

From Lemma 3.6 we have that
O h
Z FL(v) B> (v) sin? (—v) > h? log(h_l).
lvilsh1 2
Using the bound sin(x) < 1 and from Lemma 3.5 we get
Z Jai A ) ﬁ -1/3
1(V)F>(v) sin vi<r(N)< N .
V>N 2

Since N > h~'2 we have N™'/3 <« h?log (h~!) which completes the proof. O

19



Corollary 3.7. The function f(h) defined in Proposition 3.4 satisfies f (h) > h*log(h™?).
Furthermore, if we assume that all common frequencies of F1, F» are of the form kv for some
initial vy and k € Z, and we assume that 2nY,(n) = 2nYo(m) = kvg only when n = kng, m =
kmy for some solution ny, my of 2nY1(ng) = 2nY>(mgy) = vo (i.e. the number of solutions is
constant), then:

f(h) =Ch*log(h™')+ O (h?)

where

C = 2viF (vo) Fa (vy).

Proof. the bound f(h) > h?*log(h™!) follows from Lemma 3.6.
As for the second part of the statement, The fact that 2nY;(n) = 27Y>(m) = kvy only when
n = kngy, m = kmy for some solution ng, mg of 2w Y; (ng) = 2nY>(mgp) = vy implies that

1
K3

1

Fi(kvo) = 3

Fi(vg), Falkvo) = —=Ea(vy).

We then have that-

Fn) =4 By (kvo) Fa(kvo) sin® (ngo) =
kez

. - 1 h
8F) (vo) Fo(vy) 3 15 sin® (5 kvO) =
keN

1 1
Ch* Yy —+0| Y —|+0(h*)=Ch’log(h™)+0O(n?).
k<h™! k k>h-1 k

O

3.2. Covariance of the Error Term in Short Intervals of General

Domains
We now compute the covariance of F, (¢, h(T)), F>(t, h(T)).

Theorem 3.8. Let Q1,Q» be convex planar domains with a smooth boundary and positive
curvature and let F,(t), F»(t) be their normalized error functions. Assume that the global
covariance of F (t), F»(t) is non-zero. Assume also that Q;,Q, are a x -Diophantine pair. Let
h(T) be a function of T tending to 0 such that h(T) > T~/ 00+12x),

Then-

Cov(F(t, h(T)), F2(t, h(T))) = f(h)

where

f(h)= 42131 (V) B> (v) sin® (gv) )
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Proof. Take N(T) = h=12(T) « TY%*%) Note that the conditions on h imply that N(T) <«

T?/>. From Proposition 3.4 we have
(P1,n(t, L(T) Py n(t, h(T))>T = f((A+o0(1)).

Thus, in order to prove the theorem it is enough to show that-

li Fi(t, ) Fy(t, h)) 7 — (Py n(t, )Py (£, 1)) = 0.
ngoﬂhm)« (6, o (t, b)) 1 — (Pyn (8, WP (t, h)) 1)

From the equality

Py NPy N —F1Fy = (Fy — Py,N)(F2 — Po,N) — (F1 — Py,N) F2 — (F2 — Po, N) F).

We get-
) [(Fy (8, ) Fy (8, W)y 7 — (Pun (8, W Fa (1, 1)) 1| <
1
F(h(T)) [((F1 = PL,N) (Fo = Po,n) ) g+ ((Fy = PuN) Fo ) + ((Fa = Pon) Fa ) |

Using the Cauchy-Schwarz inequality we get that

m KE1 (8, ) Eo(t, W) 7 — (PN (6, WE (8, h)) | <
(\/<(F1 = PL?) (B = Pon)?)
\(F = Pun?) (B2 )
+\/<(F2—pz,N)2>T\/<F12(t,h)>T )

From Theorem 2.7 we get that ((F; — P;,y)*) = O (N7'3). As for the terms /((FZ(t,h)) ,,
using the triangle inequality we get
(@), = H(FEies = Fie)2)y < B+ )+ (F20), = \(FA0),

which is bounded in T since F; have finite variance (see [3]).
And so, from (3.4) we get that

1

fn) 54)

(Fy(t, Fx(t, )t = (P (t, W Fa(t, ) ) =

S((TY)
_f(lh) (O(N3)+ O (N716) + O (N19)).
From Lemma 3.6 we get that f(h) > h*log(h™!). And so,
N—1/6
Fi(t,W)F>(t, )y —(Pin(t, WF(t,h)) ;) = O ———<| =01
Fh(T) ((FL(t, B Fa(t, W)Y 7 — (P1n (8, W Fa(t, 1)) ) (hzlog(h—l)) o(1)
where the last equality used the fact that N = h™'2, O
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4. Covariance of Ellipses in Short Intervals

In this section we consider the covariance in short intervals of normalized error functions of
ellipses. in subsection 4.1 we prove a result concerning the covariance of 'generic’ ellipses.
In subsection 4.2 we look at the covariance of two specific ellipses. Namely, x>+ ay* < 1 and
x+xy+y?< % for various a’s. This example is of particular interest since it related to error

terms of the Dirichlet eigenvalue problem for a rectangle and for an equilateral triangle.

4.1. Covariance of Generic Ellipses

Our main goal in this section is to prove Theorem 1.5 regarding the covariance of a generic
ellipse pair. By this, we mean that the set of ellipses that don’t satisfy the desired properties
has measure 0. In order to make this statement precise, we will first need to define the mea-
sure space that we are referring too. We then proceed by proving that for x > 5 almost all
ellipse pairs are x-Diophantine, which allows us to invoke Theorem 3.8 and get a formula
for the covariance in short intervals (with some restriction on the decay rate of the short in-
terval). We also prove that almost all pairs of ellipses satisfy the conditions of Corollary 3.7,
proving that for almost all pairs the covariance has order h?log(h™!).

4.1.1. Definition of the Measure Space

Let
Qi:ax’+bxy+c<1, Qu:dx*+exy+fy*<l

be two ellipses for some parameters a, b, c,d, e, f.

Definition 4.1. We define I' as the set of ellipse pairs. We identify ' with a subset of R® (with
its standard Lebesgue measure) defined by

I'={(a,b,cd,ef)e R® | 4ac> b, 4de > fz}
where we identify (a, b, ¢, d, e, ) with (Q;,Q5).

We will however be interested in ellipse pairs that have non-zero global covariance. To this
end, for any non-zero n = (ny, ny), m= (m;,my) € 7? we define I'(n,m) T as the zero set of

2\/cm§ —bmyny +cn? 2\/de —emymy+ fm?
Vidac — b? VAadf —e?

where we used (2.2) for the formulas of Y; and Y5.

(Y1(n) - Ya(m))(a,b,c,d,e, f) =
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Definition 4.2. We define the space of ellipse pairs with non-zero global covariance as

F/ = U F(n,m) (4.1)
n,mez?
n,m#0

with the inherited metric from I'.

4.1.2. Diophantine Property for Ellipse Pairs

Proposition 4.3. For allx > 5, almost all ellipse pairs that have non-zero global covariance
are a x -Diophantine pair.

We will first need the following lemma.
Define a function v : Z* — 7° by

2 2 2 2
v (ny, np, my, mp) = (ny, NN, N7, My, My My, Ms). 4.2)

Definition 4.4. We say that p € R® is VWA (very well approximated) if there is some ¢ > 0

such that there are infinitely many (n,, ny, m;, my) € Z* for which
0< |p-w(n, na, my, my)| < (max(ny, np, my, mp))~* €.

Lemma4.5. Letq#0¢€ Z5 and let H = q* be the hyper-plane perpendicular to q. Almost all
p € H are not VWA.

Proof. It is enough to prove the statement for some local compact subset of H, which we
denote C. Let n = (ny, np), m = (my, my) € Z2. Denote by C, ,,, the set of points p € C which
satisfy

0< |P'1//(n, m)I < (max (ny, np, my, mp)) €.

If w(n, m) is proportional to q, then C,, ,, = @ has measure 0. Otherwise, the points in Cy, ,,

satisfy
v(n,m)

Py ml

where § = (max(n;, ny, m;, m»))~%7¢. This means that p is in a 6 neighbourhood of the

0<‘

hyper-plane y(n, m)* in R®. We now show that this also means that p is in a small neigh-
bourhood of Hnw(n, m)* in H.

Denote by 6 the angle between q and y(n, m). Since q-w(n, m) is an integer, and q is not
proportional to ¥ (n, m) we get that

(awnm)” _lalPlymml?-1 _ 1
laliZly Ge,m)I2 = a2y, mlZ gy G, m)2

cos® (0) = (4.3)
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Y(n,m)

Y(n,m)*

HnN lp(n,m)l 6/5111(9) p H

Figure 4.1: A projection on to span (q, y(n, m))

It can be seen that any point on H thatis in a 6 neighbourhood of y(n, m)L, isin a 6/sin (0)
neighbourhood of Hnwy (n, m)* (see Figure 4.1).
Thus, from (4.3) we get that pisin a

8/sin(0) =q 6lly(n, m)|| < (max(ny, np, my, my))~* ¢

neighbourhood of Hnwy (n, m)*.

Since we restricted our attention to a compact subset of H, it follows that
1 (Cn,m) < (max(ny, np, my, mp))~*¢
where p is the standard Lebesgue measure on H. We now have that

Y wCam)< Y. (max(n,nz, mi, mp) ¢ < co.

n,mez> n,mez?
n,m#0 n,m#0
The statement then follows from the Borel-Cantelli lemma. O

Proof of Proposition 4.3. Denote by A the set of points in I which are not a x-Diophantine
pair. We will show that the set .4 has measure zero. Since (4.1) expresses I’ as a countable
union, it is enough to prove the statement for each set in the union. Thus, we set some
non-zero n® = (nj,n3),m* = (mj, m3) € 72 and we wish to show that that AN [ (s, ms) has
measure 0.

In order for a point to lie in .4, we must have that for infinitely many n = (n;,n,),m =
(my, my) € Z?

Yi(n) # Yo(m), |Y1(n)=Ya(m)| Kgpe,d,ef (Max(ng, ny, my,my)) " .
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Since Y1 (1) =4 b,c,d,e,f |11, we get that this is equivalent to having infinitely many n, m € 7>
with

YE(n) - Y5 (m) =
(Y1(n) = Yo(m)) (Y1(n) + Y2(m)) <K g p,c,de,r (Mmax{(ny, nz, my, myh) M. (4.4)

We define the functions A, B,C,D,E,Fof a, b,c,d, e, f by

B a B -b co c
"~ 4ac-b? "~ dac-b*’ ~ dac-b*’
p=—2  p-_°¢  p-_J
C4df-e?’ T 4df-e? T 4df-e?

With these notations we have that

Y{(n) - Y7 (m) = (A,B,C,D,E,F)-y(n, m).
Consider the function @ : I' — R® defined by ®: (a,b,c,d,e, f) — (A,B,C,D,E,F). Itis
nowhere degenerate since

0(A,B,C,D,E,F) -1
= <0.

a(ar b! C! dr e) f) (46lc— b2)3 (4df - 32)3

The restriction of @ to I'(,s ) takes elements from the zero set of YZ(n®) — Y7 (m®) to the
hyper-plane
H:{(A,B,C,D,E,F)|(A,B,C,D,E,F)-w(n®,m*) = 0}.

From Lemma 4.5 we get that almost all points (A,B,C,D,E,F) € H are not VW.A. Thus,
since @ is nowhere degenerate, it follows that for almost all (a, b,c,d, e, f) € I' (s, ms), the
corresponding (A,B,C, D, E,F) € H is not VW.A. Since x > 5, this means that the set of
(a,b,c,d, e, f) €T (ys,ms) that satisfy (4.4) for infinitely many (7, m) has measure 0. It follows
that almost all ellipse pairs (a, b, ¢, d, e, f) € I' (45, m5) are a k-Diophantine pair.

O

4.1.3. Common Frequencies of Generic Ellipses

In this section we prove a result regarding common frequencies of generic ellipses that
have non-zero global covariance. We will use the same notations we used in the proof of
Proposition 4.3.

Proposition 4.6. Almost all ellipse pairs in T’ satisfy the following: The only n,m € Z? for
which Yi(n) = Y>(m) are n = kng, m = £kmyq for k € Z and some initial ny, mg € Z°.
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We will first note the following-

Lemma 4.7. Lety be the function defined in (4.2). Then w(ny, ny, my, my) is proportional
toy(ly,0,, ki, kp) if and only if (ny, na, my, my) is proportional to either (€1,¢>, k1, k») or to
(01,02, k1,—k»).

Proof. This follows from the fact that (x, y) — (¥, xy, x?) is invertible up to + sign. O

Proof of Proposition 4.6. As in the proof of Proposition 4.3 it is enough to prove this for the
case of I'(;s sy for some n®, m® € Z2. We wish to show that for almost all (a, b, c,d, e, f) €
T (us,ms), the only n,m € Z? for which Y;(n) = Y»(m) are integer multiples of n®, m* or of
n®, —m?®. In other words, we wish to show that

A= U {Fom(a,b,c,d,e, f)=0} (4.5)

n,mez?
n,m#kngy,+£kmg

has measure 0 in I'(;s,,5) where

Foum(a b,c,d, e, f) = Yi(n)— Yi(m) =
a 2

— NS ——— Ny
dac-b2 % 4dac-b?

+——n
dac— b2 2
2 € f 2

—— My + ———— MMy — ————— M.
ddf—-e2 2 adf-e2 P adf-e2 !

The expression (4.5) expresses A as a countable union, so once more it is enough to show
that

{F(nym) (a,b,c,d,e, f) = 0} N F(ns,ms)

has measure 0 for some specific n, m which is not a multiple of (n*, +m?®). We once again
use the map ® defined in Proposition 4.3. The map ® takes {F(,, ) (a, b, ¢, d, e, ) = 0} to the
hyper-plane H; perpendicular to y(n, m). However, since we are restricting our attention
to (s, ms), the image is also contained in the hyper-plane H, perpendicular to y(n®, m®).
Since n, m is not a multiple of n®, +m?®, we get from Lemma 4.7 that H; and H, are not
equal. This means that H; n H, has co-dimension 1 in H,. From the non-degeneracy of ®,
this means that {F(n,m) (a,b,c,d,e, f) = 0} NI (ns,ms) is @ sub-manifold of co-dimension 1 in
I (s, ms). Thus, it has measure 0 as required.

O

4.1.4. Covariance of a Generic Ellipse Pair

We now prove the main result of this section
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Proof of Theorem 1.5. Let € > 0. From Proposition 4.3 we have that almost all ellipse pairs
(Q1,Q5) € T' are a (5 + €)-Diophantine pair. Thus, from Theorem 3.8 we get if h(T) >

!
T—1/110+€ , then

Cov (Fy(t, ), F(t, 1)) =4 By (v) Ey(v) sin? (gv) ,

Denote by v, the smallest positive common frequency of F; and F,. From Proposition 4.6
we get that almost all ellipse pairs satisfy the conditions of Corollary 3.7. Namely, we get
that if 2nY) (+ny) = 27Ya(£myg) = vy, then the only solutions n, m to 2nY)(n) = 2nY,(m) =

kvg are n = £kng, m = +kmgy. Thus, from Corollary 3.7 we have that

43 F V) By (v) sin® (gv) = Ch*log(h™ ')+ O (h?)

where C is given by 2v(2)F1 (vo) E5(vp). From (2.1),(2.2),(2.4) we get that

C= 167
voVaac—b%\/adf - e

4.2. Covariance Between a Rectangle and an Equilateral Triangle

We now consider the covariance between the normalized error functions F;, F» of the fol-

lowing two ellipses:
2 2_3 2 2
Qr:x“+xy+y SZ’ Qo:x“+ay <1.
These normalized error functions are related to the Dirichlet eigenvalue error functions
corresponding to an equilateral triangle of side length 2—\/%, and a rectangle with side lengths
7 and y/an. The covariance can behave differently depending on @. Our main result from

this section is Theorem 1.6. We begin by examining the "generic’ case, and then proceed to
explore the case of rational a.

4.2.1. The Generic Case

Lemma 4.8. For anyx >3, for almost all a € R, 01,Q; is ax -Diophantine pair.

Proof. Assume that a ¢ Q. Denote K = (xk —1)/2. Since K > 1, it is known that almost all @
satisfy
1
lk—Ylal >>£—K (4.6)
for almost all k, ¢ € Z. We show that if « is such a number, then Q;,Q, is a k-Diophantine

pair.
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From (2.2) we get that for n = (n1, np), m = (my, my) € Z2:

1
Yi(n)=\/n?—nyinp+n3, Ya(m)=—1/am?+m?.
1 2 \/& 1 2

If ny, no, my, my; < M then we have that-

Yi(n) - Ya(m) =
— (N7 —MnNo+n,—MmM,—ams| > —\|\n7y—nNinNo>+n,—m, —axmys|. 4.7
Yl(n)+Y2(m)( L= e+ = my = amy) > o (0= g+ —my —amy). (A7)

We wish to prove that if Y, (n) # Y>(m) then | Y (n) — Yo (m)| > M~¥. Since nf—n1n2+n§—m§

and m% are integers of size at most M?, and since we assume that « satisfies (4.6), it follows
that
-K -
né—nyny+ns —ms—ami > (M*)" = MK,

From (4.7) we get that
1Y1(n) — Yo(m)| > M~ @K+ = ppx

which implies that (Q;,(2,) is a k-Diophantine pair. O

Proof of Theorem 1.6, Part 1. From Lemma 4.8 we know that almost all @ ¢ Q will result in
(Q1,9Q) being a k-Diophantine pair for any « > 3. Let @ be such a number, and let A(T) >
T~-1/865%¢ for some € > 0. We can find « sufficiently close to 3 such that

-1
h(T) > T—1/86+€ > T—(50+12K) .

Thus, from Theorem 3.8 we get that
N = .. 2 h
Cov (Fy(t, h), Fo(t,h) =4)_ Fy(v) B> (v) sin L
v

Since a ¢ Q, we get that the only common frequencies of F; and F, are of the form 27k, k €
Z.
From (2.1),(2.4) we get that for ke N:

3ri/a VBT 11Q2RK) 1314 V3 N27k)

3 e an kP

rl(v):#{nezz |2n\/n%+n1n2+n§:1/}.

Similarly, noting that there are exactly two solutions m € 7% to 21 Yy (m) = 21k, we get that

Fl (£2nk)=e

where
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8t 2 rami/a 1

2\/_ (27‘[](7)3/2 =e ”\/ak3/2

Thus, the covariance is given by

23 5 rrk)
mVa g K

A = h
Cov (F(t, h), F2(t,h) =4 Fy(v) F>(v) sin® (Ev) = sin® (mhk).  (4.8)
v
We can further estimate this sum by looking at the first ™! terms and the rest of the terms
separately. We will use the fact that

Y. r@uk) = —\/_NlogN+ O (N)

k=N
which we prove in Theorem A.1. For the terms with k > h~! we use the inequality sin(x) < 1
and summation by parts to get

Y 1 (Ii?k) sin® (mhk) = O (h*log(h™')). 4.9)

k>h-1

As for the first k™! terms, using the approximation sin(x) = x+ O (xz), and once more using

summation by parts, we get

Y sin® (mhk) = 3V3nh? Y

k<h™! k<<h-1

rn (2 k) log(k)

+O(h*log(h ™)) =

3‘F”h210g (™) + O (Klog(h7")). (4.10)

From (4.8), (4.9), (4.10) we get that

Cov (Fy(t, h), Fy(t, 1)) = ——h2log? (™).

mva
O

4.2.2. The Case of Rational «
Assume now that a € Q and denote @ = p/q where p, g are co-prime.
Lemma 4.9. The pair (Q1,Q2) is a 1-Diophantine pair.
Proof. Letn,me 72,0 < |n|,|m| < M. From (4.7) we get that if Y, (n) # Y>(m) then

1Y1(n) = Ya(m)| > — |n1 ning +ns —ms—amyi|.
Writing a = p/q, we get that |Y;(n) — Y2(m)| >4 ]\L/I O
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Proof of Theorem 1.6, Parts 2,3. Let a = % € Q. From Lemma 4.9 we have that Q;,Q, are a
1-Diophantine pair. Thus, from Theorem 3.8, if h(T) > T-1/62 then

Cov (Fy (£, h), Fa(t, 1)) = 4 Y Fy ) Fy (v) sin? (gv) ,

2n,/mf+%m§:v}.

Note that the common frequencies of F; and F, are supported on the set {1271\/? le I\I},

We denote
ra(v) = #{(nl, ny) € 7*

and so we get that

n (271\/?) I (27!\/?)

0312

3
Cov (Fi(t, h), Fo(t, h)) = ”;/_ >

AN

sin? (nh\/?) . 4.11)

In the appendix (Theorems A.2,A.3) we show that

3v3 . .
—*=NlogN+O(N) if3pgqisasquare
Y. 11 (2nVe)ra (22v/) =4 VP9 (4.12)

(=N CN+ O (N3/4*e) otherwise

where p’ is the square free part of p, and C is given in Theorem A.3.
02
We now use (4.11), (4.12) and summation by parts. We denote u(x) = smx(3+ﬁ) We consider

the case of 3pg not a square. In this case we get

V3 rn (271\/?) Iy (zm/?) ,
F ,h,F ,h = i h [ =
Cov (F; (¢, h), F2(t, h)) = _“z%:\l 772 sin (n \/_)
v3 5 s/aseny U((€+1DR?) —u(lh?)
hS (CO+0 (634 ,
e i o) 2

As h tends to 0, using the definitions of the derivative and of the Riemann sum, we get that

3 [ -
Cov(Fl(t,h),Fz(t,h)):Chnz\/afo xu'(x)dx+O (h¥'47€).
Using integration by parts and the variable change y = /x, it follows that
0 gin?2 (ﬂy) V3 7 C\/_
Cov(F(t, h),Fx(t,h)) =2Ch f dy=2Ch
ov (Fy(t, h), F»(t, h)) e y= nz\/_z \/a

Similar arguments show that in the case where 3pgq is a square:

18
Cov(Fy(t, h), Fy(t, h) = ———hlog(h™")
vpp

where p’ is is the square free part of p (which is either 3 or 1).
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A. Appendix
We denote

ro(k) = #{ny,ny € Z|nf — nyny + nj = k}

I'a,p(k) :#{m,nz €Z‘n§+ %ng = k}.

In this section we prove several results regarding these functions that were used in Theo-
rem 1.6. We start by stating the main theorems.

Theorem A.1.

3v3
Y ru(k*)= —\/_NlogN+ O(N).
k<N 7
Theorem A.2. Assume that3ab is an integer square. Then

3v3
w (k) a (k) =
ngr fab vab'

where b’ is the square free part of b.

NlogN + O (N)

Theorem A.3. Assume that3ab is not an integer square. Then

Z Ty (k) T'ab (k) =CN + O(N3/4+e)
ksN

foranye>0.
The constant C is given by

27?2\ (L, X))
C=
( V 3&1?’) (L(ZJX) o2 prlllglub’ O-P

p=3,r=2

where-
* b'is the square free part of b.
* y is the Kronecker symbol y(x) = (%“b’)

e Thevalue of o, is given in Lemma A.9.

* The value of o, for p = 3 which divides 3ab' with multiplicity is given in lemmas A.6,
A7, A1l

We begin with a proof of Theorem A.1.
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Proof. Letw = ¢*"'3 and let Z[w] be the Eisenstein integers. Denote also U = {+1, +w, +»?}
the units of Z[w]. Then r,(k?) is the number of elements in Z[w] with norm k?. Denote
a(k) = %rw(kz). Then a(k) counts the number of Eisenstein integers of norm k2 up to mul-
tiplication by a unit in U. From unique factorization in Z[w] we have that a(k) is a multi-
plicative function. From properties of primes in Z[w] we get that a(p¢) for a prime power
p’ is:

2e+1 p=1 mod3
a(p®) =<1 p=2 mod3 (A.1)
1 p=3.
By the Euler product expansion, it can be seen that the Dirichlet series of a (k) is given by

e an) L(s, x3)
Da(S)—n;N o =( (S)—((zs)(l—g—S)'

From [17, Chapter II.5, Theorem 3] we get that

Y a(k)=CNlogN+O(N)

ns=N
with
_ L,y _ V3
T(@a-1 en
The result follows after noting that r, (k) = 6a(k). O

We now present the proofs of Theorem A.2 and Theorem A.3. These use results regarding

the singular integral and singular series, which we prove in lemmas A.4 through A.11.

Proof of Theorem A.2. The sum

SN = Z To (k) 1a,p (k)
k=N

is equal to the number of solutions x, y, z, t € 74, G(x, ¥ 2, t) = 0 to the quadratic form

a

G(x,y,2,1) :xz—xy+y2—z2—gt2.

which satisfy x?> — xy + y* < N. Denote by b’ the square free part of b. Then any solution to
G(x,y,z,t) = 0 must have (b’ \/ #) | £. Writing ¢ = (b’ \/ ﬁ) w we get that counting solutions
to G = 0 is equivalent to counting solutions x, y, z, w € Z* to F(x, y, z, w) = 0 where F is the
quadratic form

F(x,y,z,w) = X* — xy + y* — z* — ab' w*.
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The determinant of the form F is 12ab’. If we assume that 3ab’ is a square, then from [9,
Theorem 7] we get that
Sy=CNlogN+O(N).

Furthermore, the constant C is given by

C:%(Tool;[((l—l)ap) A.2)

p

where 0, is the singular integral, and o, are the p-adic densities. Since 3« is a square,
from lemmas A.5, A.6, A.9, A.11, we get that g, = 1 + % for all p # 3, and o3 = 2. Also, from

22

V3ab'®
M) S )2
2\vBar ) \#2)\413)  vapr’

Proof of Theorem A.3. Once more, the sum

Lemma A.4 we get that 0 =

Plugging these into (A.2), we get that

SN= Y, To (k) Tap (k)
k<N

is equivalent to the number of solutions x, y, z, w € Z*, F(x, y, z, w) = 0 to the quadratic form

2 2

F(x,y,z,w) = X*—xy+y*—z* —ab'w

where b’ is the square free part of b. Assuming 3ab’ is not a square, we get from [9, Theorem
6] that Sy =CN+ QO (N3/ 4+"’) for any € > 0. Furthermore, we get a formula for the constant
C. Denote by y the Kronecker symbol y () = (@) where det(F) = 12ab’. Then

C=0LL, 0[] -x(pp™) Tp.
p
From lemmas A.5, A.7 A.11 we get that

1+% x(p)=1

_ 1 1 __

op=1(1+%)(1+3) xm=-1
1 p#2 pl3a’band p®{3a'b.

The cases of p = 2 and p" | 3ab’ for some r > 1 are handled in lemmas A.6,A.7,A.9,A.11. It
follows that
[ -x(pp™) op= L2,y [T o,

p prin2ab’
r=2
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where the values of o, for p =2 and p = 3 with p" || 3ab’ for some r = 2 are explicitly given
in lemmas A.6,A.7,A.9,A.11.

As for the singular integral, from Lemma A.4 we get 0 = 212

V3ab'®

Thus, overall we get that

2n? \(LQ, X))
C= :
( V 3@19’) (L(Z)X) 2 prlllglab’ al]

p=3,r=2

For example, if 3ab’ is square free and ab’ = 1,5 mod 8, then we get that

e
3a’b L(Z)X) '

O

We now turn to the calculations of the singular integral and p-adic densities. Throughout,

we denote

2 2

F(x,y,2,w) = X*—xy+y*—z* —ab'w

where gcd(a, b') =1 and b’ is square free. We will at times denote @ = ab’.

LemmaA.4. Let

1 x*—xy+y%2<1
R(x,y,z,w) = yey
0 otherwise.

Then the singular integral 0, which is given by

1
Os = lim —f R(x,y,z,w)dxdydzdw,
e—0* 2€ |F(x,y,2,w)|<e
has value
2m?
Opo = —.
* V3a
Proof. We first consider the following coordinate change:
x—2 3
(x, 5,2, W) — (x’,y/,zl’ w’) = (Ty, %.X, Z, \/&w
with Jacobian
ox',y',z\w'") V3a
ox,y,zw) 2
Note that

F(x',y’,z’, w/) — x/2 + yIZ _ z/2 _ w/2.
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We then have
Oco = —llm Vol(Ve)

V3ae—0
where

2.2 2 g2 )
Xy -2 -uw" <6, XT+yY 51}.

-

We now switch to polar coordinates in both x’y’-plane and z’'w’-plane:

x',y)— (1,0),
(2, w)— (p,p).
We then get
1 1 Vi2te
—Vol(Ve) f do d1//f f pdpdr =
0=0
42 (2 |VrP+e (12\ V1€ c—g o
TEITE)T
It follows that
272
Ooo = ——.
* vV3a

We now proceed to compute the p-adic densities:

op=lim — L {(x,y,z w) (modpk) F(x,y,z,w) =0 (modpk)}.

k—o0 p
We first introduce some notations. Let p be a prime. Assume that p’ | @ and denote a’ = “p—b,
We denote

N = #{(x, ¥, 2, W) (modpk)‘x2 —xy+yP -2 -pdw?=0 (modpk)}.
We also denote Nj. = N and we define Ny = 1.

LemmaA.5. Let p bea prime, p #2,3, pta. Then

1 . .
1+5 3a isasquareinf,

0'p = 1 1 -1 )
(1 + —2) (1 + —) otherwise.
p P

Proof. Since p #2,3, and

2

—xy+y*= ((x—2y)2+3x2),

]
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we can consider the equivalent form x? + 3y? — 22 — aw?.

We first find the number of solutions mod p. We can consider an equivalent form
F'(x,y,2,h) : (x+ h)?+3y* = h* —aw?

which can be rewritten as

2xh+ x* +3y* —aw?.

For any value of x, y, w mod p for which x # 0 we can pick & accordingly to solve the equa-
tion. This gives us (p — 1) p? solutions.

If however we assume x = 0 mod p, then (after picking arbitrary & which has p options) our
equation becomes

2

3y’ =aw? mod p. (A.3)

If 3a is a square mod p, then this has 2p — 1 solutions. Otherwise, there is only the single 0
solution. And so, we get an additional p(2p — 1) solutions if 3a is a square mod p, and only
an additional p solutions otherwise.
Thus, the number of non-zero solutions mod p satisfies

N1 pP+p?—p-1 3aisasquare mod p

b p3—p?>+p-1 otherwise.

We now use Hensel’s lemma to calculate the number of solutions mod p*. We say that
a solution mod p* is non-degenerate if it is not the zero solution mod p. From Hensel’s
lemma, every non-degenerate solution can be lifted from p’ to p**! in p® ways. This means
that we have p3*~D (N] — 1) non-degenerate solutions mod p~.
For degenerate solution mod p*, we can divide each variable by p. This gives us a solu-
tion mod p*~2, with the most significant p-adic digit of each variable chosen arbitrarily. It
follows that the number of degenerate solutions mod p* is p* Nj_,.
Thus we have the recursion

Ny Ni—1 1 ( Nio
ﬁ_ p3 +? p3k-2 |°

This recursion can be solved to give

otherwise. O
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LemmaA.6. Let p #2,3. Assume that p" | a, wherer > 0 is even and p’"*' t a. Then

)1+ 3’;—? is a square mod p
o= 1+ % -~ m otherwise.
Proof. We consider the equation
x>—xy+y*-z2—paw?=0 mod pF. (A4)
Modulo p, this equation become:
x> —xy+y*—2z*=0 modp (A.5)

(and w can be chosen arbitrarily). We will call a solution mod p good if either x, y or z is
inevitable. From Hensel’s lemma, these good solutions can be lifted to a solution of (A.4)

3(k-1)

mod p*in p ways. It can be shown that the number of good solutions to (A.5) is p? — 1

(times p options for w). So the number of solutions mod p* which come from a good

solution is (p° — p) p3k=D.

If (x0, Y0, 20, Wo) is a solution that doesn’t come from a good solution, then we can divide

X0, Yo, 20 by p and the coefficient of wy by p? and get a solution mod p*~2. We can then

pick the most significant p-adic digit of xy, yo, 2o arbitraraly, and the two most significant

p-adic digit of wy. Thus, the number of non-good solutions is p° N ,Z:g

Overall, we get the following recursion:
Ne _ (1 _
p3k

1
2

p

1 N5
)+;(p3(k_2) : (A.6)

By repeating (A.6) r/2 times we get

Ny 1 1 1 1 1 ( Ni_
—k—(l——)(1+—+—2+...+ )+ ( kr):

psk - p? p p pr/Z—l pr/Z p3(k—r)
1 l—ﬁ 1 ( Neer ) 1 1 ( Ni,
(1—?) - o (ps(k_r)) =15 +W(p3(k—r) -1 ) (A7)
From Lemma A.5, we have
. Ne, |1+ % 3a is a square mod p
klﬂom - (1 + #) (1 + %)_1 otherwise.

Plugging this into (A.7) we get
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N 1+ 3a is a square mod p

k—»oop?’k 1+l_

-2 i
P (oD otherwise.

LemmaA.7. Let p #2,3. Assume that p" | a, p" "' @ where r is odd. Then

1
Up:1+;—w.

. . N}
Proof. We start with the case r = 1. That is, we show that p—g’jc — 1.

For this, we first fine the non-degenerate solutions mod p. Our equation mod p is
x*+3y*-z°=0 mod p.

There are then p(p? — 1) solutions xo, Y0, 20, Wo with at least one of xyp, yy, or zg not zero.
From Hensel’s lemma, these give us p(p? — 1) p>*~V solution mod p*.
We now consider the rest of the solutions. Let xy, o, 20, Wo be a solution mod pk such that

Xo, Yo and zp are 0 mod p. Assume also that k > 1. Then since
paws = x2 +3y —z¢ mod p*

We must have that p | wy as well (since the RHS is divisible by p?). Dividing xo, yo, 2o, wo by

p will then give us a solution mod p*=2.

N]i_ 1 1 Ni,
e ) e R |

From this we can deduce that
NI 1 1
lim—k:(l——) -1,

We now consider the case r > 1. It can be shown in the same way we did in Lemma A.6 that

-2
ﬂ — ]_ — i + l NIZ_Z
psk - pz p pS(k—Z) :

Repeating this recursion (r — 1)/2 times gives us

This gives us the relation

NT 1 1 1 1 1 N}
T];c = (1__2) (1+_+_2+"‘+ (r—3)/2—1)+ 072 3(];c_—rr:ll) =
p p p p p p p

-1 __ 1 1
(1_i) 1 P72 N 1 N _ (1+l)+ 1 N . _1_1
pz 1-1 p(r—l)/z pS(k—r+1) p p(r—l)/z pg(k_r+1) p
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Using the fact that

1
Nk—r+1 k—o0 1
p3lk=r+1)

gives us

Ne koo (11
p3k p plu+h/2

Lemma A.8. Assume that41a, then

1.5 a=3 mod8
02=47/6 a=7 mod8
1 a=1,2,56 modS8.

Proof. The difference from previous case is that we can only use Hensel’s lemma starting at
23. Thus, every non-degenerate solution mod 23 can be lifted to a non-degenerate solution
mod 2% in 23%-3) ways. This is also true if 2 | a, 4 | a since then every non-degenerate
solution mod 23 has to have one of x, y or z be inevitable.

Denote by 13 the number of non-degenerate solutions mod 23. In a similar way to previous
lemmas, we get the recursion-

N n3 1( Ng
R =l b

This implies

23k 3\g3

It remains to find the value of %. This can be done by direct computation:

Nk k—oo 4(113)

1.125 =3 modS8

n
§= 0875 a=7 mod8

0.75 a=1,2,5,6 modS8.
The result then follows. O

LemmaA.9. If4°|a, 4} a, then
1 !/
g2 =15+ (05, - 1.5)

where 07 is the value of o from Lemma A.8 for 33 mod 8.
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Remark. If 3a is a square in the integers, then % =3 mod 8. This means that 0’2 =1.5.

Thus, for this case we get o, = 1.5.

Proof. In similar ways to previous lemmas, we get the recursion

-2
Ne _ns 1 Niop
2k 83 2 23(k-2) |

(A.8)

The result then follows in a similar way to Lemma A.7, by repeating (A.8) s = [r/2] times
and then using Lemma A.8. O

LemmaA.10. Assume that3*{a. Then-

1 3ta
03=42 £=1 mod3
1.5 £=2 mod3.

Proof. Mod 3, the quadratic form F is equivalent to

x2+3y2—z2—aw2.

Assuming that 32 { a, we can use Hensel’s starting at 3%. Denote by n the number of non-
degenerate solutions mod 33. We can get the recursion

Nk_n 1(Nk_2)

33k~ 33 + p? \33%-2)
From this we get that
I N, 9 ( n )
im —=—-|=
k—oo 33k 8\33
From direct computation we get that
1 3fa
) ( n ) =452 3 =1 d3
al33)~ | a, = mo

LemmaA.11. Assume9°®|a, 95" { a for some s =0, then
]' !

where 07, is the value from Lemma A.10 corresponding to .
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Proof. We have the equation

2

x*+3y*-z>—aw?=0 mod3* A.9)

for some k = 3. We will call a solution xy, y, zo, wo of (A.9) good if at least one of xp, yo or z
is invertible. From Hensel’s lemma, every good solution mod 32 can be lifted in 33*=3 ways

to a solution mod p*. From direct calculation we get that the number 7 of good solutions

mod 33 satisfies &= %.

Every non-good solution comes from a solution in N ]Zj in p° ways. This gives us the recur-

—2
Ny 4 I(NIZ—z )

sion

3 "3 73|00

Repeating this recursion s = |r/2] times and using Lemma A.10 we get
1 !
o3 :2—§(2—03)

where o7 is the value from Lemma A.10 corresponding to gs.
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PPN

»2)5 Weyl mywnnm myiny INNIY NPSPND DY NOMWNRN NMYN NN NI 1 NTaYa
D) NN MYaN NN N X DTN TY NYPT NYYA DY DMNINYN DXIIYN MIND NPV
YOPA YYD NPIDN NYNNY NIXNDYN DY DOND) ynvwn 08P DWOP DV NIpna

DYDIND 1Y 1IN NRIY NPXPNN 2N DX .S (X) mypna nvivn My [X, X + 5]
9NN DMPNA .NYNON NINDN 7Y DI NDIPT NMYA HY yryn DNAY DMNIVIN
MY MTIPI NPV HY NPONIPN PYANND NROIWN NMNPND NNYP DNV NMXPND
DV NOMUNN MNYN MY INDN R¥ND) NNIX .0IANTINND DN OMINN Tina
NMVY NIY INDN XYM Q0N .DM5YD DMWY DIMNN NIY 1ONX INNDY NPIPN
,NDT OV YN MY DY WP .OOD)T) PrODN DXYOP NIAY,DMINP DIYOPI NOMYN
NVN MYNNY MRV NIY NOMYNT NMVN NN AWND XTI D731 DD WHNNWI NNIN
MNOYN P NOMWNT NNV DX 2AUN) NOIN - NN NNNT 0 1N 0N DNION

D221 M MYON INY UIVNN MYNNY
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