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ABSTRACT
The Distribution of Lattice Points in Elliptic Annuli

by
Igor Wigman

Advisor: Zeév Rudnick

We study the distribution of the number of lattice points lying in thin elliptical
annuli. It has been conjectured by Bleher and Lebowitz that, if the width of the
annuli tend to zero while their area tends to infinity, then the value distribution of
this number, normalized to have zero mean and unit variance, is standard Gaussian.
This has been proved by Hughes and Rudnick for circular annuli whose width shrink
to zero sufficiently slowly.

Our work consists of two main parts. In the first part, we consider the 1-parameter
family of for ellipses, whose axes lie on the coordinate axes. We prove the conjecture
for a ”generic” class of ellipses, whose aspect ratio is transcendental and Diophantine
in a strong sense, also assuming the width shrinks slowly to zero.

In the second part, we generalize this result, establishing the central limit theorem
for a ”"generic” ellipse within the 2-parameter family of all the ellipses. One of the
obstacles of applying the technique of Hughes-Rudnick in this case, is the existence
of so-called close pairs of lattice points. In order to overcome this difficulty, we
bound the rate of occurence of this phenomenon by extending some of the work of

Eskin-Margulis-Mozes on the quantitative Openheim conjecture. In the case of a



rectangular lattice, it is easy to bound, using properties of the divisor function.
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CHAPTER I

Introduction

Let B be an open convex domain in the plane containing the origin, with a
smooth boundary, and which is strictly convex (the curvature of the boundary never
vanishes). Let

Np(t) :== #72*NtB,

be the number of integral points in the t-dilate of B. As is well-known, as t — oo,

Np(t) is approximated by the area of B, that is
(1.1) Np(t) ~ At?

where A is the area of B.

A classical problem is to bound the size of the remainder
Ap(t) := Np(t) — At
A simple geometric argument gives
(1.2) Ag(t) = O(t),

that is a bound in terms of the length of the boundary. It is known that Apg is much

smaller than the classical bound, as Sierpinski [22] proved

Ap(t) = O(t*?).



Since then, the exponent 2/3 in the last estimate has been improved due to the works
by many different researchers (see [14]). Tt is conjectured that one could replace the
exponent by 1/2 + € for every ¢ > 0.

A different problem is to study the value distribution of the normalized error term,

namely, of
_ Ap(t)  Np(t) — At?
== i .

Heath-Brown [12] treats this problem for B = B(0, 1), the unit circle, and shows

FB(t) :

that there exists a probability density p(x), such that for every bounded continuous

function g(z),
T o)

fim o [ o(Faon®)it = [ glalpla)ds

T—o0
0 —00
Somewhat surprisingly, the p(¢) is not a Gaussian: it decays as  — oo roughly as
exp(—z*), and it can be extended to an entire function on a complex plane. Bleher [4]
establishes an analogue to Heath-Brown’s theorem for general ovals.

Motivated in parts by questions coming from mathematical physics, we will con-

centrate on counting lattice points on annuli, namely, integer points in
(t+p)B\1B,
that is, we study the remainder term of
Ng(t, p) == Np(t + p) — Np(t),

where p = p(t) is the width of annulus, depending on the inner radius ¢. The
”expected” number of points is the area A(2tp + p?) of the annulus. Thus the

corresponding normalized remainder term is:

Np(t +p) — Np(t) — A2tp + p?)

Sgp(t, p) = i .




The statistics of Sg(t, p) vary depending to the size of p(t). Of our particular
interest are the following regimes:
(1) The microscopic regime, pt is constant. It was conjectured by Berry and Tabor [7]
that the statistics of Ng(t, p) are Poissonian. Eskin, Margulis and Mozes [10] proved
that the pair correlation function (which is roughly equivalent to the variance of
Ng(t, p)), is consistent with the Poisson-random model.
(2) The “global”, or "macroscopic”, regime, p(t) — oo (but p = o(t)). In such a case,
Bleher and Lebowitz [5] showed that for a wide class of B’s, Sg(t, p) has a limiting
distribution with tails which decay roughly as exp(—x?).
(3) The intermediate or "mesoscopic”, regime, p — 0 (but pt — o00). If B is the

inside of a "generic” ellipse

(1.3) F:{($1,$2)3 1’%“‘04235%:1}7

with « is Diophantine, the variance of Sg(t, p) was computed in [2] to be asymptotic

to
(1.4) gt = —p

For the circle (a = 1), the value is 16plog %.

Bleher and Lebowitz [5] conjectured that Sgp(t, p)/o has a standard Gaussian
distribution. In 2004, Hughes and Rudnick [13] established the Gaussian distribution
for the unit circle, provided that p(t) > t=° for every § > 0.

In chapter II of this thesis, we prove the Gaussian distribution for the normalized
remainder term of ”generic” elliptic annuli, whose axes are lying on the coordinate
axes. Equivalently to counting integral points inside such elliptic annuli, we will
count A-points inside B(0, 1)-annuli, where A = (1, ia) is a rectangular lattice (we

make the natural identification of ¢ with (0, 1)).



Given a lattice A as above, with determinant
d = det(A) = a,
we denote the corresponding counting function Ny, that is,
Ny=#{ne A: |n| <t}

In addition, we define

Na(t + p) — Na(t) — 5(2tp + p°)

7 .

(1.5) Salt, p) =
Obviously, we have
Sa(t, p) = Sb(L, p)

for an ellipse B, which is the inside of I" as in (1.3).
We say that a real number « is strongly Diophantine, if for every n > 1, there is

n
some K > 0, such that for integers a; with ) a;o’ # 0,

J=0
n
Z ; 1
7=0 max |a,|
0<j<n

This holds for any algebraic «, for a = e, and almost every real «, see section 2.2.2.

We prove:

Theorem 1.1.1. Let A = (1, i), with « transcendental and strongly Diophantine.
Assume that p = p(T) — 0, but for every 6 > 0, p > T~°. Then for every interval

A,

1 o2
(1.6) lim meas{t e [T, 2T): Salt, ) € A} = —/e_zdx,
700 o o
A

where o is given by (1.4).

This proves the conjecture of Bleher and Lebowitz in the case of a rectangular

lattice (this corresponds to an ellipse with axes lying on the coordinate axes).



Remarks: 1. In the formulation of theorem 1.1.1, we assume for technical
reasons, that p is a function of T and independent of ¢ € [T, 2T]. However one may
easily see that since p may not decay rapidly, one may refine the result for p = p(t).

2. We compute statistics of the remainder term when the radius is around 7. A
natural choice is assuming that the radius is uniformly distributed in the interval
[T, 2T).

Our case offers some marked differences from that of standard circular annuli
treated in [13]. To explain these, we note that there are two main steps in treating
these distribution problems: The first step is to compute the moments of a smoothed
version of Sg, defined in section 2.1. We will show in section 2.2 that the moments
of the smooth counting function are Gaussian and that will suffice for establishing a
normal distribution for the smooth version of our problem. The second step (section
2.4) is to recover the distribution of the original counting function Sp by estimating
the variance of the difference between S and its smooth version. The proof of that
invokes a truncated Poisson summation formula for the number of points of a general
lattice which lie in a disk, stated and proved in section 2.3.

The passage from circular annuli to general elliptical annuli with axes lying on
the coordinate axes, gives rise to new problems in both steps. The reason is that to
study the counting functions one uses Poisson summation to express the counting
functions as a sum over a certain lattice, that is as a sum over closed geodesics of
the corresponding flat torus. Unlike the case of the circle, for a generic ellipse the
sum is over a lattice where the squared lengths of vectors are no longer integers but
of the form n? + m?a~2, where n, m € Z and « is the aspect ratio of the ellipse.

One new feature present in this case is that these lengths can cluster together,

or, more generally, one may approximate zero too well by the means of linear com-



binations of lengths. This causes difficulties both in bounding the variance between
the original counting function and its smoothed version, especially in the truncated
summation formula of section 2.3, and in showing that the moments of the smooth
counting function are given by ”diagonal-like” contributions. This clustering can be
controlled when « is strongly Diophantine.

Another problem we have to face, in evaluating moments of the smooth counting
function, is the possibility of non-trivial correlations in the length spectrum. Their
possible existence (e.g. in the case of algebraic aspect ratio) obscures the nature of
the main term (the diagonal-like contribution) at this time. If « is transcendental
this problem can be overcome, see proposition 2.2.8.

Our next goal is to generalize the result for general elliptical annuli. This is
done in chapter III. By a rotation and dilation (which does not effect the counting
function), we may assume, with no loss of generality, that A admits a basis one of
whose elements is the vector (1,0), that is A = <1, o+ zﬂ>.

Some of the work done in chapter 11, extends quite naturally for the 2-parameter
family of planar lattices <1, a+if > That is, in this case we will require the algebraic
independence of a and 3, as well as a strong Diophantine property of the pair («, (3)
(to be defined), rather than the transcendence and a strong Diophantine property of
the aspect ratio of the ellipse, as in theorem 1.1.1.

We say that a pair of numbers («, (3) is strongly Diophantine, if for every fized
natural n, there exists a number K; > 0, such that for every integral polynomial

plz,y) = Y a;;a'y’ of degree < n, we have
i+j<n

whenever p(a, 5) # 0. This holds for almost all real pairs («, [3), see section 3.1.2.



Theorem 1.1.2. Let A = <1, o+ zﬂ> where (a, () is algebraically independent and
strongly Diophantine pair of real numbers. Assume that p = p(T') — 0, but for every

§>0, p>T°. Then for every interval A,

1 1 22
(1.7) lim —meas{t €T, 27): M IS A} = —/e‘?dx,
T—oo T o 2
A

where the variance is given by

47
1.8 ol = —.p.
(1.8) 3
Remark: Note that the variance o2 is a-independent, since the determinant
det(A) = (.

One of the features of a rectangular lattice is that it is quite easy to show that the
number of so-called close pairs of lattice points or pairs of points lying within a narrow
annulus is bounded by essentially its average (see lemma 2.4.2). This particular
feature of the rectangular lattices was exploited while reducing the computation of
the moments to the ones of a smooth counting function (we call it ”unsmoothing”).
In order to prove an analogous bound for a general lattice, we extend a result from
Eskin, Margulis and Mozes [9] for our needs to obtain proposition 3.2.1. We believe

that this proposition is of independent interest.



CHAPTER II

The Rectangular Case

2.1 Smoothing

We apply the same smoothing as in [13]: let x be the indicator function of the
unit disc and v a nonnegative, smooth, even function on the real line, of total mass
unity, whose Fourier transform, qﬂ is smooth and has compact support *. One should
notice that
2.1) ACESS XG)

e
Introduce a rotationally symmetric function ¥ on R2 by setting ¥(7) = ¥(|7]), where
| - | denotes the standard Euclidian norm. For ¢ > 0, set
. 1 T
Define in analogy with (2.1) a smooth counting function

(2.2) Naar(t) =Y xel

neEA

),

~+| 3

with € = ¢(M), x. = x * ¥, the convolution of y with ¥.. In what will follow,

(2.3) €= ——

1To construct such a function, just take a function ¢ with compact support and set 1[1 = ¢ x ¢* where ¢*(y) :=
é(—y). Then ¢ = |¢|? is nonnegative.



where M = M(T') is the smoothness parameter, which tends to infinity with ¢.

We are interested in the distribution of

NA,M(t + %) — NA,M(t) - g(% + %)

Ny :

(2.4) Saar(t) =

which is the smooth version of Sy(¢, p). We assume that for every § > 0, L =
L(T) = O(T?), which corresponds to the assumption of theorem 1.1.1 regarding
p = % However, we will work with a smooth probability space rather than just the
Lebesgue measure. For this purpose, introduce w > 0, a smooth function of total

mass unity, such that both w and @ are rapidly decaying, namely

1 .
T W<

w(t)] < DL

(1 + [t
for every A > 0.

Define the averaging operator
(f)r = ! oof(t) ()t
TTT A

and let P, 7 be the associated probability measure:

Por(f e A)= 1 [ Lalr®)(p)de

We will prove the following theorem in section 2.2.

Theorem 2.1.1. Suppose that M(T) and L(T) are increasing to infinity with T,
such that M = O(T°) for all § > 0, and L/v/M — 0. Then if  is transcendental

and strongly Diophantine, we have for A =<1, i >,

S 1 22
lim P, T{ AML A} =— [e=d
T—00 ’ o A

A

8r

for any interval A, where o* := 5%
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2.2 The distribution of g,\, M, L

We start from a well-known definition.

Definition: A number p is called Diophantine, if 3K > 0, such that for a rational

P/4q;

(2.5) o= =

q

> 1
#qK7

where the constant involved in the ” > "-notation depends only on p. Khintchine
proved that almost all real numbers are Diophantine (see, e.g. [18], pages 60-63).

It is obvious from the definition, that p is Diophantine iff i is such. For the rest
of this section, we will assume that A* = <1, zﬂ> with a Diophantine x := 3%, which

satisfies (2.5) with
(26) K - Ko,

where A* is the dual lattice, that is 3 := é We may assume that x is Diophantine,
since theorem 1.1.1 (and theorem 2.1.1) assume «’s being strongly Diophantine (see
the definition later in this section), which implies, in particular, that o, 8 and k are
Diophantine.

We will need a generalization of lemma 3.1 in [13] to a general lattice A rather

than Z2.

Lemma 2.2.1. Ast — oo,

- T Vi cos (2mt|k] + T) ( IE| ) ( 1 )

2.7 Nam(t) = — — =— S +0(—=],

@7 Nawl)=" -5 2 N\ Vi
EeAax\{o}

where, again A* is the dual lattice.



11

Proof. The proof is essentially the same as the one which obtains the original lemma
(see [13], page 642). Using Poisson summation formula on (2.2) and estimating
X(tlg) by the well-known asymptotics of the Bessel J; function, we get:

IR SN e (2l + 3) i(e) 0 (&(@@))}7

=3
T I

where we get the main term for k¥ = 0. Finally, we obtain (2.7) using (2.3). The

contribution of the error term is obtained due to the convergence of > = as
Fean foy ¥
well as the fact that ¢(x) < 1. O

Nl

Unlike the standard lattice, if A = (1, ia)) with an irrational o, then clearly there
are no nontrivial multiplicities, that is
Lemma 2.2.2. Let a; = (n;, m; - «) € A, i = 1,2, with an irrational o?. If
|ai| = |az|, then ny = £ngy and m; = £ma.

By the definition of S’A, a1 in (2.4) and appropriately manipulating the sum in

(2.7) we obtain the following
Corollary 2.2.3.

sin (—) B
Sam,1(t) = 2 E—; sin (27r(t + i)\]}'\ + E)@(ﬂ)

d 2L 4
(28) & I;eA*\{O} ’ M

We used

(2.9) \/t+%:\/¥+0(ﬁ)

in order to change 4/t + + multiplying the sum in (2.7) for Nx(t + 1) by v/t. We
use a smooth analogue of the simplest bound (1.2) in order to bound the cost of this

change to the error term.
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One should note that zﬂ’s being compactly supported means that the sum essen-

tially truncates at |l§| ~ VM.

Proof of theorem 2.1.1. We will show that the moments of §A7 M, 1 corresponding
to the smooth probability space (i.e. (gf{fM,ﬂT, see section 2.1) converge to the
moments of the normal distribution with zero mean and variance which is given by
theorem 2.1.1. This allows us to deduce that the distribution of S A, M, I converges to
the normal distribution as T approaches infinity, precisely in the sense of theorem
2.1.1.

First, we show that the mean is O(\/LT)’ unconditionally on the Diophantine prop-

erties of a. Since w is real,

1y~ 7
(o 1 _
‘<sm( m(t+ QL)\k’\ + 4)>
for any A > 0, where we have used the rapid decay of w. Thus
. 1 1 1
S < —+ 0| —= | K 0| —= |,
‘< A’M’L>T 2 TA|R|A+3/2 (ﬁ) (\/T)

keA=\{0}
due to the convergence of ) > W, for A>3
keA*\{0}

E

= '%m{d)( — T]l;])e”(lfJ’

NI

1
}’ < =
TA|/€|A

T

Now define

o

s {(3, 2 " (o )

Then from (2.8), the binomial formula and the Cauchy-Schwartz inequality,

() s s0( (7))

j Ti/2

(NI ~

T

j=1
Proposition 2.2.4 together with proposition 2.2.7 allow us to deduce the result
of theorem 2.1.1 for a transcendental strongly Diophantine (3%. Clearly, a’s being

transcendental strongly Diophantine is sufficient. O
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2.2.1 The variance

The variance was first computed by Bleher and Lebowitz [2] and we will give
a version suitable for our purpose. This will help the reader to understand our

computation of higher moments.

Proposition 2.2.4. Let a be Diophantine and A = (1, iay. Then if for some fized

0>0, M= O(TK0+}/2+5) as T — oo, then

sin? iE') -
R 2 2. 2 . ( . 72 k]
<(SA,M,L) >TNU =gz 2 "W TR <m)

keA\{0}
where
( 1, 7n=1(0,0)
(2.11) r(@) =42, ii=(z,0) or(0,y)
4,  otherwise

is the "multiplicity” of |1i|. Moreover, if L — oo, but L/~ M — 0, then
(2.12) o~ —

Proof. Expanding out (2.10), we have

Mys=— 3 Sm<%)sm<%2¢(%)@@(%)

d2 2 =3
(213) & E,fGA*\{O} |k|2|l|

« {sin (27 (t+ 2 B+ 2 ) sin ( 2 L= 1+ =
mn m oL, 4 11 m o, 4 .

Now, it is easy to check that the average of the second line of the previous equation
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is:
1. ot (1/L)(|11-IE])
o(T( |l| B |/<;| )i (1/LY(RI=1TT) 4
(2.14)
dJ(T k ) —im(1/24(1/L)(k|+I)) _

o — T(|k| + |“|)) i (1/2+(1/ L) (|K|+11))

Recall that the support condition on 1& means that k and [ are both constrained to
be of length O(v/M), and so the off-diagonal contribution (that is for [k| # |I] ) of
the first two lines of (2.14) is

MA(K0+1/2) MA(K0+1/2)+2 e
< > o <y < T,

EJeA*\{0}
K|, |K'|<vVM

for every B > 0, using lemma 2.2.5, the fact that |k, |I] > 1,
assumption regarding M. We may use lemma 2.2.5 since we have assumed in the
beginning of this section that s is Diophantine.

Obviously, the contribution to (2.13) of the two last lines of (2.14) is negligible
both in the diagonal and off-diagonal cases, and so we are to evaluate the diagonal
approximation of (2.13), changing the second line of (2.13) by 1/2, since the first
two lines of (2.14) are 2. That proves the first statement of the proposition. To find
the asymptotics, we take a large parameter Y = Y (7') > 0 (which is to be chosen
later), and write:

k|

sin? (7F) Csin? (ZH)
2 1g3 )W(\'/kﬂ) 2. r(®) 1g3 )W(\l/kﬂ)

EFeA=\{0}

= Y + > =L+h,

EeA*\{0} keA*\{0}
|E]2<Y k|2>Y
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Now for Y = o(M), wz( ) ~ 1 within the constraints of I;, and so

3

sin? (i’;'>
. L
[1 ~ Z T(k)T
keA*\{o} | ‘
E2<y

Here we may substitute (k) = 4, since the contribution of vectors of the form (z, 0)
and (0, y) is O(5): representing their contribution as a 1-dimensional Riemann sum.

The sum in

sin? (%) 4 sin? |TE|) 1
EeAa\{0} keA*\{0} (T)
|k]2<y |E| <Y
is a 2-dimensional Riemann sum of the integral
o
sin® (/2% + Ky?) 21 [ sin®(7r) N
dedy ~ — | ———=dr — dn”,
|22 + Ky 32 3 r2
1/L2 <22+ ky2<Y/L? %

provided that Y/L? — oo, since [ Smj#dr = %2 We have changed the coordinates
0

to the usual elliptic ones. And so,

4dr
L

Next we will bound /. Since @/A) < 1, we may use the same change of variables to

obtain:

sin? 7r x2+ y) 1 r dr 1
I < ~ dedy < ~ [ L =o(2).
2 << // |22 + Ky?|3/2 Ty < L r2 O(L>

2+ny2>Y/L2 VY/L
This concludes the proposition, provided we have managed to choose Y with L? =
o(Y) and Y = o(M). Such a choice is possible by the assumption of the proposition

regarding L.



16
Lemma 2.2.5. Suppose that k, k' € A* with |k|, |F| < VM. Then if |k| # |k,
|Ik] — |K]| > M~ Fo+t/2)

Proof.
— — EQ_ 1512 M—K()
Hk:| _ |k’|| = H L ‘J | > :M—(K0+1/2)7
||+ K] VM

by (2.5) and (2.6). O

2.2.2 The higher moments

In order to compute the higher moments we will prove that the main contribution
comes from the so-called diagonal terms (to be explained later). In order to be able to
bound the contribution of the off-diagonal terms, we restrain ourselves to ”generic”

numbers, which are given in the following definition:

Definition: We call a number 7 strongly Diophantine, if it satisfies the following
property: for any fixed n, there exists K; € N such that for an integral polynomial

P(z) = " a;x* € Z[z], with P(n) # 0 we have

=0

|P(n)| >, h(P)™,

where h(P) = Iax la;| is the height of P.

The fact that the strongly Diophantine numbers are ”generic” follows from various
classical papers, e.g. [17].

Obviously, the strong Diophantine property implies the Diophantine property.
Just as in the case of Diophantine numbers 7 is strongly Diophantine, iff % is such.
Moreover, if n is strongly Diophantine, then so is n?. As a concrete example of
a transcendental strongly Diophantine number, the inequality proven by Baker [1]

implies that for any rational r # 0, n = e” satisfies the desired property.
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We would like to make some brief comments concerning the number K, which
appears in the definition of a strongly Diophantine number, although the form pre-
sented is sufficient for all our purposes.

Let 1 be a real number. One defines i (n) to be % times the supremum of the real
numbers w, such that |P(n)| < h(P)~* for infinitely many polynomials P of degree
k. Clearly,

1, N
Or(n) = Elnf{w : |P(n)| >wk h™, deg P = k}.

It is well known [23], that 6x(n) > 1 for all transcendental n. In 1932, Mahler [17]
proved that 6x(n) < 4 for almost all real 1, and that allows us to take any K; > 4n.

He conjectured that

Or(n) <1

which was proved in 1964 by Sprindzuk [20], [21], making it legitimate to choose any
K >n.

Sprindzuk’s result is analogous to Khintchin’s theorem which states that almost
no k-tuple in R* is very well approzimable (see e.g. [18], theorem 3A), for submanifold
M C R*, defined by

M ={(z, 2% ..., 2%): z € R}.

The proof of this conjecture has eventually let to development of a new branch
in approximation theory, usually referred to as ”Diophantine approximation with
dependent quantities” or ”Diophantine approximation on manifolds”. A number of
quite general results were proved for a manifold M, see e.g. [15].

We prove the following simple lemma which will eventually allow us to exploit the

strong Diophantine property of the aspect ratio of the ellipse.

Lemma 2.2.6. If n > 0 is strongly Diophantine, then it satisfies the following prop-
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erty: for any fived natural m, there exists K € N, such that if z; = a? + nb? < M,

and €¢; = £1 for j =1,...,m, with integral a;, b; and if Zlej\/z_j # 0, then
J:

(2.15) 1D vz Spm MK
j=1

Proof. Let m be given. We prove that every number 7 that satisfies the property
of the definition of a strongly Diophantine number with n = 2™~ satisfies the
inequality (2.15) for some K, which will depend on Kj.

Let us {/7;}72, be given. Suppose first, that there is no {d;}72, € {£1}"™ with

> 0jy/Z; = 0. Let us consider
j=1

Q=Qz,...,zn) =[] D oz #0.

{6, e{£1}m j=1
Now () = R(\/z_l, cee w/zm), where
R(xl, ey xm) = H Zéjxj.
{0, L, {1 =1
Obviously, R is a polynomial with integral coefficients of degree 2™ such that for

each vector 0 = (9;) = (£1), R(6 121, ..., OmZTm) = R(x1, ..., T,), and thus,

Q(z1, ..., zn) is an integral polynomial in 21, ..., 2, of degree 2™~1. Therefore,
2m71

Q = P(n), where P is a polynomial of degree 2™~ P = > ¢2%, with ¢; € Z, such
3=0

that ¢; = Pj(ay, ..., am, b1, ..., by), where P; are polynomials. Thus there exists

K, such that ¢; < M*2 and so, by the definition of strongly Diophantine numbers,

Q >, m M 5251 We conclude the proof of lemma 2.2.6 in this case by

I1 O3V

{051 A e}y =

‘ Z 6J'\/Z_j| - |Q| >0 m M—(K2K1+(2m—1)/2)’
j=1

(2m-1)

and so, setting K 1= KK + “—;

, we obtain the result of the current lemma in

this case.
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Next, suppose that

for some (given) {0;}72; € {£1}™. Denote S :={j: ¢; = d;}, " ={1, ..., m}\ S.

One should notice that
(2.17) 1] ; S, S ; {1, ..., m}.

Writing (2.16) in the new notations, we obtain:

YoevE =Y e/E=0,

jes jes’
Finally,
0# 12 evaml =22 ava| B MF
Jj=1 jes’
for some K by induction, due to (2.17).

]

Proposition 2.2.7. Let m € N be given. Suppose that o is transcendental and

strongly Diophantine which satisfy the property of lemma 2.2.6 for the given m, with

K = K,,. Denote A = (1, ic). Then if M = O(T%f) for some 6 > 0, and if

L — oo such that L/ M — 0, the following holds:

MA,m 2m/2n€%)! + O(IO%L)a m 1S even
om
O(*%%), m is odd

MA,m = dmam Z H

(2.18) K1y, kmeAx\{0} J=1 |
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<ﬁ1s <2w t+—)|k1|+ )>T

J
H €j m . m ( -
o (1/L)[K;14+1/4)
— Z S ( TZEJV{Z |) =7 ’

ej=%1

Now,

We call a term of the summation in (2.18) with > ej]k;| = 0 diagonal, and off-
j=1
diagonal otherwise. Due to lemma 2.2.6, the contribution of the off-diagonal terms

18:

T —A
mr—Ad
< E (MKM) <K M™TH°,
ki, km €A\ {0}

for every A > 0, by the rapid decay of @ and our assumption regarding M.
Since m is constant, this allows us to reduce the sum to the diagonal terms. The
following definition and corollary 2.2.9 will allow us to actually sum over the diagonal

terms, making use of a’s being transcendental.

Definition: ~ We say that a term corresponding to {ky, ..., kn} € (A* \ {0})m
and {¢;} € {£1}™ is a principal diagonal term if there is a partition {1,..., m} =
'|i|1 S;, such that for each 1 < i <[ there exists a primitive n; € A*\ {0}, with non-
n_egative coordinates, that satisfies the following property: for every j € S;, there
exist f; € Z with |kj;| = f;|ni]. Moreover, for each 1 <i </, ZS €;f; =0.
=
Obviously, the principal diagonal is contained within the] diagonal. However, if

« is transcendental, the converse is also true. It is easily seen, given the following

proposition.

Proposition 2.2.8. Suppose that n € R is a transcendental number. Let

2 = a? + nb?
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such that (a;, b;) € Zi are all different primitive vectors, for 1 < j < m. Then

{7 )iy are linearly independent over Q.

The last proposition is an analogue of a well-known theorem due to Besicovitch [6]
about incommensurability of square roots of integers. A proof of a much more general
statement may be found e.g. in [3] (see lemma 2.3 and the appendix).

Thus we have

Corollary 2.2.9. Every diagonal term is a principle diagonal term whenether « is

transcendendal.

By corollary 2.2.9, summing over diagonal terms is the same as summing over
principal diagonal terms. Thus:

Mpm 1 )
oot T (G X, )

=1 B ‘ 1 €A*\{0}
(L= S

X(ﬁ 3 'D(ﬁz)(sg))..(ﬁ 3 ’Dm(Sz)),

A\{0}Diig i, AN{0}Di, £ila,..., i1

(2.19)

where the inner summations are over primitive 1st-quadrant vectors of A*\ {0}, and

172\ ime 4
Dz(S) = 35 5 g | | 3 sm( fi |n|) (— eimeil
n /2 J 9
|”| T 3 s VM
=+1
Z €; f3=0
JES

with r(7) given by (2.11).

Lemma 2.2.10 allows us to deduce that the contribution to (2.19) of a partition

is O(logL(L)), unless |S;| = 2 for every i = 1,..., [. In the latter case the contribution
is 1 by the 2nd case of the same lemma. This is impossible for an odd m, and so,

it finishes the proof of the current proposition in that case. Otherwise, suppose m

!
is even. Then the number of partitions {1,..., m} = || S; with |S;| = 2 for every
i=1
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1<:i<1is
(é)! @ (m; 2) | @ - (;)! 2! (nT!— 2)! 2!(Tm——231!>! e
ZQm/L("_”)I

That concludes the proof of proposition 2.2.7.

O
Lemma 2.2.10. If L — oo such that L/v/M — 0, then
(
0, S| =1
1 /
—m Z Dz(S)| =11, |S] =2
neA*\{0}
O(™%%), |5|>3
\
where the " in the summation means that it is over primitive vectors (a, b).
Proof. Without loss of generality, we may assume that S = {1, 2, ..., |S|}, and we

assume that k := |[S| > 3. Now,

> 0u(S)| € ¥ Qi)

neA*\{0} neA*\{0}

(2.20)

where

W= Y Y H’Sm

{ejre{£1}F fJ>1 J=1
_Z € fi=
j=1
Note that Q(z) < 1 for all z. We would like to establish a sharper result for z < L.
In order to have ) ¢;f; = 0, at least two of the ¢; must have different signs, and so,

with no loss of generality, we may assume, ¢, = —1 and €;_; = +1. We notice that
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the last sum is, in fact, a Riemann sum, and so

L3k/2/ /dI1 ~dwg—2 E / dxp_q
/L 1/L {gyote{yh2 k-2
7 +max(0,— Zl € f5)
F=

k—2
sin (71'2 . (xk,l + > ej:z:j)) ‘
j=1
k—1 3/2
(l‘k—l + Z Ejl‘j)
j=1

By changing variables y; = z - x; of the last integral, we obtain:

(i )

o0

k:/2+1
Q2 Lk/QH/ /dyl “dyg—2 Z / dyk—1

/L  1/L {e; Yoz e{£1yh—2 .
/ / JJj=1 +max( Z2E]f])

j=1
sin <7T . (yk—l + Z ejyj)) '
j=1
E—1 3/2
<yk—l + > Gjyj)
j=1

and since the last multiple integral is bounded, we may conclude that

Y

o/
Q) < 2k
z
1, z>L
Thus, by (2.20),
'Da(S L L =S+
Z 7(9)] < Z ’ﬁyzk/z' k/2+1 + Z ]nl%/? =101+ o2
7EA*\{0} #AEA*\{0} "AeA*\{0}
7| <L |7i|>L

Now, considering S7 and S; as Riemann sums, and computing the corresponding

integrals in the usual elliptic coordinates we get:

L

1 1 1 dr log L
51 < Tk/2+1 Z |71 < Lk/2+1 /Tk—Q < Lk/2+1°

neA*\{0} 1
<L

since k > 3.
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Similarly,

g dr 1 1 1
2 < r3k/2—1 < [,3k/2-2 < Lk/2+(k—2) < [k/2+17

L

again since k > 3.

And so, returning to the original statement of the lemma, if k = |S| > 3,

log L log L
k/2

> ’Dﬁ(S)‘ < LM (LWH) <=
neA*\{0}

1

m

by (2.12).

In the case |S| = 2, by the definition of Dz and o2, we see that

> 'Da(8) =0

AeA*\{0}

This completes the proof of the lemma.

2.3 An asymptotical formula for N,

We need an asymptotical formula for the sharp counting function N,. Unlike the

case of the standard lattice, Z2, in order to have a good control over the error terms

we should use some Diophantine properties of the lattice we are working with. We

adapt the following notations:

Let A be a lattice and ¢ > 0 a real variable. Denote the set of squared norms of

A by

SNy = {[fi|*: n € A}.

Suppose we have a function d, : SNy — R, such that given ke A, there are no

vectors ii € A with 0 < [|7|2 — |k[2| < 6x(|k|?). That is,

AN {ii € A [E? = 0a(|k[?) < [* < [k[* + 6 (|E)} = Ag.
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where

A, ={neA: || =y}
Extend d, to R by defining dx () := 65(|k|2), where k € A minimizes |z — |k|?| (in
T = |n1\2§|n3\2

the case there is any ambiguity, that is if for vectors ny, ny € A with

consecutive increasing norms, choose k := n}). We have the following lemma:

Lemma 2.3.1. For every a >0, ¢ > 1,

T Vit cos (27rt|l;] +7)
Np(t) = =2 = 2= § _ . 4+ O(N®
At =3 dr EE + OV
keA*\{0}
lk|<vN

+ O(tj/cﬁl) +0 <\/LN - (logt + log(5A(t2))>
+0 ( log N + log(da- (t2)))
As a typical example of such a function, d,, for A = (1, ia), with a Diophantine
v = o we may choose d;(y) = y%o, where ¢ is a constant. In this example, if
A >k = (a,b), then by lemma 2.2.2, Ajp = (%a, £b), provided that v is irrational.
Our ultimate goal in this section is to prove lemma 2.3.1. However, it would be

more convenient to work with # = ¢2, and by abuse of notations we will call the

counting function Ny. Moreover, we will redefine

#{k : k]2 < 2}, x # |k|? for every k € A
NA($) =

#{k: |k <z}+2, otherwise
(recall that every norm of a A-vector is of multiplicity 4). We are repeating the argu-
ment of Titchmarsh [24] that establishes the corresponding result for the remainder
of the arithmetic function, which counts the number of different ways to write m as
a multiplication of a fixed number of natural numbers.
Let A = (1, ia). For v := o?, introduce a function Z,(s) (this is a special value

of an Eisenstein series) where s = o + it is a complex variable. For o > 1, Z,(s) is
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defined by the following converging series:

(2.21) Z.(s) ::1 3

2
4 e IR
Then Z, has an analytic continuation to the whole complex plane, except for a

single pole at s = 1, defined by the formula

o0

—s . s—1 —s \/’7(8 B 1)
L(s)mw Zv(s)—/x Wy (z d$+—/ Yy (x)d — 4\/_5(1—3) ;

1
where

Py () = ;1 Z e~k

EeA\O

This enables us to compute the residue of Z, at s = 1:

T
4\/7

Moreover, Z, satisfies the following functional equation:

Res(Z,, 1) =

(2.22) Z,(s) = %ns)m(l ~s),
with
(2.23) x(s) = WQS_IF(E‘(;)S)

We will adapt the notation

XA(8) = LX(s).

ﬁ

The connection between Nj and Z, is given in the following formula, which is

satisfied for every ¢ > 1:
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To prove it, just write Z, explicitly as the converging series, and use

ctico
%m. ‘ y;dSZV(y),
where )
1, y>1
v(y) = % y=1 )
0; O<y<1

\
see [8], lemma on page 105, for example. One should bear in mind that the infinite
integral above is not converging, and so we consider it in the symmetrical sense (that
c+iT
is, lim [ ).
T—o0, 5ip
The following lemma will convert the infinite vertical integral in the last equation

into a finite one, accumulating the corresponding error term. It will make use of the

Diophantine properties of ~.

Lemma 2.3.2. In the notations of lemma 2.3.1, for any constant ¢ > 1,

c+1iT
1 1 x°® x¢ x
(2.24) ZNA(x) =5 / Zy(s);ds + O(T) + O(T(logx + log 5A(x)))
c—iT

as x, T — oo.

Proof. Lemma on page 105 of [8] asserts moreover that for y # 1

c+iT
1 " 1
2.2 [ Y= ¢ min (1, ———
(2.25) zm'/ P ”(y)+0<y mln(’Tllogyl))’
c—iT

whereas for y = 1,

1 ds 1 1
(2.26) o / ?—§+O(?)
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Suppose first that = # |k|? for every k € A. Summing (2.25) for y = where

LE
ke A\ {0} gives (dividing both sides by 4):

c+iT

1 - 1 min <1, —Tlogl%>
— | Z(s)=ds=-N Ol z¢ " .
2mi () s T alz) + (:v . Z | k|2

c—iT keA\{0}

The contribution to the error term of the right hand side of the last equality of
ke A with |k|2 > 2z or |k|? < iz is

z° 1 x°© T
< T Z < TZ,Y(C) < ?

B B U;’,zc
|k|>2z or |k|§%az

For vectors ko € A, which minimize Hl; > — x| (in the case of ambiguity we choose
k?o the same way we did in lemma 2.3.1 while extending d,), the corresponding

contribution is

c Cc

€T T

i <
Finally, we bound the contribution of vectors k € A\ {0} with |ko|? < |k|? < 2,
and similarly, of vectors with fz < k|2 < |ko|2. Now, by the definition of &y, every
such k satisfies:

- - 1
[K[* > [kol* + 0a(2) 2 @ + 50a(2).

Moreover, log @ > M, and so the contribution is:
V2z
x© 1 x r
<< T Z - = _ << p— ——»dr
T e Rkl T [P
Tl <2e VIR +oA (@)
2x
T / du T (u— ) 2
= — ——— < = log (u — |ko
2T | u— ko2 T Kol 2+ ()
|ko|?+0A (x)

x
<7 (logz + log dx(z))
If x = \k?OP for some 150 € A, the proof is the same except that we should invoke

(2.26) rather than (2.25) for |k| = |kol.



29
That concludes the proof of lemma 2.3.2. n

Proof of lemma 2.3.1. We use lemma 2.3.2 and would like to move the contour of
the integral in (2.24) from 0 = ¢, =T <t < T left to 0 = —a for some a > 0. Now,

for o > ¢,

and by the functional equation (2.22) and the Stirling approximation formula,
‘Z’Y(S>‘ < i+
for 0 = —a. Thus by the Phragmén-Lindel6f argument
|Zv(s)} < (1+20)(c=0)/(ato)

in the rectangle —a — iT', ¢ —iT', ¢+ iT, —a + ¢I'. Using this bound, we obtain

c+iT 9
xs a ‘%.C
Z(s)—ds| < + =,
[zt < T
—a+iT
c—iT
and so is ‘ f | Collecting the residues at s = 1 with residue being the main term
—a—1iT
of the asymptotics,
5 s

and at s = 0 with

we get:
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Denote the integral in the last equality by I and let x := % Using the functional

equation of Z, (2.22) again, and using the definition of Z,, for o > 1, (2.21), we get:

—a+iT —a+iT

1 x® 1 XA(8) x°
2.2 I =— Z.(1—s)—ds = — ! T —d
(2.27) 271 / Xy(8)25(1 = ) s 7 o Z / k22 s *

—a—iT keA* —a—iT

where the ’ means that the summation is over vectors in the 1st quadrant. Put

T2
2.28 =N 5 .
(225) = N 0 (N),
where N = \k%\Q for some ko € A* and consider separately vectors k € A* with

k|2 > N and ones with |k[2 < N.

First we bound the contribution of vectors k € A* with |l§|2 > N. Write the

—a—+iT —a—1 —a-+1i —a—+iT
integral in (2.27)as [ = [ + [ + [ . Then
—a—iT —a—iT —a—1 —a+i
—a+1 1
—a / —a —a
Z / kS 23? ‘<<3: Z |E|2+2a§x Zu(l+a) <27
kFeA _q— keA*
|E]2>N
Now,
—a—i—zT T — ti
s —a,—2a—1 (1 — k 2(17 )
‘J’ — ‘ / {{72(52) x—ds‘ — T 7]; 5 /Z (F( )S) (‘ |t ) WQtldt'
—25 S a S 1
R VAR |
- T
- eiF(t) t?a +O(t2a_1) dt ’
|Jc|2+2a
1
with
72 2|k|2
F(t) =2t( —logt +logm + 1) + tlog (|k|*z) = tlog —

due to the Stirling approximation formula.

One should notice that the contribution of the error term in the last bound is

T2a , 1 T2a "
S Z k2t ae Ze(l+a) <N
keA*
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We would like to invoke lemma 4.3 of [24] in order to bound the integral above.

For this purpose we compute the derivative:

, |E|2xw2 |l¥|2
®) Og( 12 =08 N+ 105+(N) )’

by the definition of N, (2.28). Thus in the notations of lemma 4.3 of [24],

log k22 log R
F,<t) B t2 S N-i—%(SA*(N)

G(t) - t2a T2(z

We would also like to check that % is monotonic. Differentiating that function

and leaving only the numerator, we get:

[k |*am? k2

— et (2a10g + 2) < —2a-t*log <0,

t2 N + %(SA* (N)
since |k2| > N. Thus
@ T2a
7l < |];:‘2+2a k27
log N+1op(N)
—a—1
getting the same bound for { [ |, and therefore we are estimating
—a—iT
, T2a
= og — R
kenr 108 N+236,+(N)

For |k|2 > 2N, the contribution of the sum in (2.27) is:

T2a 1 T2a .
< x® Z /;2+2a§ vaH(1+a)<<N
keA~ I
|k|2>2N

As for vectors k € A* with N + 6,(N) < |k[> < 2N,

1 k2 S k2 — N

0

SN+ L6.(N) N

which implies that the corresponding contribution to the sum in (2.27) is:

V2N
< T2a Z , N < / r
reN1ta — k2 — N r2— N — 25,.(N)

reA N+6(N)

N+3,.(N)<|k|2<2N

< log (6,(N)) +log N



32

The main term of I comes from |k|2 < N. For such a k, we write

—a+iT 100 —a—iT T

o [T )

—a—iT —1300 —100 —iT —a+iT
that is, we are moving the contour of the integration to the imaginary axis.

Consider the first integral in the brackets. It is a constant multiple of

/ Ot « - ,
T log MZ(M
k|
and so the contribution of the corresponding sum is
v d
1 r
< > <N / ;
1 1 _ 2
fene |2 log (i) J r(N 4 30.(N) — r?)
[k2<N k|

< log N +logd.(N),
by lemma 4.2 of [24], and similarly for the second integral in the brackets in (2.29).

The last two give

>

0 -
1 \k\%) ( )a
—— oK
FAC IR (-

ke
|k|2<N |k|2<N
VN
T dr No
< o r2a+1 <N
1
Altogether we have now proved:
1 —s) (Ik]?z)”
Ap( ds + O(N“
A(@) 27r2dzZ |k|2/ 5 s+ O
keA* —1200
|k|2<N

VN VN
+ O(log N +log(dp+ (95)))

(2.30) +O<xc—1/2> +0( v - (log z + log(dx (= ))))
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Recall the integral [ FS(;)S) y?sds is a principal value, that is Tlim ffT We have

—100

) T —s)y° B
lim . Ts);ds = —/yJ_1(2\/y)

T—oo | .

as can be seen by shifting contours. Note that the analogous Barnes-Mellin formula

Jo(x) = % D(—s)[D(v + s + 1] (2/2)"ds

valid for Re(v) > 0 (see [11], (36), page 83), which deals with convergent integrals,
is proved in this manner.

The well-known asymptotics of the bessel J-function,

Ja(y) = \/Wzycos (y + %) 4 O(y*?’/Q)

as y — o0, allow us to estimate the integral involved in (2.30) in terms of x and

k. Collecting all the constants and the error terms, we obtain the result of lemma

2.3.1. [l

2.4 Unsmoothing

Proposition 2.4.1. Let a lattice A = <1, ia> with a Diophantine vy := o2 be given.
Suppose that L — oo as T — oo and choose M, such that L/vVM — 0, but M =

O(T5) for every 6 >0 as T — oo. Suppose furthermore, that M = O(L*®) for some

2 1
( ), <

Proof. Since 7 is Diophantine, we may invoke lemma 2.3.1 with d,(y) = TR and

(fired) sg > 0. Then

Sa(t, p) — S, 1.(t)

In(y) = yﬁ?o, where ¢, ¢y are constants. Choosing a = § and ¢ =1+ ¢§'/2 for ¢’ > 0

arbitrarily small and using essentially the same manipulation we used in order to
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obtain (2.8), and using (2.9) again, we get the following asymptotical formula:

sin<ﬂ>
(2.31)  Sa(t )—i Z —Lsin 27 15+i |E|+E + RA(N, t)
. AL, P —d’ﬂ' E% 27, 4 A ) )

EeAx\{o} | |

where
e

T

Set N = T3. Since M is small, the infinite sum in (2.8) is truncated before n = T3.

|RA(N, )| <

Thus (2.8) together with (2.31) implies:

Sa(t, p) —

A M, L
(SIS —sin (27r (t + %) F+ Z) (1 - w(%))

keA*\{0} |
|k|<T3/2

+ RA(T?, t).
Let Py(N, t) denote the sum in (2.32). Then the Cauchy-Schwartz inequality

gives:

o

Observe that for the chosen N,

Sa(t, p) — Sa,a, L(t)

2> =(P}), + (Ra(N, t)*) +

o (PR) v, 1), ).

(RA(N, £)%),. = O(T~ )

for arbitrary small §' > 0, since the above equality is satisfied pointwise.
Next we would like to bound <P§>T. Just as we did while computing the variance

of the smoothed variable, S A, M, 1, we divide all the terms of the expanded sum into
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the diagonal terms and the off-diagonal ones (see section 2.2.1). Namely,

sin? (ﬂ) 2
2 5 ~ o |k
P gm X —a (1000
dQ 2 3
(2.34) |K|<T3/?

+0<HZ (T r—u)))

i, leA*\{0}
|||l <T3/?

We will evaluate the diagonal contribution now. For |l_5 | < VM,

e ) ( k| )
— | =140 — ),
¢(\/M vM
and so the diagonal contribution is:
1 1 1 1
5 — + —_ << R ——
M 2 K| 2 k[P VM

keA*\{0} EeA*\{0}
1< |k|<VM VM<|k|<T3/2

converting the sums into corresponding integrals and evaluating these integrals in
the elliptic variables.

Finally, we are evaluating the off-diagonal contribution to (2.34) (that is, the
second sum in the right-hand side of (2.34)). Set 0 < dy < 1. With no loss of
generality, we may assume that |k| < |I]. Evaluating the contribution of pairs k, [
with
K|

L

gives:

i1

1 —
k Z W < (1% ‘_|l|)) & T—A%o+6

k,leA

<[l

~

“\{0
ST3/2

for every A > 0, since

T L 2 S L I |
|| + 1] [+ (1~ R+ 20k
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as otherwise,

T()i] - k) > T (k) > T > T%.

Thus the contribution of such terms is negligible.

In order to bound the contribution of pairs of A*-vectors with

N |
L

we use the Diophantine assumption on [ again. Recall that we chose dx-(y) = na

with a constant ¢, in the beginning of the current proof. Choose a constant Ry > 0

and assume that |ﬂ2 < cL® for a constant c. Then

1 1 k|
LKORO MKORO/2 > T1*60 :

1P = [K[* = oa- (L) >

Therefore, for an appropriate choice of ¢, there are no such pairs. Denote

7R * n . n n 7l I 2n/2
g = {(k, )€ (M) 2 < kPP <27 kP < JIP < [k + Tl_ao}

Thus, by dyadic partition, the contribution is:

[3log T

1 . - -

n=|Rolog L| 2"§|E|2§2n+1

- - - n/2
FP<ITP<IRP2+ 2L
[3log T
< ¥ #5n
23n/2’
n=|Rglog L]

using |w| < 1 everywhere. In order to bound the size of S,, we use the follow-
ing lemma, which is just a restatement of lemma 3.1 from [2]. We will prove it

immediately after we finish proving proposition 2.4.1.

Lemma 2.4.2. Let A = <1, in> be a rectangular lattice. Denote

- =

AR, 0) :=={(k, ) e A: R<|k]> <2R, |k]> <|I]> < |k]> + 6}
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Then if 6 > 1, we have for every e > 0,

#A(R,5) <. R+ Ro

Thus, lemma 2.4.2 implies

n+e(n/2) 2n/2
#5, K2 max (1, T1—50)’

for every € > 0. Thus the contribution is:

ClogT+1 1 3log T+1 1 2n/2
_— . on+en/2 L on+ten/2
< Z 23n/2 2 L+ Z 23n/2 2 T1-d0
n=Rglog L—1 n=ClogT—1
< [Ro(l=a)/2 | log T < [Ro(1=9)/2
T1—51 ’

since L is much smaller than 7. Since Ry is arbitrary, and we have assumed M =
O(L®), that implies
1
Py, < —.
< A>T VM
Collecting all our results, and using them on (2.33) we obtain

2
1 1 Vdieg M 1

_|_
again, since M is much smaller than T'. O

Sa(t, p) — Sa,ar, L(t)

VM T M1/4T1/2—5//2<<m’

Proof of lemma 2.4.2. Let k = (k1, inks) and = (I3, inly). Denote p := n?, n =

I3 — k% and m := k% — [2. The number of 4-tuples (ki, ks, l1, lo) with m # 0 is

#AG, T)< > dn)dm) < Y d(m)® < RS
0<n—pum<d 1<m<4R
1<m<4R

Next, we bound the number of 4-tuples with m =0, n # 0:

V2R
> > dn) < RV,

ko=00<n<d

and similarly we bound the number of 4-tuples with n = 0, m # 0.
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All in all, we have proved that
#A(S5, T) < R*6
O

JFrom now on we will assume that A = <1, m) with a Diophantine v := o2, and

so the use of proposition 2.4.1 is justified.

Lemma 2.4.3. Under the conditions of proposition 2.4.1, for all fized & > 0,

Pw,T{

Salt, p) SA,M,Lu)' N g} 0

o
as T — oo, where o* = 5%
Proof. Use Chebychev’s inequality and proposition 2.4.1. m

Corollary 2.4.4. For a number a € R, suppose that o is strongly Diophantine and

denote A = <1, a>. Then if L — oo, but L = O(T‘;) for all 6 >0 as T — oo, then

for any interval A,

]P)w7T{SA(t’ p) GA} N \/%/e_zjdx7

A

2 _ 8r
where 0* = o

Proof. Set M = L3, then, obviously, L, M satisfy the conditions of lemma 2.4.3 and

theorem 2.1.1. Denote X(t) := SAS:”)) and Y (t) := Sau® 11 the new notations

o

lemma 2.4.3 states that for any & > 0,
(2.35) Po,r{|X(t) =Y ()] > &} — 0,
as T — oo. Now, for every € > 0,

{a<X<b}Cl{a—e<Y <b+e}U{|X-Y|>¢€},
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and so, taking limsupP,, 7 of both of the sides, we obtain:
T—o0

lijrg_}s;ppwj{a <X < b} < TliﬂrrololeﬁT{a —e<Y <b+ 6}
b+e

1 _ﬁd
= — (& 2 T
V2 7
due to (2.35) and theorem 2.1.1. Starting from

{a+e<Y <b—e} C{a< X <DJU{|X Y| > ¢},

and doing the same manipulations as before, we get the converse inequality, and thus

this implies the result of the present corollary.

]

We are now in a position to prove our main result, namely, theorem 1.1.1. It
states that the result of corollary 2.4.4 holds for w = 1j; 9, the indicator function.
We are unable to substitute it directly because of the rapid decay assumption on
w. Nonetheless, we are able to prove the validity of the result by the means of
approzimating the indicator function with functions which will obey the rapid decay
assumption. The proof is essentially the same as of theorem 1.1 in [13], pages 655-656,

and we repeat it in this paper for the sake of the completeness.

Proof of theorem 1.1.1. Fix € > 0 and approximate the indicator function 1f; 9 above
and below by smooth functions x+ > 0 so that x_ < 1,9 < x4, where both x4
and their Fourier transforms are smooth and of rapid decay, and so that their total
masses are within e of unity | [ x+(z)dz — 1| < e. Now, set wy := x4/ [ x+. Then

w4 are "admissible”, and for all ¢,

(2.36) (1= w_(t) < 1po(t) < (1+ )wa(t).
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Now,

meas{t e [T, 2T) : Salt p) A} - 71A(SA<t’ p))l[l,ﬂ(i)dt,

g

and since (2.36) holds, we find that

o o

(1- E)Pw_,T{SA’M’L € A} < %meas{t e T, 27]: Salt, p) c A}

S
< (1+6)PW+7T{ A’;‘“ € A}.

As it was mentioned immediately after the definition of the strong Diophantine prop-
erty, a’s being strongly Diophantine implies the same for o2, making a use of corollary
2.4.4 legitimate. Now by corollary 2.4.4, the two extreme sides of the last inequality

have a limit, as T" — oo, of

and so we get that

z? 1 t
(1-— 6)/6_2dx < lim inf —meas{t e [T, 2T): Sat, p) € A}
T—o0 T o
A

with a similar statement for limsup; since € > 0 is arbitrary, this shows that the

limit exists and equals

T—o0 o 2
A

1 t 1 2
lim Tmeas{t e [T, 27T] : St p) € A} = —— [ e zdu,

which is the Gaussian law. O



CHAPTER III

The General Case

3.1 The distribution of Sy

We apply the same smoothing as in chapter II (see section 2.1). That is, we
consider

Na(t+ 1) - Nam(t) — Z(E+5)

Ny :

where NA7 a is given by (2.2), under the same notations for x and y. as in that

(3.1) Saan(t) =

chapter.

Recall that we assume that for every § > 0, L = L(T') = O(T°), which corresponds
to the assumption of theorem 1.1.2 regarding p := % Moreover, rather than drawing
t at random from [T, 27| with a uniform distribution, we prefer to work with a
smooth sample space, defined by w. The function w and its Fourier transform, @,
are rapidly decaying at infinity.

The analogue of theorem 2.1.1 in the case of general lattice, is:

Theorem 3.1.1. Suppose that M (T) and L(T') are increasing to infinity with T, such
that M = O(T®) for all § > 0, and L/v/M — 0. Then if («, 3) is an algebraically

independent strongly Diophantine pair, we have for A = <1, o+ iﬁ>,

. Sa a L 1 _a?
Th—rEoP“”T{ . € A} = \/—z_ﬁ/e T duw,
A

41
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for any interval A, where

47
3.2 2=
(32) oo
We generalize the Diophantine property (see section 2.2) to a tuple of real num-
bers:
Definition: A tuple of real numbers («q, ..., a,) € R" is called Diophantine, if

there exists a number K > 0, such that for every integer tuple {a;}?,

n
ap + E a; 0
i=1

with ¢ = Inax |a;|, whenever the LHS of the inequality doesn’t vanish. Khintchine

1
qK

(3.3) > —,

proved that almost all tuples in R™ are Diophantine (see, e.g. [18], pages 60-63,99).
Denote the dual lattice
A= <1, v+ i(5>

. _ _«a _ 1
with v = ﬁandé—ﬁ.

In the rest of the current section, we assume, that,
unless specified otherwise, the set of the squared lengths of vectors in A* satisfy the
Diophantine property. That means, that (o?, a8, 3?) is a Diophantine triple of real
numbers. We may assume (a?, a3, 3?) being Diophantine, since theorem 1.1.2 (and
theorem 3.1.1) assume (v, 3) is strongly Diophantine, which is; obviously, a stronger

assumption.

The analogue of corollary 2.2.3 is:

Lemma 3.1.2.

2 i (o) 1 F
SA,M,L(t) = — E—sin <2ﬂ(t+—)|l§]+z)zﬁ(—>

2L 4
(34) ﬁﬂ- EEA*\{O} | M
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The proof is literally the same as the one of corollary 2.2.3.

Recall that ¢ being compactly supported means that the sum in (3.4) essentially
truncates at |E| ~ VM.

In the current case, there are even less multiplicities than in case of rectangular

lattice (compare with lemma 2.2.2):

Lemma 3.1.3. Let a; = m; +nj(a+if) € A, j =1, 2, with an irrational o such
that B ¢ Q(«). Then if |ai| = |as|, either ny = ny and my = my or ny = —ng and

Ng = —My.

Proof of theorem 3.1.1. We will show that the moments of S A, M, 1, corresponding to
the smooth probability space converge to the moments of the normal distribution
with zero mean and variance which is given by theorem 3.1.1. This allows us to
deduce that the distribution of S A, m, . converges to the normal distribution as 7' —
00, precisely in the sense of theorem 3.1.1.

First, we show that the mean is O(%) Since w is real,
L

‘<sin<27r(t+—)|k;|—|— )> :‘%m{ (— T|k|)e (-

for any A > 0, where we have used the rapid decay of w. Thus

(o)« = s+ (7r) <o)

m~

1
TA|k|A

keA~\{0}
due to the convergence of ) > IkIAT/Q’ for A > 5
keA*\{0}
Now define
(R B
(3.5) My = <l Z Msm (27r(t+ —)|/€] + )w(ﬂ))m
) ﬁﬂ' EEA*\{O} ‘k‘% \/M

Then from (3.4), the binomial formula and the Cauchy-Schwartz inequality,

((Sr)”) = Mo 0 35 (1) V20)

= J TJ/2
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Proposition 3.1.4 together with proposition 3.1.7 allow us to deduce the result
of theorem 3.1.1 for an algebraically independent strongly Diophantine (&, n) :=
(—%, %) Clearly, (a, 3) being algebraically independent and strongly Diophantine

is sufficient. O

3.1.1 The variance

The computation of the variance is done in two steps. First, we reduce the main
contribution to the diagonal terms, using the assumption on the pair («a, ) (i.e.
(a?, af, 3%) is Diophantine). Then we compute the contribution of the diagonal
terms. Both these steps are very close to the corresponding ones in chapter II.

Suppose that the triple (o, a3, 3?) satisfies (3.3).

Proposition 3.1.4. If M = O(TYE+1249) for fized § > 0, then the variance of

§A7M7L 18 asymptotic to

o (£)

4 N k

g )
3

EeA=\{0} || M

If L — oo, but L/vVM — 0, then

o Am

Remark: In the formulation of proposition 3.1.4, K is implicitly given by (3.3).

Proof. Expanding out (3.5), we have

sin (i) sin ”—r)zﬂ(ﬂ)ﬁ(i)
My o — 4 Z L L ) M M

2.2
(3.7) ™ Riean (o)

. 1 - T\ . 1 - T
X <sm (27T<t+i)|k:| +Z) sin <27T(t+ i>|l| +Z)>
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It is easy to check that the average of the second line of the previous equation is:

1 L .
7| ©(TR] = [1]) =t/ D00y

O(T(|I] — [k])) e /D0F=1D
(3.8)
—im(1/2+(1/ L) (FI+ ) _

&>

—~

~

)

= =
_l’_

N

Q)

&( =Tk +]| |))eiﬂ(1/2+(1/L)(IEI+IlT))

Recall that the support condition on 1& means that k and [ are both constrained to
be of length O(v/M). Thus the off-diagonal contribution (that is for |k| # |I] ) of

the first two lines of (3.8) is

MA(K+1/2) MA(K+1/2)+2 B
<y MR AN
JeA*\{0}
|, |K'|<VM

k
k

for every B > 0, since («, a3, #?) is Diophantine.

Obviously, the contribution to (3.7) of the two last lines of (3.8) is negligible both
in the diagonal and off-diagonal cases, justifying the diagonal approximation of (3.7)
in the first statement of the proposition. The computation of the asymptotics is done

literally the same way as in chapter II (see proposition 2.2.4).

3.1.2 The higher moments

In order to compute the higher moments we will prove that the main contribution
comes from the so-called diagonal terms (to be explained later). Our bound for the
contribution of the off-diagonal terms holds for a strongly Diophantine pair of real
numbers, which is defined below. In order to show that the strongly Diophantine
pairs are ”generic”, we use theorem 3.1.5 below, which is a consequence of the work
of Kleinbock and Margulis [15]. The contribution of the diagonal terms is computed

exactly in the same manner it was done in chapter 11, and so we will omit it here.
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Definition: We call the pair (£, n) strongly Diophantine, if for all natural n there
exists a number K; = K;(§, n, n) € N such that for every integral polynomial of 2

variables p(z, y) = > a; j2'y’ of degree < n, we have
i+j<n

(3.9) Ip(€, n)| > h~ ",

where h = max |a;, ;| is the height of p. The constant involved in the ” > ” notation
1+7<n

may depend only on &, 1, n and Kj.

Theorem 3.1.5. Let an integer n be given. Then almost all pairs of real numbers

(&, m) € R? satisfy the following property: there exists a number K; = K;(n) € N

such that for every integer polynomial of 2 variables p(z, y) = Z< a; ;'Y of degree
i+j<n

< n, (3.9) is satisfied. .

Theorem 3.1.5 states that almost all real pairs of numbers are strongly Diophan-

tine.

Remark:  Theorem A in [15] is much more general than the result we are using.

As a matter of fact, we have the inequality

1

‘%+hﬁ@%h”+mh@ﬂ>gm;

with b; € Z and

h := max |b;].
0<i<n

The inequality above holds for every e > 0 for a wide class of functions f; : U — R,
for almost all x € U, where U C R™ is an open subset. Here we use this inequality

for the monomials.

Remark: Simon Kristensen [16] has recently shown, that the set of all pairs

(¢, n) € R? which fail to be strongly Diophantine has Hausdorff dimension 1.
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Obviously, if (£, ) is strongly Diophantine, then any n-tuple of real numbers,
which consists of a set of monomials in & and 7, is Diophantine. Moreover, (£, n) is
strongly Diophantine iff (—%, %) is such.

We have the following analogue of lemma 2.2.6, which will eventually allow us to

exploit the strong Diophantine assumption of («a, ().

Lemma 3.1.6. If (£, n) is strongly Diophantine, then it satisfies the following prop-

erty: for any fixed natural m, there exists K € N, such that if
z; = a]2. + b?§2 + 2a;b;€ + b?7]2 < M,

and €; = £1 for j =1,...,m, with integral a;, b; and if Zlej\/z_j #0, then
]:

(3.10) 1> vz > MK,
j=1
where the constant involved in the ” > " notation depends only on 1 and m.

The proof is essentially the same as the one of lemma 2.2.6, considering the
product @ of numbers of the form ) dj/%; over all possible signs ;. Here we use
j=1

the Diophantine condition of the real tuple (£, n) rather than of a single real number.

Proposition 3.1.7. Let m € N be given. Suppose that A = (1, a + if3), such

that the pair (§,n) = (—%, %) is algebraically independent strongly Diophantine,

which satisfy the property of lemma 3.1.6 for the given m, with K = K,,. Then if
1-6

M = O(TW) for some § > 0, and if L — oo such that L//M — 0, the following

holds:

' —I-O(%), m is even

m.
Mam _ J amrz(z)

O(logL), m is odd
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Proof. Expanding out (3.5), we have

. mlk;| \ 7 1k
m Sin z w( L )
om ( L VM
Mam = gmam Z H ‘k”’%
(3.11) Fiyo €A\ {0} =1 !
X <j1:[lsm (27T(t—|— ﬁ)|k1| + %)>

Now,

<H sin (27r t+—)|/€1|—|— )>
mi 3 e ((/D)Ik;1+1/4)

_ Z . ( Tieﬂk‘ |)e =

We call a term of the summation in (3.11) with 3. €;|k;| = 0 diagonal, and off-
j=1
diagonal otherwise. Due to lemma 3.1.6, the contribution of the off-diagonal terms

1s:

T o\ A
mr—Ad
E1..., km €A\ {0}
(K1), s [ | <V/M
for every A > 0, by the rapid decay of @ and our assumption regarding M.

Since m is constant, this allows us to reduce the sum to the diagonal terms. The

analogue of Besicovich’s theorem holds in this case too:
Proposition 3.1.8. Suppose that & and n are algebraically independent, and
(3.12) z; = a5 + 2a;b;€ + b3 (& + 1),

such that (aj, b;) € Z% are all different primitive vectors, for 1 < j < m. Then

{VZi ity are linearly independent over Q.

The last proposition is an immediate consequence of a theorem proved in the

appendix of [3].
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Recall the definition of the principal diagonal terms in section 2.2.2. The analogue

of corollary 2.2.9 in this case is:

Corollary 3.1.9. Every diagonal term is a principle diagonal term whenether €& and

n are algebraically independent.

Having corollary 3.1.9 in our hands, the computation of the contribution of the
principal diagonal terms is done literally the same way it was done in chapter II,

proposition 2.2.7

3.2 Bounding the number of close pairs of lattice points

Roughly speaking, we say that a pair of lattice points, n and n’ is close, if Hn\ — |n’||
is small. We would like to show that this phenomenon is rare. This is closely related
to the Oppenheim conjecture, as |n|> — |n/|? is a quadratic form on the coefficients
of n and n'.

In order to establish a quantative result, we use a technique developed in a paper

by Eskin, Margulis and Mozes [9]. Note that the proof is unconditional on any

Diophantine assumptions.

3.2.1 Statement of the results
The ultimate goal of this section is to establish the following

Proposition 3.2.1. Let A be a lattice and denote
(313) AR &) :={(k, ) e Ax A: R<[k]* <2R, [k|* < |I]* < |k]* + 0}
Then if § > 1, such that 6 = o(R), we have

#A(R,d) < RS -log R
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In order to prove this result, we note that evaluating the size of A(R, ¢) is equiv-

alent to counting integer points @ € R* with T < ||¢]| < 2T such that
0 S Ql(v) S 67
where ()1 is a quadratic form of signature (2, 2), given explicitly by

(3.14) Q1(7) = (01 + 120)” + (120)" = (v3 + v40)” = (a3)°,

For a fixed 0 > 0 and a large R, this situation was considered extensively by Eskin,
Margulis and Mozes [9]. The authors give an asymptotical upper bound in this
situation. We will examine how the constants involved in their bound depend on 4,
and find out that there is a linear dependency, which is what we essentially need.

The author wishes to thank Alex Eskin for his assistance with this matter.

Remarks: 1. In a more recent paper, Eskin Margulis and Mozes [10] prove that
for ”generic” lattice A, there is a constant ¢ > 0, such that for any fized 6 > 0, as
R — oo, #A(R, §) is asymptotic to cIR.

2. For our purposes we need a weaker result:
#A(R, ) <. RJ - RS,

for every € > 0, just as in the case of a rectangular lattice (see lemma 2.4.2).
Theorem 2.3 in [9] considers a more general setting than proposition 3.2.1. We
state here theorem 2.3 from [9] (see theorem 3.2.2). It follows from theorem 3.3
from [9], which will be stated as well (see theorem 3.2.3). Then we give an outline
of the proof of theorem 2.3 of [9], and inspect the dependency on § of the constants

involved.



51
3.2.2 Theorems 2.3 and 3.3 from [9]
Let A be a lattice in R™. We say that a subspace L C R" is A-rational, if L N A

is a lattice in L. We need the following definitions:

Definitions:

a;(A) :=sup L is a A — rational subspace of dimension 7 p,
da(L)

where

da(L) :==wvol(L/(L N A)).

Also

a(A) := max a;(A).

0<i<n
Since the space of unimodular lattices is canonically isomorphic to
SL(n, R)/SL(n, Z), the notation a(g) makes sense for g € G := SL(n, R).
For a bounded function f : R™ — R, with |f| < M, which vanishes outside a ball
B(0, R), define f : SL(n, R) — R by the following formula:

F9) =Y flgv).

VEL™

Lemma 3.1 in [19] implies that

(3.15) f(g) < calg),

where ¢ = ¢(f) is an explicit constant constant
c(f) = coM max(1, R"),

for some constant ¢y = ¢(n), independent on f. In section 3.2.4 we prove a stronger

result, assuming some additional information about the support of f.
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Let Q)¢ be a quadratic form defined by

p n—1
Qo(V) = 2010, + va — Z v
i=2

i=p+1

Since

2 . 2
o — (v1 +vn)* = (v1 — ) |

2

Qo is of signature p, ¢. Obviously, G := SL(n,R) acts on the space of quadratic

forms of signature (p, ¢), and discriminant +£1, O = O(p, q) by:

Q(v) := Q(gv).

Moreover, by the well known classification of quadratic forms, O is the orbit of Qg
under this action.

In our case the signature is (p, ¢) = (2, 2) and n = 4. We fix an element by € G
with Q" = Q, where ); is given by (3.14). There exists a constant 7 > 0, such

that for every v € R?,
(3.16) T ol < ol < llull.

We may assume, with no loss of generality that 7 > 1.
Let H := Stabg,(G). Then the natural mophism H\G — O(p, ¢) is a homeomor-

phism. Define a 1-parameter family a, € G by:

¢

e tey, i=1
at€i = g e, i=2,...,n—1-
ete,, i=n
\

Clearly, a; € H. Furthermore, let K be the subgroup of GG consisting of orthogonal

matrices, and denote K := H N K.
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Let (a, b) € R? be given and let Q : R — R be any quadratic form. The object

of our interest is:
Vian(Z) = V2 (Z) ={z € Z": a < Q(x) < b}.

Theorem 2.3 states, in our case:

Theorem 3.2.2 (Theorem 2.3 from [9]). Let Q = {v € R*| ||v]| < v(v/||v]])}, where

v is a nonnegative continuous function on S3. Then we have:
HVI(Z)NTQ < cT*log T,

where the constant ¢ depends only on (a, b).

The proof of theorem 3.2.2 relies on theorem 3.3 from [9], and we give here a

particular case of this theorem

Theorem 3.2.3 (Theorem 3.3 from [9]). For any (fized) lattice A in R?,

1

sup—/a(atkA)dm(k) < 00,

t>1 1
K

where the upper bound is universal.

3.2.3 Outline of the proof of theorem 3.2.2:

Step 1: Define

1
(3.17) Jp(r,¢) = = /f(r, To, T3, Tg)drodrs,
R2
where
oy = ST
2r

Lemma 3.6 in [9] states that J; is approximable by means of an integral over the

compact subgroup K. More precisely, there is some constant C' > 0, such that for
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every € > 0,

(318) 'C . e2t/f(atkv)V(/€1€1)dm(k) — Jf(HUHeﬂ‘/7 QO(U))V(HZ_H) <€

K

with €', ||v]| > Ty for some T > 0.

Step 2: Choose a continuous nonnegative function f on R} = {z; > 0} which

vanishes outside a compact set so that
Jf (7”, C) >1+e€

on [771, 27] x [a, b]. We will show later, how one can choose f.

Step 3:  Denote T' = ¢, and suppose that T' < ||v]| < 2T and a < Qo(hyv) < b.

Then by (3.16), J¢(||hv]|T*, Qo(hiv)) > 1+e¢, and by (3.18), for a sufficiently large

t

(3.19) C.7? / Flagkhyw)dm(k) > 1.
K

for T < ||v]| < 2T and

(3.20) 0 < Qiv) <b,

Step 4: Summing (3.19) over all v € Z* with (3.20) and T' < ||v|| < 2T, we

obtain:

#Vian(Z)N[T, 2T)S* < Y C- T / f(agkhyv)dm (k)
vEL™ K

(3.21)
:C-TQ/f(atkhl)dm(k)

using the nonnegativity of f.
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Step 5: By (3.15), (3.21) is

<C.o(f)- T2/a(atkh1)dm(k).

Step 6: The result of theorem 2.3 is obtained by using theorem 3.2.3 on the last

expression.

3.2.4 J-dependency:

In this section we assume that (a, b) = (0, d), which suits the definition of the set
A(R, 6), (3.13). One should notice that there only 3 §-dependent steps:

e Choosing f in step 2, such that J; > 1+ on [771, 27] x [0, 6]. We will construct
a family of functions fs with an universal bound |fs| < M, such that fs; vanishes

outside of a compact set which is only slightly larger than

(3.22) V() = [t 27] x [-1, —1]* x [0, %T].

This is done in section 3.2.4.

e The dependency of Tj of step 3, so that the usage of lemma 3.6 in [9] is legitimate.
For this purpose we will have to examine the proof of this lemma. This is done in
section 3.2.4.

e The constant ¢ in (3.15). We would like to establish a linear dependency on 6.
This is straightforward, once we are able to control the number of integral points in

a domain defined by (3.22). This is done in section 3.2.4.

Choosing f;:

Notation: For a set U C R", and € > 0, denote

Uec:={x € R": max |x; — y;| <, for some y € U}.
1<i<n
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Choose a nonnegative continuous function fy, on Ri, which vanishes outside a
compact set, such that its support, Ey,, slightly exceeds the set V'(1). More precisely,
V(1) € Ey C V(1) for some §y > 0. By the uniform continuity of f, there
are €y, 0gp > 0, such that if %Zaé\xl — 29| < bg, then f(x) > ¢, for every z° =
(29,0, 0, 29) € V(1).

Thus for (r, ¢) € [t} 27] x [0, 4], the contribution of [—dy, do)* to Jy, is >
€0 - (200)%. Multiplying fo by a suitable factor, and by the linearity of J;,, we may
assume that this contribution is at least 1 + €.

Now define fs(z1, ..., x4) := fo(x1, 72, 73, ). We have for § > 1

(—a3+ax3  ¢/2r  (22/V0)? n (z3/V/9)?
2rd S 2r 2r

Thus for § > 1, if (r, ¢) € [r71, 27] x [0, ¢] and for ¢ = 2, 3, |z;] < &y, [5 satisfies:
fs(r, xa, T3, T4) > €0,
and therefore the contribution of this domain to Jy, is
> e(20)2 > 1+¢

by our assumption.
By the construction, the family { fs} has a universal upper bound M which is the

one of fj.

How large is Ty
The proof of lemma 3.6 from [9] works well along the same lines, as long as

implies that for t — oo, z/||z|| converges to e; = (1, 0, 0, 0). Now, since a; preserves

x124, (3.23) implies for the particular choice of f = f5 in section 3.2.4:

|z1z4] = O(0); a1 > T.
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Thus

Joll = a1+ 0( 3 ) + o),

and so, as long as 6 = O(T), x/||x|| indeed converges to e;.
Bounding integral points in Vj:
Lemma 3.2.4. Let V(9) defined by

(3.24) V(&) =[r", 27] x [-1, =1]"* x [0, %ﬁ].

for some constant T and n > 3. Let g € SL(n, R) and denote

N(g, d) :==#V(6) N gZ".

Then for d > 1,

2n=2(27 — 7716 = 1
N(g, 6) — < 50
(9.9) det g ‘ = ; vol(L;/(gZ™ N L;)

for some g-rational subspaces L; of R* of dimension i, where c5 = c5(n) depends only

onn.
A direct consequence of lemma 3.2.4 is the following

Corollary 3.2.5. Let f : R"™ — R be a nonnegative function which vanishes outside
a compact set E. Suppose that E C V.(6) for some € > 0. Then for § > 1, (3.15) is
satisfied with

C(f) =C3- M(Su
where the constant cs depends on n only.

In order to prove lemma 3.2.4, we shall need the following:
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Lemma 3.2.6. Let A C R" be a m-dimensional lattice, and let

(3.25) A =

t

an n-dimensional linear transformation. Then for t > 0 we have
(3.26) det A;A < tdet A.

Proof. We may assume that m < n, since if m = n, we obviously have an equality.
Let v1, ..., v, the basis of A and denote for every i, u; € R*! the vector, which
consists of first n — 1 coordinates of v;. Also, let x; € R be the last coordinate of v;.

By switching vectors, if necessary, we may assume x; # 0. We consider the function
f(t) := (det A,A)?,

as a function of ¢t € R.
Obviously,
f(t) = det ((us, uj) + z2;t°)

1<4, j<m’

Substracting 7+ times the first row from any other, we obtain:

<U1, Uj> + ZL‘ll’th

(uz, uj) — 2 (u1, uj)

(U, wj) — 22 (ur, uy)
and by the multilinearity property of the determinant, f is a linear function of ¢2.
Write

f(t) =a(t* — 1) + bt2.
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Thus

and so b = det A, and a = — det ((ul, u])) < 0, being minus the determinant of a

Gram matrix. Therefore,
(det A,A)* —t*det A = a(t* —1) <0
for t > 1, implying (3.25). O

Proof of lemma 3.2.4. We will prove the lemma, assuming 3 = 2. However, it implies

the result of the lemma for any 3, affecting only c5. Let 6 > 0. Trivially,
N(Q? 5) = N(QOa 1)7

where gy = A5 'g with A given by (3.25). Let A\; < Xy < ... < ), be the successive

minima of go, and pick linearly independent lattice points vy, ..., v, with ||v;]| = A;.

Denote M; the linear space spanned by vy, ..., v; and the lattice A; = goZ™ N M;.
First, assume that A, < \/m =:r. Now, by Gauss’ argument,

2"t (2 — 771 <
det g ~ det g

N(go, 1) — vol (%),

where

Y= {x: dist(xz, OV (1)) < n\,}.

Now, for A\, <,

vol(X) < A,

where the constant implied in the ¢ < “mnotation depends on n only (this is obvious

for A, < 5=, and trivial otherwise, since for A, <, vol(2) = O(1)). Thus,

2r=1(2r — 7710 < An < 1
det g det g det A,,_1
1 0

= <
vol(My,_1/Mp_1 N goZ™) — vol(AsM,—1/AsM,,_1 N gZ™)

N(go, 1) —




60

Next, suppose that A, > r. Then,

V(6)NgoZ" C V(0) N Apy.

Thus, by the induction hypothesis, the number of such points is:

k-1 1 k-1 1

i=0
1
- vol(AsM;JAsM; N gZr)

Since A, > r, we have

N S NN SR 1
detg Andetg/\, detg/An  Arc...c Aoy
and we're done by defining L; := AsM,. m

3.3 Unsmoothing

We have the following analogue of lemma 2.3.1:

Lemma 3.3.1. Under the notations of lemma 2.3.1, for every a > 0, ¢ > 1 we have

7T Vit Z cos (2mt|k| + %) L O(NY

Nao(t) = =t? — == T

keA*\{0}
|k|<VN

+0 (i%) + O(\/LN - (logt + 1og(6A(t2))>

L0 ( log N 4 log(8- (t2))>

As in section 2.3, a typical example of the function 6, for A = (1, a + i), with
a Diophantine (o, o2, 3%), we may choose d5(y) = %, where ¢ is a constant. In

this case, if A > k = (a,b), then A|,;| = =+(a, b), due to lemma 3.1.3, provided that

B ¢ Qo).
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Sketch of proof. The proof of this lemma is literally the same as the one of lemma

2.3.1, starting from

1 1 1
ZA(S> = = Z = —= Z -
2 2s 2 9
EeA\O |k| (m, n)gzi\g ((m + ’I’LO./) + (ﬁn) )
where the series is convergent for s > 1. 0

Proposition 3.3.2. Let a lattice A = (1, a+if3) with a Diophantine triple of numbers
(a? a8, 3?) be given. Suppose that L — oo as T — oo and choose M, such that
L/NM — 0, but M = O(T‘S) for every 6 > 0 asT — oo. Suppose furthermore, that

M = O(L*) for some (fized) sy > 0. Then
1

( )<

The proof of proposition 3.3.2 proceeds along the same lines as the one of proposi-

Sa(t, p) — Sa ar, £(t)

tion 2.4.1, using again an asymptotic formula for the sharp counting function, given
by lemma 3.3.1. The only difference is that here we use proposition 3.2.1 rather than
lemma 2.4.2.

Once we have proposition 3.3.2 in our hands, the proof of our main result, namely,

theorem 1.1.2 proceeds along the same lines as the one of theorem 1.1.1.
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