ON THE NUMBER OF B,-SETS
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ABSTRACT. A set A of positive integers is a By, -set if all the sums of the form a1 +- - -+ap, with
a1,...,ap € Aand a1 < --- < ay, are distinct. We provide asymptotic bounds for the number
of Bp-sets of a given cardinality contained in the interval [n] = {1,...,n}. As a consequence of
our results, we address a problem of Cameron and Erdés (1990) in the context of Bj-sets. We
also use these results to estimate the maximum size of a Bp-set contained in a typical (random)

subset of [n] with a given cardinality.

1. INTRODUCTION

We deal with a natural extension of the concept of Sidon sets: For a positive integer h > 2,
a set A of integers is called a Bj-set if all sums of the form a; + --- 4+ ap, where a; € A
and a; < --- < ap, are distinct. We obtain Sidon sets letting h = 2. A central classical
problem on Bj-sets is the determination of the maximum size Fj(n) of a Bj-set contained in
[n] :== {1,...,n}. Results of Chowla, Erdds, Singer, and Turan [5, [0, 10, 29] from the 1940s
yield that Fy(n) = (1 + o(1))y/n, where o(1) is a function that tends to 0 as n — co. In 1962,
Bose and Chowla [2] showed that F},(n) > (1+ o(1))n/" for h > 3. On the other hand, an easy

argument gives that for every h > 3,
Fp(n) < (h-h!-n)Y" < p2pl/h, (1)

Successively better bounds of the form Fj,(n) < ¢,n!/" were given in [4, 6, [8, 15, 21|, 22, 23, 28].
Currently, the best known upper bound on the constant ¢, is given by Green [I1], who proved
that

1
c3 < 1.519, ¢4 <1.627, and ¢ < — <h+ (; —{—0(1)) log h> )

where o(1) — 0 as h — oo. The interested reader is referred to the classical monograph of
Halberstam and Roth [I2] and to a recent survey by O’Bryant [24] and the references therein.

We study two problems related to the classical question of estimating Fj(n). The first one
is a natural generalization, to Bj-sets, of the problem of estimating the number of Sidon sets
contained in [n], proposed by Cameron and Erdés [3]. Second, we investigate the mazimum
size of a Bp-set contained in a random subset of [n], in the spirit of [I8, 19]. This second
problem belongs to the study of extremal properties of random subsets contained in [n] (see,
e.g., [7, 20, 25 27, [30]). We present and discuss our results in detail in Section
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Our notation is standard. We write a < b as shorthand for the statement a/b — 0 as n — .
We omit floor | | and ceiling | | symbols when they are not essential. We are mostly interested
in large n; in our statements and inequalities we often tacitly assume that n is larger than a

suitably large constant.

2. THE MAIN RESULTS

Our main results are presented in two separate sections. We first discuss enumeration results

and then we move on to their probabilistic consequences.

2.1. A generalization of a problem of Cameron and Erdés. Let Z! be the family of By,-
sets contained in [n]. In 1990, Cameron and Erdés [3] proposed the problem of estimating | 22|,
that is, the number of Sidon sets contained in [n]. We investigate the problem of estimating | Z”|
for arbitrary h > 2. Recalling that F},(n) is the maximum size of a Bj-set contained in [n], one

trivially has
Fr(n)

ofh(m) < |2k < 37 (T;) < (1+Fh(n))<FhT(Ln)>.

=0
Since (14 o(1))n!/" < Fy(n) < ¢n'/" for some constant ¢, we have

pUtetn™ < | Zh| < et

(2)

for some constant cj,. We improve the upper bound on |Z| in as follows.

Theorem 2.1. For every h > 2, we have |Zl!| < QChnl/h, where Cy, s a constant that depends

only on h.

The case h = 2 in Theorem was established in [I8] and later given another proof in [26].
Our proof of T heorem is based on the solution of a refined version of the question. Let Z(t)
be the family of Bj-sets contained in [n] with ¢ elements. Theorem is obtained from the
following result, which estimates |2/ (t)| for all t > n'/("+1)(log n)?2.

Theorem 2.2. For every h > 2 and any t > n'/(*D (logn)?,

CpN

ERHEIE ©
where ¢, = e%(2h)%".

The derivation of Theorem from Theorem is given in Section [3] and Theorem is
proved in Section (4.2

We now turn to lower bounds for |Z"(t)|. The bound in in Proposition below
complements in Theorem On the other hand, Proposition shows that for small ¢,
say, t < n'/h=1) the Bj-sets in [n] form a much larger proportion of the total number (7;) of
t-element sets (see (4))). Note that for large ¢, namely, ¢t > n'/(**1(logn)2, Theorem [2.2|tells us

that this proportion is, very roughly speaking, of the order of (n/th)t(?)_1 < (n/tM)t/(n/t)t =
t—(h—l)t‘

Proposition 2.3. The following bounds hold for every h > 2.



(i) For any 6 > 0, there exists an € > 0 such that for any t < enl/(2h=1),
201 -0y (}). 0

(i4) There are constants ¢}, &' = €'(h) > 0 such that for all t < e'n'/?,
h cpn)’
281> (47 )

The combination of the lower bounds in Proposition 2.3 and the upper bound of Theorem
naturally partitions the range of ¢ into three intervals.

e For t < nl/(h=1) Propositiontells us that | Z(t)] is, up to a multiplicative factor
of (1 —0(1))", equal to the number () of all t-element subsets of [n]. In this range, one
might therefore say that Bj-sets are ‘relatively abundant’.

e For ¢ between n'/(2h=1) and nl/(h+1)(10g n)?, a trivial, although loose upper bound fol-
lows from the monotonicity of |Z/(t)|, that is, |Z"(t)| < |ZM(n'/ "+ (logn)?)|, which
is then bounded by Theorem We note that the lower bound, given by Proposi-
tion [2.3(¢2)| is quite far from the upper bound. In the final section of this paper we
present Conjecture which states that the upper bound should essentially match the
lower bound of Proposition

e For t > n'/("*(logn)?, Theorem and Proposition determine |Z/(t)| up to

t

a multiplicative factor of the form ¢'. In this range of ¢, Bj-sets are therefore much

scarcer than in the first range.

2.2. Almost Bj-sets. We now consider a generalization of the notion of a Bp-set. For a set S
of integers and an integer z, let

rsn(z) = H(al,...,ah) eSS a++ap=zand gy <--- < ah}‘. (6)
Definition 2.4. A set S is called a By[g]-set if rg,(2) < g for all integers z.

Observe that a Bp[1]-set is simply a Bp-set and hence this definition extends the notion of
By-sets. Let F}, 4(n) denote the maximum size of a Bj[g]-set contained in [n]. It is not hard to
see that

(L4 o(1))n!/" < Fy(n) < Frg(n) < (gh- h)Y"nl/", (7)
Our final result in this section gives a lower bound for the cardinality of zZh (t), the family of

t-element Bjy[g]-sets contained in [n].

Theorem 2.5. Fix an integer h > 2 and a function g = g(n). For every fired 6 > 0 and
integer 1 <t < (nl_h!/g)l/h, we have

a-or(}) <izter < (). (®)

Notice that the bounds of Theorem and Proposition are the same, however, the
ranges of ¢ for which each applies differ drastically. Indeed, for g >> h!, one can take t quite close
to n/" in Theorem and of course, this is essentially best possible as can be seen from .
In effect, unlike in the case of Bj-sets, apart from a very narrow range of ¢, Bp[g]-sets with
t-elements are either ‘relatively abundant’ or simply do not exist.

The proof of Theorem is given in Section [6]



2.3. Probabilistic results. Let [n],, be an m-element subset of [n] chosen uniformly at ran-
dom. We are interested in estimating the cardinality of the largest Bj-sets contained in [n],,.
Our bounds for the size of the families Z(¢) presented in Section will be useful in investi-

gating this problem. It will be convenient to have the following definition.

Definition 2.6. For an integer h > 2 and a set R, let Fj,(R) denote the maximum size of a

By,-set contained in R.

The asymptotic behavior of the random variable Fy([n],,) was investigated in [I8, [19]. Our
goal here is to study Fj([n],,) for arbitrary h > 3. A standard deletion argument implies that,
with probability tending to 1 as n — oo, or asymptotically almost surely (a.a.s. for short), we
have

Fr([n]m) = (1 +0(1))m  if m = m(n) < /=1,
where o(1) denotes some function that tends to 0 as n — oo. On the other hand, if we apply
the results of Schacht [27] and Conlon and Gowers [7] to Bj-sets, we have that a.a.s.

Fr([nlm) = o(m) if m =m(n) > n'/Ch=1,

Thus n'/(?»=1) is the threshold for the property that F},([n],) = o(m).
The following abridged version of our results gives us quite precise information about Fy,([n],)
for a wide range of m and non-trivial but looser bounds for nt/(2h=1) <m < nh/ (h+1); see also

Figure [}

Theorem 2.7. Fiz h > 3 and let 0 < a < 1 be a fized constant. Suppose m = m(n) =
(1+o0(1))n®. Then a.a.s.

2o < Fy () < nb2+e) 9)
where
a, for0<a<1/(2h—1);
bi(a) =< 1/2h—1), for1/(2h—1)<a<h/(2h—1); (10)
a/h, for h/(2h —1) < a < 1;
and
a, for0<a<1/(h+1);
ba(a) =< 1/(h+1), for1/(h+1)<a<h/(h+1); (11)
a/h, forh/(h+1)<a<1.

We prove the upper bounds in Theorem (that is, @ and ) in Section |3l The lower
bounds (that is, (9) and (L0)) are proved in Section [f] Theorem determines b = b(a) for
which FJ,([n]m) = n?t°M) when m = (14 0(1))n® whenever a < 1/(2h—1) or a > h/(h+1). An
interesting open question is the existence and determination of b = b(a) such that Fy([n],) =
nbte) for 1/(2h — 1) < a < h/(h + 1), see Conjecture in Section

As in the previous section, we now move on to consider By |[g]-sets.

Definition 2.8. For integers h > 2 and g > 1 and a set R, denote by F}, 4,(R) the maximum

size of a By[g]-set contained in R.

As a natural extension of Theorem we investigate the random variable F}, 4([n]y,). Triv-
ially, one has
Fh g([n]m) < min{m, F 4(n)}. (12)



1/(2h —1) |-
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FIGURE 1. The graphs of by = b1(a) and by = ba(a) from the statement of Theorem

Surprisingly, as our next result shows, one can obtain a matching lower bound to this trivial

upper bound, up to an n°® factor, as long as one allows g to grow with n, however slowly.

Theorem 2.9. Let h > 2 be an integer and suppose g(n) — co asn — oo. Let 0 <a <1 be a

fized constant and suppose m = m(n) = (1 + o(1))n®. Then a.a.s.
Fig([n]m) = n"*), (13)
where
ba) = a, for 0 <a<1/h; (14)

1/h, for1/h<a<1.

We remark that, by monotonicity, the assumption m = (1 + o(1))n® can be replaced by
m = n®t°() The upper bound on F}, ¢([n]m) contained in Theorem follows from . The
lower bound follows from the following more precise result, which is proved in Section [6]

Theorem 2.10. Fiz an integer h > 2 and a function g = g(n). For every fivzed e >0 and 1 <
m < (¢/3h) (nl_h!/g) 1/h, we a.a.s. have Fy, ¢([n]m) > (1 —¢)m.

We remark that Theorem above is closely related to Theorem [2.5]in the previous section.

Indeed, we shall derive the latter from the former at the end of Section [6]

3. PROOF OF THEOREM [2.1] AND PROOF OF THE UPPER BOUNDS IN THEOREM

We first derive Theorem 2.1] from Theorem 2.2

Proof of Theorem [2.1, The total number of subsets of [n] having fewer than n!'/("*+1)(logn)?

elements is 200*/"). Therefore, we may focus on Bj,-sets of cardinality at least n!/ (hH)(log n)2.

In particular, by Theorem
¢
|ZT}LL’ < Qo(nl/h) + Z <C:hn> . (15)
t>nt/(h+1) (logn)2

Since the function ¢ +— (c,n/th)t is maximized when t = (¢;n)/" /e, it follows from that,

for an appropriate choice of the constant C},

12| < 200" gy ( cnlt

(enn)t/ /e
chn/eh>

< 2O(n1/h) + n- exp (W) < QChnl/h. ‘:‘
= e =



We now turn to the proof of the upper bound on Fy([n],) contained in Theorem We
start with the following easy remark.

Remark 3.1. At times, it will be convenient to work with the binomial random set [n],, which
is a random subset of [n], with each element of [n] included independently with probability p.
The models [n],, and [n],, with p = m/n, are fairly similar: If some property holds for [n],
with probability 1 — o(1/,/pn) then the same property holds a.a.s. for [n],, (this follows from
Pittel’s inequality; see [14], p. 17]).
The following theorem is a direct corollary of Theorem
Theorem 3.2. There is a constant C = C(h) such that for every p > n~ /(D (logn)?,
a.a.s.,
Fy([n]y) < C(pn)'/™.
Moreover, the probability that the inequality above fails is at most exp(—c(pn)l/h) for some

constant ¢ = c(h) > 0.

Proof. The probability that Fj,([n],) > t is the same as the probability that there exists a B,-set
of cardinality ¢ in [n],. Hence, the union bound yields

P[Fy([nlp) > t] < p'|Z](2)].

Let t = (2¢,np)'/" where ¢;, = €5(2h)?" is the constant given in Theorem By the
assumption p > n_l/(h+1)(log n)Qh, we have that
1/h
(2chnh/(h+1)(log n)Qh) = (2c) /Pl (D) (10g )2

> /() (logn)?,

t

Y

which satisfies the assumption of Theorem Theorem [2.2] gives that

PRIl = 1] < 12501 < (P0) = (3) = exp (~tlog2)2a0) M),

which completes the proof of Theorem [3.2 ([

We now prove the upper bound on Fy,([n],) given in Theorem (see (9) and (11))). Let us
first recall that Remark links the binomial random set [n],, appearing in Theorem to
the random set [n],, that appears in Theorem In what follows, we establish (9 and
in Theorem using Theorem We analyse three ranges of a separately.

(i) 0 <a < 1/(h+1): From the trivial bound Fj([n],) < m, we see that we may take
ba(a) = a.

(ii) 1/(h+1) < a < h/(h+1): It is clear that, in probability, F}([n],,) is non-decreasing in m.
Hence, be(a) may be taken to be non-decreasing in a as well. Since, as we show next,
we may take by (h/(h+1)) = 1/(h+ 1), this monotonicity lets us take ba(a) = 1/(h+1)
in this range of a.

(#i) h/(h+1) < a < 1: In this range, b2(a) = a/h follows from Theorem Indeed, if
p > n~ Y+ (logn)?", then with probability at least l—exp(—c(pn)l/h) > 1—0(1/\/pTL)
we have F,([n],) < C(pn)"/" for some constant C' > 0. Remark implies that, a.a.s.,
Fi([n)m) < Cm" for all m > n?/(h+1)(logn)?" giving that we may take by(a) = a/h
for a > h/(h + 1), as claimed.



4. UPPER BOUNDS FOR THE NUMBER OF Bj-SETS OF A GIVEN CARDINALITY

We prove Theorem in this section. For the case where h = 2, Thereom was shown
in [18] (see Theorem 2.1 of [18]). Hence, we assume that h > 3 in this section. We follow a
strategy that may be described very roughly as follows. Suppose a Bjy-set S C [n] of cardinality s
is given and one would like to extend it to a larger Bj-set of cardinality s’. We shall show that
if s is not too small, then the number of such extensions is very small. To prove Theorem [2.2]

we shall apply this fact iteratively, considering a sequence of cardinalities s < s’ < s” < ....

4.1. Bounding the number of extensions of Bj-sets. We use a graph-based approach
to bounding the number of extensions of a large Bjp-set to a larger Bp-set. This approach is
inspired by the work of Kleitman and Winston [I7] and Kleitman and Wilson [16]. We start
with the following simple observation. If two distinct elements x,y € [n] \ S satisfy

r+ar+---+ap_1=y+br+---+bp_g

S
for some {a1,...,ap—1},{b1,...,bp_1} € (h B 1), (16)

then S U {x,y} is clearly not a Bj-set. This motivates our next definition.

Definition 4.1. The collision graph CGg is a graph on the vertex set [n] \ S whose edges are
all pairs of distinct elements z,y € [n] \ S that satisfy (L6]).

Clearly, by the construction of CGg, we have that if I C [n]\ S is such that I U S is a Bj-set,
then I is an independent set in CGg.

One of our main tools is the following lemma, implicit in the work of Kleitman and Win-
ston [17], which provides an upper bound on the number of independent sets in graphs that
have many edges in each sufficiently large vertex subset (see (18])). Lemma in the version
presented below is stated and proved in [I8], [19], where it is used to bound the number of Sidon
subsets of [n]. For other applications of this lemma to problems in additive combinatorics, we

refer the reader to [1].
Lemma 4.2. Let § and 8 > 0 and g € N be numbers satisfying
P15 > 1. (17)
Suppose that G = (V, E) is a graph satisfying
ec(A) > B|A]? for all AC 'V with |A| > 5|V (18)

Then, for every m > 1, there are at most
VII\ [d|V
q m

Remark 4.3. When we apply Lemma to CGg, we shall take m > ¢ to take advantage of

the upper bound . In condition , there is a trade-off between [ (larger is better) and ¢
(smaller is better) which needs to be optimized.

independent sets in G of size ¢ + m.

We wish to show that CGg satisfies with good parameters 5 and §. To that end, we
shall make use of another auxiliary graph, which we now define.



Definition 4.4. Let 663 be a multigraph version of CGg, where the multiplicity of a pair {x, y}
of distinct z,y € [n]\ S is given by the number of pairs ({a1,...,ap-1},{b1,...,ba_1}) € (h‘il)2
that satisfy .

Lemma 4.5. For every Bp-set S with s > h elements and every A C [n] \ S with |A| >
h?hn/sh=1, we have

-
() >

where the edges in 6@5 are counted with multiplicity.

e AP, (20)

The proof of Lemma will be given in Section In view of Lemma if the maximal
multiplicity of an edge in 6(/}5 is at most r, then the graph CGg satisfies the conditions of
Lemmawith V = [n], B = s2"72/(h*'rn) and § = h?"/s"~1. Consequently, we are interested
in bounding the multiplicity of the edges of 6(/}5.

Proposition 4.6. For every By-set S of cardinality s, the mazimal multiplicity of an edge
in CGg does not exceed s"2.

We postpone the proof of Proposition to Section [£.4 The following is an immediate
corollary of Lemma [£.5] and Proposition [4.6

Corollary 4.7. If S is a By,-set with s elements, then for every A C [n]\S with |A| > h*'n/sh—1,
h
s

c0as(4) = G| A

4.2. Proof of Theorem The case h = 2 of Theorem is proved in [18] and we therefore
restrict ourselves to h > 3 here. We shall in fact prove the following: for every h > 3 and

£ > 12!/ (D) (log ) LHL/ (4D), (21)
we have that o 61 Nt
2l < (25 )
In view of (), we have Z!(t) = 0 for ¢t > h?n'/". Hence we assume
t < 2/t (22)
that is, h2n/ (1) (logn) 1+ (1) <t < B2pl/h. Let
so = h?(nlogn)Y/ P+ (23)

and let K be the largest integer satisfying t27% > 2s5. We define three sequences (Sk)o<k<K,
(qk)OSkSK and (mk)OSkSK as follows. We let

go=50/2 and my=12"5 — 55— qo. (24)
For k=1,...,K, we let
sp = t2 KTkl (25)
@ = q2"" (26)
mp = 27K g — g (27)



We will bound the number of sequences Sy C -+ C Sg C Sk41 of Bp-sets with [Sky1]| =t
and |Sy| = s for all k =0, ..., K, from which a bound on |Z/(t)| will easily follow. Although
we will only use the trivial bound ( ) for the number of choices for Sy, we will then employ
Lemma [4.2) - to obtain a non-trivial bound on the number of extensions of Sj to Sk for all £.

Let us now estimate the number of extensions of a Bp-set S to a larger Bp-set Siy1 for
some k = 0,..., K. By Corollary the graph CGg, is such that for all A C [n]\ S; with
|A| > h2hn/sz_1,

h
s
ecag, (4) = BrlA?, where B = hQZn'
Let
o =h/sh=t > 1/n (28)

and observe that
h (2 (2 50)" - o\ & I
Beae _ Sk 40 S0 S0
cr e <h2hn 2hk> = o (h%n-zhkﬂ > exp | gy, | =0 20

Consequently, CGg, , 0, 8% and g satisfy the conditions of Lemma Note that Ski1 \ Sk
must be an independent set in CGg, with cardinality szy; — sy = qx + mg. Therefore, by

Lemma the number of extensions of Sy into a Bp-set Sii1 is at most

(a) (o) ®

In order to obtain an upper bound of , we first claim that

() = () £
()= () a1

for all 1 < k < K. Indeed, inequality follows from the fact that mg = s1 — sg — qo <

459 — sg < 3sg and also 3sp < 507”. Inequality follows from the fact that for all 1 < k < K,
mi < Sk < (S’“Tn as

and

s @ sp sk @ (/2" @ n

M T OR2h = p2h T p2h — 9h”

))<= () 2o

and forall 1 <k < K

s h s
<n> <5kn> < (n) <6kn> < i <e5kn> k < <eh2hn> k'
qr) \'mp qk Sk Sk sy

Applying iteratively implies that

Zh < n K n orn < 480_’_2?70% K eh2hn Sk )
ziol< ()T () () < ot TT(757) (32)
k=0

k=1

Hence,

Finally, since

K
@4 CD.E3) ¢
> a qu <200 @ oy T

— —  logn



and

—k e} kot
ﬁ eh?hn\ % H ﬁ eh?hn \ " < |onsre k2 eh2hn\ 212 [ 2%hen?'n !
h - (t27k)h - th - th )

w=1 N Sk k=1

Theorem follows from . O

4.3. Proof of Lemma Let S be a By-set with s elements. Let A C [n]\ S be an arbitrary
subset with |A| > h?"n/sh~1. Consider the auxiliary bipartite graph I' defined as follows. The
vertex classes of ' are A and a disjoint copy of [hn]. The edge set of I" is defined as

PO = () € Aol < u=r o s o some )< ()

Note that, because S is a Bj-set, for fixed z and wu, there is at most one solution to u =

x+ay+ -+ ap_q with {a1,...,ap_1} € (hfl)' We will now argue that the multiplicity of a

pair {z,y} € (’;‘) in the multigraph 6@5 is the number of paths of length two connecting z to y
2

in I'. Indeed, there is a bijection between pairs ({al, cesap—1}, {b1,. .. ,bh_l}) € (hfl) that

satisfy and paths xuy in ', where

u=z+a + - Fap_1=y+b+--+by_1.

Consequently, eaéS(A) is the number of paths of length two in ' containing two vertices in the
class A. By Jensen’s inequality applied to the convex function f(a) = (g) =ala—1)/2,
degr () e() /i
6@‘53(14)2 Z ( 5 > hn 5 .
u€|hn]
On the other hand,
S s\ h-1
I = =1A > (- Al.
o) = S dege(o) = 141(, * ) = ()" 14l
z€A
It follows that e(I") > h"n and thus,
e(I")/hn e(IT') — hn e(? (W —h e(IN? _ s?h=2
e, (4) 2 (M) 2 oy (ALY o A (TSR 5 SO S
This concludes the proof of Lemma O

4.4. Proof of Proposition Let S be a Bjp-set of cardinality s and let  # y € [n]
be arbitrary. By definition, the multiplicity of {z,y} in CGg is the number of pairs of sets
{al, Ce ,ah,l}, {bl, Ce ,bhfl} S (hfl) such that

y—x=ay+--+ap1—(by+---+b_1).

Since = # y, we clearly have {aj,as,...,ap_1} # {b1,b2,...,bp_1}. Hence, we may assume,
without loss of generality, that ap—1 ¢ {b1,...,bp—1}. Let us now bound the number of possible
sets in the following way: first, pick arbitrary values of aj,...,a,_o € S, then find values (if

any exist) ap—1,b1,...,bp—1, with ap—1 ¢ {b1,...,bp—1}, that satisfy
y—x—ay—ag— - —ap2=ap1— (br+--+bp1).

We claim that for each fixed sequence aq,...,ap_o € S there is at most one such completion

(up to the order of elements b;) that satisfies the above equality. Indeed, suppose that we also

10



have aj,_,,b],...,b,_; € S such that
a_q — (V) + -+ b g) = ap—1 — (b + - +bpo).
Then, since S is a Bj-set, the following is a (multi)set equality:

{ahgl,b&,..., %71} ::{azgl,bl,...,bh,l}.

Moreover, since ap—1 ¢ {b1,...,bs_1}, we have aj_, = ap_1, which implies that we also have
{0, ..., 1} ={b1,...,br—1}.

In conclusion, fixing any of the s"~2 choices for a1, ...,a,_o € S completely determines both
ap—1 and {by,...,bn,_1}. The proposition follows.

5. LOWER BOUNDS

In this section, we establish the lower bounds in Theorem and prove Proposition For
conciseness, we shall be somewhat sketchy when dealing with routine arguments.

First, we show that a simple deletion argument (given in Lemma below) yields that if
m < n'/@=1 then Fy([n],) = (1—o(1))m. This immediately implies that in Theorem for
0 <a < 1/(2h—1), one may take b1(a) = a (see (9) and (10)). Since F3([n]m) is non-decreasing
in probability with respect to m, for a > 1/(2h — 1), we may take by(a) = 1/(2h —1). Moreover,
as an easy corollary of Lemma we will also derive Proposition

In the second part of this section, following the strategy of [I8, [19], for every t = o(n'/"), we
will describe a deterministic construction of a large subfamily of Z/(¢). The existence of such
a subfamily will immediately imply Proposition Moreover, we shall show that if 1 <
m < n, then a.a.s. the set [n],, contains a Bj-set with Q(m!/") elements from the constructed
subfamily. This yields that in Theorem we may take bi(a) = a/h for all 0 < a < 1. Note
that, in the range 1/(2h — 1) < a < h/(2h — 1), this is superseded by the bound obtained in the
first part, that is, by(a) = 1/(2h — 1).

Lemma 5.1. If 1 <m = o(n*/ "1, then we a.a.s. have m > Fj,([n]m) > (1 — o(1))m.

Proof. Let 1 < m < n'/(?"=1) and let X be the random variable that counts the number of

solutions to
ap+---+ap=by+---+0b, with {ay,...,ap} #{b1,...,bn} (33)

and a;, b; € [n]y, for all ¢ € [h]. Let p = m/n. It follows from the linearity of expectation that

2h—1

EX]|=0 (Z pk+1nk> = O(p%n%_l) = o(m).
k=2

Hence, by Markov’s inequality, we a.a.s. have X = o(m). Since deleting from [n],, one element
from the set {a1,b1,...,ap, by} for each of the X solutions to yields a Bp-set, the lemma
follows. 0

Proof of Proposition|2.4(¢)| Fix a constant 6 > 0. Choose 8 > 0 small enough so that (1 —
B)(1—46/2) >1—6 and ((lgf)t) < (14 4/2)! for all t. Let € > 0 be a small constant. Assume
that t < en!/ ("= Lemma with m = (1 + 8)t implies that if € is sufficiently small, then
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Fp([n)m) > t with probability at least 1 — . It follows that, for large enough n, we have

zorza-0(, 1) (5 =a-a () ()
> (1-8)(1- 5/2)t<’z> > (1— 6)t<’z>,

as required. O

(34)

In order to construct a large family of Bp-sets for larger ¢, we will use the following theorem
of Bose and Chowla [5] (with the statement adapted for our purposes).

Theorem 5.2. Fix an integer h > 2. For every m, there exists a Bp-set Y C Z,, with
Y] = Q(m'/").

From Theorem [5.2] we obtain the following corollary.

Corollary 5.3. Let n and m satisfy n > 3hm and suppose that Y C Z., is a By-set. Then,

(55)

More precisely, there are pairwise disjoint sets Iy,...,I,—1 C [n], each of cardinality ¢ >
n/(3hm), with the following property: For any Bp-set Y C Zy,, all sets S C [n] with |S| =Y
such that [SNI;| =1 for all j € Y are By-sets.

there exists at least

By,-sets of cardinality |Y| in [n].

Proof. Let k = [n/m] and £ = [n/(2hm)| > n/(3hkm) > 1. Define the integer intervals
I =[jk+1,5k+¢, j=01,...,m—1

and note that by construction they are all pairwise disjoint subsets of [n]. Let S be an arbitrary
set which contains a single element of each I; with j € Y and no additional elements.
We claim that S is a Bp-set. Indeed, suppose that

a1+ ---4ap=b1+---+0by

for some aq,b1,...,ap,bp € S with a1 <ag <---<ap, by <byg <---<by. Fori=1,...,h,let
u; € Y be the unique index such that a; € I,,,. Set u = Z?:l u; and notice that

ai+---+ap € [ku+ h,ku+(h] C [ku+1,k(u+ 1)].

Now for ¢ = 1,...,h, let v; € Y be the unique index such that b; € I,,,, and set v = Z?:l v;.
Notice that the same as argument as above yields

b+ +by € [kv+1,k(v+1)],

which thus means that u; +---4+up = u =v = v1 +--- 4+ v,. Since Y is a Bp-set, we have
{u1,...,up} ={v1,...,vp}. Since the elements a; and b; are in increasing order, the same holds
for the u; and v; and thus u; = v; for all ¢. Moreover, by construction, |SNI;| =1 forall j €Y,
which means that {a;} = SNI,, =SNI, ={b}foralli=1,... h.

The above argument shows that S is a Bp-set. Since there are ¢/ choices for the construction
of S, the corollary follows. O

The proof of Proposition [2.3(:)| easily follows from Corollary
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Proof of Proposition|2.4(7i)| From Theorem [5.2| we obtain a constant C' satisfying that for all
values of ¢, there exists m = m(t) < Ct" such that there exists a Bj-set of cardinality ¢ in Z,,.
We may also assume that m(-) is monotone.

Let € > 0 be such m(e'n'/") < n/(3h). It follows that for any ¢t < &'n'/"  there is a Bj-set
Y C Zyyy with |[Y] = t. Since m(t) < n/(3h), applying Corollaryto Y shows that there are

at least
t t
n n
>
<3hm(t)> - <3thh>

By-sets of cardinality ¢ in [n], which establishes the proposition with ¢, = 1/(3hC). O

Next, we show that Corollary also yields the lower bound in Theorem
Lemma 5.4. For any 1 < m < n, we a.a.s. have Fj,([n],) = Q(m'/").

Proof. Lemma implies that Fy([n],,) = Q(m'/") for m < n'/h=1). We now assume that
m > n/" which covers the remaining range of m (with plenty to spare). It will be convenient
for us to use the model [n], with p = m/n rather than [n],, (recall Remark [3.1).

Without loss of generality we may assume that n > 3hm, since we just need to adjust the
constant hidden in the € in the bound from the statement of the lemma. Let I;, j =0,...,m—1,
be sets obtained from Corollary From Theorem we may obtain a Bp-set Y C Z,, with
Y| = Q(m!/h).

Consider, for each j € Y, the intersection of the random set [n], and I;. The probability ¢

that this intersection is empty satisfies

— (1= ) < exp(ep L) = exp —p—" ) = exp( -~
0= (1= < exp(plr) = exp( -pgi ) =esp( -5 ).

Notice that ¢ is bounded away from 1 by a constant depending only on h. Let r be the random
variable denoting the number of sets I;, j € Y, that intersect [n],, namely

r={iey : Lnml, £ 0}|

Since the sets I; are disjoint, 7 is a binomial random variable with parameters |Y| and 1 — g.
Also note that by collecting an element from each set I, j € Y, that intersects [n],, we have a
By,-set which is a subset of the random set, thus

Fu([nlp) =
By Chernoff’s bound, we have that r > (1 — ¢)|Y'|/2 with probability
1 —exp(—c|Y|) > 1 —exp(—'m'") =1 —o(\/pn),

for some constants ¢, ¢’ > 0. In particular, with probability 1—o(,/pn) there is a Bj,-set S C [n],
with cardinality » = Q(|Y|) = Q(m'/"). The lemma follows from Remark O

6. PROOFS OF THEOREMS [2.5] AND 2.10]

We need some preparations for the proofs of Theorems and For the remainder of this
section, we fix an integer h > 2 and a function g = g(n). Since we are only proving asymptotic
results, we shall make the technical assumption that n is relatively prime to h!. Furthermore,
it will be more convenient for us to work with modular arithmetic, that is, we consider addition

modulo n. Clearly, any modular By[g]-subset of Z, naturally corresponds to a Bj[g]-subset
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of [n] and hence the claimed lower bound results for [n] follows from the corresponding results
for Z,,.

Recall the definition of rg, (see (6) in Section [2.3). Observe that S is a By[g]-set if and only
if rgp(2) < g for every z € Zy. In order to show that rg(z) < g for every z € Zj,, we define
the following:

For every 1 </ < hand A >0and S C Z,, let

Ese(\) = Y exp(Arse(2)). (35)

ZEZn

Clearly, for every z € Z,,, we have that rg(z) < A tlog (Es’h(/\)>. Hence, in order to bound
rsn(z) for every z € Zy, it suffices to bound Egp()) for some appropriate choice of A. We
remark that the definition (35) is heavily inspired by moment generating functions studied in
Probability Theory. Indeed, if z is sampled uniformly over Z,, then rg, becomes a random
variable whose moment generating function is E[e”s*f] = %Es7g(/\).

The following claim bounds the average increase of Eg,()\) as we add some y € Z,, to S.

Claim 6.1. Let h > 2 be fized, n be a number relatively prime to h! and ¢ € [h]. Then, for
any 0 # S C Z,, and X\ > 0, we have

1
Eyez, [E5u{y},e(>\) - Es,z(A)} < —Esi(A) (Es,z—1(f)\) - n) (36)
Proof. Note first that
/-1
Tsuyye(2) < rse(z) + 1z = Ly + Zr&g,i(z —1y). (37)
i=1
Hence,
D BoureN) = Y D exp(Arsugyyel2))
yEZn yEZn 2ELn
-1
< Z Z exp{/\<r57g(z) +1[z = Ly] + Z rs—i(z — zy)) }
YELn 2E€Ln i=1 (38)
-1
= Z {exp()\ rs,g(z)) Z exp(/\l[z = Ey]) H exp()\ rse—i(z — zy))}
2E€ZLy, YEZn i=1
Q=)

We will now use a variatiorﬂ of Holder’s inequality (see, e.g. [13] p. 22]):

m | £ ¢ ,m 1/¢
> T e < H(Zlamf) : (39)
i=1'j=1 j=1

i=1

IThis form can be obtained from the original as follows: for £ = 2, it is a special case of Holder’s inequality
with reciprocals 1/2 4+ 1/2 = 1. For £ > 3 it follows by induction using Holder’s inequality with reciprocals
(e - 1))71 =1 applied to >°7", |z:y:|, where x; = a;1 and y; = Hj::2 aij.
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It follows from the above Holder’s inequality that for every z € Z,, the inner sum Q(z,\) on
the right-hand side of is bounded from above by

e, 1/¢
Q(z,\) < Z exp()\l[z = Ey])é H Z exp()\ rse—i(z — iy))é
YELn i=1 \y€Zn

Recalling that we require that h! and n are co-prime and thus that each i € [¢] is co-prime with n,
it follows that for fixed z and %, the map y — 2z — iy is a permutation of Z,. In particular,
in the rightmost sum above, we can substitute w for z — iy, simplifying the expression to
> wez, exp()\ r57g_i(w))£ = Egy_;(¢\). For the same reason, there exists only a single value
Y € Zm such that z = fy and thus all but one term of the sum } ; exp(Al[z = Ey])g are

equal to 1, the only other term being equal to e**. Consequently, we have

1/¢
Q(Z,A)g<n+e HESZZE)\) .

Note that the bound we have obtained on Q(z, \) is independent of z, hence implies that

10
Y Esugyye) < Ese(V) ( n+ e HEse i(€N) ) : (40)

YELn
Observe that since S # (), then

Bsy1(0)) = max{n 4 e 1, Bgi(ON), ..., Es,g_l(w}. (41)

Indeed, fix some arbitrary = € S and notice that rge_1(2) > rgs—1_i(z—iz) forall 1 <i < (-2,
and since z — z —ix is a permutation of Z,,, we have Eg,_1(¢\) > Egy_1_;(¢\). It is also clear
that Ege_1(¢X) > n+ e — 1 since, for all z € S, we have rgp_1((( —1)-2) > 1.

From and we conclude that for every non-empty S and all A > 0,

Z Esupne(A) < Esg(A) Ege_1(€X). (42)
YELn
This gives inequality , and hence, the claim is proved. O
We now set Bl Tog(2n)
!'log(2n
=—> 43
= (13)

for each ¢ € [h].

Definition 6.2. We shall call y € Z,, \ S an e-good extension of a set S if, for all 2 < ¢ < h,

2h Egg—1(Ae-1) —n
€ n '

(44)

Esugyye(Ae) < Eso(Ae) (1 +

Claim 6.3. Let h > 2, € > 0, and n be a number relatively prime to h!. Moreover, suppose that
S C Zy satisfies 1 < |S| < en/6. Then there are at least (1 — 2e/3)n elements y € Z,, that are

g-good extensions of S.
Proof. Inequality in Claim implies that the number of elements y € Z, which satisfy

2h 1
Esun (M) — Ese(Ae) > — *Esz()\e) (Es,eq(@)\é) - n)

15



is at most en/(2h). Together with the fact that A\, = A¢_1, we have that the number of y € Z,
that violate for a fixed ¢ is at most en/(2h). Since ¢ can be any integer between 2 and h,
there are at most en/2 violators. Recalling that |S| < en/6, we obtain that the number
of y € Zy,, \ S that fail to be e-good is at most en/2 4+ en/6 = (2¢/3)n. O

We are now in position to prove Theorem

Proof of Theorem[2.1( Fix ¢ > 0 and assume that 1 < m < (¢/3h) (nl_h!/g) Y We may and
shall assume that m > logn, since otherwise the random set [n],, is a.a.s. a Bp-set and we are
done.

Let R be a random m-element subset of Z,. We construct a subset S C R as follows. Let

(1,...,%m) be a random ordering of the elements of R. Let S; = {z1} and for 1 < j < m, let

g Sj—1U{x;}, if z; is an e-good extension of S;_;
T .
Si-1, otherwise.

We shall show that S = S, is a Bp[g]-set and that a.a.s. it has at least (1 — ¢)m elements.
This will clearly suffice as Sy, < Fj, 4(R) for all m! orderings of R.

Claim 6.4. The set S = S, is a Bp|g]-set.

Proof. We shall first prove by induction that for every 1 < ¢ < h and every 1 < j < m, the
following inequality holds:

©(C,§) ©  Es,o(Ne) <n+ (2h/e)leM Sl

Before proving this, let us show how ¢(h,m) implies this claim. By @, for every z € Z,, we
have that
exp(Anrsn(2)) < Esp(An) <n+ (2h/e)"tetMm! < 2n

since, recalling the definition of A; in and the assumption on m, we have
(2n/e)teMmt < (2n/) 1 (2n)M 9 (e /3R) 09 < . (45)

Consequently, from the definition of A in , we have rgj(2) < )\}71 log(2n) = g. In other
words, S is a By[g]-set.
We now resume the proof of the statements ¢(¢,j) by induction. Observe that regardless

of 1, for every ¢ € [h],
Es,¢(Me) = Egpyo(M) = (n— 1)+ M <n+eM

and hence ¢(¢,1) holds for all /.
Next, we consider ¢(1,7) for all j. Note that rg;(z) = 1[z € S] and therefore, from the
definition of Eg (), we have that

Esi(\) =n—|S|+|Sle* =n+ (e* —1)|S]. (46)

Hence, ¢(1,7) holds for all j.

Thus, it is enough to prove that if £ > 2, then, assuming that (¢, j') holds for all pairs (¢, j)
such that ¢/ < £ or j/ < j, the inequality (¥, j) is satisfied as well. If S; = S;_1, then there is
nothing to show, and so we may assume that S; = S;_1 U{x;}, where z; is an e-good extension
of Sj_i. In this case, letting s = |S;_1], recalling Definition and invoking ¢(¢,j — 1) and
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ol —1,j— 1), we have

oh Eg.  oi—1(N—1) —
Es;e(Me) < Es;_y0(Ae) <1—|— h Bs;_1e1(Ae1) n)

& n
) 9 0—2 A1 -1
< (’I’L—|— (2h/€)é—le>\186) <1+ ?h ( h/g) ne S >

(2h/8)2€7262)‘1 82671

= n+ (2h/e)teM st 4+ (2h/e) et st 4

n
=n+ (2h/e) "M {se + 571 (1 + (Zh/g)ileAl‘se) }
Since
(2h/e)teM st < (2h/e) " terimt n,
and (s +1)¢ > s + 251 it follows that
Es, o(A) < n+ (2h/e) M (s + 1),
thus proving the ¢(¢, j) and concluding the induction step. O

Finally, we estimate the probability that |S| < (1 —e)m. If this is the case, then there are
more than em indices j for which z; is not an e-good extension of S;_1. For each j, at least
(1—2¢/3)n elements of Zy, \{z1,...,xj_1} are e-good extensions of S;_;. Since z; is a uniformly
chosen random element of Z,, \ {z1,...,z;_1}, letting Bin(V, p) be a binomial random variable
with parameters N and p, we have by Chernoff’s bound,

P(|S| <(1- E)m) < P(Bin(m7 1-2¢/3) < (1— E)m) < exp(—c.m)

for some constant ¢, > 0, and hence |S| > (1 — &)m with probability 1 — o(1). This completes
the proof of Theorem [2.10 O

We now derive Theorem from Theorem [2.10] in the same way that we deduced Proposi-
tion [2.3(7)| from Lemma

Proof of Theorem[2.5 Fix 6 > 0. Let 0 < 8 < 1/6 be such that (1 — 3)(1—46/2) > 194
and ((Hﬁ)t) < (1 +6§/2)t. Now let m = (1 + 8)t, and note that we may suppose that m <

Bt
(B/6h) (nl_h!/g)l/h. It follows from Theorem [2.10| that Fj, 4([n]m) > (1 — 5/2)m > t with

probability at least 1 — 3. We conclude that

2= 0-0(, o) (" t>_1 =a-a(;)(" ;tﬁ)t>_l

> w-p-o2 () za-or(}).

t
The lower bound in follows. O

(47)

7. CONCLUDING REMARKS

We close with two conjectures.
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Conjecture 7.1. Fiz an integer h > 3 and ¢ > 0. For every t > nY/Ch=D+%¢ and every large
enough n, we have

t
n
2801 < () - (18)
Note that Proposition [2.3] implies that, if true, Conjecture [7.1] is basically optimal.

Conjecture 7.2. Let h > 3 be an integer. Suppose 0 < a < 1 is a fixed constant and m =
m(n) = (14 o(1))n®. Then a.a.s. Fy([n]y,) = n®t°M) where b = by(a) and by(a) is as given

m .

It is worth mentioning that an argument following the lines of the proof of the upper bound
in Theorem shows that Conjecture implies Conjecture At the time of writing, we
strongly believe that we are able to prove Conjecture for h = 3.

Acknowledgement. The authors thank the referee for valuable comments and suggestions.
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