Abstract

We study the zeros of L-functions over the rational function field. We consider
the number N (8, x) of zeros of an L-function L(u,y) in an angular interval
[, 5], where x is an even primitive character modulo some monic polynomial
@, as arandom variable by picking y randomly. Our main interest is the limiting
distribution of N(3,x) as deg@ — oo. We consider both the macroscopic
scale (fixed ) and the mesoscopic scale (3 — 0 but Sdeg@ — o). We show
that the fluctuating term has a gaussian limiting distribution as deg @) — oo,
when scaled by its standard deviation, which is calculated to be asymptotic
to /log(fdeg @), and obtain a bound on the fluctuations of N(3, x) for fixed
(). Then we turn to the family of quadratic characters, and show that it, too,
has gaussian limiting distribution of the fluctuating term in the zeros counting
function.
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1 Introduction

Let N(t) be the number of zeros of the Riemann zeta function up to height ¢,
and set S(t) = %arg( (% + it). The Riemann - von Mangoldt formula asserts:

1 t 7 1

so that S(t) measures the fluctuations of N(¢) around its mean value. A well-
known result of Selberg [Sel][Se2] states, that choosing ¢ uniformly from [0, T
induces standard gaussian distribution of

S(t)

v/ # loglog T
in the limit as T" — oo.

A similar result was proved by Selberg [Se3] for the fluctuations in the num-
ber of zeros of Dirichlet L-functions up to a fixed height, for different primitive
characters modulo k, as k — oo.

We will be concerned with L-functions associated with the polynomial ring
over a finite field. Our goal is to prove a result fully analogous to that of Selberg,
and then a similar result for the family of quadratic characters.

We work with the finite field F,, where ¢ is a prime power, and we let Q € F[z]
be a monic polynomial.

A primitive Dirichlet character xy modulo @ is a group homomorphism
x ¢ (Fy[2]/QF4[z])" — C*, which is not "induced” by a character modulo
some proper divisor of ). Assume y is primitive and even (i.e. equals 1
on constant polynomials). The associated L-function L(u,x) = > udee" =

Hp prime (1 - X(p)udegfo)f1 is a polynomial of degree deg(@ — 1, which has
deg @@ — 2 roots of absolute value ﬁ and one trivial root which equals 1.
We write the number of non-trivial zeros of L(u, x) in the angular interval

-3, 5] as:
TN(B,x) = B(deg Q — 2) + 2arg (1 - \}fﬂ) +S(8,x)

S(B,x) is treated as the fluctuating term of the counting function. The rea-
son for this is explained in section 2 by a simple application of the argument
principle.

Our first main result is a bound on the size of S(3, x):

Theorem 1.

590 =0 (el )

log deg )
as q is fized and deg Q) — oo.



The theorem is in complete agreement with the bound S(T', x) = O (%)

as T is fixed, and the conductor k& — oo, obtained by Selberg [Se3] under GRH.
It implies

Corollary 1. The multiplicity of a non-trivial zero of L(u,x) is O (lo‘;‘zgeg@).

Then we investigate the fluctuations of S(3, x) as x varies.
We study at the same time both the macroscopic scale (fixed 3) and the meso-
scopic scale (8 — 0 but fdegQ — c0).

Our goal is to prove the two theorems:

Theorem 2. Let QQ be a prime polynomial, deg@Q)Q = D — oo. Let x be a
random non-principal character modulo Q.
(1) Fiz 0 < 8 < . The sequence of random variables

S(8,x)
Viog D

has a standard gaussian limiting distribution.
(2) Let = B(D) s.t. 0# 3 — 0 and BD — oco. Then the sequence of r.v.

S(B,x)

log(8D)

has a standard gaussian limiting distribution.

Theorem 3. Let D — oo assume even values. Let xq be the quadratic character
modulo a random square-free monic polynomial Q of degree D.
(1) Fiz 0 < 8 < w. The sequence of random variables

S(6,xa)

v2log D

has a standard gaussian limiting distribution.
(2) Let = B(D) s.t. 0# 3 — 0 and BD — co. Then the sequence of r.v.

S(8,xq)
2log(6D)

has a standard gaussian limiting distribution.

The paper is organized as follows: In section 2 we review the basic definitions
and facts concerning L-functions over rational function fields, and introduce the
notation which will later be used.

In section 3 we sketch and motive the derivation of the approximation for-
mula for S(f3, x), which has the form

A(n)uy®®" sin(5 deg n) W, (deg n)
degn

SBx)=— Y

degn<2m

(X(n) + M) + Error



where ug = ¢~ /2e~1/™_ and W,, is some particular function (precise definition

is given later) which decreases from 1 to 0 between m and 2m. Then in sub-
section 3.2 we give a full and detailed proof of this approximation formula. We
obtain, as an intermediate result, theorem 1 and corollary 1.

Afterwards in section 4 we first calculate the moments of T, (53, x), which is
defined as a sum over prime polynomials p :

TG = Y ROdeED) o) xm)

deg p
deg p<2m \/a

and then show that T,,(0, x) is a good approximation of S(3, x) for a suitable
choice of m, and therefore they possess the same moments. This will imply that,
in the limit deg @ — oo, S(8, x) has gaussian moments, and hence a gaussian
value distribution, with variance asymptotic to log(5 deg Q).

Finally in section 5 we investigate a similar problem in a quadratic charac-
ters setting: instead of fixing ) and picking a random non-principal character
modulo @, we fix a degree D and take the quadratic character corresponding to
a randomly chosen square-free polynomial @ of degree D. Then we study the
fluctuations in the number of zeros of the corresponding L-function in the angu-
lar interval [— 03, 5] as @ varies. In this case, too, a limiting gaussian distribution
occurs.

2 Background

A complete survey of number theory over function fields can be found in [Rol].
Let ¢ be a power of a prime number. A monic irreducible polynomial will

be called a prime polynomial. Choose a monic polynomial @ € F,[z] of degree

D, and examine the ring F,[z]/(QF,[z]).

A Dirichlet character modulo () is a homomorphism

X (Fq[*ﬂ/(QFq[m]))* - C*

We often will think of x as acting on Fy[z], by extending it to equal 0 on poly-
nomials not coprime to Q.

The number of different Dirichlet characters equals ®(Q) = # (F,[z]/(QF,[z]))".
The orthogonality relations state that

ZX(”) _ { 6@(@) ,n=1modQ

, otherwise

(@) ,x=1
;X(n) - { 0 ,;(therwise

An 7even” Dirichlet character x is a character s.t. x(¢) = 1 for all constant
polynomials 0 # ¢ € Fy[z]. The total number of even characters equals

_ %@ _ 2@
- #F: -1

0 (Q) = [(Fy[2]/QF4[x])" /T




The orthogonality relation for even characters reads

0 ,otherwise

Z () = { D.(Q) ,n = const mod@

x even

A character x modulo @ is called non-primitive (and primitive otherwise) if it
is induced by some character ¥ modulo a divisor Q) of Q, i.e.

x(n) = { x(n), ged(n,Q) =1

0, otherwise

The L-function L(u, x) associated with x is defined as L(u, x) = Y, x(n)ud™,
the sum taken over monic polynomials. For a primitive character x, L(u,x)
is actually a polynomial of degree D — 1. We denote the roots of L(u,y) by
ni(x) =a;(x)"', j=1,..,D—1. For even x, np_1(x) = 1 is always a root of
L(u, x).

The Euler product formula states that for |u| < ¢

Lux)= [ Q- xpuisr)”

p prime

and the product converges absolutely and locally uniformly.
Taking logarithmic derivative of this yields

Lfl(u, X) = Z A(n)x(n)udeg n—l

where .
degp ,n =p",p prime
A(n) = ’ B
() { 0 , otherwise

By a theorem of Weil [Wel], for a primitive character yx, all zeros of L(u,x)

have absolute value ¢~1/2, except for one zero which equals 1 when Y is even.
From now on, we will be concerned only with even characters. Denote the

roots of L(u, x) by n;(x) = ﬁeid’ﬂ', j=1,...,D—=2and np_1(x) = 1.

Let N(8, x) be the number of ; # 1 with argument lying between —3 and S,

where zeros of argument equal to £ count one-half only.

1 degQ
Define &(u, x) = “5——L(u, x). Then [We2] ¢ satisfies the functional equa-
tion

1
€0 = ey ). x| = 1

By the argument principle,

2N (B, x) = Arargé = %/F éhz(u)du



where T" is the curve comprised of the two circular arcs of radii R, r obeying
r < q¢Y? < Rand rR = %, and the straight radial intervals of arguments
and —(, traversed counter-clockwise. Now define

/

S0 =9 [ Fw0du

ol

where 7 = 1 + 2 + 3 is defined in figure 1 below.

Figure 1: Integration curve

If some zeros have argument £, define

2

S(.3) = lim > (2.1)

By the functional equation, we can write
3 1 s
TN(B,x) =S | L (u)du=pB(D —2)+2arg|1-—e” | +5(8 )
S Va

In the entire paper, sums over polynomials are understood as sums over
monic polynomials.

3 The Approximation Formula

3.1 A Sketch of The Derivation

Here we present the ideas which lead to the approximation formula for S(S, x),
which will then be rigorously proved in subsection 3.1.



Write S(3,x) = —A(8, x) + A(—5, x), where

The approximation formula can then be written in the following way:

W, (deg n)A(n)ugcg MeiBdegny ()
A =
(B, %) > dog +
degn<2m
D 1 degn—1 i _
- _ A egn iB(degn—1) -
+0 (m + = En (n)x(n)ug e W (degn)

We take a point uge’ near %}eiﬁ where ug = %e’l/m (m = m(D) ap-
proaches infinity), and try to approximate A(f3, x) by truncating the integral at
that point:

AB,x)=J1+ J2+ J3 (3.1)
uoelﬂ L/
Jy = %/ —(u)du
1 ; i

/

52 = (/v = 1) 0™

J3 =S — (u)du
ugets

Both J5 and J3 should be error terms. From

L 1
f(u) = Z

u—nj

we get by an elementary calculation (which is done in part 3.2 - see (3.13)),

1 1
J3 < WZJ: |uge?® — 1,2

Next we need to approximate the logarithmic derivative of L(u, x) on [0, uge®].
Start by writing for |u| < 1/q the absolutely convergent series

Lf/(u; X) = ; A(n)x(n)udeen=1

We integrate % (%) against some function f,(z) over a circle of radius R > glul:

fm(2)

R ydegn—1

! W%mww=ZMMWWMWl1/F

% \z\:RL z 211




and require f,, to have a simple pole at z = 1. We will denote

Y 1'/ fnl2)

C2mi J g 2FL

and
A, = —Res(fm, 1)

The value of A, can be arbitrarily chosen; we prefer to leave it intact for now.

Since ”
_ 2
Res (L (2) Z—uaj) = —ua;

by Cauchy’s residues theorem
2 _ degn—1
3 w0l fu(uag) = 37 A (m)uE My (degm)
J n
For the approximation formula to be finite, M,,(k) has to be zero for large k.
If we expand f,, into Taylor series around 0: f,,,(z) = > a;z7, we get
Mm(k}) = QA—2 — Am
In particular, all ay are equal for k > d(m), which implies

Qaq :Bd(z)
1—2z 1—=z

Im(2) = Py_1(2) +

where By = b+ ... + bgz? is a polynomial of degree d = d(m), and A,, = By(1).
It holds that ax = by + ... + by, and by, = a — ap_1.
The approximation now reads

1 By(uay)
degn 1 o 2 d J
ZA Wi (degn) i ;ua] T —ua, (3.2)
where Mok
Wm(k‘) = — Z( ) =1- ak,g/Am

We will treat the truncated series as the main term, and the sum over zeros as
the remainder term.
Returning to (3.1),

1|,
Ty < — ’L(uoew)’ <

B i
< = ZA degn 1 zﬁ(degn 1) (degn ‘A | Zqum 2 Dd er a])
m

GTZ upeBay




The first term is what is supposed to estimate %(uoeiﬁ), so only a good choice
of m = m(D) will make it small. The second term we require to be same order
of magnitude as the bound for J;:

Ba(upe®Pa;)
i 2 d 0 J
Zu “ YT —upeBay Sz Z |uoel5 — ;2

m|Am|

This would certainly be satisfied if we had

d+1
|bo|+2|bk—bk 1|8_k/m<<
k=1

"‘:;L”' (3.3)

We want to use (3.2) to approximate J;. To achieve this we first need to bound
the error term of it, again we require it to be the same bound of Js:

B

1 toe o Ba(ua;y) 1 1
— 2 ZAA\TTI) g — - -
. ZJ:/O Uo7 wa, u| K m2 Xj: lugei® — ;]2

We will simplify this requirement for the polynomial By into a stronger but
simpler one: It is enough to require

1 “o . - 1
A—m|/0 t|Ba(tePa;)(1 — te’Pa;)|dt < pooc)

which would hold if

d+1
lbol 2, bk = be—ale™ 5 Al
~=Yr m '4
2 ¢ Jr}; k+2 < (34)

We have obtained the approximation formula for A(S, x):

> Wi, (deg n)A(n)ule " ei? deany (n)

A(B,x) = RIE NS S
(ﬁvX) degn +O m?2 zj: |UO61'B _ 77].|2

degn<d

Now we want to choose f,, so that the error term would be small compared to
the main term, for a suitable choice of m = m(D).

Since by
— 1 L
= uZ(u)+D—1
o YW

=1

we can rewrite formula (3.2) as following

Dz:l - D_1 ZA ) degn— 1W (d i Bd(uaj)
L 1 —oju b cgn) A ]l—aju
Jj=1

(3.5)

10



It is straightforward to get the inequality

1 1 1
11— ajupeP)? = 1 —e-1/m "1 —ugeBa,

Substituting u = uge”” and taking real parts of both sides in (3.5) yields

D-1 !
R —— < D-140
Z 1 — ajuge’® — + ( ) +

j=1

Z A(n)x(n)ugeg n—leiﬁ(deg n—l)Wm(deg Tl)

2 2i8
uge

Am

5 o it ")
- 1 — ajuge’s
Now

ude? 2Bd(uoei5aj) e=2/m |Bd(uoemo¢j)|1 - uoe’ﬂaﬂ

Am 71— ajuee’ | Ay 11— ugeifay|? -
72/m 1 ) . 1
677 B _ B o
ST eim | Am| [Baluoe™ a1 = woe™ ey | R7— a;uget? <
_m iB . _ iB ;
< A0 | Ba(uope™ o) ||1 — uge a]|§R1 =

So if we refine condition (3.3) to be

m

|A \|Bd(u0€i’8@j)||1 —upeay| < e <1
m

for some absolute constant ¢, which is certainly true when

S A
[bol + Y |b — br_ae /™ < ¢ — (3.6)
k=1

then this would guarantee

1 1 1
— — R — <<
m ; luge®® — n;|? zj: 1 — upeBay

<D+ Z A(n)x(n)uge™ teifldeen=Dyy (degn)

Conditions (3.4) and (3.6) suggest that most by should equal. Also, we want
the main term of A(S,x) (which has degree d(m) — 1 in ug) to be as short a
sum as possible. Choosing d = 2m — 1, By(z) = 2™ + ... + 2™~ would satisfy
all requirements.

11



3.2 A Rigorous Derivation

In the following m will be denoting some natural number, and ug = ¢~ /2e=1/™,
We also will use the notation a;(x) = n;(x) "
Throughout this section, we assume ¢; # £, V1 < j < D — 2. This restriction
is removed in the end of the section.

The approximation formula will be based on a formula derived by Soundarara-
jan as an analogue to Selberg’s formula. This is precisely formula (3.2) with

Bg(z) = 2™ + ... + 22m~ L

Lemma 3.1. Let m be a natural number, and define

1 ifk<m+1
W)= 2—(k—1)/m ifm+1<k<2m
0 if k> 2m

Then
B ) = 3 A Wi (degm)x(n) + R(u, x)

where R(u,x) is given by

D—-1

[ O™ = [o; ()ul™
j:1 X)u — 1) m
I'I;m "'E' )
1 : =
nsr A
Of i i
0 rr+1 2m+1 I
Figure 2: A plot of W,
Now we bound the error term R(u, X):
Lemma 3.2. Let |u| < ug, argu = 3. Then
U = 1

= o degn—1 < 9gM/2]y|m—1 -
(1) = > A()x(n)u's " W (deg )| < 207/Jul %;1_%(X)uoem

n

Proof. From lemma 3.1 we have

1+m/2|u|m 1 1 -2
-~ a(X)

D—
ZA ude "1, (degn)| < Z

12
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-2

1
ugel

2q1+m/2|u|m71 D-1

- _ —a;(x)
J=1

The last inequality is true since all a;(x) have absolute value /g or 1, and
VI <ug ' < Jul™h

Finally,
5 1 R - aj(x)uoe ) 1—e t/m B
L—aj(xuoe” 1= a;(x)uoe®  ~ |1 = a;(x)uoe’[?
2 -2
B q(1— e_l/m) 1 q 1
o—2/m uged Y Cop = uged (x)
ie. )
1 B m 1
uoezﬁ Qaj (X) — q 1— ; (X)erz'@ ( )
O
Next we derive an estimate
Lemma 3.3.
D-1 1
R —————=0(D A geerett sy, (d
j=1 1 — a;(x)uoe” < " zn: ot (des )
(3.8)
Proof. We observe that
D—1
1 r
= —uT () + D1
JZ:; 1—a;(x)u L
and
; > O
1 — aj(x)upe’®
By taking u = uge”® and using lemma 3.2 we can obtain
D—1

D-1
1 deam i
RY —————— <D-1+> A cenefdesnyy, (d
= 1= a;(x)uoe” ~ i - (e (des )

2 1
ZR § .
e — 1= a;(x)uge™

which implies

D-1
1 J 4
R - <4(D-1 A egn ZﬁdegnWmd
D T (2 1+ [ At sam, g
(3.9)
and the lemma is proved. O

13



A simple substitution of (3.9) into lemma 3.2 gives

Corollary 3.4. Let |u| < ug,argu = 3. Then

ZA ydegn— IW (degn)+o(qm/2|u‘mle)+

( /2y ) (3.10)

and in particular
> (3.11)

Next we prove a lemma which will be used in the proof of the approximation
formula for S(3, x) (specifically, it is used to bound J3 from subsection 3.1):

Z A(n deg" eBdesnyy (degn)

L/

7 Z A(n)x(n)ug®e™ e e, (degn)

n

—(upe”, x) = O0(D) + O <

Lemma 3.5. Let n; = p; +iv;, 1 < j < D~—1. Then

a='”? v cos B — pj sin B[t — uol |t + uo — 2R (7€) 1
I = . 5 dt=0|—
uo |t€Zﬁ - 77]‘
(3.12)
Proof. 1f n; = 1, the denominator is (1), and the numerator is O(1).
Since t — ug = O(1/m), integration over the interval [ug, ¢ '/?] provides the

required bound.
Otherwise, n; = ¢~ /2¢'®s. Tt holds for ¢ € [ug, ¢~ */?] that

- 1
te' —n;| > —sin |3 — ¢,
| il NG | il

Fix some ¢y = 0.01. Then if |3 — ¢;| > €, we'll have [te?® — n;]? > fsm2 €0,
and the integrand in (3.12) is O(¢~'/? — ug), and therefore the entire mtegral is
O (52)-

Assume now that |8 — ¢,;| < eo.

It + uo — 2R < |t — ;{j cos(B — 6| + uo — \}g cos(B — o)|

Now

uo—\;acos(ﬁ—qﬁ)’ \7|e m—cos(ﬂ ®;)| < —(|1 e m|—|—|1 cos(f—o;)|) <

s

\_/S

14



Similarly

and thus ) )
[t 4+ ug — 2R(F5eP)| < — (m + (8- ¢)2)

Putting everywhere t — ug < %, we obtain

A o8 B — 11 — h:)2 AV o8 B — 1 st
I:O( 1 )/ |V.'ICObﬂ Mjblnﬂ|dt+0<(6 m¢J) )/ ‘V]CObﬂ ”Jblnﬂ|dt

m? ) Ju, [te'® — n;|? [te’® — n;[?

0

To estimate the second term, we simply note that |v; cos 8 — p; sin 8| = O(1)

and that 1 1
t i 12 > g 2 b > 4.2
|te nil= > qsm 18— ¢l > qu b5l
so that the second term is O (=) O(qg~ % —ug) =0 ().
We are left to show that

—1/2 .
/q |vj cos B — p;sin f]
I, =
u

i dt = O(1)
0 |t€lﬁ - nj|2
Rewrite I as
—1/2 .
Ilz/q |vj cos B — ;i sin f] gt =
o (t=(pjcos B+ v;sin3))* + 1 — (1 cos B+ v; sin §)2

—1/2

B q ﬁsil’lkﬁj —ﬂ|dt S dt B
_[Jo (t = 5 cos(p; — ) + ¢ sin®(¢; — ) Slm Zri " "

We now state and prove the approximation formula for S(3, x). Denote
En(8) = Z A(n)x(n)ud®emeP ey, (degn)
n

Theorem 3.6.

degn gin(Bdegn egn —
S =- 3, e snlACRnWn(EEn) (1) + X)) +

degn<2m

+0 (L1Bn(8) + B0 ) + 0 (2)

15



Proof. First we will shrink 5 to the origin, therefore obtaining

where

Thus S(8,x) =

Write A(3, x) =

Next, g—1/2

*JZ

—ug =

:O<1
m

L/
ol

y = [q—1/2€w,0} U [O7q—1/2€—iﬁ}

—A(B, x) + A(—8, x), where

iqeiﬁ ’
A(Bx) =S / L
0 L

Ji+ Jo+ J3

uge'? I
J = S/O f(u)du

degn zﬁ deg nW (deg n)
degn +

n)uB1eg netBdegnyyy (degn)

)
)+o(2)

o(l
m

O(1/m), and so by (3.11)

n)ugeg netfdeenyy (degn)

We now bound J3. Since du = cos Adt + ¢ sin 3dt, we have

where

and

J3 = Jgg cos B + J3y sin B

:/} ( te’ﬁ)—%(uoe 5)) dt
/} ( iﬁ)g(uoew)> dt

16



Note that

I D-1 1
= u=n;(x)
Therefore 1)
4 —tsinB+v; —upsinf+v;
JBm = Z 6 2 - B 2 =
—~ Jo  [te’ — |uoe™” — n;
) Z/ /2 sin At — o) Z/ v; — tsin B)([upe™® — ;|2 — [tet® —n;[2)
Juge® —n;[2 |uoe®® — n;|?[te’” — n;|?

the first summand is simply

—1/2

smﬂt—uo) sin 3 /q
= - —_— (t — uo)dt =
Z/ Ty~ 2 Taoe i .,

“1/2 _yp)?sin B

(¢ B
2Juoe™ —ny[2 7\ m? z]: luoe’® — n;|?

Similarly,

_Z/ql/ztcosﬁ—uj ugcos 3 — p;
Y u e P Juee® — gl

_ 1/2 . .
:Z/q cosﬂt—uo +Z/ (tcos B — uj)(|uoezﬂ—nj|2—|telﬂ—77j|2)
~ Jug [uge™® —n;]2 luge®® — n;[2[te — ;|2

and again the first summand is

m2 Z |quz/3 _

n;?

Therefore, up to this error, Js is given by

(|uoelﬂ —ni? = [te®® —n;|?) ((v; — tsin B) cos B + (tcos B — p;) sin )
Z / J J _
e

|te?® — n;|?
-1/ ; .
=> s /q Y7 (t = wo) (t + ug — 2R(75e")) (v cos  — p sin 3)
|uget? =15 2 [te' — nj|?

since ‘ ‘ ‘
|te’6 - 77j|2 - |uoe’5 — 77]-|2 = (t —up) (t + ug — 28‘%(@-6’5))

17



By lemma 3.5, we have proved that

- m2 Z |u0ew — (3.13)
Now we use inequality (3.7):
1 1
|uge’® — ;|2 < ‘O[j S 2 € mml — ajuge’”

and by (3.8) conclude that

Dz:_l b o) <mD +m ZA(n)x(n)udeg"ew degnyy (degn) )

= |uoe'® —m;? - ° "
ie,

J3 =0 (D + L (n)udemeP sy, (degn)
m  m

Finally, since S(8,x) = —A(3, x) + A(—f, x) and

S (x(n) (—emdcg" + e_iﬁdcg")) = —sin(Bdegn) (x(n) + w)

we can conclude the proof. O

We note that if there are zeros of argument £, theorem 3.6 is still valid,
from definition (2.1), since the estimate of S(3, x) in theorem 3.6 is continuous
in 3.

Following Selberg, we will use theorem 3.6 to establish the bound on S(S, x):

s(.0=0 (25

Proof. We start by observing that

.t . logs T

Now we take m = log, D and use theorem 3.6 The main term can be bounded
by

—k/2 _,—k/m k/2 m .t
q |sm Bk)| q / qtdt D
2 A(n) <2 — — =
Z Z Z L < Lt 0 log D

k<2m deg n=k k<2m

Theorem 1.

The error terms in theorem 3.6 are easily seen to satisfy this bound. O

Since N(8,x) = = (ﬁ(degQ —2) + 2arg (1 - ﬁew) + 5(67)()), we have
Corollary 1. The multiplicity of a non-trivial zero of L(u,x) does not exceed

0(%).
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4 The Moments of S(f, x)

In the following, Zx denotes a sum over even primitive characters, and Zp
denotes a sum over prime polynomials. () will be a prime polynomial of degree
D. Next we prove:

Lemma 4.1. Fiz k> 1 and let m = m(D) < £.
(1) Let {ap} C C be a set of coefficients indexed by prime polynomials p which

satisfy |ap| < Ade% for some constant A. Then

2k

NI Y 2| =06

< lacspem VP

(2) Let {a,} C C be a set of coefficients indeved by prime polynomials p which
satisfy |a,| < A for some constant A. Then

i &x(pz) =0(¢”)

= laes st 1Pl

Proof. (1) Define b,, by

Y raw] = Y bn_(n)

acgpem VPl degnekm V7

Then
2k

IS 2w = Y \/”:%%ZX

X |degp<m ||p|| degn;<km

Since degn; < D, n1 = ny (modQ) iff n; = ny. Also, |b,| < A*. Thus this
expression becomes

[ V)

e@-1 ¥ ool ¥ e <

degn<km degn<km HTLH
k m k
b a d/m ¢*
coe 5 Bowe( £ ) e (B0 <o
degn<km degp<m d=1 q
(2) Similarly, we get
2k k k
a o k D |ay| px~¢* 1 D
Z Z mx(p) < A% Z TE <4q quT <q
X |degp<m deg p<m d=1

19



Now we calculate the moments of an expression which will later be shown
to approximate S(3, x) well. Define

Tag0= S SOdED) )y 5

degp
deg p<2m \/a

Lemma 4.2. Let m = m(Q) — oo, fir v > 0, and assume 0 < 8 < 7 (in
mesoscopic scale we assume that for all Q). Then for both scales

(1) When 2m(2r +1) < D
m(2r+1)
2r+1 q
ZT (B, < T

(2) Assume 4mr < D, and mf3 — oo (for mesoscopic scale). Then

S (8207 = 20(Q) 2 07 () + 01”108 ()

Proof. The inequalities on m ensure that

Zx [Ivi | x{ II » :{ —1@)_1’ Hcops =1jz0iaps

, otherwise
j<v j2v+1
(1)
2r+41
1 qm(2r+1)
2r+1

YT <Y H deg,,J > oz p <ot

X degp; < 2m j deg p<2m \/a

j=12r+1

(2) We will use induction on 7. The case of r = 0 is trivial. Write
2r
Z T (B, )7 = Tgiag + Thon-diag
X

where

sin(8 degp;)
Tdiag = (2(Q) - 1) Z Z H \/ﬂiegpj — Tean
Sc{1,....2r} Hjespj = HjeEPJ J=1
degp; <2m

and

T

2r .

U o 3 H sin(8 degp;)
non-diag — dog v,
S5c{1l,..2r} Tlespi #jesp; 3=1 V4

degp; <2m

20



The non-diagonal term is easy to bound:

2r

1 2mr
q . <<qD

Thonding < | Y. —m
non-diag degp
deg p<2m \/a

To calculate the diagonal term, we will take all p; to be different, and bound
the sum of the remaining terms:

2r

Tajog = (2@ =1 )1 S [k g,

diag — \*e r \/adegpj 1
= ps =155, 11 p; j=1

all p; different

where

sin (3 deg p1) T sin(B deg p))
Z q2 deg p1 Z H i ’ <

D
FErrory < q dezp
J

P1=p2=pa2r_1=par M7 o ps=I13772, p; =3 V4

2r—2 .
sin(5 deg p;) _ -
<q” > II Tgpj < 3 T (B,0)2 1 < P log" > (m)
Jj=3 X

The last inequality was obtained by induction on r. Also notice that the products
of the form [] sin(fdegp) are always positive, since the p-s come in equal pairs.

2r—2
;=5 pj:Hj;r«{»l pj

\/adegp
Also,
2r
oo e oa oy i
= 7! =
dcgp] J qdesp;
H; 1p7—HJ r+1Pj J=1 dengSQWL j=1
all p; different j=1,
all p; dlfferent
T
sin (ﬂ degp)
degp + Errors
deg p<2m
and
sin?(3 deg pj) sin?(3 deg p])
Errory < Z H PRI <K Z H R =

degp; <2m Jj=1 degp] < 2m 7j=3

j=1..,r Jj=3,.

pP1 = p2

r—2

B sin2(6 deg p)
- Z qdegp
degp<2m
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By PNT and lemma A.1

sin?(3 deg p) 27 gin2 2 sin?(3d) 1
Z qdegp Z Z qd/2 = 5 log(mﬁ) + 0(1)
deg p<2m d=1 d=1
Therefore,
-2 " 1
Yy P}~ T ioar(md) + Oflox (m)
qdes? or
deg p<2m
and summarizing
S T80 = 0@ Bl bog (mB) + O(¢P10g™ mB) D
X

In particular, for 4m < D it holds for both scales that

ZT (8,2 = (1 4 0(1))@(Q) log(mp)

Next we want to estimate how good an approximation of S(83, x) is =T, (8, x)-
Apply theorem 3.6 to write:

D
IS(B,x) + Trm(B,x)| = O (1+E1 +Ey+E3+Ey+Ef +ES +Ef + E5 + m>
where

B =

5 Waldes) oty — ™" ) sinldeen) (o) + )

p

Ey=| Y (1—Wpu(degp))

deg p<2m (y/q)desr sin(8 deg p)(x(p) + X(p))

= > Wi (2degp) (\@idegp sin(23 deg p) (x (p*) + x(pz))|

Ey=

5 Wo2des) (g = 57 ) sin(28 degp) () + x(pz))‘

p

Ey = ZW (deg p) deg(p)ug 8P e= &Py (p)

E§ —‘ ZW (2deg p) deg(p)ug e 2P APy ()

22



Observe that

1 _ 1 _ q°
‘E4|<< Z T(lfe 2degp/m) < Zq(lfe 2d/m)7 S
degp<m (\/a) er d<m q d
2
<> =<1
d<m m
and
+ 1 2degp 1 1 qd
|E§ | < — Z deg(p)ug <<—Zd—d—<<l
M ez p< moi<m 4 d
egp=m <m
Also
q71/2
Bl =] [ 3 deg(p)etesr W, (degp) sin(B deg ) (x(0) + X(0)
) P

—1/2

q
<[ a
:o(1>
m

For ug < t < ¢~'/2, we want to estimate

> " t4eEr=1 deg(p) W, (deg p) sin(B deg p) (x(p) + X(p))

p

Z 98P deg(p) W,y (deg p) sin(8 deg p) (x (p) + X(p))

S* = > t1%EP deg(p) Win (deg p)e? 5P x(p)
p
Write .
tdegp — (t\/(})*m(degp—i—m)/ q%Sdegp+m71d8
0
Then
t
S*=(tvg)™" / (sv/Q)™ Y 59871 W,, (deg p) deg(p)(m + deg p)e'” 5P x(p)ds| <
0
p
q V2 '
< (uoy/q) ™™ / (sv/@)™ |y 5957~ W, (deg p) deg(p) (m + deg p)e’” P x (p) | ds
0

p

and (ug/q)”~™ = e. Denote this last estimate by eEy(x), and the internal sum
by Up(s, x): ,
—-1/2

Bo(x) = / (5@ Up(s ) ds

And so it holds that E1(x) = =O(Ey(x)) and also EX(x) = LO(Eo(x))-
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Conclusion. We have proved that

(3,00 + T (5,201 = 0(1) + 0 () + O(E2(0) + O(Ea(0) + - OEn(x)

Theorem 4.3. Fixr > 0. ForeD <m < %

S S8, %) + T8, )1 = O(¢”)

2r

Proof. By Jensen’s inequality for x — x°", we have

Bo(x)*" < ( / '

—1/2 —1/2

(s\/fi)md5> /oq (5v/@)™ |Up(s5, )" ds =

q_1/2 2r—1 q*1/2 )
(L) [ e oo
Denote
1 — 1 e,
ap = —3/a(\/G5) "™ Wi (deg p) deg(p) (m + deg p)e’ =7
Then

degp
2m

lap| < 6/q

and when 2m < £ from lemma 4.1 part (1) we get,

2r

S )P =m* > > \/GH%HX(p) <m*qP

X |degp<2m

SO
1 qf(m+1)/2
2r 4r D m 2r D
E Ey(x)" <« s LU (v9) R <«<mq

and finally

1 2r o
Z —Eo(x) ) <q
—\m

From lemma 4.1 part (1) follows also that

2r

1 ,
DL D (1= Wa(degp)—g7¢” *¥Px(0)| < ¢”
X |degp<2m \/a
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which implies

ZEz(X)ZT = 0(¢")
X
and similarly from lemma 4.1 part (2)

> Es(x)* = 0(¢")

Finally

D\ 1
Z(m) <<§X:§<<qf’ O

X

Theorem 4.4. Fizr > 0, and assume 0 < 8 < w. Then for both scales
(1)
S S(8,02 4 = 0(q” log” (3D))
X

(2)
(2r)!

27yl

> S(B,x)7 = Pe(Q) o log" (BD) + O(g” log"/?(8D))

X

Proof. (1) Take m = Lﬁ] Then

Do S(8,07 ! =3 (=T (B.X) + S(8,3) + T(8,2))* " =

X X

==Y Tu(BXx) +0 (Z T (B, )78 (8, x) + T (8, x)l”“)

By lemma 4.2
D Tn(Bx) T < P
X

and by Cauchy-Schwartz inequality and lemma 4.2+theorem 4.3 we have

> T (8,207 IS (B )+ T (B, )17 < ﬁj Ton(B, xw\/Z [S(8,X) + T (B, )|#r+2 <

< \/qPlog” (mB)\/qP = ¢ log" (mp) < ¢" log" (BD)

and we proved part (1).
(2) Take m = | £]. As in part (1), and then using lemma 4.2 and theorem 4.3 ,

Y SBX)* =D Tu(B.x)* +O <\/Z Tm(ﬁ»X)‘”"Q\/Z 1S(8,x) + Tm(ﬁ,x)l‘”) =
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Now this implies

3 S(8,0 = 2.(Q) 2 108" () +0(g” g™ () +0(g” o~ () =
= 2.(Q) 22 tog (D) + 04”108 2(3D)) 0

In particular, it holds for both scales that

S S(8.%) = O(¢”)

and
D S(8,0)% = (1 +0(1)®.(Q) log(5D)
X
As a consequence, we deduce:

Theorem 2. Let D — oo.
(1) Fiz 0 < 8 < w. The sequence of random variables

S(B,x)
Viog D

has a standard gaussian limiting distribution.
(2) Let 5 = 3(D) s.t. 0# 3 — 0 and D — oco. Then the sequence of r.v.

S(B,x)

log(8D)

has a standard gaussian limiting distribution.

5 The Family of Real Characters

In this section we establish an analogous result for the family of real quadratic
characters. A detailed introduction can be found in [Rol].

A monic polynomial @) € F,[z] is called separable if it has no multiple roots
in some algebraic closure of F,, or, equivalently, if it is square-free. Let K(D)
denote the number of separable polynomials of degree D.

Lemma 5.1. For D > 2, Ky(D) = ¢ (1 - %)

Proof. We will exploit the following fact:

| 1, @ separable
> wA) = { 0 (5.1)

otherwise

26



where 1(A) is the Mobius function for polynomials. The sum over monic poly-
nomials of fixed degree satisfies

1, m=20
> oun)=S —q¢, m=1
deg n=m 07 m 2 2
E(D)y= > > wA)= > wd > 1=
deg Q=D A?|Q deg A<D/2 deg B=D—2deg A
1
_ D n(4) — p n(4) — p
=4 Z q2dch_q Z W_q (1_1/(1) O
deg A<D/2 deg A=0

The quadratic reciprocity law states that for prime Py, P,

i _ (_1)%1degP1deng &
Py Py

We can generalize the Legendre symbol (the so called Jacobi symbol) by
extending it multiplicatively to all monic polynomials N in

w=(5)
which makes y a real character modulo N. In the case when IV is separable,

X N is a primitive character. We also note that y is an even character precisely
when deg N is even. The quadratic reciprocity law still holds, namely

& _ (_1)‘1—;1 deg N deg N2 &
Ny Ny

for monic polynomials Ny, Ns.
Next we state a lemma which is analogous to the Polya-Vinogradov inequal-

ity.

Lemma 5.2. Let x be a non-principal character modulo N of degree D, and
m > 0. Then

> x(n) <<<Z>q5"

degn=m

Proof. This is straightforward from RH. Let L(u,x) = H§:1(1 — aju), with

k < D —1. Then |oj| = /g or |a;| =1 for all j, and the coefficient at u™ is

o((5))

on the other hand, this coefficient is exactly > ;0. .-, X(1). O

27



Remark. For m > D, 3. .-, X(n) = 0.
Now we apply this result to quadratic characters.

Lemma 5.3. Let N be a monic polynomial of positive degree, and D > 0 even.
Then

Z N\|_ [ O@”), N perfect square
degQ = D Q)| | O(qP/?2%eN),  otherwise
Q gsep(;able

Proof. If N is a perfect square, it is clear.
Assume otherwise. Then (ﬁ) is a non-principal character modulo .
We use quadratic reciprocity law and formula (5.1) to obtain

N Q
2, (@)=, (7 p -
Qeiepa;able ¢

- o), 2, 6)

deg A<D/2 deg B=D—2deg A

from lemma 5.2 we get

D/2 des N
Z () <<Z ( €g )qD/Z—j < qD/22degN 0
deg@Q = D
Q separable

We will be studying the distribution of N (8, x¢q), where @) ranges over all
separable polynomials of even degree D, in the limit D — oco. We again consider
both macroscopic and mesoscopic scales for 3.

Through the rest of the section, >, will denote a sum over (monic) separable
polynomials Q.
Next we formulate a lemma analogous to lemma 4.1:

Lemma 5.4. Fiz k > 1 and let m = m(D) < &. Let {a,} C C be a set of

coefficients indexed by prime polynomials p which satisfy |a,| < Adinﬁ for some
constant A. Then

2k

Y \/”—XQ = 0(¢")

deg Q=D |degp<m

Proof. Write

Z Z Cbp X(P)| = Asqg+ Ansq

deg Q=D |deg p<m Hp”
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where

k . 2k

A Hj:l Ap; py. g4 Hj:l pj

W= 2 - P
D1y P2k Hj:l ”pJ” Q

I1 p; is a square

H?:l Qp; Qpy, 4 5 H?il pj
ey Domie g (T
Q

D1, -eoy P2k H]‘:1 [Pl

II pj is not a square

By Lemma 5.2,

2k 2k
a 2dcgp a deg p
Ansq < qD/2 Z L < qD/2 Z % <
W VT W T
2k
m j j D/243mk
D/2 T ) q D
<4q Z i@ m < m2k <q
And
k k
|ap|® - ] D
Ay < g” = <q O
$q Z ||p|| Z jqj m2

degp<m
Following the scheme of section 4, we define for separable @

sin(4 deg p) ( p )

Tn(3,Q) =2 Y 5

deg p
deg p<2m \/a

We will require a lemma:

Lemma 5.5. For any k > 0 define

ORI S DO

degQ =D plQ
Q separable

Then W (k, D) < ¢
Proof.
1 .
W(k,D)= Y ey, #1008 Q = D : i, |Q}
P1,.--3Pk

Separate this into two sums, a sum over all k-tuples with all p; distinct Sg;se,
and the remainder S,.,,. First bound S,.¢,:

Srem < Z 2deg]ﬂ1 #{degQ D:vj=3 pJ|Q} = Z 2degp <k_27D) <

pri= Pz
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< W(k—2,D)

Next,
Ks(D-)Y degp] e
Saist < Z 7 desr; Z @Y degp; degpg <
degpj <D degp9<D
all different
k D k
1 1
D D D
< q Z q2degp <q Zﬁ <4

deg p<D Jj=1

Since for £ = 0 the claim is obvious, and for £ = 1 S, is an empty sum,
induction completes the proof. O

Next we prove an analogue of lemma 4.2 for the family of quadratic charac-
ters:

Lemma 5.6. Let m = m(D) — oo, fir r > 0, and assume 0 < [ < 7 (in
mesoscopic scale we assume that for all D). Then for both scales

(1)

Z Tpn(B Q)QTH < qD/2q3m(2r+1)
m\~ m2r+1

deg Q=D

(2) Assume 12mr < D, and that m3 — oo (for mesoscopic scale). Then
2r (QT)' r D r—1
S 18,0 = K.(0) Z 1oy () + 04 1087 ()
) !
Proof.

qP), [1p; = square
Z XQ (Hm) o { qP/?22 deepi) | otherwise

deg Q=D

(1) The product of an odd number of primes is not a perfect square, hence

S LT =2t Y Hsmﬂieipy 5 (Héoj) -

deg Q=D P1y .oy P2r+1 deg Q=D
degp; < 2m
2r+1
9 > degp; 9 degp "
<g”? > () =¢" 1 > () <
P1,--sP2r41 \/a deg p<2m \/Z]
) 2r+1
D/2 ¢’ q] D/2 q3m(27'+1)
Z 7 <4q 2re1
J G m
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(2) Write
Z Tn(B:x@)?* = 2°"(Tsq + Tnsq)
Q

where Ty, and T, are the terms for which [[p; is a perfect square, or not a
perfect square, respectively. Now T4, is estimated as in part (1):

B sin(3 deg p;) IIp, p2 g™
T”Sq - Z H degpj Z Q <q mar

D1, .oy P2r deg Q=D
deng < 2m
[l p; # square

Turning to T4, we have

sin(5 deg p]
qu - Z H deg pj Z 1
P1,---; P2r deg@Q = D
degp, < 2m (@Q,I1pj) =
II p; = square
Notice all summands are non-negative, as primes appear in equal pairs. We will
use lemma 5.5 to show that the restriction (@, [[p;) =1 can be neglected:

d
SO X«
P1, - P2r degQ = D

degp; < 2m Q. Ilpy) #1
I1 p; = square

< Z Hsm dﬂejizépj) Z 1<

P1s s Pr deg@Q =D
dcgp7§2m (Q:Ilpy) #1
sin” (B deg Pg) Dy r—1
< Z Z deg p1 Z H degp <gq log (mﬂ)
deg Q= DpllQ P2y-sPr  J

We are left to calculate

sin(5 degp;)
T= Z H deg Dj
P15y P2r
degp; <2m
I p; = square
Induction shows that we can assume every prime pair appears exactly once, and
the error introduced will be O(¢” log"~?(m)). Thus up to this error

T

B sin®(Bdegp;)  (2r)! sin?(3 degp)
B rp|2r Z H degpj T oplor Z qdegp
~Pr J deg p<2m

This was already calculated during the proof of lemma 4.2:

T %)' (élog(mﬁ) 4 0(1))
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Bringing all together,
|
S 18,0 = Ku(D) Z R b0 () + 0(¢P 108 mp) D
5 !

In particular, for 12m < D it holds for both scales that

S TulB,Q)% = 2(1 + o(1))K.(D) log(mp)

deg Q=D
Now we proceed as in section 4 and prove the real version of theorem 4.3.

Theorem 5.7. Fixr > 0. ForeD <m < -2

12r
> IS(8.x0) + Tu(B, x0) " = O(4")
deg Q=D
Proof. The only difference would be in bounding Y-, [E3(xq)|*" by qP, where

1 .
Es(xq)=2| ) Win (2 deg ) (—raaegy Sin(20 degp)xo (p*)
degp<m \/a

In section 4 we have used part (2) of lemma 4.1 for this purpose, which we don’t
have in the real case. However, a simple calculation gives the required bound:

> IBs(xo)" <

Q

m

in(26d 1 1
<> > sm(qdegjgp)+0 > e +0 > e

Q |degp<m/2 degp < m/2 degp=m/2
plQ
Now
m 1 m o
Z qdegp < Z ; = 0(1)
deg p=m/2 j=m/2
and ,
2
sin(23 de X sin(23)
Z (fevgp)«z: (.5‘7)<<1
q gp ¢
degp<m/2 j=1

for both scales by lemma A.1. Therefore,

S IB (o) < Y > | o

Q Q degp < m/2
plQ
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and by lemma 5.5

> IEs(xo) " < ¢” O
Q

Applying the exact same reasoning used in the proof of theorem 4.4 | we
obtain

Theorem 5.8. Assume D even, fix r > 0, and let 0 < 8 < w. Then in both
scales:

(1
> S(8,x@)* ! = 0(¢"” log" (BD))
Q
) -
558, xa)” = K.(0) 2 1087 (8D) + 0(” 1o (3D))
> .

This implies

Theorem 3. Let D — oo assume even values.
(1) Fiz 0 < 8 < 7. The sequence of random variables

S(6,xa)

v2log D

has a standard gaussian limiting distribution.
(2) Let f = B(D) s.t. 0#£ 5 — 0 and BD — oco. Then the sequence of r.v.

S(8,xq)
2log(8D)

has a standard gaussian limiting distribution.
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A Appendix

Here we prove a technical lemma that was used in various places. It concerns
the convergence of certain series in macroscopic and mesoscopic scales.

Lemma A.1. Let m — oo. Take (8 to be either fized or B = B(m) — 0 such
that 0 < B <7 and mfB — oo. Then

(1)

m

Z sin 261{: 0()

k=1
(2) mo9
3 sin®(26k) _ %log(mﬁ) +0(1)

k
k=1

Proof. (1) By a straighforward calculation,

> sin(ag) = DI 1))

The case of fixed [ is a direct application of Dirichlet’s criterion for convergence
of sums. Assume now that § — 0. Summation by parts implies for all n > 1

" sin(20K) o (o oo\ (11 LSS in(2s)
5O 5 [ Ssmesn ) (57 ) + 3 sin(23)) =

k=1 k=1 \j=1

B sin(mp) sin((n + 1)5) 1 sin(ngB)sin((n+ 1)5)
_smﬁz k(k+1) +n+1 sin 3

In particular, for N < n < oo

"1 sin(206k
3 (kﬂ)

1 2 3
< = + = < oo
= sin 8 k;\/ E(k+1) Nsing — Nsinp

Now for every ¢ > 0

o] . C/ﬁ .
sin(23k) sin(20k) 33 4
kz=:1 B ; 20k 20| = csin 3 = c

As g —0
sin(20k) 2¢ gint
Z 28— / L

k=1
This implies by letting ¢ — oo

lim i sin(25k) _ /°° sintdt T
B"O —1 k 0 t 2
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and finally

k=1 k=1
(2)
"osin?(28k)  1e=1 1 = cos(20k) 1 <= cos(20k)
3 _Iy b1 Liogm + 0~ 13
— k 2 — k2 — k 2 2 — k

We have the identity

> cos(zsy) — <A enln £ U

And so the case of fixed (3 is again proved by Dirichlet’s criterion. Assume
B — 0. The integral
/ cost
—dt
1 t

converges, and so by exactly the same reasoning of part (1)

Now for ¢ € (0,1]

This implies that
1/28 1/28
cos(20k) cost 1
—2 —dt 0] —2
> s [ 93 g

k=1

The error term is O(1), while cost = 1 + O(t?) and so

/&Stdt /%+0() “log B+ 0(1)

Putting it together,

m

in2(20k) 1 1 1
Zsm Bk) ilogm—l—ilogﬂ"‘o(l):QIOg(mﬁ)_FO(l) O
k=1
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