SIMONOVITS’S THEOREM IN RANDOM GRAPHS

ILAY HOSHEN AND WOJCIECH SAMOTIJ

ABSTRACT. Let H be a graph with x(H) = r+1. Simonovits’s theorem states that, if H is edge-
critical, the unique largest H-free subgraph of K, is its largest r-partite subgraph, provided that
n is sufficiently large. We show that the same holds with K, replaced by the binomial random
graph G, whenever H is also strictly 2-balanced and p > (0 + o(l))n_m (log n)ﬁ for
some explicit constant 6y, which we believe to be optimal. This (partially) resolves a conjecture
of DeMarco and Kahn.
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1. INTRODUCTION

The celebrated theorem of Turén [23] states that, for every r > 2 and all n, the unique largest
K, ;1-free subgraph of the complete graph K, is its largest r-partite subgraph. The starting
point of our work is the following generalisation of this result, proved by Simonovits [22]. We
call a graph H edge-critical if x(H \ e) < x(H) for some e € H.

Theorem 1.1 ([22]). If a graph H is edge-critical and n is a large enough integer, then every
largest H-free subgraph of Ky, is (x(H) — 1)-partite.

We will say that a graph G is H-Simonovits if every largest H-free subgraph of G'is (x(H)—1)-
partite, so that can be concisely restated as: ‘If H is edge-critical, then every
sufficiently large complete graph is H-Simonovits.” On the other hand, observe that when
H is not edge-critical, no graph with chromatic number at least x(H) can be H-Simonovits;
indeed, adding one edge to a (x(H) — 1)-partite graph cannot introduce a copy of H unless H
is edge-critical.
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In this work, we study the following question, which, to the best of our knowledge, was first

explicitly considered by Babai, Simonovits, and Spencer [4].

Question 1.2. Suppose that H is an edge-critical graph. For what p is the binomial random
graph G p a.a.s. H-Simonovits?

The main result of [4] was that, for every ¢ > 1, the random graph G, is typically Copt1-
Simonovits as long as p > 1/2 — ¢y for some (small) positive constant ¢, that depends only on
¢. Answering a challenge raised by the authors of [4], Brightwell, Panagiotou, and Steger [0]
proved that G, is a.a.s. K, 1-Simonovits, for every r > 2, already when p > n™“ for some
(small) positive constant ¢;.

What are the necessary conditions on p in A standard deletion argument
shows that, when p > n~2 and n"# p°F < n?p for some nonempty subgraph F C H, the random
graph Gy, ;, a.a.s. contains an H-free subgraph with (1 — 0(1))(72'“)1) edges; on the other hand, if
p > n~', then no r-partite subgraph of Gy, can have more than (1 — 1/r 4+ o(1))(5)p edges.
This simple reasoning shows that, in order for G,,;, to be a.a.s. H-Simonovits, one has to assume
that p = Q(n='/"2(H) where
ep —1

’UF—2

mo(H) = max{ L FCH, ep> 2} (1)

is the so-called 2-density of H.

On the other hand, when p > n~1/m2(H)  then Gy p typically becomes approrimately H-
Simonovits, even when H is not edge-critical. This was first conjectured by Kohayakawa, Luczak,
and Rodl [16] and later proved in the breakthrough work of Conlon and Gowers [7], under the
technical assumption that H is strictly 2-balanced (see below), which was later removed by the

second author [20], using an adaptation of the argument of Schacht [21].

Theorem 1.3 ([7, 20]). For every nonbipartite graph H and every 5 > 0, there exist a positive
C such that, when p > Cn~ V™) then a.a.s. every largest H-free subgraph of Gn,p can be
made (x(H) — 1)-partite by removal of at most Bn’p edges.

Unfortunately, the methods of proof of are not sufficiently accurate for addressing
the more delicate [Question 1.2} in particular, they are insensitive to the assumption that the
forbidden subgraph H is edge-critical. Only in subsequent tour de force work, DeMarco and
Kahn showed that adding an extra polylogarithmic factor in the lower-bound assumption on p
suffices for G, to a.a.s. become ezactly H-Simonovits in the case where H is a clique, first in
the case H = K3 [8] (where the corresponding approximate statement had been proved already
n [16]) and then H = K, for all r > 2 [9].

Theorem 1.4 ([8,9]). For every integer r > 2, there is a constant C, such that, if

_ 1 1
p = Cin ma(Ky41) (log n) e(Kpy1)-1 ,
then Gy, p is a.a.s. K, 1-Simonovits.

A key feature of is that the lower-bound assumption on p is best-possible, up to a
multiplicative constant factor. This is because, when n™! < p < crn_l/mZ(KT“)(log n)l/(e(KT“)_l)
for a sufficiently small positive constant c,, one can a.a.s. find in Gy, , a subgraph G with chro-
matic number larger than r such that no edge of G' belongs to a copy of K,11 in Gy p. (This
was first observed in [6] in the case r = 2 and the subgraph being a copy of the 5-cycle.) In



SIMONOVITS’S THEOREM IN RANDOM GRAPHS 3

particular, as every maximal K, i-free subgraph of G, , must contain all edges that do not
belong to a copy of K, 1, this means that no largest K, -free subgraph of G, is r-partite.

The main result of our work is a generalisation of from cliques to arbitrary
edge-critical graphs that are strictly 2-balanced. A graph H is called strictly 2-balanced if the
maximum in the definition of the 2-density mo(H), given in , is achieved uniquely at F' = H.
It is not difficult to check that all cliques, as well as all cycles, are strictly 2-balanced, so our
result is indeed a generalisation of as well as the results of Babai, Simonovits, and
Spencer [4].

Our lower-bound assumption on p involves an explicit constant that we now define. Given
integers m and r, denote by K, (m) the m-blowup of K, that is, the balanced, complete r-partite
graph with rm vertices and denote by K,.(m)* the graph obtained from K,(m) by adding to it
an arbitrary edge (contained in one of the r colour classes). Suppose now that H is an edge-
critical graph and note that H C K, H)_l(m)+ for all m > vy. Denoting the number of copies
of H in a graph G by N(H,G), we let

+
T = lim N(H’KX(H)fl(m) )

m—00 mVH—2

>0 (2)

and let Oy be the constant satisfying

(d(H) = 1) ™ =2 (3

We are now ready to state the main result of this work.

Theorem 1.5. If H is a nonbipartite, edge-critical, strictly 2-balanced graph and

1

1
P> (B +2)-n” T30 (logn) T, (4)

for some positive constant €, then G, is a.a.s. H-Simonovits.

It is not hard to check that the function pg = 0 - n_m (log n)ﬁ is the sharp threshold
for the property that, for some fized equipartition IT = {V4, ..., VX(H),l} of the vertices of K,
every edge e of G, ;, whose both endpoints lie in the same V; extends to a copy of H in Gy,
whose all remaining edges have endpoints in different Vis (i.e., H C e U (G, N ext(II)) using
the notation introduced below). We strongly believe that our lower-bound assumption on p is
optimal. Our belief contradicts the prediction made by DeMarco and Kahn [9], who suggested
that it is enough to assume that p is above the threshold for the (weaker) property that every
edge of Gy, extends to some copy of H (without the additional restriction that the copy of H

needs to cross the fixed equipartition IT).
One of the key ingredients in our proof of requires the assumption that p =

1 —€(1). Luckily, in the complementary range p = 1 — o(1), [Theorem 1.5|is a straightforward
consequence of the following result of Alon, Shapira, and Sudakov [1] and the fact that §(G,, ) >

(p — o(1))n asymptotically almost surely.

Theorem 1.6 ([1]). For every edge-critical graph H, there exists a positive constant j such that

every n-vertex graph with minimum degree at least (1 — p)n is H-Simonovits.

We remark that [I, Theorem 6.1] proves only the marginally weaker assertion that, in every
n-vertex graph with minimum degree at least (1 — u)n, the largest size of an H-free subgraph

equals the largest size of an r-partite subgraph. However, a minor adjustment of the proof of [I}
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Theorem 6.1] yields the stronger [Theorem 1.6 For the sake of completeness, we include this
modified argument in

1.1. Related work. There is a closely related body of work concerning the structure of a
random H-free graph (as opposed to the structure of largest subgraphs of a random graph).
This problem was first considered by Erdés, Kleitman, and Rothschild [12], who proved that
a random K3s-free graph is typically bipartite. The analogous statement with K3 replaced by
K, 41 for an arbitrary r > 2 (and bipartite with r-partite) was proved by Kolaitis, Promel,
and Rothschild [I7]; this was further generalised by Promel and Steger [19], who proved that a
random H-free graph is typically (x(H) — 1)-partite whenever H is edge-critical.

In the past two decades, the results of [12], [I7, [19] have been extended into the sparse regime,
where interesting threshold phenomena emerge. For a graph H and integers m,n satisfying
0 <m < ex(n,H), let Fy,,,(H) denote the family of all H-free graphs with vertex set [n] and
precisely m edges. The following theorem combines the results of Osthus, Promel, and Taraz [1§]
(the case where H is an odd cycle) and Balogh, Morris, Samotij, and Warnke [5] (the case where
H is a clique).

Theorem 1.7 ([5,[18]). If H is an odd cycle or a clique and Fy, y, € Fym(H) is chosen uniformly

at random, then

lim P(F), n is (x(H) — 1)-partite) =
nreo (Fam ) 0, n<Km<(1l—¢e)mg(n),

1 1
where my(n) == 0yn ™2 (logn)ca-1 for some explicit constant 0% > 0.

Finally, we mention that Engelberg, Samotij, and Warnke [10] have recently extended
[rem 1.7]to all edge-critical graphs; however, their result determines the threshold for the property
that F, ., is (x(H) — 1)-partite only up to a constant factor.

1.2. Notation. We briefly discuss the notation that will be used throughout the paper. An
r-cut (or simply a cut) in a graph is an ordered r-partition IT = (V3,...,V;) of its vertex set. We
say that Il is d-balanced if each of its parts has size (1£0)-n/r, where n is the number of vertices of
the graph. Following DeMarco and Kahn [9], given a tuple IT = (V4,..., V) of pairwise-disjoint
sets of vertices (not necessarily a cut), we will denote by ext(II) the set of all pairs of vertices
meeting two distinct V;s (the ‘external’” edges of II) and by int(II) := (Vlu'é'uvf) \ ext(IT) the set
of all pairs of vertices that are contained in a single V; (the ‘internal’ edges of II). For a graph
G and a family of cuts C,
be(G) = max e(G Next(Il))

is the largest number of edges of GG that cross some cut in C. The deficit of a cut I € C in G
with respect to the family C is the difference

defe(II; G) = be(G) — e(G Next(ID))

between the number of edges of G that cross II and the number of edges of GG that cross a largest
cut from C. An [r]-coloured graph is a graph whose vertices are coloured with colours from [r];
this colouring does not have to be proper. For an [r]-coloured graph @ and k € [[r], we denote
by V¥(Q) the vertices of Q with colour k. We say that an r-tuple IT = (V4,...,V,) of pairwise
disjoint sets of vertices (e.g., an r-cut) is compatible with Q if V*(Q) C V}, for every k € [r].
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Suppose that G is a hypergraph on a finite vertex set V. Given a subset W C V of vertices of G,
we write G[W] to denote the subhypergraph of G induced by W, ie., GIW]|:={A€G: AC W}.
Further, v(G) denotes the matching number of G, that is, the largest size of a collection of
pairwise-disjoint edges of G. Finally, given a vertex e € V, the link hypergraph of e (the
neighbourhood of e) is the hypergraph

9.6 ={A\{e}:ec Ac G}

we further let 0G := (J, ¢y 0cG. Since we will often consider induced subhypergraphs in various
link graphs, we use the convention that the operators d, and 9 bind stronger than the operation
of taking induced subhypergraphs, that is, 9G[W| = (0G)[W].

2. OUTLINE OF THE PROOF

Suppose that H is an edge-critical and strictly 2-balanced graph with x(H) = r + 1, where

r > 2. Define
py = 0g - nfm(log n)eH%l,

let ¢ > 0 be an arbitrary constant and suppose that G ~ G, for some p > (1 + ¢)py. We
may clearly assume that € < 1 and, in light of that p < pg for some py < 1
that depends only on H. We will also assume that G satisfies a number of properties that are
typical of graphs with density p, ranging from the simple requirement that all vertex degrees are
(1 £ 0(1))np to much more intricate conditions concerning the distribution of edges and copies
of various subgraphs of H. This will be made more precise in

Let F be a largest H-free subgraph of G and let IIr = (V4,...,V;) be an r-cut that maximises
e(ext(Ilp) N F') and has the largest e(F[V1]) among all such r-cuts; clearly, we may choose such
IIp for every H-free graph F' C K, in some canonical way. Note that we may assume that
e(F[Vi]) > 0, as otherwise F' is r-partite and we have nothing left to prove. On the other hand,
in light of we may assume that e(F[V1]) < e(int(Ilg) N F) < n?p.

Since every r-partite subgraph of G is trivially H-free, the following must be true for every
family C of r-cuts that includes Ilg:

e(GNext(Ilp)) + defe(Ilp; G) = be(G) < e(F) = e(F Next(Ilp)) + e(F Nint(Ilg)).

In particular, we will obtain the desired contradiction (to the assumption that e(F[V;i]) > 0) if
we manage to show that, for some family C of r-cuts that includes I,

e((G\ F)Next(llp)) > e(F Nint(Ilp)) — defe(Ilp; G). (5)
How can one bound e((G \ F) Next(Ilg)) from below? The following definition is key.

Definition 2.1. Given an r-tuple II of pairwise-disjoint sets of vertices and a graph @, we say
that a copy K of H (in K,) is Q-supported and II-crossing if K C Q U ext(II).

The key point is that at least one edge of every copy of H in G that is F-supported and
I1p-crossing must belong to (G \ F)) Next(Ilg), as otherwise F would contain a copy of H. In
particular, for every @ C F, the graph (G \ F) Next(Ilr) must have at least as many edges as
the largest size of a matching in the subhypergraph of

Fo={K\Q:Kisacopyof H in K,,}

IThis notation seems natural if one identifies G with the polynomial }_, o [[.c.e
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that is induced by G Next(Ilx), that is,
e((G\ F) Next(Ilg)) > v(FolG Next(Ilx)]).

Since holds vacuously whenever defe(Ilp; G) > e(F N int(Ilp)), it suffices to show that
v(FolGnext(I)]) > e(FNint(Ilg)) for some Q@ C F and every cut II € C satisfying defc(IL; G) <
e(F Nint(Ilg)). This discussion naturally leads one to formulating the following plan for the
proof of

Plan. We will construct

e a family Q of [r]-coloured subgraphs of K, and
e sequences (dg)gego of integers and (Cg)geg of r-cuts

such that G has the following two properties asymptotically almost surely:

(P1) Every largest H-free subgraph F' C G contains some @ € Q (coloured by II) such that
dg > e(FNint(Ilp)) and I € Cg.

(P2) For every Q € Q with Q@ C G and every r-cut II € Cq with defc,, (II; G) < dg, we have
V(.FQ[G N ext(H)]) > dQ.

2.1. Constants. There are a number of interdependent constants that will appear throughout
our proof. We have already introduced € and pg, which appear in the assumed bounds (14¢)pgy <

p < po on the density. The remaining constants are:

o C , Cg, Cy, Clow : constants that depend only on H that we use in place of complicated,
explicit expressions;

a = a(r,po,€) : the parameter from the definition of rigidity given in

0 = d(r, po, ) : the parameter from the definition of a balanced cut;

Z = Z(r,po, ) : the constant from the statement of |[Proposition 8.1}

k= k(H, C,Cy, Clow, €, 0) : the parameter from the definition of the family Qy of low-

degree graphs given in [subsection 2.2

n=n(H,Cy, Z,e,k) : the parameter from the definition of the family Qp of high-degree
graphs given in

® Chigh = Chigh(H, 1) : the constant from the statement of
Finally, we will also denote by 5 = f(n) < 1 the function that is implicit in the statement
of invoked with p > py > n~Y/m2(H) That is, asymptotically almost surely, for
every largest H-free subgraph of F C G, we have e(F Nint(Ilf)) < Bn’p < n?p.

2.2. Constructing the family Q. In this section, we construct the family ©Q and the sequences
(dg)geg of integers and (Cg)geg of r-cuts and show that they satisfy property from the
above plan. We start by defining the notions of ‘low-degree’ and ‘high-degree’ graphs.

Definition 2.2. Denote by Q. the set of all graphs @ C K, with A(Q) < xnp/logn whose all
vertices are coloured 1. Further, denote by Qp the family of all graphs @ C K,, that contain
an independent set Xg C V1(Q) of size o(n) that dominates all edges of @ and such that every
vertex v € X has exactly nnp neighbours in each of the r colour classes; we will refer to the

vertices of X as the centre vertices of Q and denote their number by k(Q). Finally, we let
Q:=9Q,UQn.

The following two lemmas will help us choose a graph Q € Qp U Qg for every largest H-free
subgraph F' C G, provided that G has some typical properties. Given a graph F, a vertex
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v € V(F), and a subset W of vertices of F, we will denote by degp (v, W) the number of
neighours of v in W.

Lemma 2.3. For every graph I and integer d < A(I), there is a subgraph Q C I satisfying
A(Q)=d and e(Q) > W e(I).

Proof. Denote A(I) by D. By Vizing’s theorem, we can find a proper edge-colouring ¢: E(I) —
[D + 1]; without loss of generality,

W) == e D+ D). (6)

Let Q == ¢ (1) U--- Uy 1(d) and note that e(Q) > DLH - e(I) follows from (6]). Further,
A(Q) < d, as p induces a proper edge-colouring of @ with d colours. If A(Q) < d, we can add
to @ further edges of I until A(Q) = d. O

Lemma 2.4. IfI1 = (V4,...,V,) is a largest r-cut in a graph F, then
degp(v, V1) < degp(v,V;) for allv € Vi and i € [r]. (7)

Proof. Indeed, if were not true for some v € V; and ¢ € [r], then moving a vertex v from V;
to V; would result in a cut II" with e(ext(II") N F') > e(ext(II) N F'), contradicting the maximality
of 1I. O

Proposition 2.5. Suppose that F C K,, and let 1 = (Vi,...,V,) be its canonical largest r-cut.
There ezists Qr C F, which we [r]-colour according to I, such that one of the following holds:

(Q1) Qr € Qr and e(QF) = e(F[V1])/2;
(Q3) Qr € O and ¢(Qr) > max{%, o e(Fm])},-
(Q3) Qr € Qu and k(Qr) = e(F[V1])/(16A(F)).

Proof. Let I, be a largest subgraph of I := F[V]] of maximum degree at most 2nnp. We consider
two cases:

Case 1. e(Ir) > e(I)/2. Let d == knp/logn. If A(I1) < d, then we simply choose QF = I, as
it satisfies Otherwise, applied to Iy, yields a subgraph @ C I, with A(Q) =d

and

K K
> ce(IL) > ce(I).
e(Q) 2nlogn e(I) Irlogn e(I)

Since e(Q) > A(Q) = d as well, we may take Qp := @, as it satisfies |(O2 )|
Case 2. e(Ir) < e(I)/2. Let Y be the set of vertices whose I-degree is larger than 2nnp and

let Q C I be the graph containing all edges with at least one endpoint in Y. Since at least one

endpoint of every edge of I\ Iy, lies in Y, we have

e(Q) > %Zdegé(y) > %Zdegl\h(’v) > e(I;IL) > ei[).

veY veY

Let ¥ = (W1, Ws) be a largest 2-cut of Q. By maximality, for both j € {1,2}, every vertex
v € W; has at least as many neighbours in W3_; as in Wj, see In particular, for
each j € {1,2}, the subgraph of @ Next(X) induced by (W; NY,W5_;) is a union of stars of
degree at least nnp each. Let @ be the larger of these two graphs; without loss of generality, @
is the graph induced by (W7 NY, W5). We have

(O) > ea(W1NY, WQ)‘;eQ(WlaW2 ny) N e(Qm;xt(z)) . e(f) . 6%)'
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Finally, let Qr be the graph obtained by arbitrarily adding, for each v € W7 NY, a set of nnp
Q@-neighbours of v in Wy C Vj and, for each ¢ € {2,...,r}, a set of nup F-neighbours of v in V;.
This is possible, as assumption implies that, for every v € Y and i € {2,...,r},

degp (v, Vi) > degp(v, V1) = degg(v) = degg(v) = nnp.

Note that Qp € Qp (the dominating independent set is X = W; NY) and that k(Qp) =
[W1iNnY]| > e(Q)/AQ) = re(Q)/A(F) = re(I)/(16A(F)), where the second inequality follows
as degp(v) = > i degp(v, Vi) > rdegg(v) for every vertex v. O

We denote by Q} and Q2 the sets of graphs corresponding to cases [(Q1)| and [(Q2)| in the

above proposition. More precisely, let
0l ={Q e Qr:e(Q) < knp/logn} and Q2 ={Q € Qr :e(Q) > rnp/logn}.

Definition 2.6. Define, for every Q € Qp U Qpy,

8re(Q), Q € Q) and p > Cypp,
dg = { min{Bn’p, /ne(Q)logn}, Q€ Q7 or (Q € Q} and p < Cypp),
32k(Q)np, Q€ 9g.

Proposition 2.7. If G satisfies the assertion of [Theorem 1.5 and A(G) < 2np, then dg, >
e(FNint(Ilg)) for every largest H-free FF C G, provided n is sufficiently large.

Proof. Let F' C G be a largest H-free subgraph of G. Since IIp = (V4,...,V;) has the largest
value of e(F[V1]) among all largest r-cuts of F', we have e(F Nint(Ilg)) < re(F[V1]). Moreover,
since G is assumed to satisfy the assertion of we also know that e(F Nint(Ilg)) <
Bn?p. Consequently, it is enough to verify that dg, > re(F[V;]) under the assumption that
dop < Bn’p.

If Qr € QlL, then Qp must satisfy |(Q1)|in [Proposition 2.5(and thus

dg, > min{8re(Qr),v/ne(Qr)logn} = 8re(Qr) = 4re(F[V1]),

provided that n is sufficiently large. If Qr € Q2 then Qr must satisfy one of or in
[Proposition 2.5) and thus

k logn

dor = Vi (@e)logn > Vi min { £ 8 (ra)

and the desired inequality follows as n < n(k) and n is large. Finally, if @ € Qp, then

do, = 32k(Qr)np > 16k(Qr)A(Qr) = re(F[V1]),

where the first inequality follows as Qr C F C G and A(G) < 2np. O

Finally, for every graph @ € Qr U Qp, we let Cg be the family of all j-balanced cuts that
are compatible with Q. Since Qg inherits its r-colouring from Ilg, it is clearly compatible
with this cut. The following proposition shows that, asymptotically almost surely, IIz is also
o(1)-balanced for every largest H-free subgraph F of G.

Proposition 2.8. For every constant § > 0, a.a.s. the cut Il is §-balanced for every largest
H-free subgraph F' C G.
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Proof. Assume by contradiction that IIz is not d-balanced. It is easy to check that, for some

positive ¢5 that depends only on ¢,
1 n
t(lp) < [1—-— .
ext(ttp) < (17 =) (3)

e(F) =e(FNext(llp)) + e(F Nint(Ilp)) < e(GNext(Ilp)) + e(F Nint(Ilg)). (8)

Furthermore,

Suppose now that assertions of [heorem 1.3 and [Lemma 4.2| hold in G. Since every r-partite

subgraph of G is H-free, letting II be some fixed largest r-cut of K,,, we have
e(F) > e(G Next(Il)) > ext(I1) - p — o(n’p) > <1 - 0(1)> (Z)p.
On the other hand, by the assumed conclusion of
e(G Next(ITp)) < ext(Ilp) - p+ o(n’p) < (1 - % — s+ 0(1)) (7;)19;

moreover, e(F Nint(Ilf)) = o(n?p) by the assumed conclusion of [Theorem 1.3} Substituting
these three estimates into yields a contradiction. O

2.3. Large matchings in cuts with small deficits. In this section, we outline the proof
of from the above plan, which constitutes the bulk of this paper. Since we can afford a
union bound over all @ € Q, we will treat @) as fixed.

Let II € Cg be a d-balanced r-cut that is compatible with ). The probability of the event
v(Fg[G Next(Il)]) < dg can be bounded from above using a version of Janson’s inequality

that we state (and prove) as [Theorem 3.3| below in terms of the quantities p,(Folext(II)])
and Ap(Fglext(II)]), defined in that should be familiar to all users of Janson’s

inequality. Having said that, in order to obtain bounds on these parameters that would translate
to an error probability that is sufficiently small to allow a union bound over all Q € O, we
have to replace F¢ by its (carefully chosen) subhypergraph ]:é?. Whereas the construction of an
appropriate ]-"é in the ‘low-degree’ case Q € Qp, presented in is rather straightforward,
the construction of ]:ég in the ‘high-degree’ () € Qp, presented in is a subtle argument
that crucially uses the assumption that G is a typical sample from G, ,, which gives us control
on the interactions between neighbourhoods of the vertices in X¢ (see below). Our
presentation here is inspired by [5, [10].

A major challenge in executing the above strategy is that, unless dg > n, we cannot afford
a union bound over all IT € Cg. This is no accident — when @ is small and p is not very close to
one, one will find many cuts II € Cg for which Fg[G Next(II)] is empty. Luckily, does not
require us to show that v(Fg[G Next(Il)]) > dg for all II € Cq but only for cuts II with small
deficit. This is where we employ and adapt the beautiful ideas of DeMarco and Kahn [9] that
are centred around the concept of rigidity.

Roughly speaking, a graph G is rigid if there is a collection S = {Si,...,S;} of pairwise-
disjoint vertex sets of size at least (1 — 4ra) - n/r each such that ext(S) C ext(II) for every
maximum r-cut of G; a canonically chosen collection S with this property is called the core
of G and denoted by core(G). An ingenious argument employing Harris’s inequality, due to
DeMarco and Kahn [9], can be used to show that the probability that G is rigid and v(Fg[G N
ext(core(G))]) < dg is not larger than the maximum value of the probability that v(Fg[G N
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ext(9)]) < dg over all collections S of potential cores (i.e., collections of r pairwise-disjoint sets
of size at least (1 — 4ra) - n/r each). In other words, the DeMarco-Kahn correlation inequality
reduces the problem of bounding the lower tail of v(Fg[G N ext(core(G))]) to the problem of
bounding the lower tail of v(Fg[G N ext(S)]) for a fized ‘almost’ r-cut S. contains
the formal definition of rigidity and the statement and proof of the DeMarco—Kahn correlation
inequality.

Since ext(core(G)) C ext(II), and thus Fg[G Next(Il)] O Fg[G N ext(core(G))], for every
largest r-cut II of G, the argument described in the previous paragraph suffices to control all
cuts with zero deficit. What to do about cuts with larger deficit? Following DeMarco and
Kahn [9], we show that, asymptotically almost surely, G has the following property: For every
IT with def(I; G) < dg, there are ‘many’ graphs G’ that are rigid, have IT among their largest
r-cuts, and are ‘close’ to GG in terms of the number of edges in their symmetric difference. The
precise notion of both ‘many’ and ‘close’ are too technical to be stated here, but the bottom

line is that the notion of proximity implies that, for each G’,
v(FolG Next(I)]) = v(FolG' Next(core(G))]) — O(dg)

whereas the notion of multitude yields that the probability that v(Fg[G N ext(IT)]) < dg for
some cut II with def(II; G) < dg is bounded from above by

P (v(FolG' Next(core(G))]) < O(dg)) - erx(dg),

where err(dg) is an error term that is, roughly speaking, of the form exp(O(dg)). [Proposition 8.1

is a rather concise statement that encapsulates this. Our proof of the proposition, which takes
the bulk of is a very delicate switching argument that is based on the work of DeMarco
and Kahn [9], but departs from it in significant ways in order to provide a better estimate on
err(dg).

Finally, the proof of culminates in where the various ingredients
developed in earlier sections are finally mixed together. Our argument there stumbles on yet
another technical (described at the start of [Section 9)) issue that occurs when Q € Q% and
p > Copr. We solve this issue by replacing the family ]:clg with its random sparsification, see
The final stretch is mere four pages of simple calculations.

3. TOOLS AND PRELIMINARIES

3.1. Janson’s inequality. In order to successfully execute the plan sketched in
we will need to bound the probability that a binomial random subset of vertices of a given
hypergraph induces a subhypergraph that does not have a large matching. We will derive
a suitable lower-tail estimate for the matching number of a random induced subhypergraph,
below, from the well-known inequality of Janson [I4]; our derivation follows the
arguments of [2, Section 8.4].

Given a set V' and a real p € [0,1], we denote by V, the random subset of V' obtained by
independently retaining each element of V' with probability p. Further, given a hypergraph H
with vertex set V', we define the following two quantities:

pp(H) = Z plAl and Ap(H) = Z plAVBl
AeH A,BEH
A£B, ANB#£0
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where the second sum is over unordered pairs of edges; in other words, j,(H) is just the expected
number of edges of H[V,] and A,(H) is the expected number of pairs of distinct edges of H[V})]
that intersect.

Theorem 3.1 (Janson’s inequality [I4]). Let H be a hypergraph on a finite vertex set V. For
all p € [0,1],
P(H[V,] = 0) < exp (= mp(H) + Ap(H)).

Before we state our version of Janson’s inequality for matchings, we recall a well-known
lower-tail estimate for the Poisson distribution.

Proposition 3.2. For every nonnegative real p and all o € [0, 1],
P(Pois(p) < ap) <exp (—(1—alog(e/a)) - ) .

Theorem 3.3. Let H be a hypergraph on a finite vertex set V' and let o,n,p € [0,1]. Writing
woand A for py(H) and Ay(H), we have

P(v(H[Vp)) < ap) <exp (— (1 —alogle/a) —ap—n) - p+ (14 2ap/n) - A).
Proof. An edge A € H will be called n-good if

A= S PPV 28
BeH Mk

A#£B,ANB#£0
Let H' C H be the hypergraph obtained by removing from A all non-7-good edges. Observe

that
2A

28= 3 P> Y pA) > (AR - Lo

AeH AeH\H!
which implies that

Mp(%/) = pp(H) — pp(H \ H) = (1—n)p.

Denote by M the collection of all matchings of size at most au in H'. Given an M € M, let
Py denote the probability that M is a mazimal matching in H'[V,]. It follows from Janson’s
inequality that, letting H',, := H' — |J M be the collection of all edges of H' that are disjoint
from the union of all edges of M,

Py g}P’(UMg V, and [V, :@) :IP’(UMQ Vp) P(H), V] = 0)

_ H AL PR,V H P exp (—pp(Har) + Ap(Hayp)) -
AeM AeM

As, clearly, A,(H},) < A and

pp(H') = pp(Hyy) < Z Z 1Bl < Z P4 £ 5(A) - max p/BHA

BeH'
AeM BeH' AeM
Am%;é(b ANB70
2A 2ap
<3 (p+5(A)p) < M| - (1+) ap-u+ 2P A,
AeM ny n

We may thus conclude that, for every M € M,

< [ o™ exp< (I1—ap—n)- u (1+277p> A).

AeM
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Since H' C H, the inequality v(H[V,]) < au implies that some M € M must be a maximal
matching in H'[V,]. Therefore, by the union bound,

Pu(HV,]) <ap) < > ] P -exp (—(1 —ap—n)-p+ <1+ 2j7lp> 'A> :

MeM AeM

In order to complete the proof, it suffices to observe that

Z H il < Z % <Z pA|> < Z %IS = ¢ - P(Pois(u) < ap)

MeM AeM s<ap AeH! sSop

and invoke |Proposition 3.2 U

The following two simplified versions of will be more convenient to use in our
arguments. The first version, which yields an essentially optimal upper bound on the probability
that v(H[V,]) < pp(H) in the case where Ap(H) < pp(H), is obtained from [Theorem 3.3 by let-
ting o = 1/2 = 2. The second version gives a non-optimal upper bound on the probability that
H[V,] contains no large matchings, but it is applicable in the cases where A,(H) = Q(up(H)).

Corollary 3.4. Let H be a hypergraph on a finite vertex set V' and let p € [0,1]. For every
v < 1/10, writing p and A for p,(H) and Ap(H), we have

P(v(H[Vp]) <7°p) <exp (= (1 —7)u+24).

Corollary 3.5. Let H be a hypergraph on a finite vertex set V and let p € [0, 1]. Writing pu and
A for uy(H) and Ap(H) and letting A == min{u, u?/A}, we have

P(v(H[V,]) < A/1000) < exp(—A/10).
Proof. Assume first that A < p/4. Since A < p, it follows from [Corollary 3.4] that
P(v(H[V,]) < A/100) < exp(—9p/10 + 2A) < exp(—2u/5) < exp(—A/10).

Assume now that A > pu/4, so that ¢ == p/(4A) < 1. Let H, be the random hypergraph
obtained from H by retaining each of its edges independently with probability ¢ and define the

random variables p' == p,(Hy) and A’ = Ap(H,). By
P(v(Hq[Vp]) < 17100 | Hq) < exp(—94'/10 + 2A"). 9)

The key observation is that

2 2 2 A
E[g“ 2A’}—9q# 22 A = <9_> A

10 10 40 16/ A 10A 7 10
Since v(Hq[Vp]) < v(H[V,]) with probability one, evaluating (9) on the (nonempty) event that
@ =910 — 2A’" = A/10 gives the claimed inequality. O

3.2. An upper-tail inequality. Our second tool is an upper-tail inequality for the number of
edges that a binomial random subset induces in a uniform hypergraph. Roughly speaking,
it states that the probability that a p-random subset of vertices of an n-vertex, f-uniform
hypergraph with o(nf) edges induces Q(n‘p?) edges is exponentially small in np. Even though
an estimate on this probability can be easily derived from [5, Lemma 3.6], which is a respective
estimate for the hypergeometric distribution, we supply a simple, self-contained proof that is
based on an elegant argument of Janson, Oleszkiewicz, and Rucinski [I5] (see also [13]).



SIMONOVITS’S THEOREM IN RANDOM GRAPHS 13

Lemma 3.6. For every o > 0 and positive integer £, there is a p > 0 such that the following
holds for every n-vertex, £-uniform hypergraph H with e(H) < pnt. For every p € [0, 1], letting
R~V (H)p, we have

P (e(’H[R]) >a- (np)f) < exp (—pnp) .

Proof. Given an « > 0 and a positive integer ¢, set p = I?;;E)le} and let H be an n-vertex,

{-uniform hypergraph with e(H) < pn‘. Suppose that R ~ V(H), and let X = e(H[R]). If we
denote, for each A € H, the indicator random variable of the event A C R by Y4, we may write,

for every positive integer k,

EX* = > E[Ya - Yal

A1, ALEH
= Z E[Ya, -+ Ya, ] Z E[Ya, [ Ya, -+ Ya, , =1]

A1, Ap_1€H ApeH (10)
= Z E[YAl T YAk71] ’ E[X | YAl T YAk71 = 1]

A, A1 €EH
< E[X*1]. E[X | Y4, ---Ya, , =1].

[ ] A1,.--I,rzl4i}51€7'l [ | Ay A1 ]

The following claim bounds the conditioned expectation in the above inequality:
Claim 3.7. For every S C V(H) of size at most plnp,
E[X | SC R] < (20+1)p- (np)*.

Proof. Let S be an arbitrary set of at most pfnp vertices of H. Since every i-element subset of

S is contained in at most n‘~¢ edges of H, we have
4 L i
S i S 14
EMWng—mm<§ijy#%ﬂ<wm”§jC')<p«wﬂ
i1\ i1 \"P 1—pt
where the last inequality follows from our assumption that |S| < pfnp. Since p < 1/(2¢), we

have

¢
E[X | S C R <E[X]+ 1%95 -(np)* < e(H) - p' +2p0- (np)t < (20+ 1)p - (np)",

as claimed. O
A straightforward inductive argument turns and into the bound
E[X* < ((20+1)p)" - (np)™,
valid for all k£ < [pnp]. By Markov’s inequality, letting k& = [pnp],

E[X* 20+ 1
alc [(np])ké < << i

as claimed. O

P (X > - (np)£> <

k
P
” ) ) < exp(—pnp),

4. TYPICAL PROPERTIES OF RANDOM GRAPHS

In this section, we establish several key properties concerning the distribution of edges and
of copies of various subgraphs of H that the binomial random graph G, , possesses with prob-
ability very close to one. We begin with a non-probabilistic inequality that proves useful while

estimating various expectations throughout the paper.
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Lemma 4.1. Let H be a 2-balanced graph and suppose that p > Cn~Ym2H) for some C > 0.
Then, n —2pew =1 > Ceu' =1 for every nonempty subgraph H' C H. Moreover, if H is strictly
2-balanced, then there exists a A > 0 that depends only on H such that nVa' ~2pta'—1 > Cen —Ip)
for every H C H with 1 < ey < epy.

Proof. Let H' be a nonempty subgraph of H. Since the assertion of the lemma holds vacuously
if ey = 1, we may assume that egs > 1. By our assumption on p,

eH/—l errr—1

1 _9_°H
an'_2peH'_1 > an/—2 <C’n m2(H)) — CGH’_InUHI 2 mo(H)

er—1

Now, recall that the definition of mo(H) implies that vy —2 > 2 () and that, when H is strictly

2-balanced, this inequality is strict unless H' = H. Thus, the exponent of n is non-negative and

it is positive if H is strictly 2-balanced and 1 < eyr < egy. O

4.1. Distribution of edges. The next lemma states that the number of edges in the intersec-
tion of G, with the graphs ext(II) and int(II) is typically close to its expectation not only for
every fixed r-cut II, but in fact for all sequences II of pairwise disjoint sets, irrespective of their

length, simultaneously.
Lemma 4.2. If p > n~'logn, then a.a.s. G ~ Gnp satisfies the following for all m and every
sequence of pairwise disjoint sets I1 = (Vi,...,Viy,):
e(G Next(I)) = (ext(II) £ o(n?)) -p and e(GNint(II)) = (int(Il) £ o(n?)) - p.
Proof. Note first that, for every sequence II = (V1,...,V,,) of pairwise disjoint sets of vertices,

we have ext(IT) U int(IT) = int({V1 U --- U V};,}). Further, there are at most (n + 1)" different

such sequences. Consequently, it suffices to show that, for each sequence II and all fixed ¢ > 0,
P (|e(G Nint(II)) — e(int(I)) - p| > Cn2p) <nn

for all sufficiently large n. Since e(G Nint(Il)) ~ Bin(e(int(II)), p), the above estimate easily
follows from standard tail estimates for binomial random variables and our assumption that
n?p > nlogn. O

4.2. The number of subgraphs leaning on an edge or a vertex. Our next lemma is an
upper-tail estimate for the number of copies of all graphs of the form H \ f, where f € H,
that contain a given edge of (resp. a given vertex of) Gy, . Its proof utilises the high-moment
argument of Janson, Oleszkiewicz, and Rucinski [I5]. We recall that 9, and 0 bind stronger
than the operation of taking induced subhypergraphs and thus 00, H[G,, p] = (00.H)[Gy, p] and
O [Crg) = (OH,) G

Lemma 4.3. Let H be a strictly 2-balanced graph and suppose that p > n~1/m2H),
(i) For every edge e € K, letting H denote all copies of H in K,,

P (}83€H[Gn7p]’ > 46%{71””_21)6’{_2) <nS.
(ii) For every vertex v, letting H, denote all copies of H in K, that contain v,
P (‘67—[0[(?”4,” > QUHeHn”H_lpCH_l) <n 5.
Proof. Denote, for every edge e € K, and every vertex v € V(K,,),
X, = ‘386H[Gn,p]‘ and X, = ’8HU[Gn,p]|
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and note that E[X,] < 2e%n?#2p?i~—1 and E[X,] < vgeyn’# ~1p¢#~1. In particular, it suffices
to show that the probability that either of X, or X, exceeds twice its expectation is at most
n~6. Since Markov’s inequality implies that, for every positive integer ¢ and each nonnegative
random variable X,

E[X‘]
(2E[X])*
it suffices to show that E[X?] < (3E[X.]/2)’ for every e € K, and all £ = O(logn), and that the

analogous bound holds for each X,,.

P(X > 2E[X]) = P(X‘ < (2E[X])") <

To this end, for every w C K,,, write Y,, for the indicator random variable of the event that

w C Gpp. We may now write
Xe= > Y, and X,= > Y,
weO0H wEIHy

and, further, for every positive integer £ and every edge e,

EX = >, E[Y, Y]
W1 yeeeywWpEODeH
= Z E[Ym "'wal] Z ]E[sz ’ Yo, "'wal = 1] (11)
W1 yeensWp_1EOO0H W€D H

= Z E[le T ng_l] : E[Xe ’ wiU---Uwp—1 C Gn,p];
W1 yeeeswp—1 €00 H

similarly, for every vertex v,
E[X!] = > E[Ya, - Yo, ] - E[Xy |wi U---Uwe_1 C Gyl (12)
UJ17...,UJ[_1€8HU

Our next two claims bound the conditioned expectations in the above sums.

Claim 4.4. For any edge e and all G C K,, with e(G) = O(logn),
E[X. | G C Gy p| — E[X.] < E[X,].

Claim 4.5. For any vertex v and all G C K,, with e(G) = O(logn),

E[X, | G C Gy, — E[X,] < E[X.)].

Proof of [Claim 4.4, Let G be an arbitrary graph with O(logn) edges. For every nonempty
J C H, set

Qy={w€dH: (wWNG)Ue=J}
and note that

E[Xc| G C Gnpl —E[X]< Y [Qy] p—L

JCH
1<ej<em

It is not hard to see that, for every nonempty J C H,
;] <O (e(G)e"_ln”H_”J) =0 (n""7" (logn)°") ;
indeed, every w € €); intersects G in ej — 1 edges. We conclude that

E[Xe |G C Gyl —E[X] <n®2p 2. 3" p? pl=/ . O((logn)™).

JCH
I<ej<emy
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Finally, since H is strictly 2-balanced and p > p—L/m2(H) implies that each term
in the above sum is at most n~?, for some positive constant A that depends only on H. This

implies the claimed estimate, as E[X.] = © (n”H —2peH *2). O

Proof of [Claim 4.5 Let G be an arbitrary graph with O(logn) edges. For every nonempty
J C H, set

Qr={wedH,: wNG=J},
where we always include v in the vertex set of w N G (so that J might contain one isolated
vertex). Note that

E[X, |G C Gn,p] - E[X,] < Z 1] .peH—GJ—l

JCH
1<e <eny

and, similarly as before, for every J C H,
Q7] <O (e(G)n" =) = O (n"" "7 (logn)°H) .
We conclude that

E[X, | G C Gnpl —E[X,] <nTper=t. Y= pl=v7p=< . O((logn)*").

JCH
1<ej<em

Finally, since H is 2-balanced and p > n~1/m2H) implies that each term in the
above sum is at most (np)~!. Since np > pl=1/m2(H) > pA for some positive constant A that
depends only on H and since E[X,] = © (n”H —lpen _1), the claimed estimate follows. O

By [Claim 4.4] and , we conclude that, for every e € K,, and all £ = O(logn),
E[X,] < > E Yo Yo, |- (1+0(1)EX,] <3/2-E[X.']- E[Xc];

W1seenswWp—_1E€00H
this implies, via induction on ¢, that E[X/] (3/2)° - E[X,]* holds for all £ = O(logn).

<
Analogously, |Claim 4.5 and yield E[X?] < (3/2)f - E[X,]¢ for every v € V(K,) and all
¢ = O(logn). O

4.3. Interactions between neighbourhoods. Our next lemma concerns interactions between
neighbourhoods of the centre vertices of graphs ) € Qg such that @) C G, ,. Roughly speaking,
it states that (a.a.s.) these neighbourhoods do not overlap significantly. The precise statement
involves a uniform hypergraph whose edges are subsets of the neighbourhoods of the centre
vertices of a ) € Qp that contain a prescribed number of vertices from every colour class of Q.
Suppose that 1 = (¢1,...,¢,) € N" is a vector with £ :=¢; +---+ ¢, > 1. For a graph Q € Qg
and a centre vertex v € Xg, denote by Né(v) all the f-element sets U of vertices such that

|U N No(v) N VHQ)| = ¢, for every k € [r].

The following lemma constructs a subhypergraph G C /\/22 = Upe Xo Né(v) whose edges are
‘well-distributed’. For a nonnegative integer j, we write A;(G) for the maximum number of
edges of G that contain any given set of j vertices; in particular Ay(G) = e(G).

Lemma 4.6. For everyl = ({1,...,0,) € N" with £ :== {1 4+ --- + £, > 1, there exist positive
constants ¢ and C' = 1 that depend only on £ and n such that a.a.s. the following holds for every
Q € Qpn with Q C Gy p, provided that p > logn/n. There is a hypergraph G C qu) with the

following properties:
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(i) e(G) = c¢-min {n’, k(Q) - (np)*},
(ii) A;(G) < max {4(np)f—j , €. 49

} for every j € {0,...,¢}.

We will use the following simple corollary of to estimate the number of vertices
in each @ € Qp that is contained in G, .

Corollary 4.7. There exists a positive constant ¢ that depends only on n such that when p >
logn/n, then a.a.s., for every Q € Qu with Q C Gy, and every k € [r],

VEQI=| U No@) nVHQ)| > e min{n, k(Q) - np).
veV(Q)

Proof of[Lemma 4.6 Given an ordered sequence vy, ..., vy of vertices, we will categorise them
as good or bad, based only on the knowledge of their neighbourhoods in G, ,. This will be done
in such a way that, for every @ € Qp with @ C G, , whose centre vertices are vy, ..., vy, every
good vertex will contribute at least (nnp/¢)’/2 edges to G, unless G already has Q(n’) edges.
We will assume that

A(Grp)" < 2(np)", (13)

which holds in G, , a.a.s. We first define a few constants. Let p be the constant whose existence

is asserted by invoked with o == (n/£)¢/2 and set D := 21 /p.

The first vertex v; is good. Fix some ¢ € [k — 1] and suppose that we have already categorised

v1,...,v; as good or bad. Let W; denote the set of good vertices among {v1,...,v;}. Define
5 Ng, ,(v)
Gi = U < Z
veW;

and, for every j € [¢ — 1],

J nJ

G) [n] . (i)
= 1 (U, gy 75 0.

We further define the ‘closure’ G; of Qz by
-1

Gi ::g}u U {UG <[[Z]]) U DT for someTEMj@}.

=1

AY = max {2(np)€_j, De(gi) } ,

We call v;+;1 a good vertex if

‘<NGH7P(UH1)E{vl,...,vi}> nG| < % (%)f; (14)

otherwise, call v;11 a bad vertex. We stress again that the property that v;y1 is a good/bad

vertex depends only on the neighbourhoods in G, ,, of the previously considered vertices v1, ..., v;
(and their order).

Claim 4.8. For every i € [k], either e(G;) < pn® or |[W;| = p/(4p°).

Proof. We first observe that, for every j € [¢ — 1],

(i) (i ;
e(Gi) > 1M ’.A@> M|, De(G)
G

o
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which yields the bound | M J(z)] < (f) n? /D. Since every element of M. ]@ contributes at most n‘=

edges to Gi, we have

-1 -1
= A Gn i i 14 n[
@) < il (G ) e D1t < w20y + X (0)

7j=1 7=1
e 28 .
< 2|Wil - (np) +5'n = 2|Wi| - (np) +§”-

Finally, if e(G;) > pn®, then the above inequality yields |W;| > p/(4p?). O

Claim 4.9. Asymptotically almost surely, for every k and each sequence v, ...,vy of distinct
vertices of Gy p, at least min{k/2, p/(4p")} of them are good.

Proof. Fix an arbitrary sequence vy, ...,v; of distinct vertices of Gy, p. For each i € [k], let
>; denote the o-algebra generated by exposing the neighbourhoods of vy, ..., v;. Observe that
conditioned on X;, the set Ng,, ,(vit1)\{v1,...,v;} is still a p-random subset of [n]\{v1, ..., v;}.

We may thus use to conclude that, for every i,
P(vi41 is bad and e(G;) < pn’ | ;) < exp(—pnp). (15)

Let B denote the event that the sequence vy, ..., v, contains fewer than the claimed number
of good vertices. In particular, there are at least k/2 bad vertices among them and, for each
i < k, we have |W;| < p/(4p’) and thus e(G;) < pn’, by [Claim 4.8, By the union bound,

P(B) < Z P(vi;1 is bad and e(G;) < pn® for all i € I).

IC[k~1]

[1|>k/2
Since the event that v; 4 is bad and e(g_i) < ,one is ;1 1-measurable, we may use the chain rule
and the estimate to bound each term in the sum from above by exp(—p|I|np) and conclude
that

P(B) < 2" - exp(—pknp/2) < n~ ",

where the last inequality follows from our assumption that p > logn/n. Taking the union
bound over all k£ and all sequences gives the desired result. O

Fix some Q € Qp, let k == k(Q), and let vy,...,v; be an arbitrary ordering of the centre
vertices of . We will show that under the assumption that at least min{k/2, p/(4p)} of those
k vertices are good (which, by holds simultaneously for all @ € Qp), we may build
a hypergraph G C NCIQ with the desired properties. We will do so iteratively, by first defining a
sequence Gy, ..., G, and then setting G := Gy.

First, we let Gy be the empty hypergraph. Second, suppose that i € [k] and that we have
already defined Gy, ..., G;_1. If v; is a good vertex, we obtain G; by adding to G;_1 some % (%)K
sets U C Ng,, , (vi)\{v1,..., v} that belong to ./\fé2 (v:)\Gi_1 (where we assume that Gy is empty).
Note that this is possible, since

N ()] = ﬁ (|NQ(W)2 Vj(Q)|> > ﬁ (szyj _ (n%y

7j=1 =

and the assumption that v; is a good vertex implies that at most half of those sets belong to
Gi_1, see . Finally, if v; is a bad vertex, we simply let G; .= G;_1.
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Since G;_1 C Qi_l C G;_ for every i, each good vertex contributes at least % (%)Z distinct
edges to G, which means that e(G;) > %
number of good vertices proves assertion|(i)|of the lemma with a positive constant ¢ that depends
only on 7, £, and p = p(n,£). Further, by (L3), we have e(Gi) < [Wi| - 2(np)t < 4 (%)é -e(G;).

Hence,

(%)Z. This fact and our assumed lower bound on the

(0 r; 4Dl ¢(G)
Al <max{2(np) I, —

nt n

for each i € [k] and all j € [¢ — 1]. When we add edges to G;—1 to form G;, we only increase
the degrees of sets that do not belong to U?;i M ](l) Moreover, since we add only subsets of the
neighbourhood of v; in G, ;, assumption implies that, for every T € ([[?H), we increase the
degree of T by at most 2(np)*~7. Thus, for every i € [k] and every j € [¢ — 1],

1—1 — Q
Aj(G) < AVTY 1 omp)tT < 2Al,

This immediately gives from the statement of the lemma with a constant C' that depends
only on ¢, n, D = D(¢, p), and p = p(n,£); indeed, the claimed upper bounds on Ay(G) = e(G)
and Ay(G) = 1 hold vacuously. O

4.4. Summary. Suppose, as in that G ~ Gy, , for some p > (1+¢)py. We are finally
ready to define the notion of ‘pseudo-randomness’ that we will assume our graph G to have. We
let 7 be the intersection of the following events:
(T1) degg(v) = (1 £0(1))np for every v € V(G);
(T2) e(G Nint(II)) = e(int(I)) - p & o(n?p) and e(G N ext(Il)) = e(ext(I)) - p & o(n?p) for
every family II of pairwise-disjoint sets of vertices (see ;
(T3) |00.H[G]| < 4efnm~2pca=2 for every e € K, and |0HU[GH < 2ugegnHlpeH =1 for
every vertex v (see [Lemma 4.3));
(T4) e(F Nint(Ilg)) < Bn?p for every largest H-free subgraph F C G (see ;
(T5) |VF(Q)| = ¢ - min{n, k(Q) - np} for every Q € Qp such that Q C G and every k € [r]
(see Corollary 1)

(T6) G satisfies the assertion of and thus also the assertion of
(T7) if p > 1/(10r3), then e(GNext({A, B})) = (14 0(1))ext({A, B})p for all pairs of disjoint
sets A and B with |A||B| > n.

It is clear that G € T asymptotically almost surely.

5. LOW-DEGREE CASE
Recall that H denotes the family of all copies of H in K,,. Given a graph ) C K, define
HEY ={A€H e(ANQ) =1 and e(Q[V(A)]) = 1}.

low

In other words, HG" comprises only those copies of H that contain exactly one edge of @) and
whose vertex set induces no additional edges of (). Note that this definition guarantees that

A\ Q # B\ Q whenever A and B are two distinct elements of ’HBW. In particular, if we define
T ={A\Q: AeHS"},

then, for each graph w € fgw, there is a unique A € ’HICSW with w = A\ @Q; we will denote this
A with w.
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Lemma 5.1. For every r-tuple S = (S1,...,S5y) of pairwise-disjoint sets of vertices and every
graph Q with V(Q) C S1, we have

)

low >
Rl > (1- 2

) Q) N(H.K),

where K; = ext(S) Uwuv, where u and v are two distinct vertices of Si.

Proof. Let e be a uniformly chosen random edge of @ and let G := ext(S) Ue. Note that
G = K;r, as we assumed that V(Q) C S;. Further, let A be a uniformly chosen random copy
of H in the random graph G; note that e € A, as H is edge-critical and x(H) = r + 1. Observe
that A\ e € Fgw[ext(S)] if and only if e is the only edge that R :== V(A) N Sy induces in @ and
thus

FS ext(S)]] = P(e(QIR]) = 1) - e(Q) - N(H, K¥).
It now suffices to bound the above probability from below.

To this end, note that 2 < |R| < vy and that, conditioned on the event |R| = i, the set R
is a uniformly random i-element subset of S; containing e. Fix some i, condition on the event
|R| =i, let e = {wy, w2}, and let {ws,...,w;} be a random ordering of the elements of R \ e.
The key observation is that, for every j > 3, the probability that w; is adjacent (in @) to one
of wi,...,wj—1is [Ng({w1,...,wj—1})|/(]S1] — 7 + 1). Consequently,

T 2

j=3
Since the final lower bound above holds for every value of ¢, it holds without the conditioning
as well. (]

Lemma 5.2. There exists a positive constant Cloy such that the following holds for every r-tuple
S = (S1,...,5y) of pairwise-disjoint sets of vertices of size at least n/(2r) each, every graph
Q € Qr with V(Q) C S1, and all p > p—1/m2(H) .

up(FéfW[ext(S)]) > (rg —o(1)) - e(Q) - (mini |Si])UH_2 cpeH L

AP(F5W> < C(low/i ) an72peH71
p1p (F™ [ext(S5)]) logn ’

where wg is the constant defined in .

Proof. We will abbreviate ]-"5‘” by F and .7-"5‘” [ext(S)] by F(S). For an edge e € Q, define
Fe={we F:wm =wUe},

so that F = [J,cq Fe- and the assumption that |S1| > n/(2r) and A(Q) = o(n)
imply that

p= pp(F(S)) = 1F(S)|-p 7 = (1—0(1) - e(Q) - N(H, Kg) - p ™, (16)
where K;r is the graph defined in the statement of Further, since K; contains a
subgraph isomorphic to K, (min; |S;|)*, we have

N(H,K$) > N(H, K (min; |S;])*) = (w5 — o(1)) - (min; [ S;) ",

where the last equality holds as min; |\S;| > n/(2r), see the definition of mg given in (2)).
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We now turn to bounding the correlation term A := A,(F). By definition,

A = Z Z pQ(erl)fe(wlﬂwg)

w1 E€EF waeF\{w1}
0
;J(IHMQT) ( n ) (17)
< |F|- eg—1) | —e(wiNwz)
\F|-p max ) p
w2 €F\{w1}
wlﬂwg;é@

Further, for every wy € F, letting e; € @ be the unique edge such that w; € F¢,,

Z p—e(wlﬁwz) _ Z Z p—eH/-l-]l[wQG]:el]. (18)

woEF\{w1} 0AH'CH woeF\{w1}
w1 Nw2 70 wrﬂw;%’H/

The following claim will allow us to bound the right-hand side of the above inequality.

Claim 5.3. For each e; € Q, every wy € Fe,, and all H' C H:

(i) [{wa2 € Fey twi1Nwa # D Aw] Nwy %H’H < lleygr > 1] - O (nPH=va").,
(it) |{wz € F\ Fey twi Nwa D Awi Nwi = H'}| <O (AQ) - nor—vm 1)

Proof. Fix some e € @, w1 € Fe,, and H' C H. To see the first item, note that the set in the
left-hand side of [(i)| is nonempty only if ey > 1; indeed, if w; Nwy # O for some we € Fe,, then
wf N w; contains e; and at least one more edge. We may thus assume that ers > 1 and count
the number of wy € F,, such that w; Nwy # ) and wf N w; >~ H' as follows: First, there are at
most v}}{H 12 ways to choose the vy — 2 vertices of wy that certify w;™ N w; >~ H'. Second, there
are at most n® ~Vr options for the remaining vertices of wo. Finally, there are O(1) choices to
assign the roles that these vertices play in the copy of H.

For the second item, we separately count those wy that belong to F., for some edge ey €
Q@ \ {e1} that shares an endpoint with e; and those wy that belong to F., for some edge ex € Q
that is disjoint from e;.

There are at most 2A(Q) edges es of the former type. For each such edge, we have at most
v}’f'_l options for the vy, — 1 vertices of w; that certify w;” Nw; = H'. Moreover, there are at
most nV# ~Vr’ ! ways to choose the remaining vertices of wo. Finally, there are O(1) choices for
the roles that these vertices play in the copy of H. Thus, total the number of choices for ws in
this case is O (A(Q) - nv#—vr'—1),

There are at most e(Q) edges ey that are disjoint from e;. For each such edge, there are
now at most v;}qH' options to choose the vy vertices of wy that certify wf N w; >~ H and at
most nVH~Ur’ =2 options to choose the remaining vertices of wy. Finally, as before, there are
O(1) choices for the roles that these vertices play in the copy of H. Thus, the total number
of choices for wy in this case is O (e(Q) -nUH *”H/*2). The claimed bound follows as clearly

e(Q) < A(Q)n. O

By , , , and [Claim 5.3| for some constant C' that depends only on H,

Ao s et (4@
R R T N

and our assumption that p > n~Ym2(H) imply that nva' —2pea’—1 > 1 for all
nonempty H' C H and, further, that there exists a constant A > 0 depending only on H such that

nvr' =2pem =1 > X for all H' C H with egr > 1. Further, we clearly have | F| < e(Q) - egn®# 2,

+ 1ley > 1]> .
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whereas we have shown above that |F(S)| > e(Q) - (mg — o(1))n"# ~2. We may thus conclude
that, for some constant C’ that depends only on H,

_9 _1
é < C'. an72peH71 ) (A(@ n n/\) < 2k - pVH po
! np logn

where the final inequality holds as A(Q) < knp/ logn for every Q € Q. O

Y

6. HIGH-DEGREE CASE

Suppose that Q € Q. We start by defining a collection ’Hggh of copies of H in K,. Let

X = X( be the set of centre vertices of @ and, for every v € X and k € [r], write N¥(v) ==
No(v) N V*(Q) to denote the neighbours of v that are coloured k. Fix an edge f € H such that
X(H \ f) = r, denote by h one of the endpoints of f, and let ¢ := degy h be the degree of h in
H. Let ¢: H\ f — [r] be a proper colouring of H \ f such that ¢(h) = 1. We let ’Hggh be the
collection of all copies of H in K, that are constructed as follows:
(i) map h to some vertex v € X,
(i) map the £ neighbours of h in H into the sets N'(v),..., N"(v), accordingly with the
colouring ¢,

(iii) map the remaining vy — ¢ — 1 vertices of H arbitrarily to the complement of X.

Further, define
FoE = {A\Q: A€ HYE"} C Fo.

Lemma 6.1. There exists a positive constant chigh that depends only on H and n such that the
following holds for each graph Q € Qg such that Q C G for some G € T. There exists a family
F C ]_-gigh such that, for every r-tuple (S1,...,Sy) of pairwise disjoint sets that is compatible
with Q and satisfies min; |S;| > n/(2r),

pip(Flext(S)]) = chigh - min {k(Q) - n"# ~'p n’p} > k(Q) - np,
i (Flext(S)])
Ap(F)

where \py 1s a positive constant that depends only on H.

> chigh - min {k(Q) - n"" 1 k(Q) - n' M p,n’p} > k(Q) - np,

Proof. Fix some Q € Qp and set k = k(Q). Let 1= (¢~ () N N (h)|)|_, and let G C N be
the hypergraph from the statement of we may find such a G due to our assumption
that @ C G for some G € T. Further, denote the two constants from the statement of
by and (gg and observe that they both depend only on n and H. Recall from the definition
of Né that, for every edge U € G, there is a v € Xg that is adjacent in @ to all £ vertices of
U; denote some such v by vy and let E(U) be the set of £ edges connecting vy to the vertices

of U. Finally, set
F={wCK,\Q:wUE,(U) = H for some U € G} C J—_'gigh.
It is not hard to see that, for some absolute positive constants ¢’ and ¢”,
vy —£—1
|Flext(S)]] = ¢ - e(G) - <m.in |Sj| —vg — k — nnp> > e(G) - ntrtL
J
and, consequently,

pp(Flext(S)]) = Z pe(‘”) > e(G) - nvH e —t,
weF
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Further, we claim that

Ap(]:) = Z 1qu'an,p
w,w'eF
wNw’ #D

y4
< Cl . 6(g)ZA](g) Z nZUH72@727UH/+jp26H72576H/7

j=0 0£H CH—h
[V(H" NN (h)|=j

where C’ is a constant that depends only on H. Indeed, we may enumerate all pairs of inter-
secting elements of F as follows. First, we choose an edge U € G that contains the images
of the ¢ neighbours of h in H in its copy w. Second, we choose the size j € {0,...,¢} of the
intersection of this set with the respective set in w’; there are at most (j) -A;(G) edges U' € G
with [U NU’| = j. Third, we choose a subgraph H' C H which is isomorphic to the inter-
section of w and w’. Fourth, we then choose the vy — ¢ — 1 remaining vertices of w and the
vg — £ — 1 — (vg — j) remaining vertices of w’. Note that the union of w and w’ has exactly
2(eg — ¢) — e edges. The constant factor C” accounts for the choices of the roles that the
vertices of w Nw' play in H'.

Claim 6.2. For some positive constant c that depends only on n and H,

pip (Flext(S)]) = ¢ min {kn"#~1p®H n’p}.

Proof. 1t suffices to show that, for some ¢ > 0 that depends only on n and H,
e(G) - ntHEper=t > ¢ min {kn”H_lpeH,nQp}.

We consider two cases, depending on which of the two terms achieves the minimum in
First, if e(G) > qrgk(np)’, then

e(g) . nUH—f—lpeH—é 2 k . an_lpeH.
Second, if e(G) > qrgn’, then
e(g) . an—é—lpeH—é > Cmn/vH_lpeH_é.

Since vy — 1 and ey — ¢ are the numbers of vertices and edges of the graph H — h C H,

implies that

nUH—lpeH—E > n2p. 0

Claim 6.3. For some positive constants ¢ that depends only on 1 and H,
2
fip (Flext(S)])
Ap(F)
where X is the constant from the statement of [Lemma 4.1]

> ¢-min {kn”H_lpeH, kn'tAp, n2p},

Proof. We first note that, for some positive constant ¢/,

o (Flext(S)))” ¢ -e(9)
AF) 7 max{A;(G) - wp w0 £ H C H — hwith [V(H) N Ny(h)] = j}

Fix some nonempty H C H — h and an integer j € {0,...,¢}. We consider two cases,
depending on which of the two terms achieves the maximum in First, if
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A;(G) < Ggge(G)/n?, then, by [Lemma 4.1
¢(9) _ npth _ n’p
Aj(Gni—varp=en = Crg ~ Cga
We may thus suppose that e(G)/n’/ < Crge(G)/n? < A;(G) < 4(np)*~7; note that this implies
that j > 1, as Ag(G) = e(G). We consider two further subcases, depending on which of the two

terms achieves the minimum in If e(G) > argk(np)’, then

e(9) ., aghnpn
Aj(G)ynI—vmrp=ent = 4 '

We now note that vy + 1 and ey + j are the numbers of vertices and edges of the graph
H +hCH. Ifvgr+1=wvg and ey + j = ey, then there is nothing left to prove. Otherwise,
the graph H' + h is a proper subgraph of H with at least two edges (as H' # () and j > 1)
and thus implies that nv# per'+7 > nl+2p for some A > 0 that depends only on H.
Finally, if e(G) > qrgn’, then

Vit et +7—4 Vgt E gt 2
e(9) S @@t @@y
A (G)nd~vu' p=en’ 4 4 4
where the last inequality follows from O

In order to complete the proof of the lemma, we just point out that, by and our
the assumption that k = o(n),

min {k(Q) P peH 1(Q) - 't p, n2p} > k(Q) - np. O
7. RIGIDITY AND CORRELATION
Recall that, for a graph G, a set of cuts C, and Il € C, we defined
be(G) = Iﬁa%ge(ext(ﬂ') NG),
defc(IT; G) == be(G) — e(ext(IT) N G).
Additionally, we now also set
maxcute(G) = {Il € C: e(G Next(Il)) = be(G)}.

Following DeMarco and Kahn [9], we define an equivalence relation =¢ ¢ on V(G) by:

r=cqy <= o andy arein the same part for every cut in maxcute(G).

The equivalence classes of =¢ ¢ will be called (C, G)-components, or simply components if the
identities of C and G are clear. The following definition, again borrowed from DeMarco and
Kahn [9], is key.

Definition 7.1. Given a family C of r-cuts, and a graph G, we say that G is C-rigid if the
number of equivalent pairs of vertices under = ¢ is at least (1 — a)n?/(2r).

A key property of graphs G that are rigid with respect to a family C of balanced cuts is that
all cuts IT € maxcute(G) agree on most of the vertices of G. This statement is made precise by

the following proposition, which is essentially [9, Proposition 10.1].

Proposition 7.2. Suppose that C is a family of balanced r-cuts. If G is C-rigid, then there are
distinct (C, G)-components Sy, ..., Sy, each of size greater than (1 — 4ra) - n/r.
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Proof. Let & := 4ra and let An be the number of vertices of G that belong to (C, G)-components
of size at most (1—a)-n/r. Further, denote by P the number of =¢ g-equivalent pairs of vertices.
Since C contains only d-balanced cuts, no (C, G)-component can be larger than (1 + 6) - n/r.
Consequently,
2 2
1-a) = <2P<A-Mn- (1484 -(1-a@)> =1+ -A0+a)~,
r r r T

which implies that (since we may assume that 6 < «)
<@ +0 < 2a i
a+d «Q 2r

On the other hand, if fewer than  components had size larger than (1 — &) - n/r, then

1 1 1
<(1-=)(1+= 1——)n,
(1=8) (g ()

as we may assume that § < 1/(2r). This completes the proof of the proposition. O

1=XMn<(r—=1)-(1+9)

=3

For a C-rigid graph G, we will call the (necessarily unique) collection {Si,...,S,} in the

assertion of [Proposition 7.2 the C-core of G and denote it by corec(G). Note that, in contrast

to our convention for cuts, we think of the core as unordered. We will say that (the vertex set
of) a coloured graph @Q is contained in the core if each of the sets V1(Q),..., V*(Q) of vertices
of @) coloured 1,...,r, respectively, is contained in a distinct element of the core.

Our next lemma, which is the key result of this section, is a variant of [9, Lemma 10.2].

Lemma 7.3. Let Q be an [[r]-coloured graph, let C be a family of balanced r-cuts compatible
with Q, and let £ < 1. Suppose that, for each tuple S = (S1,...,Sy) that is contained in some
cut from C and satisfies min; |S;| > (1 — 4ra) - n/r, we have an event F(S1,...,S;) that is

decreasing, determined by ext(S), and satisfies
P(F(S1,...,5) | Q C Gnp) <&

Let R be the event that Gy, is C-rigid, with {S1, ..., S} = corec(Q), labeled so that V(Q) C S;
for every i € [r], and F(S1,...,Sy) holds. Then P(R| Q C Gpp) < r!-&.

Proof. For an ordered tuple of pairwise-disjoint vertex sets S = (S1,...,.S,) that is compatible
with @ and satisfies min; |S;| > (1 — 4ra)n/r, denote by E({Si,...,S,}) the event that Gy,
is C-rigid, with core {S1,...,5,}. We claim that this event is increasing in ext(S). Indeed, if
G € E({S1,...,5;}), then adding to G an edge e € ext(S) does not change the set of largest
cuts of G; in particular, the graph G U e is rigid and has the same core as G. By Harris’s

inequality,

P(E({Sl, . .,ST}) N F(Sl, .. ST») | Q C Gn,p)
<SP(E{S,....5}) | Q CGnp) - P(F(S1,...5) | Q C Gnyp).

Consequently,

P(RIQCGnp)= Y. P(E{S1,....S}H)NF(S1,...5) | QC Gny)
(S1,.--,5r)

< Z ]P)(E({Slavsr}) ’Qan,p)ggr'gu

(S1,-.-,Sr)
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where the sums are over all ordered tuples (S, ..., S,) as above and the last inequality follows

since the core is unique and its elements can be ordered in no more than r! different ways. [

8. APPROXIMATING CUTS WITH SMALL DEFICIT BY CORES

Recall that, for a Q € Q, we defined Cg to be the family of all d-balanced 7-cuts that are
compatible with Q. It will be convenient to define, for an [r]-coloured graph @,

Vmin(@) = min{|V*(Q)| : k € [r] and VF(Q) # 0}.

Let Bg,7(d, z) denote the set of all graphs G 2 @ that admit an r-cut IT € Cq with defc,, o(II) <
d and v (F[GNext(II)]) < =, cf.|(P2)|in the plan of the proof presented in The following
statement will allow us to bound the probability of By ;é(dQ, dg) from above in terms of the
probability of the event that 1/(.7-'&2 [Gnp N ext(corec, (Gnyp))]) < dg, which we will be able to
estimate, in view of using Janson’s inequality and the calculations performed in
[Section 5l and [Section 6

Proposition 8.1. Suppose that an [r]-coloured graph Q € Q, integers d, D, m, and x, and a
family F of subgraphs of K, \ Q satisfy:
d,e(Q) < n’p and d < Vmin(Q) - min{np, §/(2r3) - n}.
Denote
¢ =P (Gny is Co-rigid and v(F|Gpp N ext(corec, (Gnyp))]) < 2+ m + r(d+1) | Q C Gnyp).

Then, for any positive constant K, the probability that min{(}),|0F[Gnypl|} < Dm/p and
Gnp € T NBg 7(d,x) is at most

p¢@ . pd. (Zd et e—Kdlog(n%/d)) ,

where Z depends only on «, pgy, and r.
Proof. Let
G:={GCK,:GeTnBgr(dz)and min{(3),|0F[G]|} < Dm/p};

we may clearly assume that G is nonempty, as otherwise there is nothing to prove. Further, set

a=2 and v = g,
67

let T be a large constant (that depends on «, ¢, pg, and r), and set
L :=TKdlog(n’p/d) < n*p.

In what follows, maximum cuts, critical edges, cores, and deficits are defined relative to Cg;
in particular, we write core and maxcut in place of corec, and maxcutc,. Further, following
DeMarco and Kahn [9], given a graph G, let
crit(G) = ﬂ ext(II) NG
ITemaxcut(G)
be the set of critical edges of G and note that crit(G) 2 ext(core(G)) N G.
Pick Gy ~ G, conditioned on Gy, , € G, so that, for every Go € G,

P(Grp = Go)

P(Go = Go) = P(Gry € 0)
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and let Fg be the empty graph. Further, let II € Cg be an arbitrary r-cut witnessing the fact
that Go € Bg,#(d, z). We will now define a random sequence ((G;, Fi))?zo, where T' < L is a
random stopping time.

Algorithm. For i =0,...,L — 1, do the following. Let
X, ={weF:wCG;Ncrit(G; UF;) and w Nint(IT) # O}.

and let U; = |, x, w N int(ID).

(a) If |U;| = m, then set G;41 = G; \ e for a uniformly chosen edge e € U;.

(b) Otherwise, if e(crit(G; UF;) Nint(II)) > yn?p, then set G;41 = G; \ e for a uniformly
chosen e € (G; Nerit(G; UF;) Nint(I1)) \ Q.

(c¢) Otherwise, if G; UF; is not rigid, then set G;+1 = G; \ e for uniformly chosen e €
(G; Nint(I1)) \ (crit(G; UF;) U Q).

(d) Otherwise, if G;UF; is rigid but @ is not contained in the core, do the following. Suppose
that the core is {S1,...,S,} and let k € [r] be an index such that the (nonempty) set
V*(Q) and some S; are in the same part of at least one but not all cuts in maxcut(G; U
F;). We then set F;11 := F; Ue for a uniformly chosen edge e € ext(II) \ (G; UF;) that
connects V*(Q) and the union of all such S;.

(e) Otherwise, G; U F; is rigid and @ is contained in the core. Set T' = i and stop the

algorithm.

If the algorithm defined G, and Fy, (instead of stopping in @ with ¢ < L), set T'= L.

A sequence ((Gi, Fi))::o will be called legal if it can be produced by the above algorithm,
that is, if with nonzero probability 7' = ¢ and (G, F;) = (G;, F;) for all i. The following lemma
describes several key properties of every legal sequence.

Lemma 8.2. Fvery legal sequence ((Gi, Fi))fzo has the following properties:
(i) The graph Gy contains Q.
(it) For every i € {0,...,t}, we have i = e(Go) — e(G;) + e(F;) and G; N F; = ().

(iii) At most d steps are of types or[(b)

(iv) At most r*(d + 1) steps are of type and thus e(F;) < r2(d+ 1) for every i.

Proof. The first item holds as ) C G by the definition of G and, while choosing an edge e to be
removed from G; while defining G4 in steps we always make sure that e ¢ @ (recall
that each graph in F is disjoint from @ by assumption).

The second item holds as Fy is empty and each step of the algorithm either removes an edge
from G; or adds to F; an edge that does not belong to G;. This means, in particular, that
e(Gi) —e(Git1) +e(Fip1) —e(F;) = 1 for each i € {0,...,t—1}; the identity i = e(Gp) — e(G;) +
e(F;) easily follows, as e(Fp) = 0.

For the third item, notice that every step of type @ or @ removes a critical edge of G; U F;
that lies in int(IT) and therefore the deficit of II with respect to G; U F; drops by one. Moreover,
none of the other steps increases this deficit, as we either remove an edge from int(II) or add
an edge to ext(II). Since the deficit of IT with respect to Go U Fp is at most d and it is always
nonnegative, there can be at most d steps of types @ and

The fourth item is an easy consequence of the following stronger property: Every block of
consecutive steps of type @ has length at most 72 and the step immediately following it cannot
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be of type To see this, assume first that the step ¢ — ¢ + 1 is of type @ that is, G; U F;
is rigid, say with core {Si,...,S,}, and @ is not contained in the core. Let j,k € [r] be the
indices defined in @ Observe that:

(1) Since the sets V¥(Q) and S; are in different parts of some maximum cut in G;UF}, adding
any edge connecting V*(Q) to S; can only shrink the set of maximum cuts; consequently
maxcut(Gi41 U Fyy1) € maxcut(G; U F;). Moreover, no cut that puts V¥(Q) and S; in
the same part can be a maximum cut in G;11 U Fjy1.

(2) Further, suppose that ¢ > i is such that all the steps i — --- — ¢’ are of type @
As maxcut(Gy U Fy) C maxcut(G; U F;), by the graph G U Fy is also rigid and
the elements of its core can be labeled as S7,..., S, so that S; C S for every j € [r].
Further, S;- 2 S; and V¥(Q) cannot be in the same part of a maximum cut of Gy U Fy
and thus the pair j and k of indices cannot be chosen in step i’ — ¢/ + 1.

The second of the above two observations implies that there can be at most 2 steps of type @
in a row. Moreover, since the graph G;11 U F;;1 produced by a step i — ¢ + 1 of type @ is
rigid (as G; U F; is rigid and maxcut(Gj+1 U Fi41) € maxcut(G; U F;)), the step i +1 — i+ 2
cannot be of type |(c) O

Denote by T,, Ty, T, and Ty the random variables counting the number of steps of types

and respectively, in the sequence ((Gi,Fi));TFZO defined above. Further, let

le, ..., T} be the random variables counting the number of times that a step of type |(d)| was
executed with k = 1,...,r, respectively, so that T; =T C} +---+T}. Since each of these random
variables takes values in {0,..., L} and ZtL:O(Q(t +1))72 <1, there are t,, ty, t¢, and t}, ..., ]
such that

P((Ta, Ty, Te, Ty, T) = (tastostestys - 1)
> (273t + 1) (b + 1) (te+ 1)t +1) -+ (¢ +1)) 72 = (2t +2r +6)72 6,
where t .= t, +tp +t.+ t}i +---+1]. Denote the above event by W and let S the corresponding
set of legal sequences. For every 3 € S, denote by Ay, the event that X was produced by the
algorithm. Finally, write t; := t}i + -+ 1y, note that ¢t = t, +t, +t. + ¢4 is the common length
of all the sequences in S (minus one), and define
¢
£ = {Gt UF: (G F))_, € 8}.

The following two lemmas imply the assertion of the proposition.
Lemma 8.3. Ift < L, then every G € £ is rigid and satisfies
V(F[G Next(core(@))]) <z +m+r*(d +1).
Lemma 8.4. We have

74 P(Grp €1 QC Gry), t<L,

PG, € G) <y @ . Dl
( P g) p e—Kdlog(n2p/d)’ t= L.

Proof of[Lemma 8.3 Let G € £ and write G = Gy U Fy, where (G, F) is the terminal element
of some sequence in S. Let M be a largest matching in F[G N ext(core(G))]. Remove from M
all w € F that intersect F; and denote the resulting matching by M’. Since e(F;) < r?(d + 1),
by [Lemma 8.2|((iv)l we have |M'| > |[M| — r%(d + 1). Further, remove from M’ all w € F that
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intersect int(II) and denote the resulting matching by M”. Since (G, F}) does not satisfy the
condition of step[(a)|in the algorithm, every matching in F[G; Next(core(G))] C F[G; Nerit(G)]
contains fewer than m subgraphs that intersect int(II) and hence |M”| > |[M'| = m > (M| —
r?(d 4+ 1) — m. Note that M” is a matching in F[G; N ext(IT)] € F[Gp N ext(II)] and thus
IM"| <z, as Gy € Bg, r(d, x) and II witnesses this fact. It follows that
V(F[G Next(core(Q))]) = M| < M|+ m+r*(d+1) <z +m+r*(d+1),

as desired. O

Proof ofm Recall the definitions from the paragraph preceding the statement of
We have

(2t +2r +6)"2C < P(W) = > P(Go = Gyo) - P(Ax | Go = Go). (20)
Y=(Gs,Fy))i€S

Since, for every sequence ((Gi, Fi))ﬁzo €S,
e(GrUFy) = e(Gy) + e(Fy) = e(Go) + 2e(Fy) —t = e(Go) + 2tq — t,

see we have

IED n — ]P) n — F t—Qtd
P(GO _ GO) (G P GO) _ (G P Gy U t) ) < p ) .
P(Gnyp € G) P(Gpnyp € G) 1—p

Consequently, multiplying both sides of by P(Gn, € G), we obtain

P(Gnp €9G) < p
(2t +2r +6)2+6 = \ 1 —p

t—2t4
> S PGy =GiUR)-P(4s | Gy = Go)
Y=((G4,F;)): €S
< (-2 tQtd-IP(G €&)-max Y P4z |Go=Go) 2!
< n,p nax Y 0—%0)-

L—=p
E:((Gi,Fi))iES
GUFy =G

*
The next two claims will allow us to bound the maximum in the right-hand side of the above
inequality. Set tz :=t, +tp +tq =t —t. and N := n?/2.

Claim 8.5. For each G € &, the number of sequences ((Gi, Fi))ﬁ:o € S such that GiUF; = G
15 at most

3et\ " [ Dm\" 1—a/2)N(1 —p)\ " L
<t€-) <pm) Nttt <( o/ 21 ( P)> H (2%e[VH(Q ‘np)
¢ k=1

Claim 8.6. For every ¥ = ((G;, Fi));o €S,

P(As, | Go = Go) < (;)t (7]1\@)% <(1 —;)prcg ((1 —po)T;k(Q)!nys‘

Before proving |[Claim 8.5| and [Claim 8.6 we first show how they imply the assertion of the

lemma. By the two claims, the maximum % in the right-hand side of can be bounded from
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above as follows (recall that tz = t, + t, + tg):
() () () () () (222)
te p P (1—a)p (1-a/2)(1-p) 1—po
te _ t . tat+tp+tc—tq
(5 o () (5
te 1—a p

where C, depends only on «, &, v, po, and r (recall our assumption that p < py < 1). Sub-
stituting this estimate back into and using the identity ¢, + &y + t. — tqg = t — 2ty4, we

obtain . t
P(GTMP € g) C*t ¢ ta 1-— 04/2
(2t + 2r + 6)2r+6 < < ts > D 1—a P(Grp €E).

—a
Since t, < d, by [Lemma 8.2||(iii)| denoting

te o 1—a
T= and A.-log(l_a/2>>0,

we obtain
P(Gnp €9)
P(Gnp€€)
Observe that, since z log(1/x) — 0 as z — 0, there must be some 179 = 79(Cy, A) = 10(a, &, 7, po,T)
such that 7log(C,/7) < \/2 for all 7 < 79. We also note that items |(iii)| and |(iv)| in [Lemma 8.2|
imply that

C
<D (2t 4 2r +6)* 0 exp (Tt log 7* — /\t) . (22)

Tt=te =ty +t,+t4 < (12 +1)(d+1) < 4r?d. (23)
In order to estimate the right-hand side of , we consider two cases.

Case 1 (t = L). Inthis case, 7 < 4r2 /T < 79, since I' > I'(79, ) = I'(a, &, 7, po, ). Consequently,

C At AL
exp | 7tlog — — Mt | < exp -5 )= exp —5 )
T

Finally, as L = P'Kdlog(n’p/d) > T and I' > I'(\,r) = I'(a, &, 1), we have, by (22),

]P)(Gn,p c g) < Dd . (2L + 92 + 6)27’+6 . efAL/2 < Dd . ef)\L/3 < Dd . edelog(nQp/d)'

Case 2 (t < L). Since 7log(Cy/7) < A\/2 when 7 < 19 and log(Cy/7) < log(C.4/70) otherwise,

C, C, M o\ At
exp TtlogT—)\t < exp TtlogT—O—E < . exp -5 )

where the last inequality uses (23)). Finally, since (2t + 2t 4 6)* 6 exp(—At/2) is bounded by a
constant that depends only on r and A\, we may conclude from that

P(Gpp€G) < DY Z%-P(G,yp € E)

for some Z = Z(a, &, 7, po,r). Finally, since every graph in £ contains @, by we
have P(Gyp € €) = p?@ - P(Grp € E | Q C Gnyp)

Proof of [Claim 8.5, Fix some G € £. We bound the number of different ways to construct a
sequence ((G, Fi))Z:D € S such that G = Gy U F}.
First, we should choose the types of the ¢ steps 0 — ... — t in the above algorithm. There
are tz steps of type other than and thus there are at most (tté)?)ta choices for all the types.
Second, we bound the number of different choices for the sequence (F;)!_,. In order to choose
the partition G = G U F}, we need to decide which ¢4 edges of G belong to F;. By construction,

F; can be partitioned into sets of sizes t}l, ...t such that the kth part contains only edges
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incident with V*(Q). Since Gy C Go € T, the number of such edges is at most

VHQ)| - A(Gy) + e(Fy) < [VHQ)] - 2np +17(d + 1) < 20 [VF(Q) Inp,

where the first inequality follows from [Lemma 8.2|/(iv) and the second inequality is true because

d < vmin(Q) - np. Since the sequence (Fi)§:0 increases by one edge at steps ¢ — ¢ + 1 that were
designated to be of type @ and remains constant otherwise, the number of possible sequences

(F;)t_, is at most

ta T (o210 k % TT (o3 (k th

(0 ) TT AV @l < TT P @)™
rtds =y k=1

Finally, we bound the number of ways to choose the sequence (G;)!_,. Recall that this

sequence remains constant at steps ¢ — i+ 1 that were designated to be of type@ and decreases

by one edge at all the remaining steps. We may thus reconstruct it from the knowledge of G

as follows:

e For any 4, the number of ways to build G; from G, is not more than N.

e If the step i — ¢ + 1 is of type @ then in order to build G; from G;11, we need
to add an edge which completes an element of F with the rest of G;;;. There are
clearly no more than min { (g), |8]~"[Gi+1]|} such edges; since G;11 € Gy € G, and thus
OF[Giy1] € OF[Gol, this number is at most Dm/p.

e If both the steps ¢ — ¢+ 1 — ¢ + 2 are of type then G;4+1 U Fjy1 is not rigid and
b(G; UF;) = b(Giy1 U Fiy1), as the edge removed from G; while forming G;4+1 was not
critical in G; U F;. This means that, in order to build G; from G;41, we need to add an
edge so that b(G;4+1 U Fiy1) does not increase, i.e., an edge whose both endpoints belong
to the same (Cq, Gi+1 U Fjt1)-component (see . In other words, denoting by
IT' the set of such components, we must add an edge of int(Il"). Since G;41 U F;41 is not
rigid, we have e(int(IT')) < (1 — a)n?/(2r) and thus the number of possible edges is at

most
e(int(Il') \ Gi+1) < e(int(I')) — e(Go Nint(I')) + e(Go) — e(Git1).
Since Go € G C T, we have e(Go Nint(Il')) = e(int(II')) - p £ o(n?p). Furthermore,
e(Go) — e(Giy1) < i+ 1< L < n?p. Consequently,
e(nt(IT) \ Gigr) < ein(I1)) - (1 — p) + o(n%p) < (1 — a/2)n2/(2r) - (1 - p),
where the last inequality follows as 1 —p > 1 — pg > 0.

Summarising, since there are at least t. — tz indices ¢ such that the steps i — i+ 1 — ¢+ 2 are

both of type |(c), we may bound the number of sequences (G;)!_, by
a tc_té
Dm\? ‘ (1—a/2)n2(1—p) | NtHe
P 2r

The claimed bound now follows by multiplying the three above bounds, for the numbers

of choices of steps and the sequence (F})!_, and (G;)!_,, and using the standard estimate
(1) < (et/te)te. a

Since, for every i, the random pair (Gjt1,Fit+1) is obtained from (G;, F;) by removing from

G; or adding to F; an edge chosen uniformly from some collection, in order to prove
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it suffies to establish the following lower bounds on the sizes of these collections, depending on

the type of the step.
Subclaim 8.6.1. For every step of type there are at least m choices.
Subclaim 8.6.2. For every step of type@ there are at least yn?p/2 choices.

Proof. If (G;, F;) falls into[(b)}, then the number of choices for the edge to be removed from G;
is at least

e ((G; Nerit(G; UF;) Nint(II)) \ Q)
> e(crit(G; UF;) Nint(I1)) — e(F;) — e(Q) > yn?p — e(F;) — e(Q).

Finally, our assumptions and [Lemma 8.2|[(iv)| imply that e(F;) < 7?(d + 1) < n?p and e(Q) <
n?p. O

Subclaim 8.6.3. For every step of type there are at least % choices.

Proof. 1f (G;, F;) falls into then the number of choices for the edge to be removed from G;
is at least
e(G; Nint(Il)) — e(crit(G; UF;) Nint(I)) — e(Q).

Since Gg € T, we have
e(G; Nint(I)) > e(Go Nint(IT)) — i > e(int(II)) - p — o(n’p) — i.

Crucially, since (G4, F;) did not fall into|(b)| we have e(crit(G; UF;) Nint(IT)) < yn?p. Finally,
since i +e(Q) < L+ e(Q) < n?p and II € Cg is balanced (and ¢ is small as a function of « and
thus also of ), we may conclude that the number of choices is at least

2 2
e(int(I1))p — 2yn’p > % —3ymip=01-a)- %’

as (sub)claimed. O
Subclaim 8.6.4. For every step of type there are at least (1 — po)|VF(Q)|n/(4r) choices.

Proof. Suppose that (G, F;) falls into @ that is, that G; UF; is rigid, with core {S1,..., S}
and @ is not contained in the core. This means that there are indices j, k € [r] such that the
nonempty set V*(Q) and S; are in the same part of some but not all maximum cuts of G; UF;.
Note crucially that, for each such k, there must be at least two different indices j; indeed, if
V¥(Q) and S; are not in the same part of some maximum cut, then V*(Q) shares its part with
some Sj with j" # j.

We now argue that min{|S; N V|, |S; NV} < v/2yn, where Vi, D V¥(Q) is the kth set in the
(ordered) r-cut II. If this were not true, then ext({S; N V4, S;» N Vi }) would be a set of at least
2vn? edges of int(IT). Moreover, since G € T, we would have

e(ext({Sj NV, Sjp V)N G()) > 2yn?p — 0(n2p)
and thus
e(ext({S; N Vi, S; NVe}) NGy) > 2yn’p — i — o(n?p) = yn’p.

However, ext({S; N Vi, Sy N Vi.}) N G; C crit(G; U Fy) Nint(II), contradicting the assumption
that the step ¢ — ¢ + 1 did not trigger case @ in our algorithm.



SIMONOVITS’S THEOREM IN RANDOM GRAPHS 33
We may thus assume, without loss of generality, that [S; N Vi| < /2yn and thus
n_n
19\ Vil = 185] = 1S, N Vi = (1—41"04—\/277");227”, (24)

where the last inequality holds as « (and thus ) is small. Since we may add to F; any edge of
ext({VE(Q), S; \ Vi}) \ (G; UF;) and

e(ext({VEQ), S5\ Vi) = [VE@)] - 19, \ Vil = [VE(@Q)] - n/(2r),
it is enough to argue that
e(ext({VE(Q), S5\ i) N (Gs UF) < (14 po)/2- eext({VH(@Q), 5\ Vi), (25)
To this end, observe that
e(ext({VF(Q), 85\ Vi) N (Gs UF)) < e(ext({VF(Q), 85\ Vi}) N Go) + e(F)
and that, by [Lemma 8.2||(iv)}

e(F;) < 7"2(d +1) < vmin(Q) - 2r2d < ]Vk(Q)] - min {2r2np, (5n/r}. (26)

Consequently, the left-hand side of is clearly not larger than [V*(Q)| - (A(Go) + 2r?np).
Since A(Gg) < 2np, as Gog € G C T, the desired inequality holds if p < 1/(10r3), say. We
may thus assume for the remainder of the proof that p > 1/(10r%). If |[V*(Q)| > 1, then the
assumption that Gy € 7 implies that

e(ext({V*(Q). 87\ Vi}) N Go) < (L4 0(1)) - e(ext({V(Q), S; \ Vir})) - b,

which again implies (25), as e(F;) < r*(d + 1) < vmin(Q) - dn/r < [VF(Q)] - 6n/r, p < 1 — po,
and § < §(r,pg), so we may further assume that |[V¥(Q)| = O(1). But this means that Q € Qy,
(every graph in Qpy has Q(np) vertices) and thus k =1 and V2(Q) = ... = V"(Q) = 0.

Here, our argument is somewhat more involved: We will show that must hold, or other-
wise a cut that places V1(Q) and S; in the same part cannot be a largest cut in G; UF;. Let
' = (V/,...,V)) € maxcut(G; UF;) be an arbitrary maximum cut that puts V1(Q) and S; in
the same part V{ and let II” be a cut obtained from I by choosing ¢ € [r] uniformly at random
and swapping V'!(Q) and a uniformly chosen random subset R C V/ of the same size (so that
IT” = II" with probability 1/r). Since II” is compatible with @ (for some ordering of its colour
classes) and its colour classes have the same sizes as the colour classes of II', it belongs to Cg
with probability one. Since Il € maxcut(G; U F;), the difference

e(ext(H”) N (Grz U Fz)) — e(ext(H’) N (Gz U Fz))
is nonpositive. This difference can be rewritten as (letting U == V1(Q))

E; Eo
e(ext({U,V/ \U}) N (G; UF;)) —e(ext({U, V/\U}) N (G; UFy))
+e(ext({R,V/\ R}) N (G; UF;)) —e(ext({R, V] \ R}) N (G; UF;)).

Es E4
We now estimate the expected values of Ej, ..., F4. First, since we assumed that the sets U

and S; are disjoint and both contained in V{, we have Ey > e(ext({U, S;}) N (G;UF;)). Second,
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since each vertex appears in V/ with probability exactly 1/r, we have
l

e(ext({U,V\ U} N(G; UFy)) < |U|- A(Gy) + e(F;) o |U| - (np+ én + o(n))

E[Es] =

where the last inequality follows as A(Gg) < np+o(n), since Go € G C T, and e(F;) < |U|-6n/r,
by (26). Third, since for every j € [r],

Y dega,ur, (v, V)) = [RI® <eext({R, V] \ R}) N (G UFy)) < ) degg,ur, (v, V)

vER vER

and, recalling that R is a uniformly chosen random |U|-element subset of V,

U]
E [Z degGqui(U,V;) ‘ = |V/’ : Z degGiUFi(v7V7/)7
vER 4 veVy
we have
E[Es—Ey) _r—1  [2e(it({V]})N(G;UF;)) e(ext({V/,V]})N(GiUFy))
>""=  min , - , U]
U] T A IVl IVl
r—1 . 2e(mt({V]}) NGo) —e(ext({V{,V/}) NGo) — e(F;) — 2i
= - min 7 —|U].
roj# Vi
Further, as Go € G C T and e(F;) < i < L < n?p,
E[E3 — E4] r—1 . Y / 20m
> . oy — = > -
T rﬁgl{l‘/}l p—IVil-p—o(n)} .

where the second inequality follows since II’ is a balanced cut.
Recalling that Fy — Es + E3 — Ey is always nonpositive, we may conclude that

|U| - (np + 36n + o(n))

e(ext({U,5;}) N (G UF;)) < E1 < E[E; — E3 + Ey] <

,
and thus, by ,
p+35+o0(1)
t({U,S;}) N (G, UF;)) < ——— = |U| - |55 \ Vil
e(ext({U.5)}) N1 (G UT,)) < L5 2E00L - 0] 15, \ Vil
Since p < po < 1 and « (and thus 7) and § are sufficiently small with respect to 1 — pg and r,
we obtain
1+ po 1+ po
e(ext({U, S;iHN(G;UFy)) < — \U| - 155\ Vi| = 5 -e(ext({U, Si\ Vk})),
which, recalling that U = V*(Q), implies . O
The proof of and thus of is finally complete. O
Since we have already shown how and imply the assertion of the
proposition, the proof is complete. O

9. THE PROOF

Recall that our goal is to prove that a.a.s., for every () € Q with ) C G and every r-cut
II € Cq with defe,, (IT; G) < dg, the family Fq[G Next(II)] contains a matching of size exceeding
dg, see in the proof plan presented in Note that this is precisely the complement
of the event By r,(dq,dq) defined at the beginning of For technical reasons, we
will actually bound from above the probability of the event B 7, (dg,dq) 2 Bg.r,(dg,dq),
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where .7-"(’02 C Fq is a (carefully chosen) subfamily of 7. Gearing up towards an application of

[Proposition 8.1}, we will also choose, for each Q) € Q, integers D¢g and m¢ and define Dy to be
the event min {(3),|0F,[G]|} < Dgmq/p, so that

]P’(BQJ(/Q (dg,dgq) for some Q € Q[G]) < P(T°) + P(Dg for some Q € Q[G])

+ Y P(TNDg N By r, (dg, dg))-
QeQ
What we would like to do is take F[, := ]-"5"” for each Q € Qr and ]:’Q = fgjgh for all
Q € Qp. In some cases (when @Q € Q% and p > ppy), however, choosing such large families fé)
would make the event ng likely, unless the product Dgmg is large, in which case the upper
bound on the probability of 7 N Dg N By, A (dg,dg) provided by |Pr0position 8.1| (which is
increasing in both Dg and mg) would not be sufficiently strong for our purposes. In order to

strike a balance between the events D¢, and T N Dg N By, A (dg,dg) in the problematic cases,
we will let .7-"&2 be a (pseudo)random subfamily of .7:5’“’ with an appropriate density.
To this end, given a family H C H of copies of H in K, define, for every Q € O,

FE¥(H) = {A\Q: A€ HE" NH},

cf. the definition of ]_-gw given at the beginning of [Section 5| We will let .7:(12 be the family
]-"(5"" (H) with # being (a typical sample from the distribution of) the binomial random hyper-
graph H,, for an appropriately chosen gq. The reason why we define ]:é? via a random subset
H C ‘H, rather than simply letting }"é) be a random subset of fégw or ]:gigh, is to avoid an
unnecessary union bound over all () € Q while estimating the probability of Dg failing for some
Q € Q[G].

The remainder of this section is organised as follows. First, in we construct
the family ]-"é? in the problematic case Q) € Q% and p > pp. Second, in we define
the parameters for the applications of [Proposition 8.1 for all Q € Q. Finally, in
we put everything together and conclude the proof of

9.1. Sparsification. In order to obtain an upper bound on the probability of 7 N Dg N

By, A (dg,dg) using |Proposition 8.1|7 we need to establish an upper bound on the probabil-

ity that G is Cq-rigid and F[ext(corec, (G))] contains no large matching (see the definition of
¢ in the statement of [Proposition 8.1)). To this end, we will use in combination
with which supply an upper bound on this probability (the said &) that is ex-
pressed in terms of the quantities A,(F¢,) and the minimum of p,(Fg[ext(S)]) over all r-tuples
S = (51,...,5,) that are compatible with () and satisfy min;|S;| > (1 — 4ra)n/r. Since the
upper tail of A, (.7-"5“"’(7:[)) is likely too heavy to allow a union bound over all @, instead of

choosing a single H for all @, we sample a sequence of independent copies of H. Tt is straight-
forward to show that the probability that fgw(”;':[) does not have the desired properties for all
random hypergraphs in the sequence is small enough to warrant a union bound over all Q € Q;
this means that we can find at least one suitable H for each Q € Q and define Fl, := fg’w (H).

While defining our families .7-"6’9, we will also need to make sure that Dg holds with probability
close to one simultaneously for all Q € Q[G]. The following simple observation supplies an upper
bound on the size of 9. [G] in terms of two simple parameters of @ and a random variable that
depends only on the hypergraph H C H that we used to define ]-"é. Recall that, for a vertex v,

we write H, to denote the collection of all copies of H in K,, that contain v.
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Observation 9.1. The following holds for every family HCH and every G C K,:
(1) For all Q € Qr, we have

0FS (H)[G]] < e(Q) - max [90:H[G]).

ec Ky

(2) For all Q € Qu[G|, we have

OF N < k(Q) - OH,[G]),
0F5* (Gl < k(Q) ve@f&)l [G]]

where k(Q) is the number of centre vertices of Q.
The following lemma will allow us to define an appropriate family .7-"& for all Q € Q%.

Lemma 9.2. There exist constants C' and Cy that depend only on H such that the following
holds for every q € [0, 1] satisfying
nB—UH

vg—2,eg—2

q > max C- and n P q = logn.

QeQ7 e(Q)
There are Hi, ..., Hyx C H with the following properties:

(A) A.a.s., maxeck, |00:Hi|Gnpl| < Conti—2pi=2q for every i € [N].
(B) For every Q € Q3 , there exists an i € [N] such that

(B1) For every r-tuple S = (S1,...,Sr), with V(Q) C S1, of disjoint subsets of vertices

of size at least n/(2r),
1 (FS™ (i) [ext(S)]) = (¢/2) - pp(FG™ [ext(S)]).
(B2) Dp(FE™(Hi) <267 Ap(FG™).

Proof of[Lemma 9.3, Let G ~ G,,,. Given an edge e € K,, and a hypergraph H C H, denote
by A¥ the event that

00:H[G]| > Con”# ~2pei—2q
and let AM = Ueex,, A?. Further, for each Q € Q2 let Bg}l denote the event that

i (FS™ (F)lext(9)]) < (a/2) - pp(FG" [ext ().

for some r-tuple S = (S1,...,S;), with V(Q) C 51, of disjoint subsets of vertices of size at least
n/(2r) and let Bg}Q be the event that A, (.7:5“’(7:[)) > 2¢° - Ap(}"g’w). The following two claims
easily imply the assertion of the lemma.

Claim 9.3. P(AMs | H,) < n~! with probability at least 1 —n~>.

Claim 9.4. P(By% UBLY%) < 2/3 for every Q € QF.

Indeed, let N = n? and let H1,...,Hy be independent samples from the distribution of Hy.
Note first that and a simple union bound imply that, with probability at least 1 —n~!
(in the choices of Hy,...,Hy), we have P(A*) < n~! for all i € [N], that is, assertion
holds. Further, asserts that, for every fixed pair of @ € Q and i € [IN], the probability
that either or fails for this pair is at most 2/3. Since, for a given @, these events are
independent for all ¢ € [N], the probability that either or fails simultaneously for all
i € [N] is at most (2/3)". However, there are no more than 2(2) graphs in Q% and thus the
probability that fails is not more than 2(2) - (2/3)"" < (8/9)"°/2.
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Proof of [Claim 9.3 Denote by A the event that P(A*s | H,) > n~! and observe that P(A™4) >
P(A) - n~'. On the other hand, we may also bound the probability of A*4 from above by first
conditioning on G. To this end, let A, be the event that

100, HIG]| > Con®n 212/ (20)
and note that P(A.) < n~=% when Cj is sufficiently large, by mn Consequently,

P < 37BN < 30 (A +PAN [ A)) < 5+ 3D B(AR | A9,
e€Kn e€Kn e€Kn
Gearing up to bound ]P’(.AZ{Q | Ag), define, for all e € K,, and H C H,
1 :!{AG’}:[:GEAandA\(eUf)QGforsomefeA}}
and observe that, for all e € K,
22 100.H(G)| < ZH < ¥ - 00.A(G)).

The advantage of working with Zzl is that, conditioned on G, the variable ZZ{ ? is distributed
like Bin(Z, q). Since ZM* < Con®#=2p°n=2/(20%) on A¢ whereas ZHa > Con?a=2peu=2q /¢2,
on A" it follows that (letting m = Con¥# —2p°Hn=2/(20%) > Cy/(2v%) - ¢ 'logn)

}P’(AZ{‘Z | AS) < P(Bin(m, q) > 2mgq) < exp(—mq/8) <n”°,

where the last inequality holds provided that Cp is sufficiently large. We conclude that

1 n 1 1
PA) <P < (st () ) < o

as claimed. O

Proof of [Clazm 9.7} Fix an arbitrary Q@ € Q2. By construction, for each w € FSv, there is a
unique A € H such that w = A\ Q. In particular, we have
E[A (]:lOW(rH ))] — q2 A (J—_-low)

and thus IP’(B?Q{’QQ) < 1/2 by Markov’s inequality. It is therefore enough to show that ]P’(Bg:ll) <
1/6. To this end, note first that, since ]-"5"” is a uniform hypergraph, Bg’ql is the event that
| Fi5™ (1) [ext(S)]] < (¢/2) - [FS™[ext(S)]| for some r-tuple S = (S, ..., S,), with V(Q) C S, of
disjoint subsets of vertices of size at least n/(2r). Further, observe that, for every r-tuple S of

interest,
| FS™ (Hg)ext(S)]] ~ Bin(|F$™ [ext(5)]], )

and \fgw[ext(S)H > (my/2) - e(Q) - (n/(2r))VH "2 = m, by Since there are at most

(r 4+ 1)™ choices for the r-tuple S,
P(Bgfl) < (r+1)"-P(Bin(m,q) < mq/2) < (r +1)" - exp(—mg/8)
< (r+1)" - exp(=Cry/(2r)'" -n) < 1,
provided that C is sufficiently large. O

The proof of the lemma is now complete. (|

9.2. Choosing the parameters. We are finally ready to choose the parameters for our appli-
cation of [Proposition 8.1 We first apply with ¢ := C'logn/(kn" ~2pea=1) to obtain
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pQgngf Ve(Q)logn A BnPp | kntH2per1 . e(Q) 4?’
> () ”
pQ c Zzp}:H 8re(Q) 8re(Q) ch
> C A loe e
pQ c QQp%H it | Vie(@Q)logn A Bn?p | knt2pei g - o(Q) o
Q€ Qy 32k(Q)np 32k(Q)np %ﬁf(@)

TABLE 1. The choices of the parameters. (For brevity, a A b denotes min{a, b}
and M (k) := kn"#~1peH A n2p.)

hypergraphs Hi, ..., Hy C H as in the assertion of the lemma. Note that we need to first verify
that nVH —2peH—2g = C’/n -p~tlogn > logn and that, for every Q € Q2,
C logn Cn3—vn
T (o)

which holds since e(Q) > knp/logn and ey > 2.

We now choose the families ]:éQ‘ If either Q € Qp and p < Cypy or Q € QlL and p > Cypp,
then we let F,, = .7-"615”". If Q € Q2 and p > Cypp, then we let Fj, = fg’w(Hi(Q)), where
i(Q) € [N] is the index from [Lemma 9.2/|(B)l Finally, if Q@ € Qp, then we let F(, be the
hypergraph F C fgigh from the assertion of [Lemma 6.1l

The choices of the parameters mg and D¢ are described in where we also recall the
definition of dg originally given in [Definition 2.6

9.3. Calculations. We first estimate the probability that Dg fails for some @ € Q[G]. (Recall
that D is the event that min { (3), [0F5[G]|} < Domg/p.)

Lemma 9.5. A.a.s., Dg holds for all Q € Q with Q C G.

Proof. We prove this lemma separately for each of the four rows in First, if p < Copp
and @ € Qr, then fé = 5“’ and thus on the event T, by |Observation 9.1|,

071G < e(Q) - max [00:H[G]| < degn®1 2 pei 2 e(Q) = Domaq/p.

Second, if p > Cypy and @Q € QlL, then (g) <n?= Dgmg/p and thus Dg holds almost surely.
Third, if p > Cppy and Q € Q2 then Fo = fgw(Hi(Q)) and thus, by |Lemma 9.2||(A)| and
[Observation 9.1}

[0FQ[C] < e(Q) - max [00.Hi(g)[CG]] < Con"~2p°H~2q . e(Q) = Dgomq/p.

Fourth, if @ € Qy, then ]:é) - fgigh and thus on the event 7, by |Observati0n 9.1L

0F(lGY < k(Q) - max | |0H.[G]| < 2vm k(@)nv e
veE n

moreover, (5) < n?. Hence, min {(}), \8]-"&2[(?”} < Dgmg/p. O

Moreover, denote by Gg the event 7 NDg N Bbe(dQ’ dg) N{Q C G}.

Lemma 9.6. Suppose that there exists a positive constant ¢ such that

P(Gyyp € Gg) < p&(@e(1+0)e(@) log(n®p/e(Q))
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for every Q € Qr, and that
P(Gnyp € Gg) < pe(Q)e—Qk(Q)w

for all Q € Q. Then
D P(Gup € Gg) = o(1).

QeQ

Proof. Denote N = (). Since ¢(Q) < fNpfor all Q € Qp, with Q C Gy, when G € Go C T,

we have

BNp N
Z P(Gryp € Gg) < Z < >pme—(1+0)m10g(Np/m)

QeQy, m=1

m

BNp eNp\™ BNp

<y <) e~ (L+omlog(Np/m) 5 gm—emlog(Np/m)

m=1 m=1

Let f(z) = x — cxlog(Np/z) and note that f'(x) = 1 + ¢ — clog(Np/x). In particular, if
€ (0,8Np), then f'(x) < 14 ¢ —clog(1l/B) < —1, provided that J is sufficiently small as a

function of ¢ only. This implies that

BNp BNp of (1)

> P(Gnyp€bo) < Zf <Zf+1m<1_1/e O((Np)~©).

QeQr

Since each QQ € Q has a set of centre vertices that dominate all its edges,

n k
> PGy < (}) (Z <;>pm> .
QeQn k=1 m>0
n nk = —2knp - n —npk
<k>(1+p) e g;<k>e

k=
=(1+4+e ™))" —1<exp(ne ™) —1<2ne ",

since ne” " < 1. O

Fix an arbitrary @ € Q. In order to bound P(G,, ), € Gg), we will apply [Proposition 8.1| with

d=2x=dg, m=mqg, D= Dg, and F = Fg. To do this, however, we will first have to check
that the various assumptions of the proposition are satisfied. Since e(Q) < An?p < n?p and Fo
is a family of subgraphs of K, \ @, it will suffice to prove the following lemma.

Lemma 9.7. For every Q € Q satisfying @ CG € T,

dg < n’p and dg < Umin(Q) - KNP.

Proof. The asymptotic inequality dg < n?p is straightforward to verify. Indeed, recall that
e(Q) < n?p for all Q € Q and k(Q) < n for all Q € Qp. To see that the second inequality
holds as well, consider first the case Q € Q. Here, we have vyin(Q) = [VH(Q)| = e(Q)/A(Q) >
e(Q)logn/(knp) and thus

do {
< Knp - max , ——
Umin(Q) P \/ﬁ
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Assume now that Q € Qp. Our assumption that Q@ C G € T implies that vyin(Q) > c -
min{n, k(Q)np} for some positive constant ¢ that depends only on n and thus

dq -1
< ¢ -max{32, 32k <L np,
e 32,32K(Q)p) < np

since k(Q) < n. O

Define
vg =mq + (r* +1)(dg + 1).

[Proposition 8.1 with K¢g = 3 implies that, for some constant Z = Z(a, po, ),

P(Gnp € Gg) < pe(@) -DgQ . (chz €+ e3da 10g(n2p/dce)> , (27)
where
&g =P (Gn,p is Co-rigid and v(F[Gnp N ext(corec, (Gnp))]) <vg | Q C Gnyp)-

Gearing up towards bounding {g from above, let Sg denote the collection of all tuples S =
(S1,...,Sy) of pairwise disjoint sets of vertices that are compatible with @ and satisfy min, |S;| >
(I —4ra) - n/r. Since, for every S € Sg, the event v(Fgo[Gpp Next(S)]) < vg is decreasing,
determined by ext(S), and independent of the event @@ C G, ,, we may use to
conclude that

o < rl. éré%)é P (U(fQ[Gn,p N ext(S)]) < Z/Q) .

Since we will bound {g from above with the use [Corollary 3.4 and |Corollary 3.5 it will be

convenient to define, for each S € Sg,

po = min iy (Falext(S)]). g = A(Fg), and Ag:=min {g. uh/Aq}.

The following two lemmas are the heart of this section.

Lemma 9.8. The following holds for every Q € Qp:
(i) If p < Copr, then g > (1+£)e(Q) log(np) and Ag, vg < /100 - pg.
(ii) If p > Copu, then Ag = 100r - e(Q) log(n?p) and vg < Ag/1000.
Lemma 9.9. For every Q € Qp, we have Ag > k(Q)np -log Dg and vg < Ag/1000.

We first show how to use the two lemmas to complete the proof of Note that it
is enough to show that the assumptions of are satisfied. In view of (27), it suffices
to estimate (DgZ)9@ - &g and the quantity Z¢ defined by

EQ — Dé@ . 6_3dQ log(n2p/dQ)‘
Since Dg < n?p/dg for all Q € Q, we have
Eg < exp ( — 2dglog(n’p/dg)).

Further, since e(Q) < dg < n?p for all Q € Qr, and the function z — xlog(a/z) is increasing
on (0,a/e), we further have

=0 < exp (- 20(Q) log(n?p/e(Q))).

Similarly, since k(Q)np < dg < n?p for all Q € Qp, we also have

=g < oxp (— K(@Q)nplog(n/k(Q))) < exp(—3k(Q)np).
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In order to estimate (DgZ)%@ - &g, we split into three cases.

Case 1. p < Coppg and Q € Qr. By we may apply [Corollary 3.4 with v :== /10

to obtain

rl-exp (— (1 —¢/10) - pg +2A¢) <rl-exp (— (1 —£/10 — £2/50) - pg)
rl-exp (= (1—¢/T)(1+¢) - e(Q)log(n’p)) < exp (— (1+¢/2) - e(Q)log(n’p)).
Further,

4€HZ> vne(Q)logn

. <exp (e/4-e(Q) log(n2p)) :

(Dazy'e < (
We may thus conclude that

P(Gq)
pe(Q)

< (DgZ)% - £ +Eg < e~ (1Fe/9e@) log(n’p) 4 o—2e(Q)log(n’p/e(Q))

as needed.

Case 2. p > Cyppr and Q € Qr. By and |Corollary 3.5| we have
£o <rlexp(—Ag/10) < 7!-exp (— 107 - e(Q) log(n?p)).

Further,
anp 8re(Q) CaZ Vvne(Q) logn
DpZ)% < —o= < log(n?
(DqZ) max{(Sre(Q)) , < . > exp (91"6(@) og(n p)),
We may thus conclude that
P
p(ig?)) < (DoZ)™ &0 +Eo < rl- e~ e(@oxn®) | ~2(@)lox(n*p/e(Q),
as needed.

Case 3. @ € Qp. In this case, dg = 32k(Q)np and thus, by we may apply
Corollary 33 to obtain

(DgZ)%@ - &g < r!-exp (3210g(DoZ) - K(Q)np — Ag/10) < exp(—3k(Q)np).

We conclude that

~

(Gq)
pe(Q)

< (DQZ)dQ €0+ o < 26—3k(Q)np7

as needed.

Proof of [Lemma 9.8 Assume first that p < Cpppy. Since in this case we set Fi, = Fi5", it
follows from [Lemma 5.2] that

(i = 0o(1)) - e(Q) - (1 — dar) -n/fr)""pfn~!
(1 —4dar —o(1))" 2. e(Q) - r* "Huyn 2. (1 +¢)pg)®® L.
Since ey > 3 and a < ¢, it follows from the definition of py and that

pg = (1+2) - e(Q) - r* " HrydsH ! logn

—(1+26)-6(Q)-(2—

1
— H)) logn > (1+¢) - ¢(Q) - log(n?p),
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where the last inequality follows as p < Cypyr = O(n~Y/™2(H)1ogn). Furthermore,
also yields

A ClowknVHE 2per—1 Clow kN 2(Coppr )t 1 _ g2
Ts <= lognp <= log(n o = Clowk(Cofl )1 < —.

=100
Finally, note that
vg =mg + (r* +1)(dg + 1) < ke(Q)n" 2p°a~1 4+ 2r% /ne(Q) logn
< (Cobl) " e(Q) logn + 2r%\/ne(Q) log n < (¢7/100) - g
Assume now that p > Cypy and Q € QlL. Since in this case we also have fé) = FIO% we may
again use to conclude that
pg = (i —o(1)) - e(Q) - (1 — dar) -n/r)*" 2pen=1
> (11/2) - e(Q) - 701 (Coppr)
= (m1/2) - e(Q) 77" - (Cobn )" - logn > 1007 - ¢(Q) log(n’p).
and that

o g (1m/2)-e(Q) - (n/(2r)n2pn !
Ag  Ag/ug ~ KClown?H 2pea—1/logn

Finally, note that

> 1007 - e(Q) log(n?p). (28)

vo < (r* +2)(dg +1) < 10r%(Q) < r*Ag/logn < Ag/1000.

Last but not least, assume that p > Cypyg and @ € Q%. By the definition of ]:c/:g (see
[Lemma 9.2/|(B1)[ and |(B2)|) and |[Lemma 5.2|

pa > (a/2) - ypin py (FEIext(S)]) > 4w /4) - (@) - (2r) =2y
Cry

(2r)vH K

whereas, for every S € Sg, analogously to ,

1,s S (a/2)% - pp(FS™ ext(S)])? T e(Q)logn
Ag ~ 2¢% - Ap(Fi5™) 716+ (2r)v 1 2KClow

e(Q)logn = 100r - e(Q) log(nzp),

=

> 1007 - e(Q) log(n?p).

Finally, note that
vo =mg + (r* +1)(dg + 1) < kn" 2p°H~1g. e(Q) + 5r°n/k - e(Q) logn
= (C+5r"n/k) - e(Q)logn < 2C - e(Q) log n,
where the last inequality holds as C' is a constant that depends only on H whereas 7 < n(H, k).

Finally, since also Cioy depends only on H and k < x(H), is follows that vg < pg/1000 as well
as vg < ,u,é /Agq. This completes the proof of the lemma. O

Proof of [Lemma 9.9, Since F, C ]:gigh is the hypergraph that satisfies the assertion of[Lemma 6.1

we have
Ag > chign - min {k(Q) - n"" T'p k(Q) - n'Ap,n’p} > k(Q) - np.
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’UH—l

Suppose first that the minimum above is achieved at M € {k(Q) - n p°H n?p}.  Since

M > kE(Q)np and Dg < 15257%13’ we have

i M M
Ag > B k(Qynp - LT > k(Q)np - log ( L

VH k(Q)np E(Q)np

Suppose now that the minimum above is achieved at k(Q) - n'**p. In this case, since clearly

) > k(Q)np - log Dqg.

Dg < n?, we have
AQ = chign - K(Q)n' ™ p > k(Q)np - log Dq.
Finally, note that

vo <mg + (r* +1)(dg + 1) < 40r?k(Q) - np < Ag/1000.

This completes the proof of the lemma. O
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APPENDIX A. H-FREE SUBGRAPHS OF DENSE GRAPHS

In this short section, we present a proof of Our argument is a minor adjustment
of the proof of [Il, Theorem 6.1]. It relies on the following generalisation of the well-known result
of Andrasfai, Erdds, and Sés [3] due to Erdés and Simonovits [11].

Theorem A.1 ([3,[11]). Let H be an edge-critical graph with x(H) = r+1 > 3. Every n-vertez,

H-free graph with minimum degree exceeding g::zll -n 1is r-partite.

We will also make use of the following easy lemma.

Lemma A.2. Let r > 2 be an integer and suppose G’ is an r-partite subgraph of a graph G.
Then, G has an r-partite subgraph of size at least e(G') + %1 ce(G -V (@)).

Proof of [Theorem 1.6, Suppose that an n-vertex graph G satisfies

5(G) > <1 = 1)3(37«— 1)> ntl.

Let T' be the largest r-partite subgraph of G and let F' be the largest H-free subgraph of G.
Since I' is H-free and by with G' = (),

r—1 r—1 3 n
F)>e(l) > (@) = 1- ). 2
e(F) = e(T) T e(@) T << 4(r—1)(3r—1)>n+ > 2
1202 —16r+1 5, r—1
8r(3r — 1) 2r
We now construct a sequence F' = F,, D F,,_1 D --- D F; as follows: If F}, has a vertex of degree
at most 37=% . k we delete that vertex to obtain Fj_;; otherwise, if §(F},) > 3::11; and let s = k.

n.

3r—1
Since Fy C F is H-free, implies that Fy is r-partite. Hence,
r—1 " 3r—4 3r—4 (n—s)(n+s+1)
. §2 > e(F,) > e(F) — k= e(F) — .
5 zel) ZeF) = ) o k=el) — g 2
k=s+1
12r2 —16r+1 o r—1 3r—4 n?—s*+n
8r(3r — 1) 2r 3r—1 2

1272 —16r +1 o5 3r—4 n?—s?
_— . /”L _— . .
8r(3r —1) 3r—1 2

This implies that 27’(§j—1) > 87"({?7"2—1) and so s > 5. Let m := e¢(G — V(Fs)) and note that

") (i ) - a- 5T

m>(n—s).5(a>—(
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By [Lemma A.
3r—4 — +s+1 —1
r n—s)n+s+1) r m

r—1

') > e(F -m > - .
el) > elfa) + == m > elF) = 5 2 r
Y —1/12r2 -1 1 — 5)?
r ( Al A Vi

_4 _
> e(F) — 3r e n s . +
3r—1 2 r \4(r—1)(3r—1)

B (n—s)(2s —n)
= elf)+ 4r(3r — 1)

Since e(F) > e(I') and s > n/2, it must be that s = n and thus 6(F) = §(Fy,) >

Consequently, implies that F is r-partite.
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