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Abstract

The quantization of linear automorphisms of the torus, is an arithmetic model for a quan-
tum system with underlying chaotic classical dynamics. This model was studied over the
last three decades, in an attempt to gain better understanding of phenomena in quantum
chaos. In this thesis, we study a multidimensional analogue of this model. This multi-
dimensional model exhibits some new phenomena that did not occur in the original (two
dimensional) model.

The classical dynamics underlying the model, is a discrete time dynamics given by
the action of a symplectic linear map A € Sp(2d,Z) on a torus T?? = R24/72d This
dynamical system is ergodic and mixing, and presents a good model for chaotic dynamics.
The quantization of this system, introduced by Hannay and Berry, consists of a family of
finite dimensional Hilbert spaces of states Hy (of dimensions N¢), together with unitary
operators Uy (A) acting on Hy referred to as the quantum propagator. The semiclassical
limit in this model is achieved by taking N — oo.

Any quantum state can be interpreted as a distribution on the torus, by considering
the corresponding matrix element of a quantum observable. For a stationary state (i.e.,
an eigenstate of the quantum propagator), this distribution is invariant under the classical
dynamics. The Quantum Ergodicity Theorem, states that in the semi-classical limit almost
all of the quantum distributions (corresponding to stationary states), converge to Lebesgue
measure on the torus. The system is said to be Quantum Uniquely Ergodic, if the only
limiting measure obtained from stationary states is the Lebesgue measure.

For the two dimensional model (d = 1), after taking into account certain arithmetic
symmetries, Kurlberg and Rudnick showed that the only limiting measure is the volume
measure (this notion is referred to as Arithmetic Quantum Unique Ergodicity). With
out taking the arithmetic symmetries into account, this is no longer true. Indeed, Faure,
Nonnenmacher and De Bievre demonstrated the existence of scars, a subsequence of eigen-
functions for which the corresponding distributions concentrate around a periodic orbit.

In this thesis, we study the multidimensional model (d > 1). We show that for a
symplectic linear map that leaves no invariant isotropic rational subspaces, similar to the
two dimensional model, the system is Arithmetically QUE. However, if there are invariant
isotropic rational subspaces, then the induced system is no longer Arithmetically QUE. To
show this, we demonstrate the existence of super-scars, limiting measures (that are stable
under the arithmetic symmetries) and are localized on an invariant sub-manifold.

This thesis includes several more results concerning the fluctuations of the matrix el-
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ements of an observable around their limit. In the approach to the limit, the different
matrix elements fluctuate around their limit. We compute the variance of these fluctua-
tions, and present a conjecture for their limiting distribution, generalizing the a conjecture
of Kurlberg and Rudnick for the two dimensional model.

This work was accepted for publication by the Annals of Mathematics [25]. Preliminary
results were also published in International Mathematics Research Notices [24].
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Introduction

Quantization of discrete chaotic dynamics over a compact phase space, has proved to be
an effective toy model for understanding phenomena in quantum chaos. The first such
model was the quantization of the cat map, a symplectic linear map acting on the 2-
dimensional torus [21]. This thesis deals with the multidimensional analog of this model,
the quantization of symplectic linear maps on a multidimensional torus. We generalize some
of the results obtained for the two dimensional case, and present some new phenomena
occurring in higher dimensions.

Quantum Cat Map

In an attempt to gain better understanding of the correspondence between classical and
quantum mechanics and in particular phenomena in quantum chaos, Hannay and Berry
introduced a model for quantum mechanics on the torus [21]. The classical dynamics
underlying this model is simply the iteration of a symplectic linear map, A € Sp(2,7Z),
acting on the 2-torus, known colloquially as a cat map. For quantizing the torus, one takes
a family of finite dimensional Hilbert spaces of states, Hy = L?(Z/NZ) (where N stands
for the inverse of Planck’s constant). The quantization of smooth observables f € C°°(T?)
are operators Opy(f) acting on Hy, and the quantization of the classical dynamics, is
a unitary operator Uy(A), known as the quantum propagator. The connection with the
classical system is achieved through an exact form of “Egorov’s theorem”:

Un(A)"'Opy(f)Un(A) = Opy(f o A), Vf e C™(T?).

Quantum Ergodicity

When the matrix A has no eigenvalues that are roots of unity, the induced classical dy-
namics is ergodic and mixing. The quantum analog of this, following the correspondence
principle, is that the expectation values of an observable, (Opy(f)1, %) (in an eigenfunc-
tion ¢ s.t Un(A)Y = \p), should tend to the phase space average of the observable in the
semiclassical limit.

By an analog of Shnirelman’s theorem, one can show that indeed almost all of these
matrix elements converge to the phase space average [6]. This notion is usually referred
to as “Quantum Ergodicity” (QE), and was shown to hold for a large class of ergodic
dynamical systems [6, 10, 35, 39]. However, the stronger notion of “Quantum Unique



Ergodicity” (QUE), where there are no exceptional subsequences of eigenfunctions, doesn’t
hold for this model. Indeed, in [15] Faure, Nonnenmacher and De Bievre managed
to construct a subsequence of eigenfunctions, for which the diagonal matrix elements do
not converge to the phase space average but concentrate around a periodic orbit. Such
exceptional subsequences are also referred to as scars.

Arithmetic Quantum Unique Ergodicity

The existence of scars for the quantum cat map, is related to high degeneracies in the spec-
trum of the quantum propagator. If we denote by ord(A, N) the smallest integer such that
A® =1 (mod N), then the quantum propagator satisfies that Uy (A)°"4AN) = [ implying
spectral degeneracies of order %. In particular, since there are infinitely many values
of N for which ord(A, N) is of order log(N), there could be spectral degeneracies of order
%. It is precisely for these values of N, that the scars in [15] were constructed.

In [27] Kurlberg and Rudnick introduced a group of symmetries of the system, i.e.,
commuting unitary operators that commute with Uy (A), that remove most of the spectral
degeneracies. These operators are called Hecke operators, in an analogy to a similar setup
on the modular surface [23, 34]. The space Hy has an orthonormal basis consisting of joint

eigenfunctions called “Hecke eigenfunctions”. For the desymmetrized system, Kurlberg

and Rudnick showed that indeed (Opy(f)v, ) himice Jp= f for any sequence, ¢ = pN)|
of “Hecke eigenfunctions” [27]. This notion is referred to as Arithmetic Quantum Unique
Ergodicity, due to the arithmetic nature of these Hecke operators (both here and in the
setting on the modular surface).

Higher dimensions

The Hannay-Berry model for the quantum cat map, can be naturally generalized for sym-
plectic linear automorphisms of higher dimensional tori. As in the two dimensional model,
the dynamical system on T?? induced by the action of A € Sp(2d,Z) is ergodic and mixing
if and only if the matrix A has no eigenvalues that are roots of unity. For quantizing maps
on the 2d-dimensional torus, the Hilbert space of states, Hy = L*(Z/NZ)%, is of dimension
N4 (where, again, N stands for the inverse of Planck’s constant). The group of quantizable
elements is the subgroup Spy(2d, Z) defined

Spe(2d,Z) = {(g ]{;) € Sp(2d,Z)|EF*, GH" are even matrices} :

The quantization of observables f € C°°(T??) and maps A € Spy(2d,Z), again satisfy
“exact Egorov”:

Un(A) " Opn(f)Un(A) = Opy(f o A), VfeC®(T*).

Many of the results obtained on the two dimensional model (i.e, d = 1), can be naturally
generalized to higher dimensions. Nevertheless, there are still some new and surprising
phenomena that occur in higher dimensions.



Results

One new phenomenon that occur in high dimensions, is the existence of super-scars, that
is, joint eigenfunctions of the propagator and all the Hecke operators localized on certain
invariant manifolds .

Remark 0.1. The scars constructed in [15] (for d = 1) are related to the large spectral
degeneracies of the propagator. We note that for d > 1, there are values of N for which
the order ord(A, N) could grow like N (whenever the characteristic polynomial for A splits
modulo N) and possibly even slower (see [33] for some numerical data on the order of A
modulo N). Consequently, for these values there are large spectral degeneracies of order
N9=1. However, the scarring described here is not related to these degeneracies. In fact, the
action of the Hecke operators reduce almost all of the spectral degeneracies (see proposition
4.4).

Let A € Spy(2d,7Z) be a quantizable symplectic map. To any invariant rational isotropic
subspace Fy C Q% we assign a manifold X, C T?? of dimension 2d — dim Ej, invariant
under the dynamics.

Theorem 1. Let A € Sp,y(2d,7Z) with distinct eigenvalues. Let Ey C Q*?, be an invariant
subspace that is isotropic with respect to the symplectic form. Then, there is a subsequence
of Hecke eigenfunctions i) € Hy,, such that the corresponding distributions

f = (Opy, (f)0, ¥),

converge to Lebesgue measure on the manifold X.

To illustrate this phenomenon, consider the following simple example (previously pre-
sented by Gurevich [18] and by Nonnenmacher [32]). Let A € GL(d,Z) and take A =

! ]
(/é 12101) € Sp(2d,7Z). Aslong as none of the eigenvalues of A are roots of unity, the clas-
sical dynamics on T?? induced by this map is mixing. (For a concrete example with d = 2

L 2) .) The space Ey = {(7i1,0) € Q*} is then an invari-

one could take the matrix A = ( 5 3

ant isotropic subspace, and the corresponding invariant manifold is Xy = { (g,) € ']I'Qd}.

The action of the quantum propagator corresponding to such a matrix is given by the
formula Uy (A)y(Z) = ¢(AZ) (where the action of A € GL(d,Z) on & € (Z/NZ)* is
the obvious one). One can then easily verify that the function v(Z) = v/ Ndy(Z) is an
eigenfunction of Uy (A). On the other hand for any f € C°(T??) a simple computation
gives (Op(f)wo, o) = on fdmx,, that is the distribution f +— (Op(f)to, o) is Lebesgue

measure on Xj.

Remark 0.2. In [1] Anantharaman showed that for Anosov flows on a compact manifold,
for any limiting quantum measure the Kolmogorov-Sinai entropy is positive. In [2, 3, 4]

!The name super-scars has been used before in a different context [7]
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Anantharaman, Nonnenmacher and Koch made some improvements on this result giving
lower bounds for the entropy of such quantum measures. In particular, for surfaces of
constant negative curvature [2, 3] and for the baker map [4], the entropy of any limiting
quantum measure is shown to be at least half of the maximal entropy of the corresponding
system. They also conjectured that this bound of half the maximal entropy should hold
for more general Anosov system. (Note that having entropy equal to the maximal entropy
is equivalent to QUE). It is easy to verify (see section 5.5), that the limiting measures
corresponding to the super-scars always satisfy this bound. Moreover, in the case where
dim Ey = d, the entropy of the limiting measure is exactly half of the maximal entropy.

Theorem 1 implies that any matrix A € Sp,(2d, Z) that has a rational invariant isotropic
subspace is not arithmetically QUE. We show that these are the only counter examples.

Theorem 2. Let A € Spy(2d,Z) be a matriz with distinct eigenvalues. Then, a necessary
and sufficient condition for the induced system to be Arithmetically QUFE, is that there are
no rational subspaces E C Q%*, that are invariant under the action of A, and are isotropic
with respect to the symplectic form.

Remark 0.3. Note that the existence of a rational invariant isotropic subspace, is equivalent
to the existence of an isotropic closed connected invariant subgroup of the torus. We can
thus reformulate this theorem in these terms, i.e., the condition for Arithmetic QUE, is
the absence of invariant isotropic sub-tori.

Remark 0.4. Tt is interesting to note, that the sufficient conditions to insure Arithmetic
QUE, do not rule out matrices that have roots of unity for eigenvalues. So in a sense, Arith-

metic QUE can hold also for matrices that are not classically ergodic. This phenomenon
2

1
A* = T), nevertheless it has two distinct eigenvalues and no rational invariant subspaces,
hence arithmetic QUE does hold for this matrix.

For systems that are arithmetically QUE, we can also give a bound on the rate of
convergence. For 7i € Z* we denote by 2d; the dimension of the smallest (symplectic)
invariant subspace E C Q?? such that 7 € E. For a smooth observable f € C°°(T?¢) define

d(f) = minf(ﬁ#() dﬁ

already occurs for matrices in SL(2, Z), for example A = ( __25 ) is not ergodic (because

Theorem 3. In the case where there are no rational isotropic subspaces, for any smooth
f € C=(T??) and any normalized Hecke eigenfunction 1 € Hy, the expectation values of

Opy (f) satisfy:
d(f)

(Opw (F), ) — / g N

Remark 0.5. The exponent of @ in this theorem is not optimal. The correct exponent

is probably @, in consistence with the fourth moments (proposition 3.5) and with the
bounds for prime N (corollary 4.8). For N prime, in the case where there are no invariant
rational subspaces the bound O(N~% ?) was independently proved by Gurevich and Hadani
20].



We note that the behavior of the matrix elements of an observable Opy(f), is related
to the decomposition of N to its prime factors. Consequently, if we restrict ourselves to
the case where N is prime, we can obtain much sharper results (e.g., for the bounds on
the number of Hecke operators and the dimension of the joint eigenspaces).

We now consider only prime N, and restrict to the case where there are no isotropic
invariant rational subspaces. In this case the matrix elements of a smooth observable
f € C=(T*) with respect to a Hecke basis {1;} converge to their average [..f and
fluctuate around it. To study these fluctuations, we first give an asymptotic formula for
their variance:

SP0) = 2 O — [ faal?

Consider the decomposition Q*! = P Fjy, into symplectic irreducible invariant sub-
spaces. To each space, we assign a quadratic form Qg : Z?? — Z[\g], where )y is an
eigenvalue of the restriction of A to Ey, and define the product Q = [[ Qs (see section
6.1 for an explicit construction). For a smooth observable f € C°°(T?!) and an element
v € [[ Z]N], define modified Fourier coefficients

Fivy= ) (1™ ().

Q(M)=v

Define d,, = %ZVG#O dim Fyp and dy = ming:(,) 4o d,. Note that if v = Q(7), then d, = dj
as defined in theorem 3, hence for any smooth f we have d(f) < d;. For f € C>(T*)
define V(f) = 34, _4, |fA(v))?.

Theorem 4. In the case where there are no rational isotropic subspaces, for a smooth
observable f € C°(T??), as N — oo through primes, the quantum variance in the Hecke

basis satisfies
V(f) 1
=N +O(Ndf+1).

Remark 0.6. We note that when there are symplectic invariant rational subspaces, one can
construct observables for which df < d. We can thus produce a large family of examples
(similar to the ones we described in [24]), for which the quantum variance is of a different
order of magnitude from the one predicted for generic systems by the Feingold- Peres
formula [13, 14].

S (f)

Remark 0.7. In the case that there are isotropic invariant rational subspaces, the distri-
bution can become degenerate (see remark 4.6) and there is no definite behavior for the
variance.

After establishing the quantum variance, we renormalize to have finite variance V(f)
and give a conjecture for the limiting distribution, generalizing the Kurlberg-Rudnick con-
jecture for the two dimensional case [28]. To simplify the discussion, we will restrict
ourselves to elementary observables of the form ez(Z) = exp(2mifi - Z) (see section 6.2 for
treatment of any smooth observables).



For an observable Opy(ez), the matrix elements in the Hecke basis can be expressed
as a product of certain exponential sums. The sums in the product are of the form:

1 r+1
E (v, x) = icl Z eq(’//fm)x(@m(ﬂ?),
1#£z€C

where ¢ is some power of N, C is either the multiplicative group F; or the group of norm
one elements in the quadratic extension F2 /I, x is a character of C and ¥ is the quadratic
character of C, v € F, and k € Fp2 satisfies: Vx € C, /ﬁi—ﬂ c F,.

The Kurlberg-Rudnick conjecture regarding the limit distribution [28], is naturally
generalized to a conjecture regarding these exponential sums.

Conjecture 5. For each finite field F,, fix an element 0 # v € F, and consider the
set of points on the line defined by the normalized exponential sums \/qE4(v,x) for all
characters x : C — C*. Then, as ¢ — oo these points become equidistributed on the interval
[—2,2] with respect to the Sato-Tate measure. Furthermore, if for each field F, we fix a
number of distinct elements vy, ...,v, € F,, then the limiting distributions corresponding
to \/qEq(V1,X), - V1Eq(vr, X) are that of v independent random variables.

We now wish to deduce from this, a conjecture regarding the limiting distribution of
the matrix elements. However, to do this we need to consider the decomposition of F2Z
into invariant subspaces under the action of A (mod N) (rather than the decomposition
of Q** we used for the variance). For 77 € Z*, let E C F3 be the smallest (symplectic)
invariant subspace containing 7 (mod N). Let E' = @ Ej3 be the decomposition of E into
irreducible symplectic invariant subspaces, and let 2dj; = dim E5. Then a matrix element
for a Hecke eigenfunction (Opy (ex)1,v), can be expressed as the product [[; £, (5, X5),
where ¢z = N9 the elements vy are determined by the projections of @ (mod N) to Ej,
and the characters x5 are determined by the eigenfunction. Consequently, if we denote
by Pj the set of primes for which there are precisely k invariant subspaces Ej in the
decomposition we can deduce:

Conjecture 6. As N — oo through primes from Py, the limiting distribution of normal-
ized matriz elements N%/2(Opy (ex)s, 1;), is that of a product of k independent random
variables, each obeying the semi-circle law.

It is interesting, that while the expression for the variance depends only on the rational
properties of A, the limiting distribution already depends specifically on the action of A on
F2¢, and can vary for different values of (prime) N. Moreover, notice that at least one of
the sets Py, is always infinite, so there is a sequence of primes for which there is a limiting
distribution. However, there could be other values of k for which the sets P, are also
infinite, resulting in different limiting distributions (see section 6.2 for some examples).

Outline

This work is composed of three main parts. In the first part (chapter 1), we describe in
detail the quantization procedure. In the second part (chapters 2, 3), we develop Hecke
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theory and give the proof of theorem 3. In the third part (chapters 4,5,6), we restrict the
discussion to the case where Planck’s constant is an inverse of a prime number. For these
values of Planck’s constant the Hecke operators and eigenfunctions reveal structure closely
related to the Weil representation over finite fields. We use this structure to construct
scars proving theorem 1, and to study the fluctuations of the matrix elements.



Chapter 1

Quantized Linear Toral
Automorphisms

The quantization of the cat map on the 2-torus, was originally introduced by Hannay and
Berry [21], and is further described in [11, 26, 27]. For higher dimensions, the procedure is
mostly analogous, and is described in [5, 33]. We take an approach towards the quantization
procedure through representation theory, similar to the one taken in [27].

1.1 Quantization procedure

We start by giving the outline for the quantization of arbitrary symplectic maps. For
a discrete time dynamical system, given by the iteration of a symplectic map A on a
phase space X, the quantization procedure can be described as follows: The first step,
is constructing a one parameter family of Hilbert spaces Hj, parametrized by Planck’s
constant. For each space, there is a procedure that assigns to each smooth function
f € C*(X), an operator Op,(f) acting on Hj. The connection with the classical sys-
tem is fulfilled by the requirement that in the limit h — 0, the commutator of the
quantization of two observables f, g reproduce the quantization of their Poisson bracket

{f.g} =>_,(0f/0p;)(0g/9q;) — (0 /Dq;)(0g/0p;):

1

710p4(f), Opi(9)] = Opu({f. 93)
The dynamical part of the quantization, is given by discrete time evolution of the algebra
of operators. The evolution is through conjugation by a unitary map Uy, (A) of H, (referred
to as the quantum propagator). We require that in the limit &~ — 0 the classical dynamics
is reproduced, in the sense that

=90, (1.1)

UL (A) "L Opy, (f)Un(A) — Op,(f o A)|| =2 0. (1.2)

In our case, the classical phase space is the multidimensional torus and the classi-
cal observables are smooth function on the torus. For quantizing the torus, the ad-
missible values of Planck’s constant are inverses of integers h = 1/N, N > 1. The

8



space of states, is Hy = L%*((Z/NZ)%) of dimension N¢ with inner product given by
(0, ¢) = 52 >z (mod Ny V(Z)@(Z). To each observable f € C*(T?!), by an analog of Weyl
quantization, we assign an operator Opy(f) satisfying (1.1). The classical dynamics is
given by an iteration of a symplectic linear map A € Sp(2d,Z) acting on the torus, so that

7= ’g, ) € T?? +— AT is a symplectic map of the torus. Given an observable f € C*°(T??),

the classical evolution is defined by f +— f o A. For a certain subset of matrices A, there
is a unitary operator Uy (A) acting on Hy satisfying an exact form of (1.2), i.e.,

UN(A)_loPN(f)UN(A) = Opy(f o 4). (1.3)

We now turn to describe these procedures in more detail.

1.1.1 Quantizing observables

In an analogous way to the quantization of observables on T? [21, 27], introduce elementary
operators Ty (71) (with @ = (7, 72) € Z*?), acting on ¢ € Hy via:

T ()(y) = ean (i - ia)en (Ml - Y)Y (Y + 7}), (1.4)

where we use the notation ey(z) = e~ . For notational convenience we also define a
twisted version of these operators:

T (i) = (=)™ 2Ty (7).

Remark 1.1. The twisted operators were originally introduced in [18], and make some of
the arguments simpler (e.g., the trace formula (1.5)). Moreover, these operators satisfy the
intertwining equation (1.6) for all of the symplectic group rather than for the subgroup
Spy(2d, Z).

The main properties of the twisted elementary operators Ty (7) are summarized in the
following proposition.

Proposition 1.1. For the operators T (7i) defined above:
1. Tn()* = Ty (=) = T (7)~" are unitary operators.

2. The composition of two elementary operators is given by

Tn (M) Tn (7)) = ean (1 + NHw (i, 7)) T (11 + 1),

implying commutation relation

T () Ty (78) = e (o, 7)) T (7) T (7).

—

where w(m, ) = miy - e — My - 1y 1S the symplectic inner product.



3. For even N, TN(ﬁ) only depends on 11 modulo 2N, while for odd N it only depends
on 1 modulo N.

The proof is straightforward from (1.4).
For any smooth classical observable f € C°(T??) with Fourier expansion f(Z) =
aczea f (1) exp(2mini - T), where 71 - & = 71y - P'+ 7ig - ¢, define its quantization by

Opy(f):= Y f()Tn (i),
nez?d
or alternatively in terms of the twisted operators
Opy(f) = > f(=1)N Ty (7).
Rez?d

Using the commutation relation given above, and the rapid decay of the Fourier coefficients,
relation (1.1) can be verified.

1.1.2 The Heisenberg group

The operators TN(ﬁ) defined above, are connected to a certain representation of a Heisen-
berg group Hy.
For N > 1 the corresponding Heisenberg group is taken to be

Hy = {(,t)|it € (Z/2NZ)** |t € Z/2NZ},
with a multiplication law given by
(i, t) - (A", t") = A+, t+t +w@,i)).
It is easily verified that the center of this group is given by
Z(Hy) =A{(ri,t) e Hy|ii =0 (mod N)}.

We now construct a unitary representation of Hy on the space Hy = L*((Z/NZ)%) by
setting: )
W(ﬁ, t) = €2N((N2 + 1)t)TN(ﬁ)

The relations given in proposition 1.1, insure that this is indeed a representation. Further-
more, the center of Hy acts through the character £(77,t) = ean ((N? + 1)1).

Remark 1.2. This representation can be realized as an induced representation. It is induced
from the one dimensional representation of the normal subgroup {(7,t)|7ia = 0 (mod N)},
given by (7,t) — ean((N + 1)) for odd N and (7, t) — ean(t + 7172) for even N.

Proposition 1.2. Let m be a representation of the Heisenberg group, which is given by &
on the center (where & is the character defined above), then:

10



o The characters of the representation w, are supported on the center.

o 7 is irreducible if and only if the dimension of the representation is N?. In this case,
the class of the representation m is determined by the character €.

Proof. See [17, lemma 1.2]. O

In our case, the dimension dim(7) = dim(Hy) = N¢, and hence the representation 7
is irreducible. Furthermore, from the condition on the characters of , we deduce that the
trace of the elementary operators Ty (77) is given by

~ {Nd n=0 (mod N)

Tr(Tiv (1)) = 0 otherwise (1.5)

In particular, for fixed 77 # 0 and sufficiently large N, the trace of T ~ (1) vanishes.

Corollary 1.3. For any orthonormal basis for Hy, and any smooth observable f €&
C>=(T?%), the average of the diagonal matriz elements of Opy(f) converge to the phase
space average as N — 00.

1.1.3 Quantizing maps

In this section we show how to assign to a symplectic linear map A € Spy(2d, Z) acting on
T?, a unitary operator Uy (A) acting on L?((Z/NZ)?) s.t for all observables f € C°°(T?4),

Un(A)""Opy(f)Un(A) = Op(f o A).

Any symplectic matrix A € Sp(2d,Z), naturally acts on Hy by automorphism via
(71,t)* = (A, t). Composing the representation m with the action of A, thus gives a new
representation (7, t) = 7(fA, t), that is again irreducible and acts on the center through
the same character (7, t) = ean((1 + N?)t).

Therefore by proposition 1.2, for any A € Sp(2d,Z) the representations 7, 7
tarily equivalent, i.e., there is a unitary intertwining operator Uy (A) satisfying

WA(ﬁ, t) = UN(A)_IF(ﬁ, t)UN(A), \V/(ﬁ, t) S HN,

A are uni-

and in particular Vi € 7%
Un(A) Ty () Un(A) = Ty (7 A).
Assume now that in addition A belongs to the subgroup

Spy(2d,Z) = {(g Z.) € Sp(2d, Z)'EFt, GH', are even matrices} )

Then Vit € Z*¢, the image m = 7iA satisfies 71, - iy = 1y - My (mod 2), hence for all

observables f € C°°(T?),
Un(A)"'Opy(f)Un(A) = Op(f o A).

11



Because the operators TN(ﬁ), only depend on 77 modulo 2N (respectively modulo N for

odd N), the representation 74 also depends only on A mod 2N (respectively (mod N)).
We can thus take the intertwining operator Uy(A), to depend only on A modulo 2N
(respectively N).
Remark 1.3. Note that Uy (A) is defined as an intertwining operator for any A € Sp(2d, Z).
However, if A ¢ Sp,(2d,Z) then the operator Uy (A) no longer satisfies the Egorov identity.
When restricting to the subgroup Spy(2d,Z) the definition given here coincides with the
standard definition given in [27] (for d = 1).

1.2 Formulas for the quantized cat map

The irreducibility of 7 imply (through Schur’s lemma), that the map Uy(A) is unique up
to multiplication by phase. In other words, if U is a unitary map acting on Hy, satistying
the intertwining equation

UTn(RA) = Tn(R)U, Vi € 7%, (1.6)

then after multiplying by some phase, ¢/*Uy(A) = U. On the other hand the contrary is
also true, that is, if U = ¢ “Uy(A), then it obviously satisfies (1.6).

In what follows, we give formulas for operators satisfying (1.6), thus obtaining formulas
for the quantized maps.

1.2.1 Formulas through generators

The group Sp(2d,Z) (and hence also Sp(2d,Z/2N7)) is generated by the family of matrices

@) (6 &) (o)

with £ € GL(d,Z) and F € Mat(d, Z) symmetric [22, theorem 2].
For these matrices the corresponding operators act by the following formulas (up to
phase):

U (g 1) 0@ = (14 N7 Fiyu@). (17)
ve (5 2 ) vid) = uea) (19

0 I . 1 o o o
Un (—I 0 ) »(@) = Wge(zzﬂ:vz)d en (T - )Y (). (1.9)

One can verify directly that these formulas indeed satisfy (1.6). Consequently, the action
of any element Uy(A), A € Sp(2d,7Z) can be obtained, by composing the appropriate
operators given above for the generators.

12



1.2.2 Formulas through averaging

A different approach to obtain formulas for the operators Uy(A) is through averaging of
the representation over the Heisenberg group. With this approach, for any A € Sp(2d,Z)
satisfying A = £1 (mod 4), we obtain a formula for the propagator Uy (A) in terms of the
elementary operators Ty (i) (if N is odd the formula is valid with out the parity condition).
This formula (which is based on the p-adic formula given in [30, page 37]), is new in this
context and we will make repeated use of it in what follows.

Recall that we defined the operator Uy(A) to be an intertwining operator of the rep-
resentations 7 and 74. It is easily verified that an operator defined by averaging of the

form
F(rxt)y = > a()x*(h™),
heHy /Z(Hy)

is always an intertwining operator of these representations. Therefore, (by Schur’s lemma)
it will coincide with the original operator, after multiplication by some constant (i.e.,
F(m,m4) = ¢(A)Un(A)). Note that in general this constant might be zero.

Proposition 1.4. Let A € Sp(2d,7Z) be a matriz satisfying A = —I (mod 4). Denote
by kery(A — I), the kernel of the map (A —I) : (Z/NZ)* — (Z/NZ)*'. Then, the
intertwining operator F(m, ) = c(A)Un(A) with |c(A)|> = N¥|kery(A — I)|, and in
particular ¢(A) # 0.

Proof. Identify the quotient Hy/Z(Hy) with (Z/NZ)*, so that

= Y Tn(i)In(—iA). (1.10)

(Z/NZ)2d

Since the operator Uy(A) is unitary, F(m, 74)F(m,74)* = |c(A)]*I. On the other hand,
plugging in (1.10) gives,

F(’]‘(‘ 71' ZTN nA)TN(mA)TN( ) =

= D el - ) A, 1) T () Ty (=) Ty (—7A) Ty (mA) =



Since the second sum vanishes whenever k(A — I) # 0 (mod N), we get that

F(r, 7" F(r,n%)* = N* Z T (K)Tn(—kA).
E=kA(N)

Finally, when A = —I (mod 4) the condition k = kA (mod N) implies that the product
Tn(k)Tn(—kA) = I, which concludes the proof. O

When A = —I (mod 4) the constant ¢(A) does not vanish and we can divide by it to
get a formula for Uy (A):

F(r,7), (VA= -I (mod 4)). (1.11)

When A =1 (mod 4) the constant ¢(A) might be zero. However, in this case ¢(—A) # 0
and since Uy (A) = Un(—A)Un(—1) we get the formula:

Un(A) = C(_A)F(W,W_A)UN(—I), (VA=1 (mod 4)). (1.12)

Remark 1.4. When N is odd, the condition k=kA (mod N) implies that the product
Tyn(k)Tn(—kA) = I for any A € Sp(2d,Z) (without the parity condition). Thus, for odd
N we can use both formulas for any symplectic matrix.

From these formulas we get the following corollaries:

Corollary 1.5. Let A, B € Sp(2d,Z) be matrices that commute modulo N. If B = +I
(mod 4) (orif N is odd), then the corresponding operators Ux(A),Un(B) commute as well.

Proof. If B = —I (mod 4) (or if N is odd), use formula (1.11) for Uy(B) and apply the
intertwining equation (1.6) for the action of Uy (A).

UN(B)UN(A):UN(A)ﬁ > Tw(HA)In(-7iBA).

i€ (Z/NZ)2d

Now, change summation variable 77 — 1A (using the fact that A and B commute), to get
Un(B)Un(A) = Un(A)Un(B).

Otherwise, use formula (1.12) for Ux(B). The operators F(m,7~2) and Uy(—1) both
commute with Uy(A) and hence Uyn(B) commutes with Uy (A) as well. O

Corollary 1.6. The trace of Un(A) is given (up to phase) by:
e for A= —1 (mod 4) (or for odd N ),

Tr(Un(A))] = | kern(A = T)].
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e For N even, and A =1 (mod 4), either Tr(Uyx(A)) =0 or

| keran (A2 — 1)
[kern (A + 1)

Tr(Un(A))] =

In particular | Tr(Ux(A))| < 2%/| kery (A — 1)

Proof. In the first case, use formula (1.11) and take trace (noting that when 7 # A
(mod N), then Tr(Tw (7)Tn(—7A)) = 0). Now, plug in |¢(A)| from proposition 1.4 to get
the result.
Otherwise, use formula (1.12). Using formula (1.11) for Ux(—1) and taking trace we
get that Vit € Z*¢, )
Tr(Tyn(A(A+ 1)Un(=1)) = 2%

Therefore,

I Tr(Un(A))| |ZegN (71, 7A))|.

Finally, similar to a Gauss sum, when the sum Z ean (w(i1, MA)) does not vanish, its abso-
lute value is given by

N4\ /| k A — T
| ety = T/ ke D
(V)
The bound |Tr(Un(A))| < 2¢y/|kery(A — I)], is a consequence of the following observa-
tion,
| keron (A% — I)| < 2% | kery (A% — I)| < 2% kery (A — I)|| kery (A + 1)|.

1.3 Multiplicativity

The quantum propagators, Uy (A), are unique up to a phase factor and thus define a
projective representation of Sp(2d,Z/2NZ), that is:

Un(AB) = (A, BYUn(A)Ux(B). (1.13)

From corollary 1.5 we infer that: For odd N, if AB = BA (mod N), then ¢(A, B) = ¢(B, A)
as well. For even N, this holds if AB = BA (mod 2N) and we restrict to the subgroup of
matrices congruent to £/ modulo 4. This property by itself already allows us to define the
Hecke operators (see chapter 2). However, it is more convenient to work with a quantization
such that the map A — Uy(A) forms a representation of the symplectic group. In this
section we show that such a quantization indeed exists:

15



Theorem 7. For each N > 1, there is a special choice of phases for the propagators, such
that the map A — Un(A) is a representation of Sp(2d,Z/NZ) when N is odd. Whereas
for even integers, this map is a representation of the subgroup of Sp(2d,Z/2N7Z) composed
of all matrices congruent to =1 modulo 4.

In order to prove theorem 7 for all integers, it is sufficient to prove it separately for odd
integers, and for integers of the form N = 2% (see [27, section 4.1]).

1.3.1 Odd integers

When N is an odd integer, we follow a proof of Neuhauser [31]. As we apply this proof
for the rings Z/NZ (rather than finite fields as done in [31]) we review the proof in some
detail:

Let N > 1 be an odd integer. Since —I is in the center of Sp(2d,Z/NZ), by corollary
1.5, VA € Sp(2d, Z/NZ)

Un(~1)Ux(A) = Ux(A)Un(~1).

On the other hand, the operator Un(—1) acts by Un(—I)¢(z) = ¢(—x) (formula 1.8).
Hence, the space Hj; = {1 € Hy|¢)(—z) =(x)}, is an invariant subspace under the
action of Sp(2d,Z/NZ).

Denote by Ut (A), the restriction of Uy (A) to HJ;, to get that

UY(AB) = ¢(A, B)UT(A)U(B). (1.14)
By taking determinants of equations (1.13) and (1.14) we get:

det(Un(AB)) = (A, B)N" det(Un(A)) det(Uy/(B)),

N1

det(UY(AB)) = c¢(A,B) = det(U"(A))det(U"(B)),

(note that the dimension of H™ is #) Define k(A) = %, then ¢(A, B) = ”E:éiﬁé?),

and A — k(A)Uy(A) is a representation of Sp(2d, Z/NZ).

1.3.2 Dyadic powers

We now give the proof for integers of the form N = 2%. In the case of d = 1 this was proved
in [27, section 4.4] by prescribing explicit phases for all generators and proving that it is
indeed a representation (this amounted to proving an identity on Gauss sums). However,
for d > 1, we found this approach too difficult to follow through. We thus take a different
approach by induction on the exponent k. We define a subspace HY, C Hy of dimension
M?¢ = (N/2)¢, invariant under the action of Spy(2d,2N) (i.e., the matrices congruent to
I modulo 2) and under the action of certain elementary operators. We then construct a
representation of the Heisenberg group H,, on this space, and show that it is equivalent
to the original representation on L?(Z/MZ)%. We can thus connect the restriction of the
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quantum propagators to the subspace H{; with the quantum propagators on H,,, for which
by induction we already have multiplicativity.
Define the subspace

Hy = {v € Hyl(y) =0, V§#0 (mod2)},
and the congruence subgroup
Spy(2d,2N) = {A € Sp(2d,Z/2NZ)|A=1 (mod 2)}.

Lemma 1.7. For N = 28 k > 2 and any A € Spy(2d,2N), the space HY is invariant
under the action of Uyn(A).

Proof. For any matrix ( g Z. > € Spy(2d,2N) we have a Bruhat decomposition:

(6 u)=(" )0 )(uhe 1)

Consequently, the group Spy(2d,2N) is generated by the family of matrices

u+(X):(é )I() u_(Y):(;; ?) S(T)=<T0t qu)

where X, Y, T € Mat(d,Z/2NZ) , X = X', Y =YY", X =Y =0( mod2) , T =1 (
mod 2). Therefore, it is sufficient to show that HY; is invariant under the action of the

corresponding operators. This can be done directly, using the formulas given in section
1.2.1. O

Lemma 1.8. For N = 2% k > 2, the space HY is invariant under the action of TN(ﬁ) for
all 7i = (71, 7y) such that 7i; = 0 (mod 2). Furthermore, if iy = 0 (mod N) and 7iy = 0
(mod N/2) then the restriction Ty ()]0 = 1.

Proof. Direct computation using (1.4). O
Define two subgroups of Sp,(2d,2N),

SH(2N) = {(g fj) € Sp,(2d, 2N)‘F —0 (mod 4)}
$H(2N) = {(g g) € Spy(24, 2N)‘G —0 (mod 4)}

-1 0
(in both directions). Another, less trivial isomorphism is given by the map j : Sy — Sg,

et by (B F\, (E F/2
J((G H))—<2G H). (1.15)
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Proposition 1.9. For any N = 2F, there is a choice of phases so that for any A, B €
S2(2N), Un(AB) = Un(A)Un(B). There is another choice such that for any A, B €
S9(2N), Un(AB) = Un(A)Un(B).

Proof. First note that it suffices to prove multiplicativity for Sy(2V). For any B € SQ(QN )
there is B € S3(2N) such that B = —JBJ. Therefore, if we have multiplicativity for
S5(2N), we can define for any B € S5(2N)

Un(B) = Un(J)"Un(B)Un(J),
to get a multiplicativity for Sy(2N).

We now show multiplicativity for S3(2N) by induction on k. For k = 1, the group
S2(4) includes only lower triangular matrices, for which the formulas given in 1.2.1 are
multiplicative.

For k > 2, by lemma 1.7 the space HY%; is invariant under the action of Spy(2d,2N) and
hence also under the subgroup So(2N). For A € S5(2N) denote by UY(A) the restriction
of Ux(A) to HY,.

Let M = 2*=1 = N/2 and consider the Heisenberg group H); defined in section 1.1.2,
together with the representation on L*(Z/MZ):

(i1, t) = eans () Ths (7).
We now construct another representation on H% C L*(Z/NZ):
(i, t) = ex ()TN (271, 12)),

where T ((2, 7)) is the restriction of Ty ((27;, 7)) to HS (by lemma 1.8 this is well
defined). From the second part of lemma 1.8 we see that the action on the center is
given by 7(Mn,t) = en(t)I. Consequently, by proposition 1.2 there is a unitary operator
U:HS — L*(Z/MZ) such that # = U 7ld.

The intertwining equation for Uy (A), imply that the restricted operators satisfy

UN(A) 7 (n, 1)Uy (A) = 7(nj(A), 1),

where j : Sy — S, is the isomorphism defined in (1.15). Consequently, UUS (AU~ is the
intertwining operator between 7 and 74, and by the uniqueness of the quantization we
get:

UUR (AU = 5(A)Un(5(A))-

We can assume by induction that A — Uy (A) restricted to Sy(2M) is multiplicative.
Finally, for A, B € S5(2N) we have

Un(A)Ux(B) = c(A, B)Ux(AB),

hence the restricted operators satisfy US(A)US(A) = ¢(A, B)UY(AB) as well. Conjugating
by U we get

R(A)Un(5(A))w(B)Un (5(B)) = (A, B)r(AB)Un(§(AB)),
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implying c¢(A, B) = ”i’aﬁgf). Therefore the map A — k(A)Un(A) defined on Sy(N), is
multiplicative.

]

Because the subgroup of matrices congruent to £7 modulo 4 is a subgroup of Sy(N),
this concludes the proof of theorem 7.
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Chapter 2

Hecke Theory

In this chapter we introduce Hecke theory for the multidimensional torus. For a given
symplectic matrix A € Sp,(2d,7Z) with distinct eigenvalues, we follow the lines of [27]
and construct “Hecke operators”, a group of commuting operators that commute with the
propagator Uy (A). We show that this group of symmetries reduces almost all degeneracies
in the spectrum.

Remark 2.1. The requirement that the matrix A has distinct eigenvalues, is crucial for
our construction. In fact when there are degenerate eigenvalues, the group of matrices
commuting with A modulo N is not necessarily commutative. In such a case, it is not
clear how one should define the Hecke group and Hecke operators.

Remark 2.2. In sections (2.3) and (2.5), in order to simplify the discussion, we will assume
there are no rational isotropic subspaces invariant under the action of A. However, we
note that the results presented in these sections (i.e., the bound on the number of Hecke
operators in lemma 2.7 and the dimensions of the joint eigenspaces in proposition 2.8) are
still valid with out this assumption, and the proofs are analogous.

2.1 Hecke operators

In [27] Kurlberg and Rudnick constructed the Hecke operators (for A € Sp(2,7Z)) by
identifying integral matrices with elements of the (commutative) integral ring of a certain
quadratic extension of the rationals. We follow the same idea, except that for A € Sp(2d, Z)
the correct ring to work with is the integral ring of a higher extension or rather a product
of several such rings.

Let A € Spy(2d,7Z) with 2d distinct eigenvalues. Let {);}24, be all of it’s eigenvalues
ordered so that A\gy; = A;'. Denote by D; = Z[\;] = Z[A\; '], i = 1,2,...,2d, and define
the ring

2d
D= {5 = (Br,...,0B) € HDiEIf € Zlt], f(\) :ﬁz}-
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This ring is naturally isomorphic to the ring Z[t]/(Pa), where P4 is the characteristic
(and minimal) polynomial for A. Thus, there is an embedding ¢ : D — Mat(2d,Z)
(contained in the centralizer of A), given by

D — Z[t]/(Px) — Mat(2d,Z)
g = f -  f(4)

Lemma 2.1. To any element 3 = f(\) € D define an element 5* € [[D;, such that
B = f(\Y). Then, the map B3 — B* is an automorphism of D. Furthermore, to any

)

i,m € Z** and any B € D, the symplectic form w satisfies:
W(T(B), 1) = w(i, (57).

Proof. The map 3 +— (3* is obviously injective, and it respects addition and multiplication.
Therefore, to show that it is an automorphism it is sufficient to show that for any g € D,
5* € D as well.

Since A is a symplectic map, the polynomial h(t) = %A(t) has integer coefficients.
Therefore, for all f € Z[t] the polynomial g = f o h has integer coefficients as well. Notice
that this polynomial satisfies g(A\;) = f(A; 1) for all eigenvalues. Hence, if 3 € D such that
B = f(A) then 8* = g(\) € D as well.

The second part is straightforward, indeed if 5 = f()\) € D, then

W(i(B), 1) = Wi f (A), 1) = w(it, i f(A™)) = w(it, ia(5%)).
O

Corollary 2.2. For any 5 € D, the matriz () is symplectic if and only if 53" = 1.
Furthermore, for any integer M > 1, if B5* = 1 (mod MD) then «(3) is symplectic
modulo M.

Define a “norm map” N : D — D sending § — [3*. Given an integer M > 1, the
inclusion ¢ : D — Mat(2d,Z) induces a map vty : D/MD — Mat(2d,Z/MZ), and the
norm map N induces a well defined map Ny, : (D/MD)* — (D/MD)*. The norm map is
multiplicative, hence the map N/ is a group homomorphism and it’s kernel correspond to
symplectic matrices. Consequently

ey (ker Nyy) € Sp(2d, Z/MZ),

is a commutative subgroup of symplectic matrices, that commute with A modulo M. We
are now ready to define the Hecke group.

Definition 2.3. Define the Hecke group

CA(N) = {tn(B)[B € ker Ny} N odd
AlN) = {tan(B)|3 € ker Non, S =+41 (mod 4)} N even

Now take the Hecke operators to be Uy (B), B € Ca(N).

Remark 2.3. Note that if A % £I (mod 4) and N is even, then Ux(A) is not one of the
Hecke operators. Nevertheless, corollary 1.5 ensures that it still commutes with all of them.
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2.2 Galois orbits and invariant subspaces

The structure of the Hecke group C4(V) is closely related to the decomposition of the
rational vector space Q* = @ Fj, into irreducible invariant subspaces under the right
action of A. We now make a slight detour, and describe this decomposition in terms of
Galois orbits of the eigenvalues of A.

Let Ag denote the set of eigenvalues of A, and G the absolute Galois group. The group
G acts on Ag, and we denote by Ag/Gg the set of Galois orbits. Since the matrix A is
symplectic, if A € Ag is an eigenvalue, then A™' € Ag as well. To each orbit § € Ag/Gg
there is a unique orbit #* such that A € § & \~! € 6*. If § = 0* we say that the orbit is
symmetric, and otherwise nonsymmetric. For any orbit § we define the symplectic orbit
0=0uU06".

Proposition 2.4. There is a unique decomposition into irreducible left invariant subspaces:
=P Ey.
Ag/Go

o To each orbit 0 € Ay/Gq, there is a corresponding subspace (denoted by Ey), such
that the eigenvalues of the restriction A, are the eigenvalues X € 6.

e For any two orbits 0,0, unless 8 = 0, then Ey and Ey are orthogonal with respect
to the symplectic form.

o Let g« be a left eigenvector for A with eigenvalue in 0*. Then, the projection of il to
Ey with respect to the above decomposition vanishes, if and only if w(7, Up«) = 0.

Proof. Appendix A, lemma A.1 and corollary A.4. ]

Remark 2.4. There is an alternative way to describe this decomposition, using the Char-
acteristic polynomial P4 of A. Any invariant irreducible subspace corresponds to an irre-
ducible factor of P4 (which is integral by Gauss’s lemma). The roots of this irreducible
factor are then precisely the eigenvalues in the Galois orbit. As a consequence we can
deduce, that the product of all eigenvalues in one orbit is an integer that divides 1 and can
thus be only 1 (for a symmetric orbit by its definition the product is always +1).

For each symplectic orbit § we define the space E; = Ey + Ey-. Proposition 2.4 then
implies that for § symmetric Fy = Ej is a symplectic space (i.e., the restriction of the
symplectic form to this subspace is non-degenerate), while for § nonsymmetric the spaces
Ey, Ey« are both isotropic (i.e., the restriction of the symplectic form vanishes) and Ez =
FEy ® Ey+ is again symplectic.

2.3 Reduction to Galois orbits

Consider the action of the absolute Galois group Gg, on the set of eigenvalues Ag =
{A1,..., Aq}. For each orbit 6 € Ag/Gg fix a representative g (for nonsymmetric orbits
we take A\g- = A\;'). Let Ky = Q()\g) be field extensions, and Ok, the corresponding
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integral rings. For any symmetric orbit, A\g and A, I are Galois conjugates. Consequently,
if we denote by Fy = Q(N\g + /\9_1), then Ky/Fy are quadratic field extensions.

Note that every element 3 € D, is uniquely determined by its components on each orbit
Bo € Z[Ng] C Ok, (because if \; = A] for some o € Gq, then 5, = f(\;) = f(A\]) = 57).
We can thus identify the ring D as a subring of || Ao/Ga Ok,

Lemma 2.5. The norm map N, acts on a component corresponding to a symmetric or-
bit 0, through the corresponding field extension norm map, Ny, /r,, and on a component
corresponding to a nonsymmetric orbit 0 by By — LBoFp+.

Proof. Let 3 € D, then By = f()\g) for some f € Z[t]. For any orbit 6, (N(8))s =
f(Xo)f(Ag"). When the orbit 6 is symmetric this is precisely Ny, r,(39)), and when it is
nonsymmetric it is Gy g« ]

Lemma 2.6. There is s € N, such that

s [[ ox,€DC [] Ok,

Ag/Gg Aq/Gg

Proof. The rings Of, are isomorphic (as Z modules) to Z/ and hence the product
[1ay/cy Oxe = Z%". On the other hand D = Z[t]/Py = Z** as well (again as Z mod-
ules). The result is now immediate since any subgroup of Z?¢ with the same rank satisfies
this property. O

We can now estimate the number of Hecke operators.

Lemma 2.7. The number of elements in Ca(N), satisfy
N <« |C4(N)| < Nt

Proof. To simplify the discussion, we will assume that there are no rational isotropic in-
variant rational subspaces (i.e., all orbits are symmetric). The Hecke group (for N even)
is a subgroup of 1ox (ker Noy) with index bounded by 2d2, it is thus sufficient to show that
for all N,

NT¢ < | ker Ny| < N,

For each orbit # € Ag/Gg, the norm map Nk, ,/p,, induces a map on the group of
invertible elements

NNOF@ : (OKG/NOKG)* - (OKH/NOKH)*'

Let C(NOp,) be the kernel of this map. For any 3 € D, denote by 3 € D/ND its class
modulo ND, by (3 its component in Of,, and by 35 the class of 8y modulo NOg,. Then
the map 3+ By is well defined ( because, if 3 € ND then obviously 3y € NOy,), and by
lemma 2.6, the map
’D/{VD - HGGA QKe/NOKe
VI (Ba)e
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has kernel and co-kernel of order bounded by |D/sD| = s*¢. Furthermore, the restriction
of this map to the multiplicative group and to the subgroup of norm one elements also has
bounded kernel and co-kernel. Thus, it is suffices to show that V0 € Ag/Gg

N¥~¢ < |C(NOp,)| < N,

where dy = @ = [Fp : Q]. This is the estimate on the number of norm one elements in the
ring Ok, /NOg, which is proved in appendix B (proposition B.3). O

Remark 2.5. If there are invariant rational isotropic subspaces the proof is analogous. For
any symplectic orbit § = §U#* corresponding to a nonsymmetric orbit, instead of evaluating
the number of elements in C(NOk,) one needs to evaluate the size of (Ok,/NOk,)* and
show

No~e < ’(OKO/NOKQ)*‘ < Nd9+6>

where now dy = % = |6].

2.4 Additional structure

So far we have identified a set of commuting integral matrices with the commutative ring
D. We are now going to identify the action of these matrices on Z2¢, with the action of D
on an appropriate ideal Z. This identification allows us think of both the matrices and the
lattice points on which they act as elements of the same space D,

For every orbit 6 € Ag/G, take a left eigenvector v with eigenvalue /\9_1 and coefficients
in sOk,. Therefore v = (Uy)y is a (left) eigenvector with coefficients in [[ sOg, C D, such
that ©.(3*) = Bv. Define the map * : Z*¢ — D, by *(ii) = w(f,?), and the ideal
Im(¢*) =Z C D. To see that Z is indeed an ideal notice that if v = *(77) € Z and f € D
with B = ¢(3) then

pr = Bu(1t) = Pw(it, v) = w(it, 0u(F")) = w(ii(F),v) = " (1iB),

so fv € T as well. Furthermore, by the third part of proposition 2.4, we see that (:*(7))s =
0 if and only if the projection of 7i to Fy vanishes. In particular (*(77) = 0 implies 7 = 0
and the map ¢* : Z*? — T is an isomorphism of Z modules.

Now, for any integer M € N, the map ¢* induces a group isomorphism ¢, : (Z/MZ)* —
Z/MZ. This map is compatible with the map ¢y, : D/MD — Mat(2d, Z/MZ), in the sense
that for any B = 1)/(f3), and 7t € (Z/NZ)* we have 1},(iB) = Bu},(i1) in Z/MZT.

2.5 Hecke eigenfunctions

Since all the Hecke operators commute with Uy (A), and with each other, there is a basis
of joint eigenfunctions of Uy(A) and the Hecke operators. Such a basis is called a Hecke
basis. We now show that the Hecke symmetries cancel most of the degeneracies in the
spectrum of Uy (A), implying that the Hecke basis is essentially unique.
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The action of the Hecke group on the Hilbert space Hy, induces a decomposition into
joint eigenspaces
Hy = P H,,
X

where y runs over the characters of the Hecke group.
Proposition 2.8. The dimension of any Hecke eigenspace satisfies
dimH, <. N°“.

Proof. Again, for simplicity we will assume all orbits are symmetric. The operator
X ‘ Z lUN ))

is a projection operator to the eigenspace H,. Consequently, the dimension of H, is given
by its trace, dim H, = Tr(P,).
By corollary 1.6, for any B € C4(N),

ITr(Un(B))| < 24/kery(B — I).

Note that while for even N the operator Uy(B) depends on B modulo 2N, this bound
only depends on B modulo N. Hence if B = 1x() (mod N), then using the identification
LN Z/NZ — IT/NT we can write this bound as,

ITr(Un(B)| < 2%/#{v € I/NI|v(3—1)=0 (mod NI)}.

Since both D and the ideal Z are isomorphic (as Z modules) to Z¢, there is s’ € N such
that D CZ C D and we can replace Z/NZ by D/ND to get

ITr(Un(B)| < (28")4/#{v € D/ND|y(8—-1) =0 (mod ND)}.

We now replace the sum over C4(N) with a sum over ker(Ny) in the bound dim(H,) <
|CA—1(N)| > | Tr(Un(A))| (losing at most a constant factor) to get the bound

dim(H,) < = Y. V#{ve€D/NDy(3—1) € ND},

| A( )| Beker Ny
Because the map ker(Ny) — [1sy/c, C(NOp,) has bounded kernel (as in the proof of 2.7),

we can replace D/ND with HAQ/G@ Ok,/NOk,, and the sum over the group ker Ny, to a
sum over HA@/GQ C(NOp,) to get

1

dim(H,) < Tl

H S1(NOk,),
A 0/Gaq
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where,

SINOR) = S \[#{v € Ok, /NO,v(5 — 1) = 0}.

BeC(NOF)

It now suffices to show that V6 € Ag/Gg, S1(NOF,) <. N%*t¢ (recall m = O (N—4Fe).
This is a counting argument on elements in the ring Ok, /N Ok, that is proved in appendix
B (proposition B.6). ]

Remark 2.6. The proof in the nonsymmetric case is analogous. For any nonsymmetric
orbit one needs to bound sums of the form

> \/# {v1,12 € Ok, /[NOk,|12(8 — 1) = v»(87! — 1) = 0}.

(OFy/NOFy)*

This can be done using the same methods.
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Chapter 3

Arithmetic Quantum Unique
Ergodicity

This chapter is devoted to the proof of Arithmetic Quantum Unique Ergodicity (theorem
3). We fix a matrix A € Spy(2d,Z) with distinct eigenvalues and no invariant isotropic
rational subspaces, and show that for any smooth observable f € C*°(T??), the expectation
values for Opy(f) in any Hecke eigenfunction 1, satisfy:

acf)

[{Opn (£, )] ey N77377°,

where d(f) = mingg ,ds, and 2d; is the dimension of the smallest invariant subspace
containing 7.

Much of the proof goes along the lines of [27]. The first step is to make a reduction
to a theorem regarding elementary observables. Next, we reduce the problem to a bound
on the fourth moment of the matrix elements. However, unlike the two dimensional case,
for this approach to work here we first need to restrict the elementary operator to an
appropriate subspace. Finally, we use averaging over the Hecke group, to transform the
moment calculation into a counting problem, which is then solved using the connection of
the Hecke group with the groups C(NOp,) C (Ok,/NOk,)*.

3.1 Reduction to elementary observables

In order to prove theorem 3 it is sufficient to prove it for elementary observables of the
form Opy(es), 0 7 € Z*?, that is, to show that the following theorem holds.

Theorem 8. Let 0 # 7t € Z*? and let ) be an eigenfunction of all the Hecke operators.
Then, the diagonal matriz elements satisfy

~ . . 2 . c
(Tn (@), )| < [l)|*" N/

The proof of theorem 3 from theorem 8 is immediate, due to the rapid decay of the
Fourier coefficients.
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Remark 3.1. The estimate in theorem 8 is in fact valid also when there are invariant rational
isotropic subspaces, as long as 7 is not contained in any of these subspaces.

3.2 Reduction to a moment calculation

In order to prove theorem 8, we estimate the fourth moment of the diagonal matrix elements

in a Hecke basis,
> U Tn (@), )"
L

However, when summing over all the Hecke eigenfunctions, the fourth moment is of order
N4=2di (where 2d5 the dimension of the smallest (symplectic) invariant subspace containing
7). Thus, when 7 is contained in an invariant subspace of dimension < d, we can not use
this method directly to bound the size of the individual matrix elements. Instead, we would
like to make the sum only over a subset of the Hecke eigenfunctions. For that purpose, for
each 77 € Z*!, and Hecke eigenfunction v, we introduce a subspace Hj , C Hy, invariant
under the action of TN( 1) and the Hecke operators. Theorem 8 is then proved by estimating
the fourth moment for the restriction of TN( ) 10 Hiip-

Let 7 € Z*?. Recall the decomposition into irreducible invariant subspaces Q*? = @ Ej
described in section 2.2, and let Az/Gg be the set of orbits § € Ag/Ggq for which the
projection of 77 to Ej vanishes. Denote by Ej; the minimal invariant subspace containing
1. We can decompose E; = Z% As/G Ey, and in particular

2d; = dim Ex = Z 2d,,
0¢A5/Gq

where 2dy = dim Ey = |0] (recall that Ejy is of even dimension because it is symplectic).
Define the lattice Zz = E; N Z??, then by the third part of proposition 2.4 we have
R = {Tﬁ € Z2d|L*(7ﬁ)9 =0, Vo € Aﬁ/GQ}

Definition 3.1. For ¢ € Hy a Hecke eigenfunction, define the subspace Hj , C Hy to be
the minimal subspace containing ¢ and invariant under the action of all Ty (m), m € Zz.

Lemma 3.2. The space Hz y, 15 invariant under the action of the Hecke operators.

Proof. For B = an(B) € CA(N) and 7 € Zg, let mi/ = miu(B), where 8 € D is a represen-
tative of 3. Then m/ = mB (mod 2N) and ' € Zz (because VO € Az /Gg, w(m/,vh) =
Bow(m, vy) = 0). Now, if ¢' = Un(B)¢ € Un(B)Hs, (for some ¢ € Hy ), then

Ty ()¢ = Un(B)In(mB)¢ = Uy (B)Tn ()0,

hence T (m)¢' € Un(B) M.y as well (since Hy.,, is invariant under TN( ")). Therefore,
the space Uy(B)Hy., contains ¢ and is invariant under the action of T (m), Vm € Zg.
Thus, from the minimality condition Hzy € Un(B)Hi,y, and since Uy (B) is invertible we
have UN(B)Hﬁ’w = Hﬁ,w. ]
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When Aj; = 0 then Z; = Z*¢ and Hi,w = Hy, but otherwise it is a proper subspace
and we can give an estimate for its dimension.

Proposition 3.3. The dimension of the subspace Hy  satisfies
dim(Hﬁ’d,) < Ndﬁ+6,
where the implied constant does not depend on 1 or on .

Proof. Consider a subgroup of the Hecke group
{LN EC(A )’69:17 \V/9¢Aﬁ/GQ},

in the sense that there is a representative § € D C [] Ok, satisfying this condition. Notice
that this group acts trivially on Zz modulo 2N (i.e., VB € Cy(N) and Vm € Zz, mB =m
(mod 2N)).

Let x(B), B € C4(N), be the eigenvalues corresponding to 1, and consider the sub-
space

H) = {¢ € Hn|Un(B)¢ = x(B)¢, VB € Co(N)}.

Since Cy(N) acts trivially on Zz, then Vim € Zz and B € Co(N), Un(B)Tn(m) =
Tn(m)Uy(B) commute, hence ) is invariant under Tn(m), Y € Z;. Obviously ¥ € HY,
hence from minimality Hj ., C Hg and it suffices to bound the dimension of Hg.

The eigenspace Hg)( decomposes into joint eigenspaces of all the Hecke operators

— @HX,,

where the sum is only on characters x’ that identify with y on Cy(V). Note that X\

coNy
X|cyv) imply that they differ by a character of C'4(N)/Co(N) (and vice versa). Therefore
(by proposition 2.8) the dimension

dim H, = Z dim H,» < NY[C4(N) : Co(N)].
X'lcg=xlcq

Following the same lines as in the proof of lemma 2.7, one can show [C4(N) : Co(N)] <
Ndite concluding the proof. Notice that the implied constants depend only on the set of
orbits A;/Gg. But, as there are at most 2¢ possibilities for such subsets, we can take the
same constant for all the spaces Hi . ]

For m € Zz, denote by T () the restriction of T (1) to Hz.y. Then, similar to the
original operators, the trace of the restricted operators vanishes for sufficiently large N.

Lemma 3.4. There is v € N (depends only on Zz) such that for any m € Zz,

)

dimHz, m=0 (mod N')
0 < n/lﬂ
|Tr(T ()] { 0 otherwise

! N
where N' = sed (V) -
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Proof. Recall that the space Ej is a symplectic subspace. Let {e;, f;} be a symplectic basis
(ie., wles, f;) = 6i; and w(es, e;) = w(fi, f;) = 0), and let r € Z such that re;,rf; € Z*.
Fix m € E5, and consider the decomposition m = Z?ﬁl(aiei +b;f;). Then ra; = w(m,rf;)
and rb; = —w(m, re;) are integers.

Notice that for all : =1, ..., dg,

Te(Tx (1)) = Te(Ty(=r f) TN ()T (rf;)) = en(ra;) Tr(Ty(m)),

)

~n(rb))Te(TN°(m1)). Consequently, if ra; # 0
) = 0. On the other hand if Vi, ra; = rb; =0
(mod N) and 72 =0 (mod N’).

and by a similar argument Tr(T§ (1)) = e

(mod N) or rb; Z 0 (mod N) then Tr(TH(m)) =

(mod N), then 721 = Z?jl(rairei +rorfi) =0
]

Remark 3.2. The integer r in the above lemma, depends only on the lattice Zz, that is
determined by the subset A;/Gg. We can thus take r to be the same for all 77 (by taking
the lem for the 2¢ possibilities).

The Hecke operators act on the space Hj 4 so there is a basis {1;} of joint eigenfunctions
of all the Hecke operators (we can assume ¢ = ). To prove theorem 8, we will prove a
stronger statement regarding the forth moment of matrix elements in this basis.

Proposition 3.5. Let {;} be a basis for Hz., composed of joint eigenfunctions of all the
Hecke operators. Then, the fourth moment satisfies

Zr (T (), i) < ||| Nt

The proof of theorem 8 from proposition 3.5 is now immediate. The first element in
the sum is obviously bounded by the whole sum, so

|<TN(ﬁ>w7 w>|4 < ||ﬁ||16d37 ]\f_dﬁ-i_E S ||77i‘||16d2 N_dﬁ-‘rﬁ‘

3.3 Reduction to a counting problem

We now reduce proposition 3.5 in to a counting problem, which is then solved in the
following section.

Proposition 3.6. Let {¢;} be a basis for Hz,, composed of joint eigenfunctions of all the
Hecke operators. Then, the fourth moment,

Z|TN ¢za¢z|7

18 bounded by fgjmng times the number of solutions to

ﬁ(Bl—BQ+Bg—B4)EO (mod N/), B; GCA(N)

where N' is as in lemma 3.4.
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Proof. Define an operator, D = D(7i), acting on Hz,, through averaging over the Hecke

group:
1

D= —— T9(7iB).
Ca] , 2o, TR

Recall that for B € Cy(N) there is m € Zz such that @iB = m (mod 2N), so this is
indeed well defined. The identity T (7B) = Un(B)*Tn(7)Uy(B) implies (D(i)ib;, ;) =
(T (7)1);,0:), and since for any complex matrix D = (d;;), 3. |dis|* < Tr((DD*)?), it
is sufficient to bound Tr((DD*)?). Now, expand (DD*)? as a product of 4 sums, and take
trace (using lemma 3.4) to get the result. O

By proposition 2.8, and lemma 2.7, we know

dim Hﬁ,w 1

[T

Therefore, in order to prove proposition 3.5 from proposition 3.6, it remains show that the
number of solution to

ﬁ(Bl - BQ + Bg — B4) =0 (mod N/), Bz S CA(N), (31)

is bounded by O(||7]|'% N4d-2dste).

3.4 Counting solution
We now bound the number of solutions to (3.1), thus completing the proof of theorem 3.

Proposition 3.7. The number of solution to (3.1 ) is bounded by OE(||ﬁ||16d%N4d_2dﬁ+e).

Proof. Let v = ¢*(7) € Z, then the number of solutions to (3.1 ) is the same as the number
of solutions to

V(B — BotBs—B1) =0 (mod N'T), B € ker Now. (3.2)

In the same way as in the proof of proposition 2.8, it is sufficient to bound for each 6 the
number of solutions to

vg(B1 — B2+ s — 1) =0 (mod N'Ok,), B; € C(NOg,), (3.3)

the product of which gives the number of solutions to (3.2) up to some bounded constant.

If § € A;i/Gg, then vy = 0 and the best bound is the trivial bound of |[C(NOg,)|* =
O(N*e+¢) Otherwise, 0 # Nk, /0(vs) € Z and the number of solutions to (3.3) is bounded
by the number of solutions to

i —Ba+Bs—B+=0 (mod MOkg,), Bi€C(NOp,) (3.4)
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where M = gcd(N,A]};e/Q(Vg)). The natural map C(NOp,) — C(MOp,) has kernel of order

at most (££)2% < (r|Ng, 0(ve)|)*® < |7]|%, hence the number of solutions to (3.4) is

bounded by |77 ||16d3 times the number of solutions to
Bi—PBa+Bs—Bs=0 (mod MOg,), Bi€C(MOg,) (3.5)

Equation (3.5) is invariant under the action of Gal(Ky/Fy). We thus get a second
equation,

Bt =B+ 05 =87 =0 (mod MOk,), B; € C(MOg,) (3.6)

The set of equation (3.5,3.6) is equivalent to the following set of equations (see [27,
lemma 15] ):

(3.7)
Br=p0—B2+B=0 (mod MOk,)
Since (4 is determined by 31, (2, O3, ignoring the second equation only increases the num-

ber of solutions. Finally the number of solutions to the first equation is bounded by
|IC(MOp,)|S2(MOp,) where Sy(MOp,) is the number of solutions to

{(ﬂg — B)(Bs — B) (B + B2) =0 (mod MOy,)

(1=08)1=B2)(Br+B2) =0 (mod MOg,), pi€C(MOF,), (3.8)

that satisfies So(MOF,) = O(M%*€) (proposition B.8).
To conclude, for § € A;/Gg the number of solutions to (3.3) is bounded by O(N*dote),

Otherwise, it is bounded by O(||i]|'5% N2ds+¢). Therefore, since D 0¢hs/Gq Q0 = da, the
number of solutions to (3.1) is bounded by

O( H N4dg+6 H ||ﬁ||16dg N?dg—i—e) _ O(||ﬁ||16d% N4d—2dﬁ+6).
0€A7/Go 0¢Az/Go
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Chapter 4

Hecke Theory For Prime N

In this chapter we restrict the discussion to the case where N = p is a large prime. For this
case, the structure of the Hecke group (hence also the behavior of Hecke eigenfunctions
and matrix elements) is determined by the decomposition of the vector space Fﬁd (rather
than Q??) into irreducible invariant subspaces. This decomposition can be described using
the Frobenius orbits of the eigenvalues of A. Analyzing the action of A on ]Fl?d enables us
to obtain much sharper results from the ones presented above for composite N.

The main difference between composite and prime N, is that instead of integral rings
(we used in chapter 2) here we work with finite fields so that the counting arguments
become sharp. For example, we can describe precisely the structure of the Hecke group
(lemma 4.2), and obtain sharp bounds for the dimension of the joint Hecke eigenspaces
(proposition 4.12). Compare this to lemma 2.7 and proposition 2.8 obtained for composite
N.

4.1 Hecke operators

Let A € Spy(2d,7Z) be a matrix with distinct eigenvalues. Fix a large prime N = p >
A(P,) (the discriminant of the characteristic polynomial), then we can think of A, also
as an element of Sp(2d,[F,) with distinct eigenvalues. In fact, in order to ensure that A
(mod p) has distinct eigenvalues it is sufficient to assume that A(P4) # 0 (mod p). For
A € Sp(2d,E,) with distinct eigenvalues, the centralizer of A (in the symplectic group) is
a commutative subgroup

Cp(A) C Sp(2d, Ey),

and we can take the Hecke operators to be U,(B), B € C,(A). Note that p is odd, hence
the operator U,(B) depends only on B modulo p and this definition of the Hecke operators
makes sense.

Remark 4.1. when N = p is a prime > 5, the map B +— U,(B) (which is a representation
of Sp(2d,F,)) identifies with the celebrated Weil representation of the symplectic group
over the finite field F,. Consequently, the Hecke operators can be obtained by restricting
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the Weil representation to a maximal torus. These representations are described at length
in [17], and we follow the same lines in our analysis.

4.2 Reduction to irreducible orbits

Let A,/G, denote the Frobenius orbits of the eigenvalues of A modulo p. To each orbit
¥ € A,/G, (with representative \g) denote by ¥* the orbit of A\;' and by 9 = o U ¥*
the symplectic orbit. We say that an orbit ¥ is symmetric if ¥ = ¥* and nonsymmetric
otherwise. Denote by A,/ £ G,, the set of symplectic orbits and let

E'= D E

Ap /Gy

be the orthogonal decomposition into invariant irreducible symplectic subspaces (see ap-
pendix A for more details). For each symplectic orbit ¥ € A,/+G), let 2dy = dim(Ej) = |J|
denote the dimension of the corresponding subspace.

Remark 4.2. Note, that while this decomposition is similar to the decomposition of Q2?
into invariant symplectic subspaces described in proposition 2.4, they are not the same.
The relation between the two decompositions is described in section 5.2.

To each invariant subspace Ej, take a symplectic basis. For any 7 € F;d, let g € E? 45
be the projection of 77 to E3 in the symplectic basis. Since the decomposition is orthogonal
then for any 7,1 € F2?

w(m, @) = Y w(iig, iiz). (4.1)
Ap/£Gp

We thus get an embedding,

1 Sp(2d5,F,) — Sp(2d, F,), (4.2)

through the action of each factor on the corresponding subspace. Denote by S C Sp(2d, E,)
the image of [[Sp(2dy,F,). For each B € S denote by By € Sp(2ds,F,) the restriction
of B to Ej in the symplectic basis. In order to keep track of dimensions, we denote by
T, ,Sd) (+), U,(,d)(-), the quantized elementary operators and propagators for T2%.

Proposition 4.1. There is a unitary map
u:LF)— Q) LEH),
Ap/£Gy
such that

1. For anyn € ng,
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2. For any B € S,
UV (BU = Q) U (By).
Ap/%Gy

Proof. Define T2 (i) = @, /+c, Tédé)(ﬁg). It is easily verified from (4.1), that T,7(77) obey
the same commutation relation as in proposition 1.1. Therefore, there is a unitary map U
such that YTy (W)U~ = T2(7) for all 7 € F22

As for the second part, recall Uéd@)(Bg) all satisfy the intertwining equation, and from
the first part UT,P (MU~ = T2 (7). Consequently, if we define

U,(B)=U"" Q) U (By)u,
Ap/j:Gp

then Up(B ) is also an intertwining operator:

Uy(B) T30 () U, (B) = T, (7).
Thus, from uniqueness of the quantization the operators U,(B) and A (B) differ by a char-
acter of S (recall that the quantization is multiplicative). Finally, since S = [[ Sp(2dy, E,)
has no nontrivial multiplicative characters, indeed

Uu (B = Q) U (By).
Ap/£Gp

]

Notice that any element in B € C,(A) leaves the spaces Ej invariant, hence C,,(A) C S.
Let C,(Ag) C Sp(2dy, E,) be the centralizer of A in Sp(2dy,F,), then the embedding (4.2)
induce an isomorphism

[I G5 — Co(a). (4.3)

Ap/£G,

We can thus recover the quantization of any element in B € C,(A), from the tensor product
of the quantization of corresponding elements By € C,(Ay).

We now want to look at the quantization of Ay together with its centralizer C,(Az) C
Sp(2dy,T,), for one irreducible symplectic orbit ¥ € A,/ & G,. For the rest of this section,
the orbit ¥ will be fixed and for notational convenience the subscript will be omitted.

4.3 Irreducible orbit

Let A € Sp(2d, F,) be a matrix with 2d distinct eigenvalues, such that there is only one ir-
reducible symplectic orbit (symmetric or nonsymmetric). We now look at the quantization
of A together with its centralizer C,(A).
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Remark 4.3. For a symplectic matrix A € Sp(2d,Z), d > 2, the requirement that A
(mod p) has only one irreducible orbit can not hold for all primes. However, for a two
dimensional matrix A € SL(2,Z) this is indeed the case (since for any A € SL(2,F,) there
could be only one orbit). The distinction between symmetric and nonsymmetric orbits in
this case, correspond to inert and splitting primes respectively (c.f [12, 28]).

4.3.1 Identification with finite fields

We now identify the action of the Hecke group C,(A) on the vector space IFPM with the
action of (a multiplicative subgroup) of the finite field %, on itself by multiplication.
Compare this to the identification ¢, : (Z/NZ)** — Z/NZ that we defined in section 2.4
(note that the identification of the Hecke group here is more precise from the inclusions
we used in the proof of lemma 2.7 to estimate the number of Hecke operators).

Take a pair of eigenvalues A\, A\~! in a field extension of F,. If we denote by ¢ = p<,
then in the symmetric case F,(A\) = F2 and in the nonsymmetric F,(\) = F,. Let 7, ¢*
be eigenvectors for A\, \™! respectively. In the symmetric case, where the eigenvalues are
Galois conjugates, 7(\) = A1, we take v* = 7(7) to be Galois conjugates as well. By
lemma A.3, in the nonsymmetric case (respectively symmetric), the map

(Vl, 1/2) — TI‘E]/]FP (VIU) + TI'IFq/[Fp(Vgl_)*)

(respectively v — Trg, /5, (¥7)) is an isomorphism from F;, @ I, (respectively ) to F2,
By lemma A.5, under this identification,

w(i, m) = Trg, /g, (26(pr* —vu’)), (4.4)

where, v = w(ii, 0*), v* = w(ii, V), p = w(m, ), u* = w(m,v), and k = (2w(v, v*))~?
This identification with finite fields, enables us to identify the centralizer as a subgroup
of the multiplicative group ]F;}, and to identify the orbits of elements in de under the

action of the centralizer.

Lemma 4.2. In the symmetric case, C,(A) = ker(./\/pq2/1pq), while in the nonsymmetric
case, Cp(A) = Fy.

Proof. First for the symmetric case. For any B € C,(A) the vectors v, v* are eigenvectors
with eigenvalues (3, 37! € F,2. Therefore the action of B € C,(A) on F, is given by

v =w(fi,v*) — w(@B,v") = w(@, 7" B™) = fu.

On the other hand, any element 3 € F2 defines (by multiplication) a linear transformation
on Fp that commutes with the action of A. Given formula (4.4) for the symplectic form,
the condition for the action of 5 € Fp to be symplectic, is precisely that 7(3) = 1. We
can thus identify C,(A) with the norm one elements in Fpz /F,.

For the nonsymmetric case, the action of C,(A) on F, @ [, is given by (14,11) —
(Bv1, B~ 'vy). Here any element (81, 32) € F, x F, defines a linear action that commutes
with the action of A, and the elements that preserve the symplectic form, are precisely the
elements (3, 37!). We can thus identify these elements with . ]
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Corollary 4.3. For ii € F2* define Q(l) = w(ii,¥)w(i, 0*) € F,. Let it,m € F2*. If
Q(r) = Q(m) # 0 then there is B € C,(A) s.t iB = ni.

Proof. We use the identification with finite fields. In the symmetric case, let v = w(7i, %)
and g = w(m, v*). We thus need to find 3 € ker NJan /F,» such that v = p. The requirement

that Q(7i) = Q(1) # 0 implies that N, 5, (uv~!) = 1 and we can take § = uv~".

In the nonsymmetric case, denote by (v,v*) = (w(n,v*),w(n,v)) and by (u,u*) =
(w(m, 7),w(ni, v)). Then the requirement Q(7) = Q(ni) # 0, implies that * = ’Ij— Set
8= vt then (Bv, 310 = (u, i"). 0
Remark 4.4. Notice that the converse is obviously true, that is, if m = 7B for some

B € C,(A) then Q(i7) = Q().

4.3.2 Hecke eigenspaces

Consider the quantization of an irreducible element A € Sp(2d,F,), together with its
centralizer C,(A). To any character x of C),(A) let H, denote the corresponding eigenspace.
Both in the symmetric and nonsymmetric cases, the centralizer is a cyclic group of even
order. Therefore, there is a unique quadratic character of C,(A), that we will denote by

X2-

Proposition 4.4. For any character x # X2, dim’H, = 1. In the symmetric case, the char-
acter x2 does not appear in the decomposition, and in the nonsymmetric case dim'H,, = 2.

Proof. Consider the projection operator

1

Py = Z X_I(B)UP<B)-

G 2,

The dimension of the corresponding eigenspace is then given by its trace

dim(H,) = TH(P) = ——— 3 (BT, (B). (45)
()]
p BeCy(A)

From corollary 1.6 we have that,

[ Tr(Up(B))] = /| ker(B — I)|.

For any B € C,(A), all eigenvalues are Galois conjugates and their inverses, hence 1 is an
eigenvalue of B if and only if B = I. Therefore, for all I # B € C,(A), |Tr(U,(B))| =1
(and obviously Tr(U,(I)) = p? = q).

In the symmetric case, C,(A) is isomorphic to the norm one elements in Fp./F, and
hence of order ¢ + 1. We can thus bound

2
dimH, < —L <2,

qg+1
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but since the dimension is an integer, dim(#,) < 1. Finally, there are ¢+ 1 characters and
dimH, = ¢, so ¢ characters appear with multiplicity one. For now, denote the character
that does not appear by Xp.

In the nonsymmetric case, |C,(A)| = ¢ — 1 and the corresponding bound is

2q -2
g—1

2.

dimH, <

However, this inequality is actually an equality only if there is no cancellation in the sum
(4.5), that is,
VI # B € Cy(A), x(B) = Tr(U,(B)).

Such an equality can hold for at most one character. Thus, for any other character there
is a strict inequality and dimH, < 1. Now, from dimension consideration we can deduce
that there is a character with multiplicity 2 (denoted again by Xg), and that all the other
characters appear with multiplicity one.

We now show that in both cases xy is the quadratic character. Notice, that for a cyclic
group of even order the product of all the characters is the quadratic character. Therefore,
for any B € C,(A) the determinant of U,(B) is x2(B)Xo(B) ™! in the symmetric case, and
X2(B)Xo(B) in the nonsymmetric. But since Sp(2d, F,) has no nontrivial characters, then
VB € Sp(2d,F,), det(U,(B)) =1 and xo = X2 O

Since for B € C,(A) — {1} the sum over all the characters vanish, the trace of U,(B)
is —x2(B) in the symmetric case and y2(B) in the nonsymmetric. Consequently, we can
find the constant in formula 1.11.

Corollary 4.5. For any B € C,(A),

T (M) T,(—7B),
where the minus sign is for the symmetric case and the plus sign for the nonsymmetric.

4.3.3 Explicit formulas and exponential sums

We now show that the matrix elements of elementary operators can be written explicitly as
exponential sums. In [19] Gurevich and Hadani observed that matrix elements of elemen-

—

tary observables could be expressed as Tr(7,(7)P,) (where P,) is the projection operator
to the corresponding eigenspace). Using this observation, together with the formula for
the propagator (corollary 4.5), we obtain explicit formulas for the matrix elements.

Denote by e4(x) = e,(Trg, /g, (z)) the corresponding additive character of F,. For nota-
tional convenience, we will denote by C = C},(A), the group of norm one elements in F2 /I,
in the symmetric case, and the multiplicative group of [, in the nonsymmetric.

38



Definition 4.6. For any character x of C, and any element v € F,, define the exponential
sum:

Er) =g 3 elvnit)va(

1
1#£zeC
where k = (2w(¥,7*))~! ( note that in the symmetric case, indeed k25 € F, so this is well

defined).

Proposition 4.7. Let 0 # 17 € ng and Tp(ﬁ) the corresponding elementary operator. Let
Q(n) = w(n, Vw(n,v*) € F,, as in corollary 4.3. Let 1) be a joint eigenfunction, with
corresponding character x. Then, when x # X2 is not the quadratic character (relevant
only in the nonsymmetric case),

(Tp (M), ¥) = £E4(Q(7), X),
where the minus sign is for symmetric case and plus for nonsymmetric.

Proof. Since the joint eigenspaces are one dimensional, an alternative way to write the
matrix element is:

(T, (), ) = Tr(T(7) Px),
where P, = m 220,(4) X H(B)U,(B), is the projection operator to H, [19]. Plugging
in the formula for U,(B) (corollary 4.5) gives,

(T, (), ) = q\c Zx X2(B ZTrT )T, (1) T, (=1 B)).

(where the minus sign is for the symmetric case). Notice that when 77 = m(B — I),

Tr(Tp(ﬁ)Tp(m)Tp(_mB)) = qep( w(7, m)),

2

and that otherwise the trace vanishes. Therefore, when B = I we get no contribution from
the inner sum, and otherwise the only contribution is from 7 = 7(B —I)~!. Consequently

5 o p+1 »
<Tp(n)w,w>=|0p( Z\{I}x xa(B)ey( 5w 7i(B = 1)7)).

We now use the identification with finite fields described in section 4.3.1. Replace the
sum over the elements in the centralizer with a sum over the elements in C, and for the
symplectic form use formula (4.4). Consequently, the formula for the matrix elements now
takes the form

(T d) = o 3 el @ni a3 7).

Changing summation variable x = 7! concludes the proof. [
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We note that in both the symmetric and nonsymmetric cases for xy # x2, the Riemann
Hypothesis for curves over finite fields imply the bound |E,(v, x)| < \/% + O(%) (see e.g.

[37, chapter 6] or [29]). We can thus deduce:
Corollary 4.8. For any 0 # 7 € IFde and any Y € H, with x # X2

(T, ¥)] < —+0( )
\/_
Remark 4.5. Note that for d = 1, this gives an alternative proof of the Kurlberg-Rudnick
rate conjecture originally proved by Gurevich and Hadani [19].

For the quadratic character (in the nonsymmetric case), E,(Q(7), x2) is no longer a
formula for the corresponding matrix element, but rather for

Tr(Ty(7) |1, ) = (Tp(7)tbo, vho) + (T (), ¢br),

where {t9,11} is an orthonormal basis for H,,. Nevertheless, in this case we can find
formulas for the eigenfunctions and use them to bound the individual matrix elements.

Lemma 4.9. In the nonsymmetric case, there is a normalized eigenfunction g € H,y,,

such that 0 o
G =4 § 407

Furthermore, if Q(17) # 0 then for any normalized v € H,,.

(T (>ww>|<7

Proof. We use a similar construction to the eigenfunctions constructed by Degli Esposti,
Graffi and Isola for two dimensional cat maps for splitting primes [12].
In the nonsymmetric case, there is a decomposition IFM E @& E* into two invariant
Lagrangian subspaces. Therefore, there is M € Sp(2d, F) such that for any B € C,(A),
B0
M-'BM = ~
( 0 B!

and ¥ = , /q%lUp(M)(l — dp), are two orthonormal joint eigenfunctions of U,(B), B €

Cp(A) with the same eigenvalues, and hence a basis for H,,
Denote by T;; = (T,(7)vs, ;). If we denote m = @M, then (by the intertwining
equation)

). Consequently (by formula 1.8), the functions vy = /qU,(M)dy

Too = (T, (7)o, o) = q(T,, (1), do).

By lemma A.3, the projection of 7 to the Lagrangian subspace F vanishes (i.e., m =
(0,m32)), if and only if w(7, v*) = 0. Now calculate directly,

1, | e o o -
Too = Z ep(§m1 Mg )e,(ma - Z)do (L + 1y )do(Z).

T
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Therefore, indeed T = 0 if my # 0 and Tpo = 1 if my = 0.
When Q(i7) # 0, the projections to both Lagrangian subspaces do not vanish. By a
similar computation, one can show that 77 o and Tj ; are bounded by \/%, and that 7 ; is

bounded by qf—l. Therefore, since any normalized ¢ € H,, is of the form ¢ = ago + a1¢1,
with |ag|? 4 |a1|* = 1, we have

1
P (i e 2
(T, (), )| < i;]ma]:n,ﬂ < Vi

4.3.4 Moments

Let A € Sp(2d,F,) be a matrix with one irreducible symplectic orbit (symmetric or non-
symmetric), and fix 7 € F2* with Q(77) # 0. Let {4} be an orthonormal basis of joint
eigenfunctions of C,(A). The different matrix elements (7},(7)v;,v;) fluctuate around their
average

—ZT Vi, i) = Tr<T< 7)) = 0.

Remark 4.6. In the nonsymmetric case, for 0 # 71 € ng such that Q(n) = 0, proposition
4.7 imply that for all characters x # xo the corresponding matrix elements are identical
(and equal ——) so that the fluctuations are trivial.

In [28] Kurlberg and Rudnick gave a conjecture regarding the limiting distribution of
these fluctuations (for d = 1). Considering that in the formula for the matrix elements
(proposition 4.7), the dimension d only determines the ground field F, = F,, we can
reformulate their conjecture to predict the fluctuations of the correspondlng exponential
sums (formulated here as conjecture 5). We now calculate (asymptotically) the second and
fourth moments and show agreement with this conjecture.

Proposition 4.10. Let 7i,m € FX* with Q(), Q(m) # 0. Then the mized second moment,
satisfies

I = [ :+0(x) Q@) =9Q(m)
5;<Tp(n)¢ia¢i><Tp(m)¢a¢> = { 7 O(%S] (i) # Q(m)

Proof. First, we can replace the sum over eigenfunction to a sum over characters and the
matrix element by corresponding exponential sums. By lemma 4.9, the error that comes
from the quadratic character, is bounded by O(q%) (recall Q(1), Q(m) # 0). Now, since

the sum over the characters y(x) vanish unless x = 1,

x+1

1 = —_, —
7 2 Bl ) E( Q) ) qm > (@) = Q=)
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If Qi) = Q(m) we indeed get ‘aa = é + O(q%). Otherwise, note that the map z —

is injective, hence the sum is over ¢ — 2 distinct points in F, (or ¢ in the symmetric case),
and is therefore bounded by O(qig). O

Proposition 4.11. For ii € F2* with Q() # 0, the fourth moment satisfies
~ 2 1
_Zl T l/%;% _q +O(W)

Proof. We follow the same lines as in the proof of proposition 3.5. Consider the averaged
operator

1 o —
D= 7l > T,(iiB).
BEC,(A)
Then, for any eigenfunction v;, the diagonal matrix elements are the same (D, ;) =

(Tp(ﬁ)@bi, Y;), and for any two eigenfunctions 1);,¢;, corresponding to different characters
the corresponding off diagonal terms (D1);, ;) = 0 vanish. Consequently,

—XJT Y00l = CTH((DDY)) + O(5).

where the error comes from the eigenfunctions corresponding to the quadratic character.
We can calculate Tr((DD*)?) differently, by writing it as a product of 4 sums and then
taking trace, recalling that

N n+m=20
g @hem) = { § 1

Define the set X = {By, ..., By € C,(A)|7i(By — By + B3 — By) = 0}, then this calculation
gives

éTr((DD*> = |4 Zep w(MBs, 1B1) + w(7iBy, Bs3)))

Rewrite this expression using the identification with finite fields. The set X transforms to

x= (s a0 )

and

JHDD) = e S ealon w55 = 05"+ 0 ),

where v = w(7, 7%), v* = w(n,¥) and k = (2w(v,v*))~! as in section 4.3.1.

Since we assumed Q(77) = vv* # 0, the set X is actually

= {51;--‘,64 € (| ﬂllﬁl__ﬂf%igjl_—ﬁgﬁgl }
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Now make a change of variables:

v=PBrt, y =005 2= BB, w= P,
or equivalently 8y = w, By = 2w, B3 = zw and (B, = yzw. In these variables we get

gTr((DD )2) = ‘01‘4 Y e Qi)r(z — a7 +y —y ),

where the set

v={opswec| (TN L

yz(r —1) = 2(l —y)

The set Y can be rewritten as

r=y=1 or
Y=< 2,y2z,weCl r=z=y"! or
r=yand z =—1

Indeed, if z = 1, then from the second equation y = 1 and z is arbitrary. Otherwise, replace
y—1= 21— z) in the second equation to get yz*>(x — 1) = x(z — 1), implying that
x = yz2. Plug this back to the first equation to get 1 — y2% = z(y — 1), that is equivalent
to (yz—1)(1+ z) = 0. Hence, either z = —1 or yz = 1 which imply (by the first equation)
x =y, or x = z respectively.

Therefore,

1T((DD Cg<21+21+zeng )—3).
q | | zeC zeC zeC

Both in the symmetric and nonsymmetric cases , C is an irreducible algebraic curve
of genus 1, defined over the field F;, and the function % has two simple poles at 0, co.
Hence, by [8, theorem 5]

2
x
> ea(2Q(n)r

zeC

Hi<2va

(in fact, in the nonsymmetric case C = F; and this is a Kloosterman sum). This estimate
implies,

1 o 2 1
ETY((DD )) = e +O(W)’

concluding the proof. O]

4.4 Formulas for matrix elements

Let A € Spy(2d,Z), be a matrix with distinct eigenvalues, and let p > A(P4) be a suffi-
ciently large prime. We showed that the quantization of the centralizer C},(A), is equivalent
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to a tensor product of the quantizations of C,(Az) C Sp(2dg, F,). To each irreducible el-
ement, we showed that the joint eigenfunctions are essentially unique, and found explicit
formulas for the matrix elements. We now describe the Hecke eigenfunctions and corre-
sponding matrix elements in the general case.

Since Cp(A) = [[; Cp(Aj), we can identify any character of C),(A) as a product x =
[ L5 X3, where x5 are characters of C,(Ag). Denote by Hig C L2(Fy?), the joint eigenspace

of all the operators U;dﬁ)(Bg), B; € Cy(Aj) (with eigenvalues x3). Then, the map U
from proposition 4.1, maps the eigenspace H, isomorphically on to the space ®H191§.
Furthermore, from proposition 4.4 we know that these eigenspaces are essentially one
dimensional. We can thus deduce:

Proposition 4.12. Let x = [[; x5 be a character of C,(A).
o IfY0, xy is not the quadratic character, then dim H, =1.
o If x5 = x2 is the quadratic character for some symmetric orbit ¥, then dim H, = 0.

o Otherwise, diim H, = 2%, where k is the number of (nonsymmetric) orbits 9 for which
X5 1S the quadratic character.

o A basis for this space is given by {41y € (Z/27)*},

vl=U Q) v e @ )

X§7X2 Xg=X2
9 90 - . 9
where {wo,wl} is a basis for HY,.

Note that the number of characters for which the quadratic character appears in the
decomposition is bounded by O(p?~'). Hence, the set J, C {41, .., ¢} of Hecke eigen-
functions for which the quadratic character does not appear in the decomposition is of
density one (i.e., lim, ﬁp%’ = 1). For these eigenfunctions we can express the matrix
elements as a product of exponential sums.

For 7i € Z*, and any symplectic Frobenius orbit J € A,/ 4+ G,, let vy = Qy(iig) =
w(iig, g)w(iiy, U3) as in proposition 4.7 (where Uy, U5 are eigenvectors of Ay and 7ij is
the projection of 77 (mod p) to Ej). Let ¢ be a Hecke eigenfunction with corresponding

character x = [] xg. Define

. —Ey,(vg, xg) 7ig #0, 9 =9"
E%(iig, x5) = Eoy(vg,xg) 75 #0, 0#0%
1 ng =0

where E,_ (g, x5) are the exponential sums defined in 4.6 and g5 = p%.
If x5 # X2 is not the quadratic character for any orbit, then ¢ is uniquely determined

and E?(iig, x5) = (T (f5) g ;Z@)‘ Consequently, the corresponding matrix element is
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a product of exponential sums,
(T,(7 = [[ &' (4.6)
Ap/£Gp

For characters y, such that the quadratic character appears in the decomposition, the
corresponding eigenfunction is no longer unique. However, any ¢ € H, is of the form
(S Zn anyl, where ¢ are defined in proposition 4.12 and >~ la,|* = 1. Consequently,
the corresponding matrix element is of the form

(T, ) = F(i,v) T[] B (g, xs (4.7)

DEW,,

where W, is the set of nonsymmetric orbits ¥ for which y; is the quadratic character and

=2 e L] @80, )

DEW,
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Chapter 5

Super Scars

In this chapter we show the existence of the super scars (theorem 1). To any rational
isotropic subspace Ey C Q2@ that is invariant under the action of A (ie., @ € Ey =
nA € Ep), we assign a corresponding submanifold of the torus Xy, C T?¢, of dimension

—

dim Xy = 2d — dim £ that is invariant under the induced dynamics (i.e., ¥ = ( Ii) €

q
Xo = A7 € Xi). We then construct, for each prime N = p, a corresponding Hecke
eigenfunction 1) = ¢® such that the distribution on the torus given by f — (Op,(f)v, ),
weekly converges to Lebesgue measure on Xj.

5.1 Invariant manifolds

Let A € Spy(2d,Z) be a matrix with distinct eigenvalues. To any invariant isotropic
rational subspace Ey C Q%*, define the lattice Zy = Ey N Z?? and assign a closed subgroup
of the torus Xp, C T?@ defined

Xp, ={ZeT*i-¥=0 (modZ), Vi€ Zy}.

The group Xp, = T?% is a submanifold with codimension dy = dim FEj, and is invariant
under the action of A. In general the submanifold Xpg, is co-isotropic, nevertheless, when
Ey is a Lagrangian subspace, Xg, is also Lagrangian.

Lemma 5.1. Let Ey be an invariant rational isotropic subspace. Then there is ¥, € T*
such that

— —

(IAREID)

e

n-xrog=

(mod Z), Vi € Zy.

Proof. Tt is sufficient to show that there is & € R?? such that

for all 7@ € Zy (then @y is the class of 2& modulo Z). Notice, that if (5.1) is satisfied for
n,m € Zy, then it is also satisfied for 7 + m. Indeed, for any 7, m € Z;, because Fj is
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isotropic we have 1y - Mo = My - 719, hence
(ﬁl+7ﬁ1)(ﬁ2+m2) Eﬁl'ﬁ2+m1‘ﬁl2 (HlOd 2)

Therefore, it is sufficient to check the condition for an integral basis of the lattice Z.
Let {i}% | be an integral basis. The vectors (¥ are linearly independent, hence the
set of equations 7)) - # = b; has a solution for any (by,...,bg,) € R% and in particular for

b, =7l i), O
We can now define the manifold Xy to be the coset Xy = 7y + Xg,, that is,

— —

ny - N9

on{feTQd’ﬁ-f: (mod Z), VﬁEZO}.
The condition that A € Spy(2d,Z) is quantizable, implies that X, is still invariant under
the induced dynamics.

5.2 Rational orbits and Frobenius orbits

For the proof of theorem 1, we would like to use the properties of the Hecke eigenfunctions
and matrix elements described in chapter 4. However, since all the results in chapter 4
were described in terms of the finite field F,, we first need to establish the correspondence
between invariant rational subspaces for A and invariant subspaces for A modulo p.

Let A € Spy(2d,Z) with distinct eigenvalues. Then for any prime p > A(P4), we
can think of A also as an element of Sp(2d,F,) with distinct eigenvalues. Denote by Ag,
the set of complex eigenvalues of A, and by A, the set of eigenvalues of A (modulo p)
in F, (the algebraic closure of F,). Let Q* = @, ,;, Fo, and F}* = @, Ey be the
decompositions into irreducible invariant subspaces.

To each rational orbit § € Ag/Gq, denote by Py = irrg(f) the minimal polynomial
for some Ay € 6 (this is independent of representative). We say that a Frobenius orbit,
¥ € Ap/Gy, lies under 6 (denoted by 9|0) if irrg, (1) divides Py modulo p. We denote by ¢
the orbit of A, and note that |0 < ¥*|¢*, in particular if § is nonsymmetric (i.e., 6 # 6*)
then so is any Frobenius orbit ¢/ that lies under 6.

For every rational orbit 6 € Ag/Gy, fix an eigenvalue \g. For every Frobenius orbit ¢ €
A, /G, lying under 6, fix a representative \y. For any such choice, there is a corresponding
ring homomorphism

Txo Ao - Z[)‘9] - FP(Aﬁ)a
sending Ag to Ay.

Lemma 5.2. Let D C Ok be a subring of the integral ring of a number field K/Q, let F,
be a finite field of characteristic p, and let m : D — K, be any ring homomorphism. Then,
for any a € Ok such that N g(a) # 0 (mod p), the image w(c) # 0 as well.
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Proof. Let f = irrg(«), then f is a monic integral polynomial such that f(a) = 0. Con-
sequently, if we take f € F,[t] (by reduction of f modulo p), then f(r(c)) = 0 as well.
On the other hand we have that f(0) = £ANk/g(@) # 0 (mod p), hence f(0) # 0 and in
particular 7(«a) # 0. O

For any rational orbit § € Ag/Gq, take eigenvectors vy, tj; with coefficients in Z[)g| and
eigenvalues \g, \g ' respectively. For 7 € Z** define

No(7) = Noon)/o(w(7, 5))-
Lemma 5.3. For any element 7t € Z** and any orbit § € Ag/Gyg.

o [f the projection of @i to Ey vanishes, then for any ¥|0 the projection of i (mod p) to
Ey also vanishes.

o [fp > Ny(il) and the projection of ii to Ey does not vanish, then for any V|0, the
projection to Ey doesn’t vanish as well.

Proof. For any Frobenius orbit 9|6, let o) = my, ., (¥};). The vectors @}, are then eigenvec-
tors with eigenvalues Aj ! and

w(ﬁv 77:5) = T, Ao (w(ﬁ7 17;))

By corollary A.4 the projection of 7 to Ejp vanishes if and only if w(i, ;) = 0 and the
projection of 7 (mod p) to Ey vanishes if and only if w(i, T5) = mx, a, (w(7, ;) = 0. The
first part is now immediate, and the second part follows from lemma 5.2. O]

5.3 Construction of eigenfunctions

Let Q% = @ Ag/Gq Fo be the unique decomposition into irreducible (rational) invariant
subspaces. Then, any invariant isotropic subspace Fj is a direct sum

Ey = P B,

0cO

where © C Ag/Gy, is a subset containing nonsymmetric orbits such that § € © = 6* ¢ ©.

Fix a large prime p > A(P,), and recall the reduction to irreducible orbits described
in chapter 4 and the formulas for the eigenfunctions given in proposition 4.4. We will now
construct a Hecke eigenfunction by prescribing the characters x; and eigenstates 15 for
each symplectic Frobenius orbit ¥ € A,/ + G,,.

We first determine the characters. For any symmetric orbit 9 fix an arbitrary character
X5 7# X2. For any nonsymmetric orbit o, there is a unique nonsymmetric rational orbit @
such that 9|0. If § = 0UO* with 0,0* ¢ © then we take yy # Y2 to be any character except
the quadratic, and otherwise we take x5 = x2 to be the quadratic one.
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Now for the eigenfunctions, when x5 # Y2 the eigenspace ’Hiﬁ is one dimensional and

fﬁ is determined. Otherwise, there is # € © such that § = §UH*. Let 9|6 be the Frobenius
orbit under 6 and let ¥y be an eigenvector for Az with eigenvalue Ay € . We then take

= HY,, to be the eigenfunction (constructed in lemma 4.9) satisfying

(T, (75)g, ¥o) _{ 0 otherwise.

To conclude, we take the character x = [] x5 and eigenfunction

v=p=U( R v o &R W)

XgFX2 Xg=X2
as in proposition 4.12.

Proposition 5.4.
=, B 1 n € FEy
|<Tp(n)¢,¢>| - { O(p—1/4) i g E,

Proof. The matrix elements corresponding to 1 are of the form.

(L@, ) = [ (Toliia)bo, ).
Ap/£Gyp

First for 77 € Ey. For any rational orbit § € Ag/Gg such that 6,60* ¢ © and any 9|6, by
lemma 5.3, 775 = 0 and <Tp(ﬁ1§)wﬂ, 1) = 1. On the other hand, for § € ©, the projection of
i to Eg+ vanishes. Since 9|0 = ¥*|0*, again by lemma 5.3, the projection to Ey« vanishes
implying w(#5, 75) = 0. Therefore, by construction again (T},(73)ibg, ¥y) = 1. This covers
all symplectic Frobenius orbits in the product, hence (T}, (), ) = 1.

Now for n ¢ Ey. There is some 6 ¢ © such that the projection of i to Ey does not
vanish. Then, by the second part of lemma 5.3 (we can assume p is sufficiently large) for any
9|0, the projection 7y # 0. There are two possibilities, either 6* € © or 6* ¢ ©. If §* € O,
then 7y # 0 implying that w(ng,vy) # 0 so (Tp(7i5)y,vs) = 0 by our construction.
Otherwise, the corresponding character is not the quadratic character, and by corollary
4.8 we have |(T,,(7ig)1g, 1bg)| = O(p~%/?). Therefore, the whole product satisfies

(T (e, )] < O(] [p~%7%) = O(p~ 7).

)

[

The eigenfunctions constructed above, satisfy (7,(7)y,v¢) = 1 for all i € Z;. This
implies, that ¢ is also a joint eigenfunction of the operators T),(77) with trivial eigenvalue *.
This property can be used in order make an alternative construction of these eigenfunctions.

'T thank Stéphane Nonnenmacher for pointing that out.
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Given the isotropic invariant subspace FEy, the operators Tp(ﬁ), n € Zy all commute
(because it is isotropic) and one can consider the decomposition into joint eigenspaces.
The joint eigenspace corresponding to the trivial eigenvalue is not empty, and is invariant
under the action of all Hecke operators (because the space Ej is invariant). Therefore there
is a basis for this space composed of Hecke eigenfunctions each satisfying (T, (), ) =1
for any 1 € Zy. Furthermore, if 7 € E} (the symplectic complement of Ey) then there
is 1 € Zy such that w(it,m) # 0. Consequently, for a sufficiently large p, T,(171)i is an
cigenfunction of T,(77) with eigenvalue # 1 and so (T,(m)y,¢) = 0. If we assume in
addition that the space Ej is a maximal isotropic invariant subspace, then any 7 € Z?¢ is
either in Fy U Ej or that is does not belong to any invariant isotropic subspace, in which
case we have the estimate (T},(7)y), 1) = O(p~2). We thus see that any Hecke eigenfunction

constructed in this manner, also satisfies proposition 5.4.

5.4 Super-Scars

We now turn to prove theorem 1, that is we prove the following proposition.

Proposition 5.5. As p — oo through primes, the distribution on the torus given by

f = (Op, (), ¥),

where Y are the Hecke eigenfunctions constructed above, converge to Lebesque measure on
Xo.

Proof. 1t is sufficient to show convergence for the test functions ez(Z) = exp(2mifi - Z), 7 €
7. For these functions,

. . —1)mn {7
[ ert@anm@ = { O e
T2d

otherwise

where jiy, is Lebesgue measure on Xy, For N = p a large (and in particular odd) prime
the corresponding operator Op,(ez) = (—1)™ 7T, (ii). Therefore, it is sufficient to show
that as p — oo

—— 1 neE Zy
(T (M), ¥) — { 0 otherwise

and this follows from proposition 5.4. ]

Y

5.5 Entropy of super-scars

In this section we compute the Kolmogorov-Sinai entropy (also known as the metric en-
tropy), hxs(tix,), of the invariant measures uy, obtained from the super-scars. For the
general definition and properties of the Kolmogorov-Sinai entropy we refer to [36]. We
note that for any automorphism of the torus, the Kolmogorov-Sinai entropy of Lebesgue’s
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measure is equal to the topological entropy which is given by hn, = 37, 1 log [A;| (where
A; are the eigenvalues of the automorphism)[36, Theorem 8.15]. Moreover, the entropy of
any invariant measures p satisfies 0 < hxg(p) < hy, [36, Theorem 8.6 |.

We now wish to show that, in accordance to the results of Anantharaman, Nonnen-
macher and Koch [2, 3, 4], the entropy of ux, is at least half the maximal entropy and
that in the extreme case, where the dimension of X is as small as possible, the entropy is
precisely half of the maximal entropy.

Proposition 5.6. Let uy, be as above. Then hxs(px,) > 7’", and there is equality in the
case where dy = d.

Proof. Let Ai,...,Aa, \{ ... ,)\;1 denote the eigenvalues of A, ordered so that Ay, ..., \g,
are the eigenvalues of the restriction of A to Ey (recall that Fjy is isotropic so from each
pair \;, /\j_1 at most one is an eigenvalue of A EO). We can write the maximal entropy

d
= > |log(Ini]) + Z log(IA7') = [log(|Al)|
=1

[Ai[>1 >1
Now let
Ey ={feR*i- =0, Vi€ Ey}.

The entropy of px, with respect to A is precisely the entropy of Lebesgue’s measure on
T?~d ~ [Fi /(B N Z*) with respect to the toral automorphism given by the action
of the restriction of A to Fg. Since the eigenvalues of the restriction of A to Ej are
Ndo+15 - - - s Ads A ,)\;1 we have

his(pxo) = b — > log(|Ai]).

i<do,|Ai|>1

Finally recall that the product of the eigenvalues of A, 5o satisfy Mg+ Ag, = £1 (see
remark 2.4). Write this equality differently as

S>> tos(nl) =5 3 Hog(IA)

1<dp,|\i|>1 i<do,
to get that
his (tix,) = Z|10g )] ——+ Z|10g ).
Z<d0 Z>d0
Hence indeed hxg(px,) > 7’" and there is equality if and only if dy = d. ]
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Chapter 6

Fluctuation of matrix elements

In this chapter, we assume that A € Spy(2d,Z) has no invariant isotropic rational sub-
spaces, and study the fluctuation of the matrix elements around their limit when Planck’s
constant is the inverse of a large prime N = p. We compute the variance of these fluctuation
(proving theorem 4), and present a conjecture for their limiting distribution.

6.1 Quantum Variance

In this section, we compute the quantum variance when Planck’s constant is the inverse of
a large prime N = p. First we introduce a quadratic form Q : Z?? — D, that characterizes
the Hecke orbits of an element 7 € Z?? (in the sense of proposition 6.1). We then define
modified Fourier coefficients, grouping together coefficients belonging to the same Hecke
orbits. Finally, we use the structure of the Hecke eigenfunctions described in chapter 4
and the relations between the rational orbits and Frobenius orbits described in section 5.2
to calculate the quantum variance proving theorem 4.

6.1.1 A quadratic form

Let A € Spy(2d,Z) with 2d distinct eigenvalues. Recall the notation of section 2.3. Let
Ag/Gq denote the orbits of the Galois group Gg on the set of eigenvalues Ag. Let Q** =
P Ey be the decomposition in to irreducible invariant subspaces. Further assume, that
there are no invariant rational isotropic subspaces, implying that all orbits are symmetric
0 = 0* = 0 (hence all E, are symplectic). Recall the map * : Z?? — D (sending 7
w(r, 7)) and the norm map N : D — D (sending 3 — (33*) and define the quadratic form
Q:7% - D
i o N (7))
The projection of Q(77) to each component is given by

Qo(7) = Nk, (w(7i, V),
where, Up is a left eigenvectors with eigenvalue Ay, Ky = Q(\g), and Fy = Q(N\g + A;l).
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Proposition 6.1. Let ii,m € Z*?. Then Q(77) = Q1) if and only if for all sufficiently
large primes, the classes of i and m modulo p are in the same C,(A) orbit.

Proof. We now use the relations between rational orbits and Frobenius orbits described in
section 5.2, to relate corollary 4.3 to the rational arithmetics. First assume that Q(7) =
Q(m) = v. Let No(v) = maxg(Ng,/0(vp)). We show that for any prime p > Ny(v) there
is B € Cp(A) such that 7B = m (mod p). It is sufficient to show that for any Frobenius
orbit ¥ € A,/ 4+ G, there is By € C,(Ag) such that figBy = miy. For § € Ag/Gg such that

Qa(17) # 0,
Nr,10(Qe(7)) = Np,/0(Qe(17)) # 0 (mod p).

Notice that vig = 7y, x, () and 75 = 7y, 5, (0p) are eigenvectors for A (mod p) with eigen-
values Ay and /\51 respectively. Consequently, by lemma 5.2, for any 9|0,

Qy(7y) = w(ily, Ug)w(fy, Ug) = T, 0, (Qe(77)) # 0,

and by corollary 4.3, there is By € C,(Aj) such that 73B; = mg. On the other hand,
if Qg(17) = Qg(m) = 0, then by lemma 5.3 for any 9|0, 1y = my = 0. Since 6 = 0* is
symmetric then 7y« = my- = 0 as well, hence ng = mz = 0 and we can take any element
of Cp(Ag).

For the other direction, assume Q(7) # Q(n1). Then there is at least one orbit 6 such
that Qy(77) # Q¢(m). Consequently, for any prime p > N, 0(Qo(77) — Qo(m)) and for any
V|6 we have that Qz(ig) # Qg(7g). Therefore myz and 7y are not in the same C,(Ay) orbit
implying that 7, m (mod p) are not in the same C,(A) orbit. O

Corollary 6.2. Let ii,m € Z*? such that Q(71) = Q(m) = v. For any prime p > Ny(v),
and any Hecke eigenfunction ¢ € 'H,,

(T (), ) = (T, (M), ¥).

6.1.2 Rewriting of matrix elements

We now use the form @) to define modified Fourierr coefficients and rewrite the matrix
elements, incorporating the Hecke symmetries.

Definition 6.3. For f € C*(T??) and v € D, define modified Fourier coefficients,

Fivy= Y (=)™ f(i).

Q(M)=v

For v € D, and any Hecke eigenfunction v, define

V(1) = (T, (@), 1)),

where 77 € Z*? is any element such that Q(77) = v.
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For v € D define Ny(v) = maxy(Np,/0(vs)) (as in the proof of proposition 6.1). For
any trigonometric polynomial f, let No(f) = max ;o No(Q(77)).

Proposition 6.4. For any trigonometric polynomial f, any prime p > No(f), and any
Hecke eigenfunction ¢ € H,:

(Opp (N, ) =D Fr)Vi (¢

Proof. Apply corollary 6.2.
O

Remark 6.1. Notice that it is possible to have f # 0 such that all the coefficients f*(v) = 0
vanish. For example fix some 7 € Z?? and take f(Z) = eq(Z) — e, (%) # 0.

6.1.3 Computation of Variance

We now want to prove theorem 4, that is to show that as p — oo,

pdf pdf—‘rl )

where df = ming:(,)40 dy, d, = 7, 0 |g| and V(f) =224, |ff(v) ]2

First, we compute mixed moments of elementary operators

Sép) ﬁ m d Z T wz»% T (’I’?L)i/)z,?,b»

Lemma 6.5. Let 0 # 7, m € Z** with Q(71) = v, Q(m) = u and assume d, < d,,. Then,
for p > max(Ny(v), No(u)) the mized second moment satisfy

@) /= =\ (du+1) V=W
Sy (1, m) = { O<pd,,1+l) v

Proof. First assume that the matrix elements for all Hecke eigenfunctions are in the form
of (4.6). Consequently, we can rewrite

SEP) (i, ) = ) 11 (1% ZE(ﬂ)(ﬁmxa)Ew)(ma,X@))-
DeN,/+GC) X

Recall that we assumed that there are no nonsymmetric rational orbits so (by the proof of

proposition 6.1) if vy # 0 then V9|0, Qz(75) # 0 and if vy = 0 then V|0, 77z = 0 (similarly

for m and p). The result is now immediate from proposition 4.10.

Now for a general Hecke basis. Any Hecke eigenfunction for which the quadratic charac-
ter does not appear in the decomposition, gives the same contribution to the sum as before
(because such an eigenfunction is unique). It is thus sufficient to show that the contribution
of all other eigenfunctions is bounded by O(]ﬁ). The number of these eigenfunctions is

bounded by O(p?~!), so it is sufficient to show that each summand contributes at most
O(pdly) and this is immediate from corollary 4.8 and lemma 4.9. [
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Theorem 4, now follows from lemma 6.5 and proposition 6.4.

Proof We first prove in the case where f is a trigonometric polynomial. Define Ny(f) =
max ;. o{ No(Q(77))}. Then for p > No(f) (by proposition 6.4) we can rewrite,

©Opy(Fn ) - [ flo= 3 )

0#veD

Consequently, (after changing the order of summation), the quantum variance takes the

form
= > f'w) ZV i) V(1)

0#v,ueD

The second term (by lemma 6.5) contributes —— + O( du+1) when v = p and O(zﬁ)
otherwise. Therefore, the leading term is indeed

SO == 3 1P+ 0 de)

P dy=d;

Now for any smooth f € C°(T??). Approximate f by trigonometric polynomials
= > ial<R f(i)es. Note that since No(Q(77)) < Hﬁ|]4d2, then No(fr) < R*. We can

thus define R = R(p) ~ p"/*” so that ||7i]| < R implies No(Q(7)) < p. We can take p
sufficiently large, so that d 5 = dy,, then from the first part

V 1
]

On the other hand, we can bound the difference

SO - SOUnl <5 S F) <5 =

RY’
l[nll>R

for any power R?. In particular |SP(f) — S (fr)| < zﬁ’ and in the same way, we
also have |V (f) — V(fr)| < #. We thus get that the quantum variance for smooth
f € C>(T?%) satisfies

14%)) !

Sép)(f) - pdf f(pdf+1)'

6.2 Limiting Distributions
Let A € Spy(2d,Z), with distinct eigenvalues and no invariant rational isotropic subspaces

as in the previous section. Given a smooth observable f and a large prime p, consider the
normalized matrix elements in the Hecke basis,

WilF.p) = p/2((Op, (f) s ) — / fd).
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As p — oo these points fluctuate around zero with variance tending to V(f), and we
can ask whether they converge to some limiting distribution. Throughout this section, we
will assume the validity of the Kurlberg-Rudnick conjecture for the limiting distribution
(formulated here as conjecture 5), and deduce the limiting distributions for W;(f, p).

First, for any trigonometric polynomial f, and Hecke eigenfunction v; for which the
quadratic character does not appear the decomposition, by formula 4.6 and proposition
6.4 we have

1
Wif.p) = > ) TI T va5Ea; (va xa) + O(—=), (6.1)
dy=ds Vo0 9]0 VP
where x = [[xg is the character corresponding to v;, v = m,a,(vs) and the error

term comes from the elements with d, > dy. By approximating a smooth function f by
trigonometric polynomials fg (as in the proof of theorem 4) formula 6.1 is also valid for
smooth functions. Finally, recall that the subset J, C {1/11, e ,wpd} of eigenfunctions
¥; for which formula 6.1 is valid is of density 1. Therefore, conjecture 5 for the limiting
distributions of the exponential sums, imply the following limiting distributions for the
matrix elements:

Conjecture 9. For any tuple k = (kg), 1 < kg < dy consider the set of primes Py, for
which under every rational (symmetric) orbit 0 there are precisely ko symplectic Frobenius
orbits V|0. Then, as p — oo through primes from Py there is a limiting distribution for
Wi(f,p), and it is that of the random variable

Xp= > fiw [ xt.

dy=dy vg#0

where the random variables Xge are all independent random variables. Furthermore, each
of the variables Xga is a product of kg independent random variables with Sato-Tate distri-
bution.

In particular, if we restrict to elementary observables e; = exp(2mini - &), we recover
conjecture 6.

We now give an algorithm for determining which of the sets P are infinite, that is,
to determine for a given matrix A € Sp,y(2d,Z) which limiting distributions can actually
occur.

Denote by P, the characteristic polynomial for A, and assume that P, is irreducible
over the rationals (if it is reducible, one can repeat this process for each irreducible factor).
Let A be aroot of Py and denote by Py = irrg(A+A~1) the minimal polynomial for A4 X~".
Then P, is an irreducible integral monic polynomial of degree d. Furthermore, the space
ng = @, E5 decomposes into k irreducible invariant symplectic subspaces, if and only if

Py = [1; Py is a product of k irreducible polynomials over F, (where Py = irry, (A + A5h)
Therefore, the set Py, is precisely the set of primes for which the polynomial Py (mod p) is
a product of k£ irreducible polynomials. The density of these sets, ﬁ# {p < X|p € P},

can be calculated by the Chebotarev theorem after calculating the Galois groups for P4. To
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do this, consider the Galois group as a subgroup of the symmetric group Sy (via its action
on the roots of PA). Recall that any element of Sy can be uniquely presented as a product of
disjoint cycles. The Chebotarev theorem says that the density of the set Py, is the relative
number of elements in the Galois group that are a product of k cycles. Furthermore, if
there are no elements that are a product of k cycles then Py, contains at most finitely many
primes. For a precise statement and some background on the Chebotarev theorem see [16,
theorem 6.3.1]. We demonstrate this calculation for a few simple examples.

Our first example, is a 4-dimensional symplectic matrix A € Sp(4,Z) for which P4
is irreducible (i.e., no invariant rational subspaces). In this case the polynomial P, is a
quadratic irreducible polynomial. In fact if Py(t) = t* — at® + bt> — at + 1, then P, =
t2 —at +b— 2. Consequently, the condition that p € P, is equivalent to the condition that
the quadratic polynomial t* — at + b — 2 has roots in F,, which is equivalent to the integer
¢ = a® — 4(b — 2) being a square modulo p. Therefore the sets Py, Py are both unions of
arithmetic progressions, and each have density 1/2.

Our next examples are for matrices A € Sp(6,Z) with an irreducible characteristic
polynomial (i.e., the polynomial Py is an irreducible polynomial of degree 3). In this case,
we can no longer describe the sets P, as arithmetic progressions. However, the classification
of the Galois group for degree 3 polynomials is still relatively easy, and we can give the
corresponding densities in each case. There are only two possible cases, either the splitting
field for P4 is a degree 6 extension in which case the Galois group is isomorphic to the
symmetric group Ss, or that the splitting field is of degree 3 and the Galois group is cyclic
of order 3. We will now consider each case separately.

In the symmetric group S3 there are a total of 6 elements, 2 of them ((1,2,3) and
(1,3,2)) are composed of one cycle, 3 of them ((1,2)(3),(1,3)(2) and (2,3)(1)) are com-
posed of two cycles and 1 element (the identity) is composed of three cycles. Consequently,
if the Galois group for P4 is S5 then by the Chebotarev theorem the densities of the sets
Py, P, and Pj3, are 2/6,3/6 and 1/6 respectively.

The cyclic group has 3 elements, 2 of them ((1,2,3) and (1, 3,2)) are composed of
one cycle, and 1 is composed of 3 cycles (there are no elements composed of 2 cycles).
Therefore, when the Galois group for P4 is cyclic the Chebotarev theorem implies that
the density of Py, Py and Py are 2/3,0 and 1/3 respectively. Furthermore, P, contains at
most finitely many primes and the corresponding limiting distribution is not obtained.
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Appendix A

Galois Orbits and Invariant
Subspaces

Let F be a 2d dimensional vector space, defined over a perfect field F' (we will consider only
the cases where F'is a number field or a finite field). Let w : E x E — F be a symplectic
form, and let A € Sp(F,w) be a symplectic linear map with distinct eigenvalues acting on
E from the right. Denote by A, the set of eigenvalues of A (in the algebraic closure of F').
Let G, be the absolute Galois group and denote by Ap/GF the orbits of the eigenvalues
under the action of G (in fact it is sufficient to consider Gal(P,/F), the Galois group of
the splitting field of the characteristic polynomial Py).

Since the matrix A is symplectic, if A € Ap is an eigenvalue, then A\™! € Ap as well. To
each orbit § € Ar/Gr there is a unique orbit * such that A € < A~ € 6*. If = 0* we
say that the orbit is symmetric, otherwise we say that the orbit is nonsymmetric.

Lemma A.1. There is a unique decomposition into irreducible invariant subspaces: E =
@AF/GF L.

e To each orbit 0 € Ap/Gp, there is a corresponding subspace (denoted by Ey), such
that the eigenvalues of the restriction Ajg, are the eigenvalues A € 0. In particular

e For any two orbits 0,0, unless 0 = 6%, Ey and Ey are orthogonal with respect to the
symplectic form.

Proof. Take representatives \g € 6 with eigenvectors . The space

Ep = {Trpo,)r(tiy)|t € F(Xo)},

is a subspace of F invariant under A, and the eigenvalues of the restriction of A to FEj
are A € 0. Furthermore, Ey and Ey are orthogonal, unless there is ¢ € Gp such that
w(o(ty),Vs) # 0, and this happens only when 6" = 6*. It remains to show that this is
the only decomposition. Indeed, if F is an invariant irreducible subspace, then there is
an eigenvector vy € E ® F, and since E is defined over F' then all the Galois conjugates
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0(Up) are in this space as well. Therefore, the space Fy C E and since we assumed F is
irreducible then £ = Ej. O

Definition A.2. To each orbit § € Ap/Gr we define a symplectic orbit 0 = 6uU 6.
Correspondingly, to each symplectic orbit, we assign the symplectic subspace Ez = Fy+ Ep-.
Then for symmetric orbits Fj = Fy, and for nonsymmetric orbits £y = Ey & Ep-.

Denote by Ar/ £+ G the set of symplectic orbits. Then

is a decomposition to a direct sum of orthogonal symplectic subspaces.

Lemma A.3. Let \g € 6 with corresponding eigenvector vy (with coefficients in F(\g)).
Let Uy, be an eigenvector with eigenvalue )\9_1. Then the map

F()\g) — Eg
t = Trppgr(tty)

15 linear isomorphism, with an inverse map given by

Eg — F()\g)
- w(7,75)
G

Proof. The Galois conjugates of vy are all eigenvectors with distinct eigenvalues in 6. There-
fore, they are linearly independent and the map ¢ +— Trp()/r(tUp) is injective. On the other
hand, F'(\g)/F is a vector space of dimension [F'(\g) : F| = ||, hence it is isomorphic to
Ey.

Now let 77 € Ey, from the first part there is a decomposition

7t = Trpey,r(tth) = > oty
o€Mor g (F(N),F)

Note that for any morphism, o € Morg(F' (), F'), the symplectic form
w(o (D), ) = w(o(TsA), G5A) = o (M)A w(o(T), 7).

Therefore, for any nontrivial morphism o we have w(o(vy), v ) = 0, and indeed w(7, ¥j) =
tw (779, 1_}3) 0

Corollary A.4. For any element 1 € E, the projection of 1i to Ey vanishes if and only if
w(n, vy) = 0, where U is any eigenvector with eigenvalue in 6*.

To each symplectic orbit §# € Ap/ + Gp, fix a representative \; and let Ug, U, be
eigenvectors for \g, /\9?1. In the symmetric case, where )\9?1 = 7()\g) are Galois conjugates,
we take U5 = () to be Galois conjugates as well. To each symplectic orbit we also assign
a field extension, Fy = F(A; + A7) (note that for § nonsymmetric F()\g) = Fj and for ¢

symmetric [F'(\g) : Fg)] = 2).
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Lemma A.5. Let i,m € FE, and denote by ng, mg their projection to Ez. Then, the
symplectic form

where v = w(ii, v;), v* = w(7, Tp),

:>§l

Proof. We prove first in the symmetric case. By lemma A.3,

g = Trp(n,) r(Kkrig) = Z o(kviy),

o

where the sum is over 0 € Morg(F(\g), F). Therefore

w(iig, mig) = w(3, o(kvty), 3,0 o' (kuvy))
Z o (kv)o’ (kp)w(o(T), o' (1))
= Trr(g)rX, kvo(kp)w(ds, o(T5)))-

— —

Now notice that w(vp, 0(7)) # 0 < 0 = 7, in which case w(v, 7(7)) = w(¥p, T;) = K~ =
—7(k71) and 7(v) = v*. Therefore

w(iig, mg) = Trppg) p(—rrp’) = Trp p(s(p” — p'v)).
In the nonsymmetric case,
g = Trp, p(kviy) + Tre, p(—KV"vp).

Here, w(j, (7)) = 0 for all automorphisms, and w(v, 0(03)*) # 0 only if o is the trivial
automorphism. Hence, in this case as well

— —

w(ilg, mg) = Trp, p(K(V e — vp')).
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Appendix B

Counting elements in quotient rings

Let F' be a number field, and K/F a quadratic Galois extension. Denote by Op, Ok the
corresponding integral rings. For any ideal a C O, consider the map N, : (Ox/aOf)* —
(Op/a)* induced by the norm map N/ r, and let C(a) = ker(N,) denote its kernel.

To each ideal a C O define:

S1(a) = X gect VH# Y € Ok /aOklv(3 —1) =0  (mod aOk)},
Sy(a) = #{ 01, 2€C(a)|(1 = B1)(1 = B2)(B1 + B2) = 0 (mod aOk)} .

Eventually we will be interested in estimating these quantities for ideals of the form
NOp where N € N are large integers. By the Chinese reminder theorem, if a,b C Op are
co-prime (i.e., a + b = Op), then Op/ab = Op/a X Op/b and Ok /abOx = Ok /aOk X
Ok /bOk. Consequently, C(ab) = C(a) x C(b) and the quantities S;, So are multiplicative
(i.e., Si(ab) = Si(a)S;(b)). Therefore, it suffices to calculate them for powers of prime
ideals.

B.1 Prime ideals

In the following proposition we summarize some facts regarding factorization of ideals in
extensions of number fields (for proofs and general background on the subject we refer to

[9])-

Proposition B.1. Let K/F be an extension of number fields, and Ok, Op the corre-
sponding integral rings. Let P C Op be a prime ideal, then the ideal POk decomposes into
prime ideals of Ok, POg = [[;_, P{* where the ideals P; are all the ideals lying above P
(i.e., PiN O = P). Furthermore:

1. The fields Ok /P; are all finite field extensions of Or/P. The degree [Ok/P; :
Or/P] = f; is called the inertia degree. If the inertia degree f; =1, then Vk € N the
corresponding rings are isomorphic Ok /PF = Op/P*.
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2. The exponent e; is called the ramification index. When not all the ramification in-
dices e; = 1, the ideal P is said to be ramified in O. For any number field F/Q,
there are only a finite number of ramified ideals (all lying above prime factors of the
discriminant).

3. The ramification indices e; and the inertia degrees f;, satisfy [K : F] =>"._ e f;.

4. If K/F is a Galois extension then all prime ideals of Ok lying above a prime ideal
P C Op are Galois conjugates, the ramification indices and the inertia degrees are
fizred e; = e, f; = f, and the former equation takes the form [K : F| =ref.

In particular, in our case [K : F] = 2, hence for any fixed prime ideal P C Op, there
are only 3 possibilities:

1. POk = PP (P splits),
2. POk =P (P is inert),
3. POg = P? (P is ramified),

where x — T denotes the nontrivial automorphism of K/F.
In the following proposition we describe the norm map Npr in each of these cases.

Proposition B.2. Let P C Ok and P =P N Op be prime ideals.

1. If POx = PP splits, then Ok /P*Ox = Op/P* x Op/P* as rings. Under this
isomorphism, the norm map Npr induces the map

(Op/P*)" x (Op/P*)* — (Op/P")’
(z,y) =y

2. If POy = P is inert then the norm map Npr is onto.

3. If POg = P? ramifies then the image of Npx is a subgroup of (Op/P*)* with index
2 if P lies above an odd prime and index bounded by 2%+ if it lies above 2.

Proof. We prove for each case separately:

Part 1. When P splits, by the Chinese reminder theorem O /P*Op = O /P* x Ok /PF,
and since the inertia degree f = 1 we can identify Op/P* = Oy /P* = O /P*. Under this
identification the norm map Npx sends (z,y) € (Op/P*)* x (Or/P*)* to zy € (Op/P*)*.
Part 2. When P is inert we prove by induction on k. For k = 1, the inertia degree
Ok /P : Op/P] = 2 and the nontrivial automorphism of K/F' induces the nontrivial
automorphism of (O /P)/(Or/P). Consequently, the norm map Np is the field extension
norm map, that is surjective for finite fields. For k& > 1 by induction, let a € (Op/P*)*,
and oy € Op its representative. By induction 35, € Ok such that N x/r(Bo) = ag
(mod P*71). Denote by n = Ni/r(f) — ap € P*7! and let z € Ok be an element such
that Trg/#(Box) = —1 (mod P) (such an element exists because the trace for extension of
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finite fields is onto). Now, Ny /(80 + nz) — ag € P*, hence for 8 = [3y + nz] € O /P*
(the class of By + nz), the norm map Npi(5) = a.
Part 3. When P is ramified and lies above an odd prime again by induction. For k£ =1, P
ramifies implies [Ok /P : Op/P] = 1. Consequently, the nontrivial automorphism of K/F
induces the trivial automorphism of (Ox/P)/(Ofp/P), and the induced map Np (after
identifying O /P = Op/P) is the squaring map z +— z%. When the ideal P lies above an
odd prime p, the multiplicative group (Or/POF)* is a cyclic group of an even order (p/? —1)
and the image of the map x — z? has index 2. For k > 1 by induction. Let a € (Op/P*)*
and oy € Op its representative. Then 33, € Ok such that n = ENg/r(By) — ap € PF1,
where ¢ is a representative of one of the classes of (Op/P*1)*/Im(Npr-1). The map
induced by Trg/r on Ok /P = Op/P is simply multiplication by 2 and hence onto. We
can thus take z € Ok such that {Tr(Syz) = —1 (mod P). Now ENk (8o +an) — g € PF,
meaning « is in one of the two classes as well.

When P lies above 2, let h denote the largest integer such that 2 € P". For any o € O
we have that o® = 1 (mod P*) implies a = 1 (mod P*~"). Consequently, the kernel of
squaring map has order bounded by 2|Or/P"| < 2|Op/20F| < 271, O

B.2 Counting elements

Proposition B.3. The number of norm one elements satisfy

)d < |C(NOp)| < (Nlog N)™.

(log N
We first compute |C(P*¥)| for P C Op a prime ideal.

Lemma B.4. Let P € Of be a prime ideal lying above a rational prime p € Z. Then, if

p 1s odd
(1— pf%) P splits
IC(P")| = |Op/P*|- < (14 pf%) P is inert
2 P is ramified
where fp = [Op/P : Z/pZ] is the inertia degree. If P lies above 2, we can bound
|C(Pk)| < 2d+1|OF/Pk|.

Proof. We compute |C(P¥)]|, in each case separately.
Part 1. When P splits, by proposition B.2 we can identify the group of norm one elements

c(P) 2 { (2,y) € (Op/P*) ey =1  (mod P¥)} = (Op/P")"

Therefore, [C(P*)| = |(Op/P*)*| = |Or/P*|(1
field with p/? elements.

_ —‘O;/P‘ ), and recall that Op /P is the finite
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Part 2. When P is inert the map Npx : (O /P*)* — (Op/P*)* is onto. Therefore,

(Ok /Py | H(Ox/PHIA = 35)
((Or/PR)] [(Op/PRII(L = o35)|

Now, the inertia degree [Ok /P : Or/P] = 2, which implies fp = 2fp and |Op/P| =
O /PP
Part 3. For P ramified and odd, the image of Npx is of index 2 in (Op/P*)*. Therefore,
oy — 2MO/PErL_IOK/PINIA - )
(Or/P*)| [(OF/PH)[I(L = 55)|
In this case the inertia degree [Ok /P : Op/P] = 1, so that fp = fp and |Og /P| = |Or/P].
When P lies above 2 the image is of index bounded by 29+, which implies the bound on
C(PF)]. O

C(P")] = |ker(Npx)| =

We now give the proof of proposition B.3 for composite V.

Proof. Let NOp =] PZ’“’ be the decomposition to prime ideals. By the Chinese reminder
theorem,

c(vop)l =] Tle")

Using lemma B.4 for each component: For all prime ideals P; there is a common term of

Or /P,

[T10x/P}| = — |Op/NOy| =

The additional contribution from the inert primes is bounded from below by 1 and from

above by
1:[ (1+ pr

(since for every prime p|N there are at most d ideal primes that lie above it). Similarly,
the contribution from the split primes is bounded from above by 1 and from below by

1
H pr

)d
; p|N logN

¢ < (log N),
pIN

Finally, the contribution from the even and ramified primes, is bounded by some constant
(recall that there are a bounded number of ramified primes). ]

Given a prime ideal P C Op, with ramification index e € {1,2} and any 1 <[ < ek
consider the congruence subgroup

cO(PHy={pec(PHB=1 (mod P},

where P C Ok is a prime ideal above P (note that it is indeed well defined and does not
depend on P).
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Lemma B.5. If P lies above an odd prime then
COFH)| = |0r/PI* 1.

Otherwise,
0/ PF-L) < 1CO(PF)| < 2M10p /P LE).

Proof. We prove it separately for P split inert or ramified.
Part 1. When P splits we can identify

C(P*) 2= {(z,27") € (Op/P")" x (Or/P*)"} = (Op/P*)".

Denote by (1 + P')/(1 + P*) the kernel of the natural projection (Op/P*)* — (Op/P")*.
Then, under this identification CO(P*) = (1 + P!)/(1 + P*), and hence of order

[COPH =1+ P)/(1+ P")| = |Op/P|*".

Part 2. For P inert, denote by Ng,z the restriction of the norm map to (1+ P')/(1 + P¥)
(then CW(PF) = ker(Nl()l,z)). We now show that for P odd Ng,z is onto (14 P')/(1+ P*),
whereas if P lies above 2, it’s image has index bounded by 2¢*! (this would conclude the
proof for the inert case). First, the image of N/ g,z is indeed a subgroup of (1+ P!)/(1+ P*)
(because if # =1 (mod P*) then Ny p(8) =1 (mod P¥)). Next, note that the image of

Ng,z contains all the squares in (1 + P')/(1 4+ P*). Now, for odd prime, |(1 + P')/(1 +
PF)| = |Op/ Pkt is a power of p and hence odd. Consequently, the map z — 2 is an

automorphism of (1 + P')/(1 + P¥), and ./\/’}(Dl,z is onto. When P lies above 2 the map
x +— 2? has kernel bounded by 2|Or/P|" (as in the proof of lemma B.2). Consequently,

the image of the squaring map (and hence also the image of N g,Z) has index bounded by
2|0p/P|" < 20+,

Part 3. For P ramified as in the previous case we can restrict the norm map to the group
(1 + PYH/(1 + P?*). Here, (again by the squaring argument) the restricted map N I(Dl,z is

onto (1 + P(%W)/(l + P¥) for P odd and has image of index bounded by 2¢+! if 2 € P.
Consequently, in this case for P odd,

(P = |Op/ P15,
while for even prime ideals,

0p/PF-13) < |cO(PF)| < 2410/ P|F 13,

Proposition B.6.
S (NOp) <. N*.

Again we start by computing S; (P¥) for powers of prime ideals.
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Lemma B.7. Let P € Op be a prime ideal.
If P lies above an odd prime then

(k+1) P is inert or splits

kY < k| .
51(P7) < |Op/ P { (k+1)\/|Or/P| P is ramified
If P lies above 2, then

(k+1) P is inert or splits

k d+2 k|
S1(P") < 2%7|Op/ P"| { (k+1)\/|OF/P] P is ramified

Proof. Let e € {1,2} be the ramification index of P in Ok. The group C(P*) decomposes
into a disjoint union |J*, CO(P*) \ ¢+ (P*). We can thus rewrite

Z S VE O /PFOp(G-1) =0}

=0 c)(PF)\C(+1)(PFk)

For fixed | and any 8 € CO(P*)\ C*V(PF), we have 8 — 1 € P'\ P™*L. Therefore,
the number of elements v € Oy /P*Of satisfying v(8 — 1) = 0 is precisely |Oy/P|?/
independent of 3. We can thus take it out of the sum to get

Si(P*) = i(lc(”(P’“N — e D(PR)))|OF/PIYe.

1=0
The result now follows directly from lemma B.5. ]
We now give the proof of proposition B.6 for composite V.

Proof. Decompose NOp = [];_; Pf into prime ideals. For each prime ideal apply lemma
B.7 to get the bound

SINOp) = [[ S1(PF) < |0p/NOp| [ (k: + 1),
=1 =1

where the implied constant comes from the contribution of the ramified and even prime
ideals. The first term |Op/NOp| = N? and the second term can be bounded by []:_; (k; +
1) <. N°¢ completing the proof. O

Proposition B.8.
Sy(NOp) < N**e.

As before, we start by a computation for powers of prime ideals.
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Lemma B.9. Let P € O be a prime ideal. If P lies above an odd prime, then

6(k+1) P is inert or splits

k k
S2(P%) < |Op/ P { 6(k+1)|Op/P)| P is ramified

If P is even, then
Sy(P*) < 2%6(k + 1)|0p/P¥|.

Proof. First note that when P splits, the equation

(1= 511 =) (b1 4 P2) =0 (mod P*Ok), B; € C(P"),

is invariant under Galois conjugation. Thus, it is equivalent to the equation

(1= 61)(1=3)(bi+f2) =0 (mod P¥), 5 € C(P*),

where P is a prime ideal above P. Therefore, in any case Sy(P*) is the number of solutions
to

(1— 801 —B)Bi+5) =0 (mod P*), B € C(P"). (B.1)

When P lies above an odd prime, then 2 ¢ P and ) = 2 =1 (mod P) = 1 + 2 =
2 # 0 (mod P). Therefore, the number of solutions to (B.1) is bounded by 3 times the
number of solutions to

(1—=B8)(1=p)=0 (modP%*), 3 ecC(P"). (B.2)

Since any solution 3, 3, of (B.2), satisfies 8, € C/(P*) \ CY(P¥), By, € Clk=V(P*) for
some 0 <[ < ek, the number of solutions is bounded by

So(P) <3 (IC'(PY)| = [CH (PH)ICH (P,

=0

and the result follows from lemma B.5.

When 2 € P denote by h the largest integer such that 2 € P" ( so that, P"|20k).
Now, if 81 = 2 =1 (mod P1) then 3 + B2 # 0 (mod P"*1). Therefore, as in the case
of the odd prime, the number of solutions to (B.1) is bounded by 3 times the number of
solutions to

(1—3)(1—py) =0 (mod P~ 3 € C(P*). (B.3)

Now, any such solution satisfies that 8, € CY(P*)\ CU+Y(P*) and B, € Clek=<h=U(PF) for
some 0 <[ < ek — eh, hence

Sy(P*) <3 i (IC"(PR)] = [ (PR)DIe == (PY)],

=0

and the result follows from lemma B.5. O
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Now for the general case.

Proof. Decompose NOg = H:f:l Pl-ki, and apply lemma B.9 for each component

6(k; + 1) =Nd]£[6(ki+1),

=1

So(NOk) = [ [ S2(B") < [ [ 10#/PF
=1 =1

where the implied constant comes from the even and ramified ideals. The estimate of
[T;—, 6(k; + 1) <. N¢ concludes the proof. O
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