AN EFFICIENT CONTAINER LEMMA

JOZSEF BALOGH AND WOJCIECH SAMOTLJ

ABSTRACT. We prove a new, efficient version of the hypergraph container theorems
that is suited for hypergraphs with large uniformities. The main novelty is a refined
approach to constructing containers that employs simple ideas from high-dimensional
convex geometry. The existence of smaller families of containers for independent sets in
such hypergraphs, which is guaranteed by the new theorem, allows us to improve upon
the best currently known bounds for several problems in extremal graph theory, discrete
geometry, and Ramsey theory. One of the applications of our efficient container lemma,
a structural characterisation of n-vertex graphs with clique number o(logn/loglogn),
suggests that the new lemma is nearly best-possible for general hypergraphs of large
uniformities.

1. INTRODUCTION

The hypergraph container theorems, proved several years ago by Balogh, Morris, and
Samotij [6] and, independently, by Saxton and Thomason [42], state that the family
of independent sets of any uniform hypergraph whose edges are distributed somewhat
evenly may be covered by (the families of subsets of) a small collection of sets, called
containers, each of which is nearly independent. The original motivation for these re-
sults were several specific questions concerning enumeration of graphs avoiding a given
subgraph and of sets of integers contining no arithmetic progressions of a given length.
(The idea of considering these problems in the general context of independent sets in
hypergraphs had been successfully pursued earlier in the breakthrough works of Conlon—
Gowers [14] and Schacht [44] on extremal properties of random graphs and random sets
of integers.) However, over the years, the scope of applicability of the container theorems
has grown quite substantially (see, for example, the survey [7] and references therein).
The two major reasons for this are the general form of the theorems (many problems can
be cast in the language of independent sets in auxiliary hypergraphs) and the explicit,
optimal dependence between the various parameters disguised under the vague phrases
‘small collection’, ‘evenly distributed’, and ‘nearly independent’ above.

The vast majority of applications of the container theorems concern sequences of
hypergraphs of fixed uniformity and growing order and size. As a result, the explicit
dependence of the various parameters involved in the statements of the container the-
orems on the uniformity of the hypergraph is merely a minor detail in all these works.
Recently, however, the container theorems have been used to analyse sequences of hy-
pergraphs whose uniformities grow with the numbers of vertices and edges. In these
applications of the container method to questions in Ramsey theory [12, [40], discrete
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geometry [9], and extremal graph theory [5] [33], the explicit dependence between uni-
formity and other parameters turned out to lie at the heart of the matter, obstructing
the way to obtaining optimal bounds for several well studied functions. It is only fair to
note here that this dependence is more favourable in the version of the theorem proved
by Saxton and Thomason [42]. Having said that, the two constructions of containers
presented in [6] and [42] are essentially equivalent and the differences between the final
results reflect merely the differences in their analyses. This analysis was performed more
carefully, and with a wiser choice of parameters, by the authors of [42].

The basic container lemma, which is the building block of both proofs that really
lies at the heart of the matter, is a statement that asserts the existence of a small
family C of containers for independent sets of an s-uniform hypergraph H that satisfies
|Cl < (1 —9)v(H) for every C' € C and some positive constant ¢; see [0, Proposition 3.1]
and [42, Theorem 3.4]. The stronger form of the theorem described in the first paragraph
is then derived by recursively applying this basic lemma to the subhypergraphs of H
induced by the sets C' € C as long as C still contains many edges of H. The caveat
here is that the proof methods used in both [6] and [42] necessarily yield 6 < 1/s!. (The
short, non-algorithmic proof of the basic container lemma given recently by Bernshteyn,
Delcourt, Towsner, and Tserunyan [10] seems to yield § that is doubly-exponentially
small in s.) Since one typically requires the ratio |C|/v(H) to be bounded away from
one for each final container C, at least exp (Q(slog s)) iterations are required; this
substantially blows up the final number of containers when s is no longer a fixed constant.
Finally, we remark that a different method of building containers for independent sets
in hypergraphs was proposed and analysed by Saxton and Thomason [43]. Even though
the parameter 0 in the basic container lemma proved in [43] is only polynomially small
in the uniformity, the upper bound on the number of containers is far from optimal.
Moreover, the lemma applies only to simple hypergraphs (i.e., hypergraphs whose every
pair of vertices is contained in at most one edge) whereas the hypergraphs considered in
most applications of the container method are far from being simple.

The main result of this work is a new, more efficient version of the basic container
lemma in which the parameter § is only polynomially small in the uniformity. We
postpone stating the strongest form of our new lemma until Section [2] and state here
only its corollary that can be easily compared with [6l Proposition 3.1]. Following the
notational convention of [6], given a nonempty s-uniform hypergraph #, we shall denote
the numbers of its vertices and edges by v(H) and e(H), respectively. Moreover, for
every T'C V(H), we define

degy T =|{A€ E(H): T C A}|
and, for every t € {1,...,s}, we let
Ay(H) = max {degy T : T C V(H) and |T| =t}.

The following theorem, an efficient basic container lemma, is a simplified version of our
main technical result, Theorem [2.1] below.

Theorem 1.1. Let s be a positive integer and let H be a nonempty s-uniform hypergraph.
Suppose that ¢ € (0,1) and K > 0 are such that q - v(H) > 108s°K and, for every
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ted{l,..., s},

g\t e(H)
M) <K (i) o(H)’ ®
Then, there exist a family S C (g‘(;g(%)) and functions f: S - P(V(H)) and g: Z(H) —
S such that, for every I € Z(H),

g() I cg()Uflg(l))  and  |f(g(D)] < (1=10) v(H),
where § = (103s*K)~L. Moreover, if g(I) C I' and g(I') C I for some I,1I' € Z(H), then
g(I) = g(I').

Qualitatively, Theorem is identical to the original basic container lemmas [0,
Proposition 3.1] and [42] Theorem 3.4]. Quantitively, however, it is a significant im-
provement of these results. In order to demonstrate this, we shall present four applica-
tions of our new theorem to problems in extremal graph theory, discrete geometry, and
Ramsey theory that had previously been attacked using the original container theorems,
obtaining an essential improvement of the state-of-the-art result in each case. We discuss
these applications and the relevant background in detail in the next three sections. We
just point out here that one of these applications, an efficient version of the classical
theorem of Kolaitis, Promel, and Rothschild [28], Theorem below, strongly suggests
that Theorem is, up to lower-order terms, optimal for general hypergraphs of large
uniformities (see the discussion below the statement of Theorem [1.2)).

1.1. The typical structure of graphs with no large cliques. Given graphs G
and H, we say that G is H-free if G does not contain H as a (not necessarily induced)
subgraph. The study of typical properties of H-free graphs goes back to the seminal
work of Erdds, Kleitman, and Rothschild [20], who proved that almost all triangle-free
graphs are bipartiteﬂ We shall consider here almost exclusively the case where H is a
clique; for a wealth of information regarding other graphs, we refer the reader to [4].
The result of [20] was generalised by Kolaitis, Promel, and Rothschild [28], who showed
that, for every fixed r > 2, almost all K, i-free graphs are r-partite.

Let us point out that this ‘structural’ characterisation of a typical K, i-free graph is
in fact an enumeration result in disguise. Since every r-partite graph is K, i-free, the
main result of [28] is that the number of K, ;-free subgraphs of K, is asymptotically
equal to the number of r-partite subgraphs of K,,. Taking this point of view, one can say
that the result of [28] was anticipated by the aforementioned work of Erdés, Kleitman,
and Rothschild [20], who also showed that, for every fixed r, there are 2ex(n,Kri1)+o(n?)
many K, 1-free subgraphs of Knﬂ This estimate was generalised by Erdés, Frankl, and
R&dl [17], who proved that, for every fixed graph H, there are 20%(%H )+o(n®) many H-free
subgraphs of K.

In the above discussion, we have tried to stress that the forbidden graph H is fixed
whereas n, the number of vertices in the host graphs, tends to infinity. Much less is
known if one allows the order/size of H to grow with n. This more general question
was considered only fairly recently by Bollobds and Nikiforov [I1]; however, the results

IThat is, the probability that a uniformly random K3s-free subgraph of K, is bipartite tends to one
as n tends to infinity.

2We write ex(n, H) to denote the Turdn number of a graph H, that is, the largest number of edges
in an H-free graph with n vertices.
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of [I1] are only meaningful when the chromatic number of H stays bounded. A few years
later, Mousset, Nenadov, and Steger [33], extending the Erdés—Kleitman—Rothschild
bound, proved that there are 9ex(n Kri1)+o(n?/r) many K, i-free subgraphs of K, as
long as r < (log n)l/ 4/ 2 Somewhat later, Balogh, Bushaw, Collares, Liu, Morris, and
Sharifzadeh [5] strengthened this result considerably by showing that, under the slightly
weaker assumption 2 < r < (log n)l/ 4 almost all K, -free subgraphs of K, are r-
partite. (Both [33] and [5] relied on the original hypergraph container theorems.) Our
first application of the new, efficient container lemma is the following strengthening of
this result.

Theorem 1.2. If a function r: N — N satisfies 2 < r(n) < logn/(121loglogn), then
almost all K,41-free subgraphs of K, are r-partite.

We point out that the assumption on the growth rate of r in Theorem is nearly
optimal. Indeed, a standard first-moment calculation shows that, for every positive
constant €, a uniformly random subgraph G C K, contains no clique with |(2+¢) logy n |
vertices whereas x(G) > Q(n/logn). On the other hand, it may well be that the
assertion of the theorem remains true as long as r(n) < (2 — €) logy n for some positive
constant €. However, even removing the doubly-logarithmic term from the denominator
in the assumed upper bound on r(n) will likely require significantly new ideas.

1.2. Lower bounds on e-nets. Suppose that X is a finite set and let R be an arbitrary
collection of subsets of X. For a positive number ¢, an e-net in R is any set N C X
that intersects every element of R with cardinality at least €| X|. In other words, N is
an e-net if NN A # ) for every A € R with |A| > | X|.

One is usually interested in finding a small e-net. However, this is not always possible.
For example, if R comprises all subsets of X, then every e-net in R must have more than
(1—¢)|X| elements. One can rule out such ‘pathological” examples by imposing a natural
assumption on a measure of complexity of the family R called the VC dimension. We
say that a set S is shattered by a family R if {AN S : A € R} contains all 2151 subsets
of S. The VC dimension (a shorthand for Vapnik-Chervonenkis dimension) of R is the
largest cardinality of a set that R shatters. A seminal result of Haussler and Welzl [26]
states that every family of subsets whose VC dimension is at most d admits an e-net with
at most [(8d/e)log(8d/e)] elements, for every e > 0. Komlés, Pach, and Woeginger [29]
improved this upper bound on the smallest size of an e-net to (d+ o(1)) - (1/¢) log(1/e),
where o(1) denotes some function tending to zero with e. Moreover, they constructed,
for every d > 2, (random) families with VC dimension d that have no e-net smaller than
(d—2+2/(d+1)—o(1)) - (1/e)log(1/e).

On the other hand, it was proved that various set families arising in geometry admit e-
nets of cardinality merely O(1/¢), see [29,[31]. In view of this, many researchers believed
that in ‘geometric scenarios’ (with bounded VC dimension), there always exists an e-net
of size O(1/e). This belief was shown to be wrong by Alon [I], who proved that, for
arbitrary small €, there are finite sets X of points in the plane such that every e-net for
the family comprising the intersections of X with straight lines (the range space of lines
on X) must have at least (1/¢)-w(1/¢) points, for some (very slowly growing) function w

3The o(n?/r) error term is natural here as ex(n, K,11) = (5) —©(n*/r).
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with lim,_, w(z) = co. Alon speculated that there are planar sets of points X for which
the factor w(1/¢) in the above statement could be replaced by (log(1/e)).

In a paper that served as the main motivation for this work, Balogh and Solymosi [9]
showed that, for arbitrarily small € > 0, there are sets X C R? such that the range
space of lines on X does not have e-nets with fewer than (1/¢)( log(l/s))l/g_o(l) points;
their proof relied on the hypergraph container theorems. We review the construction
of Balogh and Solymosi [9] and, using our new, efficient container lemma, we further
improve their lower bound, replacing the constant 1/3 in the exponent with 1/2.

Theorem 1.3. The following holds for every g > 0. There exists an ¢ € (0,e9) and
a finite set X C R? such that the smallest size of an e-net for the family of intersections
of straight lines with X is at least

1 log(1/¢)
80e \/ loglog(1/e)

We should mention here that, several years prior to [9], Pach and Tardos [36] showed
that the families defined by intersections of finite point sets with axis parallel rectangles
(in R?) and axis-parallel boxes in R* may require e-nets of sizes Q((1/£) loglog(1/¢)) and
Q((1/e)log(1/e)), respectively; both these lower bounds are tight up to multiplicative
constants, see [3].

1.3. Upper bounds on Ramsey numbers. Given graphs G and H and a positive
integer k, we write G — (H)g, and say that G is Ramsey for H in k colours, if every
k-colouring of the edges of G contains a monochromatic copy of H. In other words,
G — (H)y if, for every c: E(G) — [k], there is some i € [k] such that the graph ¢1(i)
contains H as a subgraphﬁ The famous theorem of Ramsey [38] states that, for all
positive integers n and k, there is an integer N such that Ky — (K,,)x; we shall denote
the smallest such N, the k-colour Ramsey number of K., by R(n;k). It is well-known
that R(n; k) < (kn)!/(n)* < kP, see [19, 25].

Fifty years ago, Folkman [21] proved that, for every n, there exists a graph G such
that G 2 Kp41 but, nevertheless, G — (K,)2 and Nesetfil and Rodl [35] generalised
this result to an arbitrary number of colours. Define the k-colour Folkman number for
K, by

F(n; k) = min {N e N: G — (K,)i for some K, 41-free G C KN}.

The constructions given in [2I) B5] yielded upper bounds on F(n;k) that are tower
functions of height polynomial in n and k. On the other hand, the strongest lower
bound on F'(n; k), due to Lefmann [30], is only exponential in kn. In the recent years, the
transference theorems of Conlon-Gowers [14] and Schacht [44] (see also [23]) were used
by Rodl, Ruciniski, and Schacht [41] and by Conlon and Gowers (unpublished) to give
improved upper bounds on F(n; k) that were merely doubly-exponential in n and k. Soon
afterwards, the first of these two groups of authors [40] used the hypergraph container
theorems to give the first exponential bound F'(n;k) < exp (O(n4 logn + n3klog k‘))
Our next application of the efficient container lemma is the following improvement of
this result.

4Throughout the paper, we write [k] as a shorthand for {1,...k}.
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Theorem 1.4. There exists a constant C such that, for all positive integers n and k,
2
F(n; k) < (CknR(n; k))zln < exp (Ckn3 logk) .

Another well studied variation of the classical Ramsey numbers are induced Ramsey
numbers. Given graphs G and H and a positive integer k, we write G —inq (H)g, and
say that G is induced-Ramsey for H in k colours, if every k-colouring of the edges of
G contains a monochromatic induced copy of H. In other words, G —nq (H)i if, for
every c: E(G) — [k], there are an i € [k] and an injection ¢: V(H) — V(G) such that
o(E(H)) C ¢ (i) and p(E(H)®) N E(G) = 0. The existence of induced-Ramsey graphs
for every H and any number of colours k was established, independently, by Deuber [15],
by Erdds, Hajnal, and Pésa [18], and by Rodl [39]. We may thus define the k-colour
Ramsey number of H by

Rinq(H; k) = min {N € N: G —inq (H)g for some G C KN}.

The upper bounds on Ri,q(H;k) implied by the constructions of [15 18, B9] were
enormous. In spite of that, Erdds [16] conjectured that, for every n-vertex graph H,
the 2-colour induced Ramsey number Rj,q(H;2) is only exponential in n. The best-
known result to date was obtained by Conlon, Fox, and Sudakov [13], who proved that
Rina(H;2) < exp (O(nlogn)) for every n-vertex graph H. However, the method of [13]
does not work when the number of colours is larger than two. The strongest general up-
per bound for k-colour induced Ramsey numbers in the case k > 2 that can be found in
the literature is due to Fox and Sudakov [22], who showed that Ri,q(H;k) < exp(Cyn?)
for every n-vertex H, where C}, depends only on k. However, Fox (private communica-
tion) informed us that the methods of [22], which were optimised for sparse graphs H,
may be used to prove that Ri,q(H;k) < exp(Ckn?logk). Our final application of the
efficient container lemma is a short derivation of this bound.

Theorem 1.5. There exists a constant C' such that, for every positive integer k and
every n-vertex graph H,

Rina(H; k) < (Cn?kR(n; k)™ < exp (Ckn?logk) .

Finally, let us mention that Conlon, Dellamonica Jr., La Fleur, R6dl, and Schacht [12]
used the original container theorems to prove strong bounds on the induced Ramsey
numbers of uniform hypergraphs.

1.4. Packaged statement. Each of the four illustrations of Theorem presented in
this paper requires iterative/recursive applications of the theorem. In order to save
ourselves (and the reader) from repeating similar, routine arguments and calculations
several times, it will be convenient for us to work with the following ‘packaged’ version
of the theorem that is analogous to [6, Theorem 2.2] and [42] Corollary 3.6].

Theorem 1.6. Let s be a positive integer and let H be a nonempty s-uniform hypergraph.
Suppose that o, B,q € (0,1) and E > v(H) are such that aBq - v(H) > 10°s" and
10*s5¢ < B and, for everyt € {2,...,s},

q t—1 FE
< | — . .
Ai(H) < <106s5> v(H)
Then there is a family C C P(V(H)) of at most exp (10*s°37 ! log(e/a) - qlog(e/q) - v(H))
sets such that:
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(i) For every I € Z(H), there is a C € C such that I C C.
(it) For every C € C, either |C| < av(H) or there is a subset W C C with [W| >
(1 = 5)|C| such that e(H[W]) < E.

The derivation of Theorem [1.6] from Theorem [I.1]is presented in Section [2.4]

1.5. Organisation of the paper. The remainder of this paper is organised as follows.
In Section [2, we introduce the crucial concept of degree measures, state our main tech-
nical result, Theorem [2.1] and derive from it Theorems 1.1 and Section [3]is devoted
to establishing key properties of degree measures; these properties are used in the subse-
quent Section 4}, which contains the proof of Theorem Two probabilistic inequalities
needed for the four applications of our new container lemma are stated in Section
Finally, Section [6] is devoted to the proof of Theorem Section [7] gives the proof of
Theorem and Section [§ contains proofs of Theorems [I.4] and

1.6. Acknowledgement. First of all, we are indebted to Rob Morris, David Saxton,
and Andrew Thomason for sharing their numerous insights about the container theo-
rems that had a strong bearing on this work. The notion of degree measures, which is
central to our approach here, as well as the important idea of allowing hypergraphs to
have multiple edges were first introduced by Andrew Thomason and David Saxton [42].
Additionally, we would like to thank Noga Alon for his comments and suggestions re-
garding lower bounds on e-nets. We are also indebted to the anonymous referee for their
extremely careful reading of the earlier version of this paper and their helpful comments
and suggestions, which saved us from having several embarrassing mistakes in the final
version of this work.

The second named author thanks Jacob Fox, Frank Mousset, and Bhargav Narayanan
for inspiring discussions about upper-bounding induced Ramsey numbers. Last but
not least, the second named author owes his deepest gratitude to Lev Buhovski for an
inspiring discussion about high-dimensional convex geometry that laid foundations for
Lemma which lies at the very heart of the proof of Theorem [2.1]

2. THE MAIN TECHNICAL RESULT

2.1. A word of motivation. The key idea behind the proof of the container lemma
due to Morris and the authors [6] is to, given an (r + 1)-uniform hypergraph H and an
independent set I € Z(H), consider a sequence of vertices of H for inclusion in a small
‘signature’ set S and construct an r-uniform hypergraph G from the neighbourhoods
(link hypergraphs) of those among the considered vertices that belong to I. Crucially,
each element of this sequence is allowed to depend only on the intersection of I with the
set of its predecessors; this guarantees that G depends solely on S. Since G comprises
only neighbourhoods of vertices in I, we have I € Z(G). This facilitates induction on
the uniformity of the hypergraph.

Whereas there is essentially one way to define containers for independent sets in a
1-uniform hypergraph, the general description of the inductive step given above leaves
plenty of room for manoeuvre. The approach taken in [6] was, roughly speaking, to cap
the degrees of all vertices of G at some predefined value A and, at the same time, make
sure that e(G) > BAv(G) for some constant 3; this way, the ratio of the maximum and
the average degrees of the constructed hypergraph G remained bounded by a constant.
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The advantage of this approach was its relative simplicity. However, this simplicity came
at a price; the gap between the maximum and the average degrees was forced to grow
by a factor of at least r + 1, at each step of the induction (reducing uniformity from
r—+1to ’I”)H As a result, the crucial parameter ¢ in the basic container lemma could not
exceed 1/s!, where s is the uniformity of the original hypergraph.

Here, we use a similar high-level inductive strategy. However, we take a refined
approach to choosing a sequence of vertices of the (r + 1)-uniform H while constructing
the r-uniform G; this yields a much more favourable dependence of the parameter § on
the uniformity s. The key new idea is to abandon the wish to control the maximum
degree of G and instead focus on the ¢?-norm of its degree sequence. In other words, we
measure hypergraphs with #?-norms, rather than £>-norms, of their degree sequences.
Viewing hypergraphs as vectors in high-dimensional Euclidean spaces allows us to reduce
the problem of constructing a sequence of vertices to be considered for inclusion in the
‘signature’ to an elementary problem in convex geometry.

2.2. Degree measures. We begin by extending the notion of the degree measure of a
hypergraph, which was introduced by Saxton and Thomason [42]. For a non-empty -
uniform hypergraph H with vertex set V and a t € [r], we define the t-degree measure of
‘H, denoted by O',g), to be the probability distribution on (‘t/), the family of all ¢t-element
subsets of V', given by

-1

(t) degy T'
o5/ (T) = degy T - degy, U = .

ve(y)

In other words, ag) is the probability distribution induced by the following random

experiment. Select an edge A of H uniformly at random and output a t-element subset
T C A chosen uniformly at random from (’?)

Throughout this paper, we shall identify (as we already did in the above definition)
the measure 07(_? with its density (with respect to the counting measure), which we shall
view as an element of the (“t/‘)—dimensional vector space of R-valued functions on (‘t/)
Since the 1-degree measure will be of particularly high importance, we shall refer to it
simply as the degree measure and often suppress the superscript () from the notation,
denoting it by og. Given a positive integer d and a vector & = (£1,...,&) € RY, we

denote by ||¢]| its £2-norm, so that

d
1€1?=> "¢
=1

2.3. The main technical result. We are now ready to state the main technical result
of this paper, Theorem below. We postpone the proof of the theorem to Section
the proof will use several simple properties of degree measures that will be derived in
Section Bl

SFor those readers who are somewhat familiar with the proof in [6], the essence of the above short-
coming was the following. Only one vertex of degree A in G forced us to remove an edge from #H, but
while counting the edges of G that contain some vertex with degree A, we accounted for the possibility
that every edge of G contains r vertices of degree A.
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Theorem 2.1. Let s € N and suppose that a nonempty s-uniform hypergraph H and
reals p,d € (0,1) satisfy

s -1
. s—1Y 50002\ " 1 P
: < < 2
00t 2 (o) (5) 1< s < 56 @)
Then, there exist a family S C (<3OZQ(;3(H)) and functions f: S — P(V(H)) and

g: Z(H) — S such that, for every I € Z(H),
gy cI1cg)Uflgl))  and  |flg(D)] < (1 =0) v(H).
Moreover, if g(I) C I' and g(I') C I for some I,I' € IZ(H), then g(I) = g(I').

2.4. The simple and packaged versions. In this section, we derive Theorems
and [L.6] from our main technical result, Theorem [2.I] above. We start with a short proof
of Theorem [L.11

Derivation of Theorem [I.1] from Theorem[2.1] Let p = q/(30s%) and let § = (103s*K)~L.
It suffices to verify that H, p, and 0 satisfy the assumptions of Theorem which will
give us the claimed family S and functions g and f. To this end, note that

2
SO2 _ degy T A(H) degy T _ A¢(H)
loslF = 2 ((S)-ew) ST 2 ) -e() ) -et)

TE(V(tH)) t t TE(V(tH)) t t

for every t € [s] and thus the assumptions of the theorem imply that

(570 () e <X (0) () S

t=1 t=1 t

S

K t /150000s°\ "t oK
< SN o (== <
v(H) ; s < 106 - $° > v(H)

Moreover, 300s* - 2K < 1/6 and p-§-v(H) = q- (30s% - 103s*K)~1 - v(H) > 500. O

We now turn to the proof of Theorem The key ingredient here is the following
lemma, which, roughly speaking, states that a hypergraph that is ‘robustly dense’ con-
tains a large subhypergraph whose maximum degree is not much larger than its average
degree. The statement and the proof of the lemma are inspired by the work of Morris
and Saxton [32].

Lemma 2.2. Let H be an s-uniform hypergraph and suppose that, for some positive (
and M, every set W C V(H) with |W| > (1 — B)v(H) satisfies e(H[W]) = M. Then,
there is a subhypergraph H' C H with at least M edges that satisfies
s e(H)
A(H) < |5 .
o< 5560
Proof. Let H' be a largest (in terms of the number of edges) subhypergraph of H sat-

isfying A1 (H') < [Bf}%{ﬂ and let X C V(H) be the set of vertices of H' whose degree

achieves the bound (%] Observe that every edge of H that is disjoint from X must
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belong to H' and, consequently, e(H') > e(H — X). If | X| < Sv(H), then e(H') > M by
our assumption on H. Otherwise, if |X| > fv(H),

1 | X| sM
N == degrv> — . | —— M.
e(H') . Z egyy v . ’751}(7‘[)—‘ >
veEV (H)
This completes the proof of the lemma. O

Proof of Theorem [1.6. We shall say that a set C C V(H) is a good container if either
|C| < av(H) or if there is a subset W C C with |[W| > (1—)|C| such that e(H[W]) < E.
We will construct a rooted tree 7 whose vertices are subsets of V(#) that has the
following properties:

(i) The root of T is V(H).
(ii) If an independent set I € Z(H) is contained in a non-leaf vertex of 7, then I is
contained in some child of this vertex in 7.
(iii) Every leaf of T is a good container.
(iv) Every non-leaf vertex of 7 has at most (e/q)?¥*) children.

(v) The height of T is at most 10%s°37! - log(e/a).

The set of leaves of 7 will then form a collection of containers for the independent sets
of ‘H that has the desired properties.

We build such a tree starting from the root V' (#) by iteratively applying Theorem [1.1
to (a carefully chosen subhypergraph of) the subhypergraph of H induced by a leaf C' of
T that is not yet a good container and attaching the resulting family of containers (for
the independent sets of H[C], that is, the independent sets of H that are contained in
() as children of C' (which, as a result, ceases to be a leaf of 7') until no such leaves are
left. This way, properties |(i)| are clearly satisfied. However, we still need to show
that the final tree has properties and

To this end, suppose that C' C V(H) is not a good container, that is, |C| > av(H)
and every W C C with [W| > (1 — 3)|C| satisfies e(H[W]) > E. Lemma invoked
with H < H[C] supplies a subhypergraph H' C H|[C] with at least E edges that satisfies

N R PR )
B |C| g lcl B v(H)
where the second inequality follows from our assumption that e(H') > E > v(H) > |C|.
Since, for every t € {2,...,s},

Ae(H) < Aul) < <1ogs5>t_1 ' v(il) < <1Ogs5>t_1 ' iEZi;,

Theorem invoked with H < H' and K + 2s/3 supplies sets S C ( éqﬁc’\) and
functions f: & — P(C) and g: Z(H') — S such that, for every I € Z(H'),

|f(g(D))] B
C| S5 ps

Since H' C H[C], we have Z(H[C]) C Z(H') and we may define

Co = {g(I)U f(g(I)) : T € Z(H[C))}.

Icg(l)uf(gl))  and
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By construction, the family C¢ is a family of containers for the independent sets of H|[C]|

and
a|C] ile] qv(H)
C q
Col < IS <> ('J) < <e> < <e> ,
i ' 4 4
establishing Finally, for every D € C¢,
D 1
LI g

el 25 103st T 10465

since we assumed that 10*s°¢ < (. In particular, if a set C is a non-leaf vertex of the
final tree 7 that lies at distance d from the root, then

C| B\ gd
< < — < —— .
s v(H) ! 10055 ) S P\ 71048

1 4.5 1 1 4.5
height(7) < Oﬁs -log <a>+1< 0's -log (E>,

establishing ([

This implies that

3. PROPERTIES OF DEGREE MEASURES

3.1. Norms of degree measures. As we shall be estimating the ¢?>-norms of ¢-degree
measures of various uniform hypergraphs, we collect here several useful properties of
this quantity. We first give general lower and upper bounds on the ¢?-norm of the ¢-
degree measure of a hypergraph in terms of the numbers of its vertices and edges and
its maximum t¢-degree. Throughout this section, r is a positive integer. We stress here
that all of our hypergraphs are allowed to have multiple edges, that is, every edge can
have an arbitrary positive multiplicity. (This idea was first introduced by Saxton and
Thomason [42].) Moreover, when computing degy, and e(H), we always count edges
with multiplicities.

Fact 3.1. Suppose that H is a nonempty r-uniform hypergraph. For everyt € [r],

e J 1 L2 « _AuH)
{c@ycydm}<nﬂu<6ydm.

Proof. The upper bound is straightforward:

2
SO12 _ degy T A(H) degy T A(H) '
ol Te(;ﬂ))((z).e(H)) SO0, By T () e

rfre (") amyr=o)

For the lower bound, let

and observe that
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It follows form the Cauchy—Schwarz inequality that
2 2
degy T 1 degy T' 1
Ha(t)Hz = | Z = x| =
W= mem) Pm S mem)

implying the lower bound. (]

Our second observation states that the £2-norm of a t-degree measure of a hypergraph
cannot increase much when one deletes from it a small proportion of its edges.

Fact 3.2. If H' is a nonempty subhypergraph of an r-uniform hypergraph H, then, for
every t € [r],
e(H) (t)

o)l <

Proof. The assertion follows simply because degy T' < degy T for every T C V(H') and
hence

oO(T) < :((;ﬁ) (1), 0

Our final lemma relates the £2-norm of the degree measure of a uniform hypergraph
to a simple property of its edge distribution.

Lemma 3.3. Suppose that H is a nonempty r-uniform hypergraph. If a set D C V(H)
satisfies e(H — D) < (1 —¢€) - e(H) for some € > 0, then

€\ 2 _
D= (2) lloul ™
r
Proof. Let 1p € RY(*) be the characteristic vector of D. It follows from the Cauchy—
Schwarz inequality that
(1p,ow)® < 1ol - lowl® = D] - flowll*.

Since at least an e-proportion of edges of H contain at least one vertex of D,

1

. degy, v >
r-e(H) 1%1:) H

(1p,on) =

)

S| M

giving the desired lower bound on |D]. O

3.2. Degree measures and link hypergraphs. Suppose that # is an (r + 1)-uniform
hypergraph with vertex set V. Given a v € V', we shall denote by H,, the link hypergraph
of v (the neighbourhood of v in H), that is, the r-uniform hypergraph with vertex set V'
whose edges are all the r-element sets A such that {v}UA is an edge of . A property of
crucial importance for us is that, for each ¢ € [r], the t-degree measure of H is a convex
combination of the ¢-degree measures of the link hypergraphs of its vertices. Moreover,
each of these convex combinations has the same coefficients — the coordinates of the
1-degree measure vector oy.

Remark. Even though o, was defined only for nonempty hypergraphs H, for the sake

of brevity, we shall often write 0 - ag_?

(t)
H

even if H has no edges. In this case, 0- Jg_? should
be interpreted as the zero vector of appropriate dimension.
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Fact 3.4. Suppose that H is a nonempty (r + 1)-uniform hypergraph with vertex set V.
For every t € [r],

Z on(v O‘H = O',(;_?

veV

Proof. 1t follows from our definition of a link hypergraph that e(#,) = degy v for each
v € V and, more generally, for every T' € (‘t/),

degy, T = {degH(T U{v}) ifvé¢T,

0 ifveT.
Consequently,
degH v degy, T
oy (v o
UEZV ZV r+1)-e(H) (t) ~e(Hy)
1
= v ' degy (T'U {v})
(r+ 1)(t) -e(H) ve;\T
_ (r+1—t)-degy T _degy T O'(t)(T)
(r+D)-e) (T e() T
where we used the identity (r + 1)(}) = (TH) (r+1-—1). O

In our arguments, we shall employ the following relation between the £2-norm of the
(t + 1)-degree measure of a hypergraph and the £?>-norms of the t-degree measures of the
link hypergraphs of its vertices.

Fact 3.5. Suppose that H is a nonempty (r + 1)-uniform hypergraph with vertex set V.
For every t € [r],

2 HU
> ou(v) - oI = *m

veV

Proof. A quick way to verify the claimed identity is to observe that both the left- and
the right-hand sides of the claimed equality express the probability of obtaining the same
outcome in two independent executions of the following random process: Pick an edge A
of H uniformly at random, choose a (¢ 4 1)-element subset S of A uniformly at random,
mark a vertex v € S chosen uniformly at random, and return the pair (v, S).

More explicitly, using the identities degy, v = e(H,), valid for every v € V, and

degy, T = degy (T U {v}), valid for each T € (%) and v € V\ T, and (r + 1)(}) =
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(t+ 1)(T+1), we get

A
Sooutor 1o =3 () h> (degH )

_ <(r+1)(1) ) .Te% PIRCECHEN

_ <(t+1>(’£i) e(H) > SG(Z )1; degyy S)

3.3. Linear combinations of degree measures. It will be convenient to introduce
another piece of notation. Given a vector a € R" with nonnegative coordinates and a
nonempty hypergraph K with uniformity at least r, we define

0a(K) = (a}/Q o a2 a,@) e RXi=1 ("),
so that
loa (I = Za o1
The following generalisation of Fact [3.4] - holds.

Fact 3.6. Suppose that K is a nonempty hypergraph with uniformity at least r + 1. For
every o € R™ with nonnegative coordinates,

0a(K) = ) ox(v) - 0a(Ky).

veV(K)
4. PROOF

4.1. Outline. Our proof of Theoremfollows the general strategy of [6]. We construct
functions g, f*: Z(H) — P(V(H)) that satisfy the following three conditions for every
I € Z(H):

(a) g(I) C IQQ(I)Uf*(I),
~o(H) and |f*(I)] < (1= 0) - v(H);
if g(I) C I' and g(I') C I for some I' € Z(H), then g(I) = g(I') and f*(I) =

The existence of such functions easily implies the assertion of the theorem. Indeed,
condition guarantees that there is an implicit decomposition f* = f o g.

Given an independent set I, the sets g(I) and f*(I) are constructed by an algorithm
that operates in a sequence of at most s — 1 rounds, which are indexed by r = s —
1,...,1. At the start of round r, the algorithm receives as input an (r + 1)-uniform
hypergraph H( 1) satisfying I € Z(H"+V); we initialise the first round, indexed by
r =s—1, with #) = H. During the round, the algorithm tries to construct an -
uniform hypergraph H(") with I € Z(H")) and some additional desirable properties. The
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definition of ‘desirable’ is where we significantly depart from the previous approaches.
In [6], as well as in [42], this desirability property was defined in terms of a lower bound
on the number of edges of H(") and upper bounds on the maximum degrees A, (H")),
for all t € [r]. Here, we aim to control the £%norms of the t-degree measures of H ().
More precisely, ‘desirable’ means that a carefully chosen linear combination of Hag)(r) %,
where t ranges over [r], is small. As in [6], in the event that such a hypergraph H(")
cannot be constructed for our input set I, the algorithm is able to define the required
set f*(I) already at the end of round r. Crucially, the amount of information about the
set I that is needed to describe H(™), or the set f*(I), is rather small. More precisely,
it naturally corresponds to a set of O(p-s-v(H)) elements of I, which we shall denote
here by S(). In particular, if we let g(I) be the union of the sets S(") from all of the (at
most s — 1) rounds of the algorithm, the knowledge of g(I) alone (without any additional
knowledge of the set I other than the fact that it is independent) is sufficient to recreate
the entire execution of the algorithm, and thus also the final set f*(I).

In order to construct the r-uniform H") given the (r + 1)-uniform H+ and the set
I, our algorithm considers a sequence of queries ‘Does v belong to I7?’ for some carefully
chosen sequence of vertices v € V(H). We record all the positive answers by placing the
respective vertices v in the (initially empty) set S ("), Bach queried vertex v is clearly
not in the set I\ S and hence it may be omitted from the set f*(I). In particular,
the algorithm will produce the desired set f*(I) if at least § - v(#H) queries are made. In
case a queried vertex v does belong to I, we add its r-uniform link hypergraph ’Hyﬂ)
to the (initially empty) hypergraph H("). Note that this guarantees that I € Z(H")).

Recall that our aim is to produce a hypergraph H(") whose t-degree measures have
small #2-norms. The crux of the matter is the choice of the next vertex v to be queried
for membership in I. Indeed, if v happens to belong to I, then HS,TH) will be added
to H(") and, as a result of this operation, the t-degree measures of H(") will change

ffm ”E’-?(T) and of O'Z)(T 1), With

appropriate coefficients (our hypergraphs are allowed to have multiple edgesi. It turns

— the new o will be a convex combination of the old o

out that choosing the ‘right’ candidate vertex v is an optimisation problem that admits a
rather simple geometric description. The solution to this geometric problem, presented
as Lemma [4.12| and expressed in the language of degree measures of hypergraphs in
Proposition [£.11] lies at the heart of our argument.

The bottom line is that there is a way to choose a sequence of vertices to be queried
for membership in I such that, if at least Q(p- s-v(H)) out of the first § - v(H) queried
vertices belong to the set I, some linear combination of ||a§2r) |2, where ¢ ranges over
[r], will be at most 1 + O(1/s) times larger than a respective linear combination of
”Ug)(wn H2a
of the algorithm will output a desired set f*(I) of size 0 - ¢(H) or the algorithm will

where t ranges over [r + 1]. Consequently, either one of the s — 1 rounds

eventually produce a 1-uniform hypergraph H) such that I € Z(#V)) and
-1
loz | < (1+0(1/9)" - lowl < OQ) - llowll.
In case the latter happens, we may simply let f*(I) comprise all vertices v such that

{v} ¢ H(). The upper bound on ||oy, || implies that there are at most (1 — &) - v()
such vertices, as shown in Lemma (3.3]



AN EFFICIENT CONTAINER LEMMA 16

4.2. The key lemma. The following lemma summarises a single round of our new,
refined algorithm for constructing containers. We denote by Hyp, (V) the family of r-
uniform hypergraphs with vertex set V; recall again that we allow our hypergraphs to
have multiple edges.

Lemma 4.1. Let G be an (r + 1)-uniform hypergraph with vertex set V. Suppose that
g€ (0,(9(r+1))7") and p € (0,1) satisfy
e3p
50(r + 1)
Let a € R” be a vector with nonnegative coordinates and define
50(r +1)
e2p

log])* <

o =(1+e)" (a,0) + (0,0) e R and b= [ip . \V—‘ . 3)

Then, there exist (disjoint) families S',S" C (gb) and functions S: Z(G) — S'US”,
C:S8 —PV), and F: 8" — Hyp, (V) such that, for every I € Z(G), we have St C I.
Moreover:

(1) If S € 8', then I\ S; € C(Sy) and [V| = |C(S1)| > 5352 - o) 72,

(2) If S; € 8", then I € Z(F(Sr)) and ||oa(F(SD))|| < |loax(9)]-

Finally, if St CI' and Sy C I for some I,1I' € (G), then S; = Sp.
Before we embark on the proof of Lemma [4.1] we shall first show, in the next sub-

section, how it implies Theorem The remainder of this section, Subsections
will be devoted to the proof of the lemma.

4.3. Derivation of Theorem Let ‘H be a nonempty s-uniform hypergraph with
vertex set V' and suppose that 0, p € (0, 1) satisfy , that is,

s t—1
s—1\ (5000s ) 1 p
300s* - 2< < . 2
o> (t - 1) ( P > o3 < 50y < 500 @
Define . -
S
€= 10s and = 2
and let a® e R, ..., al® € R® be vectors defined by

t—1
() _ ("~ 1 . 10(r—t) | E
o= (}21) a+o Al

for every r € [s] and each ¢t € [r]. Given an independent set I of H, we construct the
sets g(I) and f*(I) using the following procedure.

Construction of the container. Let H(®) = . Do the following for r =s—1,...,1:

(C1) Invoke Lemma {.1| with G < H*+D and a + (") to obtain families S’ and S”
and functions S, C, and F, as in the statement of the lemmaﬁ

(C2) Let S « S;.

(C3) If S; € &, then let g(I) = SV U-..USM and f*(I) = C(Sy) and STOP.

(C4) Otherwise, if S; € 8", we let H(") « F(S;) and CONTINUE.

3 In the analysis of the procedure,

3
SIn order to do so, we have to make sure that [|o, 41 || < 501Dy

below, we will verify that this is always the case.
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If STOP has not been called, then 7 = 1 and H(!) has been defined. Let g(I) = S¢=D U
- USW and fX(I)={veV:{v} ¢gHD].

In the remainder of this section, we shall show that, for every I € Z(H), the above
procedure indeed constructs sets g(I) and f*(I) that have the desired properties; in
particular, we shall show that f* decomposes as f* = fog.

Claim 4.2. For each r € [s], the hypergraph H) | if it was defined, satisfies:
(i) I € Z(H")) and
i r 2
(i1) || o (H)|? < 25V

The proof of Claim [.2] requires the following simple fact, which justifies our definition
of the vectors a®, ... o).

Fact 4.3. Suppose that r € [s — 1]. Let « € R" and let o* € R™™ be defined as in (3).
If ay < ay) for allt € [r], then of < ayﬂ) for allt € [r+1].

Proof. Note first that
* 10 10, (1) _ 10r _ (r+1)
af=(1+e) o <(1+e) o’ =(1+e)" =
and, since 50(r + 1) < 50s = ['e?,

50 1 r r\"
=B T (T
Finally, if 1 < ¢ < 7, then

50(r + 1)
e2p

_(r1 1e—t+1) (L i r—1 10¢r—-1)) (T o
—<t_1>(1+6) " +{, _,)0+e) ;

— r (1+ )10(r+17t) I til_ (r+1)
“\t-1 c p) T

where the second to last equality is Pascal’s formula. ([

a;ik:(1+5)10'at+ 'Oftfl<(1+€)10'ay)—{——-at71

Proof of Claim[4.2 We prove the claim by induction on s—r. The basis of the induction
is the case 7 = 5. Property|(i)|is satisfied, as H(*) = H and I € Z(#). In order to see that
property holds as well, note first that the first inequality in the main assumption (|2))
of Theorem [2.1] gives

s L (s—1 en (T -l
o (NI =l P01 =3 (37 J vy (3) ofdI?

t=1

10s (s—1 ' ®) 2
<@ (7)) Iew

t=1
1 g2

<1 108‘ < ,
A+e) ™ ot 5 v S Z 5.1V

where the second inequality holds as I' = 5000s® and the last inequality holds since
e = 1/(10s) and, consequently, (1 4 £)10% < 105 = ¢ < 3.
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Suppose now that r € [s — 1] and that the hypergraph HOHD) was defined. We first
argue that we are allowed to invoke Lemma in step |(C1)[ above. Indeed, since the
second inequality in implies that

1 10e Ep
= < =
s-0-|V|  §6-]V] " 50

and aYH) = (1 +¢)!% > 1, our inductive assumption implies that
g2 e3p
s25|V| ~ 50(r + 1)’

+1
loseinl2 < o™ o 12 < o amsn (HOTD)|2 <

as needed (in order to apply Lemma with G < ”H(TH)). If the hypergraph HT) was
defined, in step [(C4)| then Lemma guarantees that

o a0 (HINP < [loas (HUHD)1%,

where o is defined as in , with o < a("). However, Fact states that a* < a("+1)
coordinate-wise and, therefore, we may conclude that

o () < [loas (KUY < Yoo (HOTD)2,
as needed. O

We now verify that g(/) and f*(I) have the desired properties and that f* decomposes
as f* = fog. Since g(I) = S~V U...US™ for some r € [s — 1], the fact that g(I) C I
is an immediate consequence of the definitions of S~V ..., $() made in step and
the fact that the respective sets Sy are all contained in I, as guaranteed by Lemma [4.1]
Moreover, since each of these sets S; has at most [2p|V]/e] elements, see Lemma
we have
2p - |V

e e

2
-‘ < 2P V| = 20s%p- V],

€
where the last inequality holds because the main assumption and Fact imply that

1
p2 st lloy) I > /v
The set f*(I) is defined either in step |(C3), for some r € [s — 1], or at the end of

the procedure, if the 1-uniform hypergraph H(Y is constructed. In the former case,
f*(I) = C(Sy) for functions S and C' obtained from Lemma Note that I\ g(I) C
I\ S; CC(S;) = f*(I), as g(I) 2 S = S7. Moreover, |f*(I)] < (1 — 6)|V|, since, on
the one hand, Lemma [£.1] guarantees that

52

’V| - ‘f*(I)’ = m

) HUH(HI)”_2

and, on the other hand, by Claim as ag”l) =1+l >1,

2 2
2 (r+1) 2 +1)y(12 € €
Josceen I < o Ny P < lowemn (D < o < o pyagrr

In the latter case, f*(I) = {veV:{v} & 7-[(1)}. In particular, we must have I C f*(I),
since otherwise I would not be an independent set in H(), which would contradict
propertyin Claim Moreover, Lemma invoked with # < H, D « V\ f*(I),
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and € < 1, gives [V \ f*(I)| > [log,m ]2 Since oi" = 1, we have oy = 0,0 (HD)
and property in Claim allows us to conclude that

s20|V|
22

VI=1£D)] = llogn (HWD)I72 > > o|V.

Finally, we show that f* decomposes as f* = f o g. To this end, it suffices to show
that if g(I) = g(I'), for some I,I' € Z(H), then f*(I) = f*(I'). In fact, we shall prove
the following stronger statement.

Claim 4.4. If g(I) C I' and g(I') C I for some I,I' € Z(H), then g(I) = g(I') and
frI) = (1.

Note that Claim implies the desired property of f*. Indeed, assume that g(I) =
g(I"). Since g(I) C I and g(I') C I, as shown above, we have g(I) = g(I') C I NI" and
the claim yields f*(I) = f*(I").

Proof of Claim[{.4] The claim is an easy consequence of the respective property of the
function S from the statement of Lemma Indeed, it suffices to show that the
container-constructing procedure described above defines the same sets S and the
same hypergraphs H(") when applied to both I and I’; this is because g(I) and g(I’)
are unions of the respective sets S(") and the sets f*(I) and f*(I’) depend only on the
sets S(") and the hypergraphs (. One may prove this assertion by induction on s — 7.
For the induction step, note that while the procedure performs step the respective
hypergraphs H" 1) are identical (by the inductive assumption) and therefore so are the
functions S, C, and F. Moreover, since S; C g(I) and S;» C g(I'), by our definition of
g(I) and g(I'), we may conclude that S; C I’ and S;» C I and thus, the final assertion
of Lemma [4.1] gives us the equality S; = Sp. O

4.4. Pruning hypergraphs. In order to streamline the analysis of our algorithm that
constructs the r-uniform hypergraph H(") from the (r + 1)-uniform H Y we will first
prune the latter hypergraph by removing from it vertices with unusually high degree.
More precisely, define, for a nonempty r-uniform hypergraph H and t € [r],

A(m) = - e(H) - o) | @)

one should think of Ay(#) as a robust analogue of the maximum degree A;(#). In
particular, Fact implies that Al(H) < A1 (H); even though equality sometimes holds
(when H is regular), in general the ratio Aj(#H)/A;(H) can be arbitrarily large. Our
next lemma shows that this inequality becomes nearly tight, up to a multiplicative factor
of O(r), after we delete a small proportion of the edges of H.

Lemma 4.5. Suppose that ‘H is a nonempty r-uniform hypergraph. Then, for every
R >, there is an H' CH with e(H') > (1 — ) - e(H) such that A (H') < R- A1(H).

Proof. Given a nonempty r-uniform hypergraph H and R > r, define
X = {v eV(H):degyv>R- Al(H)}

By the definition of X and A;(H), we have

degs, v 2 R-Al(”H) deg,, v degy, v
2 2 H . H =R 2. L
low 1;( <r.e(%)) 7 () ;r.e(’ﬂ) o gr.e(y),
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which implies that

E degy v < . e(H).
R
veX

In particular, deleting from # all edges containing at least one vertex of X yields a
hypergraph H’ satisfying the assertion of this lemma. O

Since the degree measures o (H) are not defined when H is an empty hypergraph, in
order to streamline our analysis, we will start building the hypergraph H(") by seeding
it with a fixed well-behaved r-uniform hypergraph. In order to guarantee that, at the
end of the algorithm, this initial seed constitutes only a negligible proportion of #(, we
need to make sure that the link hypergraphs HS"“) that the algorithm adds to H (") are
somewhat large. We will achieve this by (temporarily) removing vertices of very small
degree from various subhypergraphs of H(+1).

Fact 4.6. Suppose that H is a nonempty hypergraph with verter set V.. Then, for every
B >0, there is a spanning H' C H such that e(H') > (1 — ) -e(H) and, for eachv € V,
degyy v is either zero or at least B -e(H)/|V|.

Proof. Form a spanning subgraph H’ of H by iteratively deleting all edges containing
some vertex with degree smaller than - e(#H)/|V|. Clearly, each edge of H' contains
only vertices with degrees at least 5 - e(#)/|V|. Moreover, the number of edges deleted
from H while forming H' cannot exceed 3 - e(H). O

4.5. The algorithm. We are ready to present the algorithm that underlies the proof
of Lemma [£.1]

Input. Let G be an (r+1)-uniform hypergraph with vertex set V. Let e € (0, (9(r+1))!)
and p € (0,1), define

25

a:€7,

and suppose that

3
9 £5p ep

< = . )
ol 50(r+1)  2a(r+1) (5)

Observe that uniformly scaling the multiplicities of all edges of G by a positive integer
factor k does not affect the t-degree measure crg ), for any t € [r], nor does it change
the family Z(G) of independent sets of G. It does, however, increase the value of e(G),
and thus also the value of A;(G), for each t € [r], by the same multiplicative factor k.

Consequently, we may assume, without loss of generality, that there is a (large) positive

m. <|V’) <A@ < <|V|>. (6)

integer m such that

2a r a r

Finally, let &« € R" be a vector with nonnegative coordinates and let I be an independent
set of G.



AN EFFICIENT CONTAINER LEMMA 21

Setup. Let L be the empty set and let Qio) be the hypergraph obtained from the complete

r-uniform hypergraph with vertex set V' by changing the multiplicities of all of its edges

to m, so that e(gio)) = m(“ﬂ). Further, apply Lemma with R + %, to find an
0 cg satisfying

e(AD) > (1—¢)-e(G) and  A(AD) <= A (G). (7)
Finally, let
b= Fg’ - |V|-‘ and o= (1—35)"[loa(@)].

Main loop. Do the following for j =0,1,.. .
(S1) If |L| = b or e(AW)) < (1 —2¢) - e(G), then let J = j and STOP.
(S2) Let AU) be a canonically chosen spanning subgraph of AU satlsfylng the asser-

tion of Fact 4.6/ with 3 <— . For each v € V, let g(J v = g* .AQ(,] and let v;
be a canonically chosen vertex that minimises the quantity

(08" - (Joal@) I = (14 2) - o?)

over all v € V whose degree in AU is nonzero.
(S3) If v; € I, then add j to the set L and let

gij'ﬁ‘l) _ g (d:v5) g(] U .A ])

Otherwise, let Q*JH) Q*]).
(S4) Let AUHD be the hypergraph obtained from .AY) by removing all edges contain-
ing v;.

Output. After STOP is called in the main loop, let A = AW and G, = ,EJ) \ Q,EO), that
is, G, is the hypergraph satisfying gi") = G, U gio). (Recall once more that all our
hypergraphs contain edges with multiplicities.)

4.6. Basic properties of the algorithm and the key dichotomy. In this section, we
establish several basic properties of the algorithm and state its key ‘dichotomy’ property,
which we shall derive in later sections. Moreover, we explain how to use the algorithm
to prove Lemma [£.1] We start by showing that the algorithm terminates on every input
and that the output hypergraph G, and the final set L retain important information
about the input set I.

Observation 4.7. For every I € Z(G), the map {0,...,J —1} 3 j = v; € V is injective
and hence the algorithm terminates. Moreover, I € Z(G,) and L = {j € {0,...,J —1}:
(S I}.

Proof. The first assertion holds because in step all edges containing v; are removed,
and hence its degree remains zero in each AU") with 5/ > j. Therefore, the algorithm
stops after at most |V| iterations of the main loop. The second assertion holds because
G, comprises only edges of the link hypergraphs G, for which v € I and because j € L
if and only if v; € I. O

We next observe that the set L contains all the information about the input set I that
is needed to reconstruct the execution of the algorithm.
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Observation 4.8. If the algorithm produces the same set L for two inputs I,1' € T(G),
then also the hypergraphs Gy, the numbers J, and the sequences vy, ...,vj_1 are the same
for both inputs.

Proof. The only decisions that depend on the input set I are taken in step |(S3)| of the
algorithm. Each time this step is executed, the decision taken is encoded in the set L
by placing, or not placing, the index j in L. O

The function S: Z(G) — P(V) whose existence is asserted by Lemma will be
defined as follows:

Sr={vj:jeL}={v;: 0<j < Jandvj €} (8)

In other words, S; comprises precisely those among the queried vertices vg,...,vj_1
that belong to the input set I. Note that |S7| = |L| < b, since the algorithm terminates
in step as soon as L has b elements. We shall now show that the knowledge of the
set Sy is enough to reconstruct the final set L and hence, as stated in Observation [£.8]
the entire execution of the algorithm. In fact, the following stronger statement is true.

Lemma 4.9. Suppose that, for two inputs I,1' € Z(G), we have Sy C I' and Sp C I.
Then, for both these inputs, the algorithm outputs the same set L.

Suppose that S; = Sy for some I, I' € Z(G). As S; C I and S;» C I’ by construction,
Lemma implies that the output set L must be the same for both I and I'.

Proof of Lemma[{.9 Suppose that two inputs I and I’ yield sets L and L', respectively,
with L # L'. Let j be the smallest index such that j € (L\ L')U(L"\ L); without loss of
generality, we may assume that j € L\ L’. Since LN{0,...,5—1} = L'Nn{0,...,5 —1},

the algorithm produces the same sequences vy, ...,v; while working with inputs I and
I'. Since j € L'\ L', we must have v; € Sy and vj ¢ I'. In particular, S; € I'. O
Finally, define the vector a* € R™"! as in (3):

50(r +1
o =(1+¢)" (a,0) + (EQP) (0, ).
The key dichotomy property, stated in our next lemma, is that either the algorithm
inspects many vertices of the hypergraph (before encountering the bth vertex of I) or
the final hypergraph G, is a good ‘model’ of G, in the sense that the £2-norm of o (Gs)
does not exceed the £2-norm of o,«(G).

Lemma 4.10. At least one of the following holds:
2 _
(1) T > 55 - logl 2,
(2) lloa(G)ll < lloax(9)]-

We shall prove Lemma which lies at the heart of the matter, in the next two
sections. We finish the current section with a short derivation of Lemma which is
now straightforward. Given an (r + 1)-uniform hypergraph G and numbers £ and p as
in the statement of the lemma, we may define the function S: I(G) — P(V) as in (§),
by running the algorithm on each input I € Z(G). If J > ﬁ - |log|l=2, we place Sy
in the family " and let C(S7) = V \ {v; : 0 < j < J}; note that I\ S; C C(Sy) as
Sr=1INn(V\C(S1)) by (8). Otherwise, we place Sy in the family S” and let F(S;) = G.;
Lemma implies the desired property of each such hypergraph F(S7). Lemma
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and Observation [4.8) guarantee that the set C'(S;) or the hypergraph F(S;) depend only
on the set S7, and not on [ itself, and that the function S has the claimed consistency
property.

4.7. The geometric lemma. The most important elementary operation performed by
the algorithm described in Section[4.5]is to choose some v € V' and add the r-uniform link
hypergraph AS} ) to the hypergraph Qij ), obtaining a new hypergraph gij v) = gif ) U/lz(,j ),
Since we want the final hypergraph G, to have small £2-norm of o, (G.), in step of the
algorithm, we consider a vertex v that, essentially, minimises the ¢?>-norm of aa(gi‘j ’U))
over all eligible v € V. The following proposition, which is the core of the proof of
Theorem bounds the minimum of Haa(gij ’v)) || from above. Given an (r+1)-uniform
hypergraph A and a vector a € R", we define

Aa(A) = ar-Apa(A).
t=1

Proposition 4.11. Suppose that A is an (r + 1)-uniform hypergraph with vertex set V.
and that G, is an r-uniform hypergraph with the same vertex set. Suppose that o € R”
has nonnegative coordinates. Then, there exists a vertexr v € V with nonzero degree in
A such that the hypergraph G¥ = G. U A, satisfies

loa(G@II* < lloa(G)lI?

desav ({4 lowll o A | o Aeld)
e ((2 CACATI. e(g») a0 6<9*>>' .

Since the right-hand side of @D is rather complicated, let us explain the underlying
intuition. The two terms Aj(A)/e(G.) and A, (A)/e(Gy) should be viewed as ‘error
terms’. If we assumed that they are both zero, inequality @D would simplify to

(loa(A] = lloa(@)l) - lloa(@)ll.  (10)

2deg 4 v

e(Gy)
This simplified inequality states that, as long as the £2-norm of 0 (G.) exceeds that
of 04(A), there is a vertex v € V such that the ¢2-norm of 0,(G?) is strictly smaller
than that of 0,(G.). Moreover, the difference ||04(Gs)|| — ||oa(GY)|| is proportional to
the difference ||oo(A)| — ||oa(Gs)||. Proposition will allow us to show that, as we
repeatedly update G, < GY in step of the algorithm, the value |04 (G,)| drifts,
rather quickly, towards ||oq(A)]|.

The reason why Proposition is true stems from Fact [3.6] which states that the
vector o,(A) is a convex combination of the vectors o,(A,), where v ranges over V,
and the coefficient of each 0,(A,) in this combination is proportional to deg 4 v. This
basic property of the degree measures enables us to express the problem of minimising
lloa(G2)||, solved by the proposition, in a simple, abstract way, as we now do in the next
lemma.

loa (@I < lloa (@)l +

Lemma 4.12. Suppose that vy, ..., v, € R and A € R* all have nonnegative coordinates
and ||Al[1 =X + -+ X\ = 1. Define

k
V= E )\z‘ * V.
i=1
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For every positive =, every i € R with nonnegative coordinates, and all 1, ..., x; €
(0,z], there exists an i € [k] such that A; > 0 and the vector p; defined by

i = (1 —:Ui)\i) . M+xi>\i i

satisfies

[l

Proof. Note first that, for every i € [k],

k
vl
pal? < Nl + Ais - (2' =24z AP )l e Yo Nl ) (1)
=1

lrall® = lli+zid - (i = w1 =l + 223 - (v — ) +2fA7 - v — w0 (12)
Since (v;, p) = 0, by our assumption on non-negativity of the coordinates, we have
lvi = gl = Nlwill® = 2 viy 1) + [lel® < el + [l

Substituting this inequality into , dividing both sides by z;, and summing over
i € [k] yields
k

I w a
Z : Z 1)+ maxa; <HAHQIMI2+ZA?MH?>- (13)
i—1 i=1

The definition of v, the assumption ||Al]; = 1, and the Cauchy—Schwarz inequality give

H2

k

DN i) = = po) = (v ) = [l < - il = Nl
Substituting this inequality into , recalling the assumption that max; x; < z, yields
2 w :
Z : <2 (Wl flall = Nal) + (WW + ZA%W) L (1
i=1

Finally, as || A1 = 1, there must exist an ¢ € [k] such that \; > 0 and the ith summand
in the left-hand side of is at most A; times the right-hand side of . This gives

H2

k
lpaall® = laall® < i [ 2 (W0 el = Nel®) + 2 IRl + D2 X507 ) )
=1

which is easily seen to be equivalent to the desired inequality . U
Proof of Proposition[{.11. For every v € V, let G¥ = G, U A,. We claim that, for each
t € [r], the t-degree measure of GV is a convex combination of the t-degree measures of
G. and A, and the coefficients in this convex combination are proportional to e(G,) and

deg 4 v, respectively. Indeed, since for every T' C V, the degree of T" in G is simply the
sum of the degrees of T in G, and Av, we have

e(GY) - og) = e(Gu) -0y + e(Ay) - oY) =e(G.) 0§ +deg v 0.
Dividing the above equality through by e(GY) = e(G) + degA v, we obtain

0 _ [, _degav\ (1, degqv @
‘(1 e<g3:>> 76 T gy TA
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Define, for each v € V,

C(r+1)-e(A) _ (r+1)-e(A)
WETTG S e (18)

Since A is (r + 1)-uniform, we have, for each v € V,

d
o) = Lt

and, consequently, for each t € [r],

o) = (1 - 2,04(v)) - 0§ +2yoa(v) - 01

. (16)
We now invoke Lemma with k& = |V, the vectors vy, ..., v, replaced by {04 (Ay) :
v € V}, the vector A replaced by o4, the vector u replaced by 0,(Gs), the numbers

x1,...,x replaced by {z, : v € V}, and z replaced by (r + 1) - e(A)/e(G«); note that
T1,...,TEp < T, see . Fact [3.6 m implies that

k
v= Z)‘i v = Z oA(v) - 04(Ay) = 0a(A),
i=1 veV

and, if ¢ € [k] corresponds to v € V, then \jz; = z,04(v) = degyv/e(GY) and thus
1i = 04(GY). Recalling the definition of A (-) from (@), we further have

(T + 1) i 6(./4) H2 _ AI(A)

x- 2 = = )
1Al e(G.) e(G.)

lloa

Finally, Fact 3.5 implies that
) Z o4(v)? - [loa(Ay)|

+1
- Z A lwill? =
( veV

(r+1)-e(4)
s
+1
- (<)g>()2 D oatel oI

veV
_ (T+1)~6(.A) .ia . ngﬁ‘l)HZ
 e(Gy) |

L N A () = BaY)
G =gy

It is now straightforward to verify that Lemma [£.12] implies the existence of a vertex

v € V satisfying the assertion of the proposition. O

4.8. Proof of the key dichotomy property. In this section, we use Proposition [4.11
to bound the expression from step in the description of our algorithm. This is
the most technically demanding part of the proof. Throughout this section, we use the
notation introduced in Section [£.5] We start with an easy dichotomy.

Lemma 4.13. Ife(A) < (1 —2¢) - e(G), then
2
3 —
e oo™

J =
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Proof. Since A is obtained from A by removing all edges that contain at least one of
the vertices vg,...,v5_1, we have

(.A(O) — e Z degA(o) ’UJ J - Al(.A(O))

Consequently, it follows from and our upper bound on e(.A) that
e(A®) — e(A) - e?-e(G) &

. -2
Lemma 4.14. Ife(A) > (1 —2¢) - e(G), then e(Gs) = p-e(G).
Proof. By construction,
! . . e e(AU))
€(G.) = e(G7) — (@) = 3~ (e(@7 ) = e(@)) = Y deg g vy = Y T
j=0 JeL JeL Vi

Our assumption e(A) > (1 — 2¢) - e(G) implies that the algorithm terminated with
|L| =b>2p/e-|V|, see step |(S1)l Consequently, recalling that ¢ < 1/4,

e-e(A) _ 2p-|V] e-(1-2¢)-e(9)

V] € V]
Our next lemma lies at the heart of the matter. For brevity, define
A:=3-A,(G).
Lemma 4.15. For every j € {0,...,J},
A
loalGP)I? < (1+e) - o2+ . (17)
e(g* )

Proof. We prove by induction on j. Since Qio) is (an integer multiple of) the
complete r-uniform hypergraph, agt(o) is the uniform probability measure on (‘t/) and,

—1
@ 2 _ (VI
oot = (")

for every ¢ € [r]. On the other hand, Fact implies that, for every ¢ € [r],

A +1
Aa(@) = T e@)- oGP = (r+1)-e(G) - 3 og(w)* - oGl
veV

consequently,

Fact [3.1] implies that, for every v € V such that gv is nonempty,

25 VI — ls® 2
lo 1= (1) = 1ol
and therefore

Aa(G) > (r+1)-e(G) - Y- og(v) - o |* = Ar(G) - o I

veV
Recall from @ that we have chosen m so that

Avg) =2 <!VI> _ e(giio))

T 2a
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which, substituted into the previous inequality, implies that
®) 2 2a A
||Ug£0)|| < M Ap1(9). (18)

After we multiply both sides of by ¢ and sum the resulting inequalities over all
t € [r], we obtain

Au(G)
G\

loa (G2 < 2a-

I

@

which implies (|17) when j = 0.
Suppose now that j = 0 and assume that (17 . ) holds; we shall show that thls mequahty

remains true after we replace j with j + 1. We may assume that Q*] +) Q Avj ,

otherwise Qﬁj +) Qij ) and there is nothing to prove. Let v be a vertex satisfying the

assertion of Proposition with A — AU and g, +— gij ). The vertex v; was chosen

in step |(S2)[so that

(@) (lloa (@ )2 = (142) - 02) < e(@) - (lloa( @) = (1 +2) - 02),
(19)
so it suffices to bound the right-hand side of from above by a - A.
The assertion of Proposition inequality @, is equivalent to the inequality

(@) (loa(@@ )P = 0*) < e(@) - (loa(@)|2 = o)

A(AD) o (AD)) > 2 Aaui(ﬂ‘)))
deg ;v - 4 2- -2 - ||oa(Gs —F 1. (20
+ g i) (( e(gij)) + HO’a( )H H ( )H + e(gij)) ( )

Since e(gij’”)) e( (J)) + deg 4(;) v, inequality (20) may be rewritten as
(@) - (lloa (@ )12 = 02) < e(@) - (loa(@)I? - o?)

Ay (AG) oo (AW GU o (AW
e (840 L) st S8

(21)

We shall now simplify the right-hand side of somewhat. To this end, observe first
that, as the algorithm did not terminate in step [(S1), we must have

e(AD) > (1—e)-e(AD) > (1 —¢)- (1 —2¢) - e(G) = (1 — 3¢) - e(G).

Consequently, Fact implies that, for every ¢ € [r + 1],

oSl < (1 =371 - o] (22)
and, since clearly e(AY) < e(G),
A(AD)) < (1-3e)72- Al(G) < 3-Ay(G). (23)

Summing , with both sides squared, and over all ¢, with appropriate weights,
yields

loa(AN I < (1=3e)7" - Joa(@) =0 and  Aa(AY) <A. (24)
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Furthermore, recall from @ that we have chosen m so that

(0) (4)
AL(G) < m. <|V‘> _ e(Gx ") < e(Gs )

a r
Consequently
Ay (AD) 1-3)2 3
LA) (-39 3 )
e(Gy’ ) a a
and, by ,
A1(AD) < A1 (AD) < A (A < r+l A1(G)
r+1 e(g(])) a -6 (26)
< LA < 2@V,
€ a 2

where the last inequality holds as a? = 625/e* > 2(r+1)/e. We may now substitute (24))
and into and rearrange the terms to obtain the following inequality:

e(@) - (loal@@)12 = 02) < e(@) - (loal@)]* - 02)

2
3 o A
+ deg s v - - — =1 Haa( ]))HQ - . (27)
A a (naa(g@)u ) e(G9)

*

We now consider two cases, depending on how large ||Ja( )H2
Case 1. [|oa(GV)2 < (1+¢) 02 +a/2- AJe(GY)).

We first claim that

2 2
R ) R

To see this, note that the left-hand side of is negative when Haa(gij))H > 20, as
a > 12. Otherwise, the first factor in the left-hand side is at most 3/a and the second
factor is at most 402. Substituting into , using the assumed upper bound on
loa (@), yields

y . | A
e(GU) - (Haa(g»@’ 12 - 02> <e(GY)-e-0” —|— - A+ deg 45y v <€ o+ (g(j))>
E(Yx
() o) g0 (YA
< <e(g* )—i—degA(J)v) -0 —|—<2+2) A,

where the second 1nequahty holds because deg 4.;) v < A1 (AD)) < (a)2)-e(Gy gy )) see

(4 U))

Finally, since e(g* ) +deg 45y v = e(Gs , we may conclude that

(@) - (lloal@P )2 = (1 +¢) - 0%) <a- A. (29)
By , this proves the desired estimate (inequality ((17] “ with j replaced by j + 1).

Case 2. (1+¢) 0%+ a/2- A/e(GP) < 0a(G@P)2 < (1 +€) - 02 +a- Afe(GY).
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We will show that the second term in the right-hand side of is nonpositive, which
will give

(@) - low(@ I < (@) - (loa(@)I? o) +e(GH") - o2
<e@V) e 02 +a-A+e@PY). 02

which in turn implies the desired estimate (inequality (29)), as e(gij )) < e(gij ’U)). The

lower bound on ||oq( 19 ))H2 assumed in Case 2 implies that

A 2 :
5 < - lloa@)?

and hence

2 N
3 g G2 A
S —T 1) | o @)+ —=
a <Haa<gfﬂ)>u ) e(6Y)

Moreover, since Haa(gij))ﬂz > (1+¢)- 0%, we have

2
5 (o ) 5oL )5 (IEe-y
@ Aloa@l ) @ \Wite ) o dde

G

2

1+ vIFe)  (L+e)

where the last inequality holds due to our assumption that ¢ < (9(r+1))"! < 1/18. O

o %
/N

4.9. Proof of the key lemma. After having made all the preparations, we are finally
ready to prove Lemma |4.10

Proof of Lemma[f.10. If e(A) < (1 —2¢)-e(G), then Lemma immediately gives
We may therefore assume that e(A) > (1 — 2¢) - ¢(G). Recall from (6] that we have
chosen m so that

VvV o
(@) =m- (V) <20 810) =20 +1) - €(0) - o
It thus follows from and Lemma that

eGs) e _ e e(G).

(0) : .
e(g* ) < 2a (’I”"— ]') p 2Q(T+ 1) ~

Consequently, Fact implies that

e(gij)) ol (J))H _ e(Gx) + e(g4(<0))
e(Gx) o e(Gx)
It now follows from Lemma [A.15] that

loa(G:)l| < Noa(@) < (1 +e) - oa(G)]I.

loa(GIIP < (1+¢e)* 0”+(1+¢e)*-
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Since e(gi‘])) > e(Gs) = p-e(G), by Lemma and (14+¢)"(1-3¢)2 > 1,as ¢ <
(9(r + 1))~ < 1/18, we further have

2 3 2 2, 24
L4y ) ) A a(9)
< g loa@IF + 1 +0)* - =0
4G'Aa(g)
<149 floa(@) + — =

4CL r+1 t+1
-3 (mm e N ]

Recall the definition of o* given in (3). Since 4a/(t + 1) < 50/¢? for every ¢ € [r], we
may conclude that

loa(@)II? < lloa- (9],

as claimed. O

5. PROBABILISTIC INEQUALITIES

The proofs of Theorems and make use of well-known probabilistic in-
equalities. The first of them are standard tail bounds for binomial distributions.

Lemma 5.1. Let n be a positive integer, let p € [0, 1], and suppose that X ~ Bin(n,p).
Then, for every § € [0,1],

Pr (X < (1 —0)np) < exp(—0°np/2) and Pr(X > (14 0)np) < exp(—3°np/3).

We shall also need the following version of Janson’s inequality [27], which can be easily
deduced from the statements found in [2, Chapter 8§].

Theorem 5.2 (Janson’s inequality). Suppose that Q0 is a finite set and let By,..., By
be arbitrary subsets of Q. Form a random subset R C Q) by independently keeping each
w € Q with probability p,, € [0,1]. For each i € [k], let X; be the indicator of the event
that B; C R and define

i=1 1<i<j<k
BiﬂB]?é@

Then,
2
Pr(B; ¢ R for alli € [k]) < exp< mm{g fA})

6. THE TYPICAL STRUCTURE OF K, 1-FREE GRAPHS

6.1. Outline. The first, key part of the proof of Theorem [1.2]is showing that, for suffi-
ciently small §, the number of K, i-free subgraphs of K,, that are not én?-close to being

n.Kri1) which is a trivial lower bound on the number

r-partite is much smaller than 2¢X(
of K, i-free graphs. This statement is derived from a container lemma for K, -free
graphs (Proposition [6.1|below), which is obtained by applying Theorem [1.6|to the (TH)

uniform hypergraph that encodes copies of K11 in K, and the supersaturated’ version
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of the stability theorem of Erdds and Simonovits proved in [5] and stated as Lemma
below. Proposition [6.1} which is the main result of this section, supplies a covering of
all K,41-free subgraphs of K, with few containers, each of which is a subgraph of K,
with either fewer than n?/8 edges or fewer than n"t1/2 copies of K, (after we delete
from it some n?~1/(87) edges), whereas Lemma, is used to show that all containers
with nearly ex(n, K,41) edges must be close to being r-partite.
The remainder of the proof is showing that all but an 27"/ (1or)!
free subgraphs of K,, that are én’-close to being r-partite are in fact r-partite. Our
three-step argument is loosely based on the methods of [§]. First, we show that all but a
tiny fraction of graphs in our collection admit an optimal, balanced r-partition with at
most 6n? monochromatic edges (i.e., edges whose both endpoints belong to the same part
of the partition); an r-partition is optimal if it minimises the number of monochromatic
edges and it is balanced if each partite set comprises at least n/(2r) vertices. Second, we
bound from above the number of remaining graphs whose associated r-partition induces
a monochromatic copy of K p in one of the parts, where D = |n/(2!47r51ogn)|. Third,
we bound from above the number of remaining graphs whose associated r-partition

-proportion of K, 1-

induces a monochromatic matching with a given number of edges in one of the parts.
The second and third steps complement one another as every graph with ¢ edges contains
either a copy of K1 p or a matching with at least ¢/D edges.

6.2. An efficient container lemma for K, -free graphs. The following statement,
which is the main technical result of this section, is an efficient container lemma for
K, 1-free subgraphs of K,,. It is obtained by applying Theorem to the (Tgl)—uniform
hypergraph that encodes copies of K41 in K.

Proposition 6.1. For almost all n and every r satisfying 2 < r < logn/(1211oglogn),
there exists a collection G of at most exp (nz_l/(sr)) subgraphs of K, such that:

(i) Each K,1-free subgraph of K, is contained in some member of G.
(ii) Each G € G either has fewer than n?/8 edges or it contains a subgraph G' with
e(G") = e(G) — n?~V/ &) that has fewer than n" Y2 copies of K,y1.

Proof. Let n be a large integer and suppose that r satisfies 2 < r < logn/(121loglogn).
Let v = 1/(8r) and observe that

1
n? = exp < ogn

8r

> > exp(12loglogn) = (logn)'2. (30)

Let H be the (Tgl)-uniform hypergraph with vertex set F(K,,) whose edges are the edge
sets of all copies of K, 41 in K, and set

5= (7“ —g 1), g=n"%, and E=n"t1/2

We now verify that we may apply Theorem |1.6] with o <~ 1/4 and 8 < n™7, to the
hypergraph H. First, as s < 72 < (logn)?, we have

afiq-v(H) = - (Z) >n > 10%7

and, using ,

10*s%¢g = 10*s°n 37 < 104(log n)lon_?’7 <n 7 =4,
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provided that n is sufficiently large. Second, suppose that ¢t € {2,...,s} and let £ €
{3,...,7 + 1} be the unique integer satisfying (451) <t< (g), so that

t—1< (g) —1=(€+1)2(€_2> <r(e—-2).

Since a graph with ¢ edges must have at least ¢ vertices, we have

n—1~{ el
Av(H) = (r+1—€) <n '

and, consequently,

( q )tfl E 1 >< q )7“(572) nT‘H/Q 1
10655 v(H) Ay(H) ~ \106s° n?  prtl-t

(P r(-2) /2, a1/@n-3y\ "¢
~ \ 1065 R T

2 -
(g

where the last inequality follows from . Theorem supplies a collection G of
containers for the independent sets of H (that is, K, 1-free subgraphs of K,,) satisfying

G] < exp (105”87 log(e/a) - qlog(e/q) - v(H))

< exp (105(log n)Pn7 . n =3 logn - n2) < exp (n2_7) ,

WV

L

where the last inequality follows from , such that, for every G € G, either e(G) <
a-v(H) < n?/8 or there is a subgraph G’ C G with e(G") > (1 — B)e(G) = e(G) — n?
and e(H[G']) < E (that is, G’ contains fewer than E copies of K;41). O

6.3. Almost all K, -free graphs are almost r-partite. The following theorem,
which is a rather straightforward consequence of our container lemma for K, i-free
graphs (Proposition and the ‘supersaturated’ version of the stability theorem of
Erdés and Simonovits (Lemma below) proved by Balogh, Bushaw, Collares, Liu,
Morris, and Sharifzadeh [5], may be viewed as an approximate version of Theorem
It states that, under the assumptions of Theorem almost all K, ,q-free subgraphs
of K,, are almost r-partite. To make this notion precise, given nonnegative integers r
and t with r > 2, we shall say that a graph G is t-close to being r-partite if G can be
made r-partite by removing from it at most ¢ edges. In other words, G is t-close to being
r-partite if G contains an r-partite subgraph G’ with e(G’) > e(G) — t. Conversely, we
shall say that a graph G is t-far from being r-partite if GG is not t-close to being r-partite
or, in other words, if x(G’) > r for every G’ C G with e(G’) > e(G) —t.

Theorem 6.2. The following holds for sufficiently large n and all r satisfying 2 < r <
logn/(1211oglogn). Let F denote the family of K,i1-free subgraphs of K, that are
(8logn)~Pn2-far from being r-partite. Then

’]:| < 20x(n,Kr+1)—n.
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Lemma 6.3 ([5]). Suppose that n, v, and t are positive integers. Every n-vertex graph
G that is t-far from being r-partite contains at least

2 (@i (1-1)2)

Proof of Theorem[6.3. Let 6 = (8logn)~ !5 so that F is the family of K, -free sub-
graphs of K, that are én’-far from being r-partite. Let G be the family of containers for
K, 1-free graphs supplied by Proposition We partition G into two parts as follows:

2
G = {G €G:e(@)> <1 - i) % — 2n2—1/<87">} and Gy =G\G.

copies of Kpi1.

Fix an arbitrary G € G;. Since e(G) > n?/8, it must be the case that G contains a
subgraph G’ with

1 2
e(G') > e(G) —n? V6 > <1 - T) o — 32 /e (31)

r+1/2

that contains fewer than n copies of K,11. Let G’ be any such subgraph of G

and let ¢’ be the smallest number of edges one can delete from G’ to make it r-partite.
Lemma implies that

n"t / / 1\ n? +1

e 1 I T r+1/2

] <e(G)+t 1 <1 r) 2><n
and hence, by (31)),

t/ _ 3n2—1/(87‘) < 627" . ,r! . n3/2 + 1 < r4’r’ . n3/2 < n7/4

Since G’ is t'-close to being r-partite, G is t-close from being r-partite for all ¢ >
5n2~1/(81) since

B2 E) 5 T/ L an2 V) S ¢ 4 o(G) — e(@).

In particular, since

logn 121 1
—1/(8r) _ _
n /( ) = exp (— 8’[“ > = exp <—810glogn> <K W,

neither G nor any of its subgraphs can be dn?-far from being r-partite.

Thus, every graph in F must be contained in some element of Go. Since
1 n 1\ n?
K, 1—- >1—-]—=—n,
ko> (120 ()2 (-5) 5 -

’f‘ Z 26 17— T ‘g‘ gn— 2n2—1/(87)

29X(’n KT+1)
GeGo

< exp (n2_1/(8T) +2log2 - (n — n2—1/(8r))> <2,

we have

as claimed. O
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6.4. Balanced and unbalanced r-partitions. Let II be an arbitrary r-partition of [n].
We shall say that II is balanced if minpery |P| > 2"7 and that it is unbalanced otherwise.
In the sequel, we denote by K the complete r-partite graph whose colour classes are
the parts of II.

Fact 6.4. Suppose that r > 2 and let I be an unbalanced r-partition of [n]. Then

2
1672
Proof. Let P € II be an arbitrary part satisfying |P| < g and let @ € II be an arbitrary
part satisfying |Q| > . Set

QI —IP|
2 )

let I’ be the partition obtained from IT by moving some m vertices from @ to P, and
observe that

e(Kr) — e(Kn) = (IP|+m)(1Q] = m) — [P|Q| = (1Q] = |P]) - m — m® > m?.

e(Km) <ex(n, Kry1) — +n

Since |Q| — |P| > 3%, then m > || and, consequently, m? > fg—zg n. Finally, since
K is an r-partite graph we have e(Kip) < ex(n, K,41) and the claimed upper bound
on e(Kip) follows. O

Our next lemma bounds from above the number of subgraphs of K,, that admit an
unbalanced r-partition with few monochromatic edges.

Lemma 6.5. The following holds for all sufficiently large n and all r satisfymg 2 <
logn. Let F denote the family of all G C K,, that satisfy e(G \ K1) < W for some
unbalanced r-partition II. Then

’];-‘ < 98X (n,Krt+1)—n

Proof. Denote by P, the family of all unbalanced r-partitions of [n]. For every II € Py,

let Fir denote the family of all graphs G C K, that satisfy e(G \ K1) < gz We
have
n?/(rlogn) ( ) n2 an2
|]:H| < Z ( i ) . 23(KH) < (n2) (rlogn)? . 2€(KH) < 2€(KH)+7T2 logn _
t=0
Since |P,| < r™ < 2271987 Fact gives
|.F’ < Z ‘]:H| < 2ex(n,Kr+1) 16T2+ 241" +n+2nlogn 26X(n,K7»+1)*n
[IeP,
provided that n is sufficiently large. O

Let Col,(n) denote the family of all r-partite subgraphs of K,. Even though some
graphs in Col,(n) admit many different proper r-colourings, our next lemma, which is
implicit in the work of Promel and Steger [37], shows that the average number of proper
r-colourings of a graph in Col,.(n) is only slightly larger than one. Our proof of the
lemma is an adaptation of the argument underlying the proof of [8, Proposition 5.5].
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Lemma 6.6. The following holds for all sufficiently large n and all r satisfying 2 < r <
logn. Denoting by P the family of all r-partitions of [n], we have

3 2ekm < (1 + 2‘#&) -|Col,(n)].

ImeP
Proof. Denote by Py the family of all balanced r-partitions of [n] and let P, = P \ Pp.
Since |P,| < r™ < 22187 Fact |6.4] gives

2
z : 2€(K1‘I) < 2ex(n,Kr+1)7127+n+2n10gn < 2ex(n,K,'+1)fn’
IeP,

provided that n is sufficiently large. (This bound is also a consequence of Lemma )
As ex(n, K,4+1) is the (largest) number of edges of an n-vertex r-colourable graph, we
have
> 2K <27 |Col, (n)).
[IePy
Since, for every pair I, II' € P, there are exactly 2¢(510Kw) subgraphs of K, that are
properly r-coloured by both IT and II', Bonferroni’s inequality (the inclusion-exclusion

[Col,(n)| > 3 2¢Km — ™ gelKnnKw),
IePy, {H,H’}E(Zb)

principle) gives

The claimed inequality will thus follow once we establish the following claim.

Claim 6.7. For every Il € Py,

Z 26(KH0KH/) g 25(KH)_ﬁ.
I eP,\{I1}

Fix distinct II,II" € P,. Suppose that II = {Py,...,P.} and I' = {P},..., P/} and,
for all 4,5 € [r], let P,; = PN P]’-. We will say that the vertices in P;; are moved
from P; to P]( . For every i € [r], define L; and S; as the largest and the second largest
subclasses of P;, respectively (with ties broken arbitrarily). Note that |P;| > g implies
that |L;| > 5. Set s = maxje[, |9 and let S = S; for the smallest j for which the
maximum in the definition of s is achieved. Note that 1 < s < n/2, as s = 0 would
imply that (Pj,..., P/) is a permutation of (P, ..., P,), and therefore IT = II'.

By the pigeonhole principle, either some pair {L;, L;} of largest subclasses or some
largest subclass L; and S, where S ¢ P;, are moved to the same vertex class P/. Since
P/ is an independent set in Ky, it follows that K1 N K has no edges between the sets
L; and L;j or L; and S. Since,

2
min 12 - 2] 181 2 min{ (7)ot 5 > 5%

we have e(K1 N Ki) < e(Km) — o5

Observe that, given a IT € P, we can describe any II' € P \ {II} by first picking the
(ordered) partitions (F;;);e[ for every ¢ and then setting P} = ¢,
that, for every s, the number of ways to choose all P; ; in such a way that max;c[,) [Si| = s
i jelr] and then
specify, for each ¢ € [r], the elements of each P, ; with j € [r], apart from L; (which
will comprise all the remaining, unspecified elements of P;).

]]Pi,j' We claim

is at most n”” - ", Indeed, one may first specify the sequence (\PZ]\)
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We may thus conclude that

S arKuk) < 37 s g
IV P, \ {11} s>1
< 9¢(Kn) '22457"2 logn—7x < 26(KH)—4LTL4,
s>1

as claimed. O

6.5. The number of K, -free graphs with a monochromatic star. The following
lemma will be used to bound from above the number of K, ,1-free graphs whose optimal
r-partition induces a monochromatic copy of Ki p in one of the parts.

Lemma 6.8. Let D be an integer satisfying D > 2"r. Suppose that 11 is an r-partition
of [n] and that S is a copy of K1 p with V(K1 p) C P for some P € II. Ifv € P is the
centre vertex of S, then

2
HG CKn:GUS 2 Kyq1 and degg(v,Q) 2 D for all Q € I\ {P}}] < 9e(Km) =

Proof. Let G be a uniformly chosen random subgraph of Kpj. Expose G on all the edges
of Ky that have an endpoint in P and condition on degq (v, Q) > D for all Q € IT\ { P}.
2

D

It suffices to show that, for every such conditioning, Pr(GU S 2 K,4+1) < 27 &2. For
each @ € IT\ {P}, choose an arbitrary set of D neighbours of v in @ and let K be the
family of all D" copies of K, in K7 whose vertices belong to the chosen D-element sets
or to V(Ki,p) \ {v} € P. Since, under our conditioning, v is adjacent (in G U S) to all
the vertices of each K € K, we have Pr(GU S 2 K,11) < Pr(K ¢ G for all K € K).
We may bound the latter probability from above using Janson’s inequality. Define, as
in the statement of Theorem [5.2

1 e(K) 1 e(KUK")
W= Z <2) and A= Z <2> .

icer k()
E(K)NE(K")#0
Observe that the function {2,...,7} > £+ D*. 2_(5) is increasing. Indeed, our assump-

tion implies that, for each ¢ < r — 1, we have D - 2(5)_(@51) >D-27" > 1. It follows

that .
pr 1\ _ p?
5= % <2> 1
We now estimate A. To this end, fix some K € K and observe that, for each k €
{2,...,7 — 1}, there are at most (2) - D" % many K’ € K that share exactly k vertices
with K and that e(K U K') = 2() — (g) for each such K’. We conclude that

r—1 g)rk
Dk

A < i kz @ Dk G) (5)-(5) < kz 2

Our assumption implies that, for every k € {2,...,r — 2},

o("F) k1t gk o(5)pk < 1 20)pk

D+l T D Dk S 9 T Dk
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and hence,

We conclude that

2 2

fpop D

< - S| S )
Pr(GUSSZKTH)\eXp( mln{2,4A}> \exp< 87“2>7

as claimed. O

6.6. The number of K,,;-free graphs with a monochromatic matching. The
following lemma will be used to bound from above the number of K, i-free graphs
whose optimal r-partition induces a monochromatic matching with a given number of
edges in one of the parts.

Lemma 6.9. Suppose that 11 is a balanced r-partition of [n] and that M is a matching
with m edges such that V(M) C P for some P € II. If r?-2"+3 < n, then

__mn

‘{Gg KH : GUM 2 Kr+1}} < Qe(KH) 210,4 |

Proof. Let G be a uniformly chosen random subgraph of K, so that the assertion of
the lemma becomes equivalent to the inequality Pr(G UM 2 K,i1) < 272107, Let
N = HQeH\ (P} |@Q| and note that the assumption that II is balanced implies that N >

(%)T_l. Denote by K, ; the graph obtained from K, i by removing from it a single
edge and let K be the collection of all copies of K, | in K7y that form a K, with an edge
of M. Note that || = mN and that Pr(GUM 2 K,;1) = Pr(K ¢ G for all K € K).
We may thus bound this probability from above using Janson’s inequality. Define, as in

the statement of Theorem [5.2

1 e(K) 1 e(KUK")
p=3" <2) ad A=Y (2) |
KeKk {KJ(’}E(’S)
E(K)NE(K')#0

2+1

Observe that the function {2,...,r} 3 ¢ — (%) 9=(2) is increasing. Indeed, our
241

L
assumption on r implies that, for each £ < r — 1, we have 5 - 2(:)=(3") > 527" 2> 1
It follows that

-1

p omN 1\ (%) nar—1 /I\(2)
2 2 2 2r 2 167

We now estimate A. To this end, fix some K € K and observe that:
(a) For each k € {1,...,r — 2}, there are at most (71) - N - (%)_k many K’ € K
that share with K the two vertices in P and exactly k other vertices; we have

e(KUK') = 2(’”2“1) - (k;rQ) — 1 for each such K.

(b) For each k € {2,...,r— 1}, there are at most m - (Tzl) "N - (2%)7’C many K’ € K

that share with K only some k vertices outside of P; we have e(K U K') =

Z(Tgl) — (g) — 2 for each such K’.
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We conclude that

2L (20 s (2"

k=1 k=2
1 2 @22yk o)1 g2k 2(2)
g — . -~ 7 0000
m nk nk
k=1 k=2
82 (2r2)k . 2(3)
mn n
k=2
Our assumption on r implies that, for every k € {2,...,r — 1},
(2r2ykt1("s")  p2oks (2yko("Y) 1 (2p2)ka(tdY)
pr— . < _—
R+l n nk 9 nk
and hence, as m < n/2 and r > 2,
2A  8r? 4rt .26 2584
— S —+2 5 S .
i mn n mn

We conclude that

) 2 mn
Pr(GUM € K,;1) < exp <— min {g fA}) S exp (_4210T4> ’

as claimed. O

6.7. Proof of Theorem Suppose that positive integers n and r satisfy 2 < r <
logn/(121loglogn) and let Col,(n) and F denote the families of all r-partite and all
K, 1-free subgraphs of K, respectively. Since Col,.(n) C F, it suffices to show that

I\ Col, (n)] < 2~ @07 - |Col,(n)]. (32)
Let § = (8logn) !5 and let P be the family of all r-partitions of [n]. Define, for every
graph G € F,
t(G) = min{e(G \ K1) : Il € P}
and let

Feose = {G € F:1<t(G) <on?}  and  Fpw = {G € F: t(G) > on?},

so that Feose U Frar = F \ Colp(n). Furthermore, for every G € Feose, let II(G) be
an arbitrary r-partition that achieves the minimum in the definition of ¢(G). Let Fé’lose
comprise these G in Feose for which II(G) is a balanced partition and let FY ., =
Felose \fé’lose. Finally, for every balanced partition II € P and every integer t satisfying

1 <t < 6n?, define
Fin={G e Fb.. : t(G) =t and TI(G) = II}.

Letting P, denote the set of balanced r-partitions of [n], we thus have

Sn?
“F\ COIT(”)’ < |ffar‘ + ’f(ﬁose’ + Z Z “Ft7H : (33)
IIeP, t=1
It follows from Theorem [6.2] and Lemma [6.5] that the first and the second terms in the
right-hand side of are at most 2¢X(Er+1)=" each. To bound the final term, we shall

derive the following estimate.
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Claim 6.10. For every integer t satisfying 1 < t < én? and each II € Py,
“Ft,]_[’ < 26(KH)_ﬁ_t.

Let us first argue that inequality and Claim imply . Indeed, assuming
Claim we have

on?
|f-'\ Colr(n)| < 9. Qex(n,Kr+1)—n + Z 226(1(11)*@725
Iep, t=1
< Qex(mKH_l)—n—&-l 4 Q_W . Z 26(K1‘[)'
IIeP

Finally, since |Col,.(n)| > 2<(Kr+1) and S p 2¢(Kn) < 2|Col,(n)|, by Lemma. we
conclude that
I\ Col, (n)] < (2—”+1 + Q‘W“) -|Col, (n)],

which yields (32). It thus suffices to prove Claim
Proof of Claim[6.10 Let D = {WJ and define

.FEH = {G € Fin : G[P] O Ky, p for some P € H},
}"% = {G € Fin : G[P] has a matching of size [t/(Dr)] for some P € II}.
Since every graph with t edges contains either a vertex with degree at least D or a
matching with at least t/D edges, we have F; i1 = ffn U .7-"%[ and we may bound |F; 1|
from above in two steps.
First, we claim that if G € ffn and v € P € Il is the centre vertex of a copy of K1 p

in G[P], then deg(v, Q) > D for all Q € II. Indeed, if this were not true, then moving
v from P to @ would yield a partition I’ such that

e(G\ K) = (G \ Kn) + degg (v, Q) — degg(v, P) < e(G\ Kn),
which would contradict our assumption that IT = II(G). It thus follows from Lemmal6.§]

(which we may apply as D > n'/? > 2" when n is sufficiently large) that

S 2\t E(KH)*D*Z G(KH)*DfiJrﬁltlogn e(Kr)—n—t
[Finl < (n%) -2 2 < 2 sr <2

where the last inequality holds because, by our choice of § and D,
D? n? n?
o 9 = = 2
8r2 7 232p12(logn)? ~ (8logn)l4

Second, it follows from Lemma [6.9] that

86n?logn > 4tlogn +n +t.

_ [t/(Dr)]n _ [t/(Dr)n __n
‘]:57\14_[’ < (nQ)t . 9¢(Kn)— G071 < ge(Km)—5rg,x— +4tlogn < 9e(KT) = 31172 t)
where the last inequality holds because

t/(Dr)|n . n
W—“bg”—t%efﬁn Aty — 7D (logn+ 1}

LN
Z ollp4’

as the definition of D assures that n > 2%Dr°logn. Since |Fin| < |.7-fn\ + |]:t,1\/ﬁ‘v
combining the two bounds above gives the assertion of the claim. U
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7. LOWER BOUNDS FOR &-NETS

7.1. Outline. Our (randomised) construction of planar point sets X without a small
e-net for the range space of lines on X is a slight simplification of the construction of
Balogh and Solymosi [9]. The high-level idea of both constructions, which can be traced
back to the work of Alon [I], may be summarised as follows. We find an integer s, a
finite set X C R?, and a sub-collection £ of all lines in R? with the following property:
Let H be the s-uniform hypergraph with vertex set X whose edges are all intersections
of the lines in £ with X that have exactly s points. The independence number of H is
at most (1 — ¢)| X |, for some constant ¢ > 0.

Given such s, X, and L, we set € = s/|X| and observe that the complement of every e-
net N for the range space of lines on X is an independent set of H. Indeed, every such N
intersects every line that contains at least s points of X; in particular, N must intersect
every line in £ that contains exactly s points of X. This means that |[N| > ¢|X| = c¢s/e,
which improves upon the trivial bound |N| > ©Q(1/¢) if s can be made arbitrarily large.
The challenge is to make s as large as possible, as a function of | X|.

In the construction of Alon [I], the set X is a generic projection of the d-dimensional
grid [s]? to R? and £ is the image of all combinatorial lines in [s]¢ via this projection;
the key property is guaranteed, for large enough d, by the density version of the Hales—
Jewett theorem proved by Furstenberg and Katznelson [24]. In Balogh and Solymosi’s [9]
construction, X was a generic projection of a random subset of a larger, high-dimensional
integer grid, trimmed appropriately (so that each line in £ contains no more than s points
of X)), and the key property of H was established, for a careful choice of £, with the use
of the hypergraph container theorem of Saxton and Thomason [42]. Here, we take X
to be a random subset of [n]?, trimmed appropriately (as in [9]), and establish the key
property of H, for a careful choice of £, using our efficient container lemma, Theorem 1.6]

7.2. Proof of Theorem Let s be a positive integer, let m = 10s, and let M be a
prime number satisfying m™ =1 < M < 2m™ L. Set n = mM , so that

1
n>mm and m > _o8n (34)
loglogn

We shall find an ¢ € (0,1/n) and a set X C R? without a small e-net among the subsets
of the integer grid [n]?, which we shall from now on denote by P. We will be able to
prove the claimed lower bound on the smallest size of an e-net of X for the range space
of all lines in R? by considering only a fairly small family £ of lines that we now specify.

Given an integer h € [M — 1] and a point (zo,y0) € [n] x [M], we let £(zo,yo; h) be
the line passing through (xg,yo) whose slope is M/h, that is,

é(xo,yo;h) = {(x(),y()) +1- (h,M) it e R}.

Since M is prime, and thus co-prime with h, the vector ¢ (h, M) has integer coordinates
if and only if ¢ € Z. Moreover, if ¢t is an integer, then yo + tM € [n] if and only
if t € {0,...,m — 1}. In particular, ¢(xo,yo;h) intersects P in at most m points; it
intersects P in exactly m points if and only if xg + (m — 1)h < n. Now, for every
he[M —1], let

Ly, = {€(x0,y0; h) : (x0,90) € [n] x [M] and 2o + (m — 1)h < n},
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so that every line in L intersects P in exactly m points. Since the lines in L are
pairwise disjoint (as they are parallel), we have

(U=l = - (0 (= )20 = (1= 2218,

Let hmax = [1/(10m) | so that | J £, has at least 9n2/10 points of P for every h € [hmax]-
Finally, define

hmax

L= Ly
h=1

and note that

n3 on? n? n>
< hpax <IN P <= Ay < ——
12m2 =~ 10m ™ | | m T 10m2

We shall say that a set A C P is L-collinear if A is contained in some line in L.

(35)

As every line in £ contains exactly m points of P, the number of a-element L-collinear
subsets of P is precisely |£] - (') for every a € {2,...,m}.
Suppose that p satisfies

K-m % p Ve logn<p<m™ - n1/s (36)
for some large absolute constant K; such a number does indeed exist as
nl/(sfl)fl/s 2 n1/32 2 mm2/52 _ mlOO > K- mlO . logn’

provided that m is sufficiently large. Let R be a p-random subset of P and let X C R be
a largest subset of R that contains no L-collinear subset of s 4+ 1 points. By maximality
of X, every point of R\ X forms an L-collinear (s + 1)-element set with some s points
of X. In particular, |[R\ X| is at most the number of L-collinear (s+ 1)-element subsets
of R. It follows that

3 2
m n n°p
E||R\ X|| < |L£]- Tl sttt — 8
“ \ H £l (5 + 1) P 10mz " P 10m’
by the second inequality in , and consequently, by Markov’s inequality,
E
[BAX] 1 1
n?p/10 m 10
On the other hand, standard estimates for lower tails of binomial distributions (Lemmal5.1])
yield

Pr (|R\ X| > n?p/10) <

Pr (|R| < 9n2p/10) < exp (7n2p/200) < exp(—n/200).
It follows that
Pr(|X| > 4n’p/5) > 4/5,
provided that n is sufficiently large.

Claim 7.1. With probability at least 1/2, every set I C R with |I| > 3n%p/5 contains
an L-collinear subset of s points.

Together with the above calculations, Claim [7.1] implies that there exists a set X C P
of at least 4np/5 points that has the following two properties:

(a) X has no L-collinear subset with s + 1 elements;
(b) every set of 3n?p/5 elements of X contains an £-collinear s-element subset.
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Suppose that X is such a set, let ¢ = s/|X]|, and assume that N C X is an e-net for the
range space of lines. In particular, IV intersects every L-collinear subset of X that has
at least s = ¢|X| elements. Since X contains no L-collinear set with more than s points,
X \ N contains no L-collinear subset of s points, and thus

IN|=|X| = [X\N| > |X| - 3n°p/5 > |X|/4 = 5/ (4¢).
Finally, since 1/ = |X|/s < |P| = n?, we have, using (34)),

s_m_ 1 logn - 1 log(1/¢)
4 40~ 40 \loglogn ~ 80 \/ loglog(1/e)

This gives the assertion of the theorem.

We now prove Claim Let H be the s-uniform hypergraph with vertex set P whose
edges are all L-collinear s-element subsets of P. The assertion of the claim is that, with
probability at least 1/2, the random set R contains no independent set of A that has at
least 3n?p/5 elements. This is a simple consequence of the following lemma, which lies
at the heart of the matter.

Lemma 7.2. There is a family C of at most exp(pn?/300) containers for the independent
sets of H such that |C| < n?/2 for every C € C.

We first show how Lemma [7.2] implies the assertion of Claim Let C be a family of
containers for the independent sets of H supplied by the lemma and let B be the event
that R contains an independent set of H with at least 3np/5 elements. Since every
independent set of # is contained in some member of C, each of which has at most n?/2
elements, we have

Pr(B) < ) Pr(|RNC| > 3n’p/5) <[C|-Pr (Bin(n®/2,p) > 3n°p/5) .
ceC
Standard estimates for upper tails of binomial distributions (Lemma yield

Pr (Bin(n?/2,p) > 3n?p/5) < exp (—n’p/150)
and, consequently,
Pr(B) < |C| - exp (—n?p/150) < exp (—n’p/300) < exp(—n/300) < 1/2,

provided that n is sufficiently large.

Finally, we prove Lemma [7.2] by combining our ‘packaged’ hypergraph container
lemma, Theorem with the following supersaturation statement for the hypergraph
‘H of L-collinear s-tuples.

Lemma 7.3. If Q C P has at least n?/3 points, then e(H[Q]) > |L].
Proof. Define b;: R — R by

bs(x)—{(S) ifex>s—1,
0 if x <

so that by is convex and bs(a) = (¢) whenever a is a nonnegative integer. Jensen’s
inequality gives

i) = 3 (1Y) = Sngenan = e, (,Z,-ZWQO .

lel el lel
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Recall that, for every h € [hmax], the lines in £, cover all but at most n?/10 points of
P. In particular, for every such h,

2 2
S nQl> Q-1 > %
LeLy
and thus
h
1 1 iy h n:2 _m
—) [nQ|=—- NQ| > —== - — > —.
g 2Nl =g 2 2 57
LeL h=1 LeLy,
Consequently,
m/5
e(H1Q) > 161 b.(m/5) = kel (™17 > k.
as claimed. O

Proof of Lemma[7.3. Set

___pr
300m> logn

We now verify that we may apply Theorem with a <= 1/2 and 8 <« 1/3, to the

hypergraph H. First, we have
2 4.5
pn 9.7 4.5 10%s°p 1
: SR LT d 105 = < < B,
Ba-v(H) = 1556,5Tog n 5o #q s

provided that n is sufficiently large. Second, for every ¢t € {2,...,s}, by and ,

( q )t—l E . p =1 ’ﬁ’ S K . m5 . fn_l/(s_l) sl n
1065 v(H)  \3-108s>mSlogn n? = 3-108s° 12m?

K \*' 1 m—t
= (= 22" > = A(H),
(3-103) 12m?2 <s—t> «(H)

provided that K is sufficiently large. The theorem supplies a collection C of containers
for the independent sets of ‘H such that

€] < exp (10°5°5 ™ log(e/a) - qlog(e/q) - v(H))
< exp (m5 -qlogn - n2) < exp (pn2/300) ,

q and E =1L

300m>logn  logn

where we used the inequality ¢ > e/n, which holds if K is sufficiently large, and, for
every C € C, either |C| < a - v(H) = n?/2 or there is a subset W C C with |[W| >
(1 - B)|C| = 2|C|/3 such that e(H[W]) < E = |L|. We claim that, in fact, |C| < n?/2
for every C' € C. Indeed, if |C| > n?/2 and W C C satisfies |W| > 2|C|/3 > n?/3, then
e(H[W]) = |L£], by Lemma [7.3| O

8. UPPER BOUNDS ON RAMSEY NUMBERS

In this section, we derive the upper bounds on Folkman numbers and on induced
Ramsey numbers stated in Theorems and[1.5] We shall do this by building containers
for non-Ramsey colourings of subgraphs of a large complete graph Ky and examining
how a random subgraph of K, drawn with an appropriately chosen distribution for
each of the two theorems, intersects these containers. This approach to studying Ramsey
properties of random graphs was introduced in the work of Nenadov and Steger [34]. The
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only Ramsey-theoretic ingredient in our proof is the following supersaturated version of
Ramsey’s theorem, which is a refinement of [34, Corollary 2.2].

Lemma 8.1. Suppose that n and k are positive integers and let R = R(n; k). If N > R,
then every colouring c: E(Ky) — [k+ 1] either assigns the colour k + 1 to at least
(1/2) - (N/R)? edges or it contains at least (1/2) - (N/R)™ monochromatic copies of K,
i colours 1,... k.

Proof. The choice of R guarantees that the edge-colouring induced by every subset of R
vertices of K contains either an edge coloured k£ + 1 or a monochromatic copy of K,
in one of the remaining k£ colours. On the other hand, each edge and each copy of K,
are contained in, respectively, (%:22) and (g:g) such subsets. Denoting by M the total
number of monochromatic copies of K, in colours 1,..., k, we thus have

(g) <\c1(k+1){.<g:§>+M.<g:Z>. (37)

In particular, since, for every ¢ € {2,n},

) G- =C) () =(R)
inequality implies that either |c~!(k-+1)| > (1/2)-(N/R)?or M > (1/2)-(N/R)*. O

8.1. Folkman numbers (proof of Theorem [1.4)). Let k and n be positive integers,
let R = R(n; k) and suppose that an integer N satisfies

N > (TknR)*'" (38)

for some large constant I'. We shall give a randomised construction of a K, i-free
subgraph of Ky that satisfies G — (K,,), proving that F(n;k) < N. We shall from
now on assume that k& > 2 and n > 3, as otherwise the assertion of the theorem is trivial.

Suppose that G C Ky. We shall identify a k-colouring c¢: E(G) — [k] of the edges
of G with the set

{(e,ce) :e € E(G)} C E(Kn) x [k].

Let H be the hypergraph with vertex set E(Ky) x [k] whose edges are all sets of the
form

p(E(Kn)) x {i},
where ¢: V(K,) — V(Ky) is an arbitrary injection and i € [k]. If a graph G C Ky
admits a colouring c¢: F(G) — [k] with no monochromatic copy of K,, then ¢, when
viewed as a subset of F(K ) x [k], is an independent set of H.

We shall say that a graph G C E(Ky) is compatible with a set C C E(Ky) x [k]
if there exists a colouring c¢: F(G) — [k] that is contained in C. Equivalently, G is
compatible with C' if and only if ({e} x [k]) NC # 0 for every e € E(G). In other words,
defining

X(C)={e€ E(Kn): (ex [k])nC =0},
G is compatible with C if and only if X(C) N E(G) = 0.

Suppose that p satisfies

N—2/(n+2)

D (knR)* .- N2/ ]og N < p < E

(39)
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for some large constant D; such a number does indeed exist as implies that
N2/(n+1)=2/(n+2)

log N
provided that I' is sufficiently large. The following lemma is key.

> N1/n? > D?. (k:nR)Ql,

Lemma 8.2. There is a family C of at most exp (%) containers for the independent
sets of H such that | X(C)| > (%)2 for every C € C.

We first show how Lemma implies the assertion of the theorem. To this end,
suppose that G ~ G and denote by Z the number of copies of K1 in G. The upper
bound in implies that
n—1 B pN? < pN?

(DR)(n+2)(n—1)/2 64R2’
provided that D is sufficiently large. Let G’ be the subgraph obtained from G by
deleting an arbitrary edge from every copy of K,i1; observe that K,11 ¢ G’ and
e(G) =z e(G) - Z.

Suppose that G’ 4 (K,,),. This means that there is a colouring ¢: E(G’) — [k] that is
an independent set of H. Therefore, G’ must be compatible with some container from C.
In other words, there is some C' € C such that X(C) N E(G’) = () and, consequently,

IX(C)NE(G)| <e(G)—e(G) < Z.

E[z] < p("s )N+ = pN2. <p<n+2)/2 N)

We may conclude that
Pr (G’ 4 (Kn)k) < Pr(Z > 2E[Z]) + Z Pr (|X(C) N E(G)| < 2E[Z]). (40)
ceC

Fix an arbitrary C' € C. Since | X (C)| > %, standard estimates on the lower tails

of binomial distributions (Lemma yield
N? pN? pN?

Pr (]X E <2E[Z]) < Pr(Bin| ——;,p) < < - .
(1X(O) N B(©)| < 28(2]) < Pr (Bin (1570) < B ) <o (~ o )
Substituting this estimate and the inequality Pr(Z > 2E[Z]) < 1/2 into yields

2
__PN < 1 eV« 3
256 R? 2

Pr(G/ﬁ(Kn)k)<;+exp< 1

In particular, there is a graph G’ C Ky such that G’ 2 K,41 and G' — (K, )i, as

claimed.

Proof of Lemma[8.9 Set

n P 1 N\"
i <2) 1= M0kmR)Olog N P e ™ (QR)
We now verify that we may apply Theorem with a <+ i, to the hypergraph H.
First, as s < n?, we have, by and ,
D (knR)!0. N~=2/(n+D)
afq-v(H) > 1010 .

N
<2> >N > (Tn)*' > 109"

and
10%n10 1
(knR)21n = 16kR2

10%s°¢ < 10%s° - N~2/(n+2)

=5,
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provided that n is sufficiently large. Second, suppose that ¢t € {2,...,s} and let £ €
{3,...,n} be the unique integer satisfying (451) <t< (g), so that

fo1< l _1:(€+1)(€—2)g(n+1)(£—2)‘
2 2 2
Since a graph with ¢ edges must have at least ¢ vertices, we have

N—¢ .
k. < EN™
Ay(H) =k (n—é) < kN

and, consequently,

( q )t—l' E 1 ( q )W(N/(ZR))n 1
v 10

. > .
10655 (H) Ad(H) = \109s° kN2 kN7t
(nt1)(e=2) s
> P 2 N
- (1016n20(kR)10 log N) k2(2R)"

) (n+1)(£=2)

N2 n+1 2

> | s >1,
(10knR)?°log N

where the last inequality follows from . The theorem supplies a collection C of

containers for the independent sets of H satisfying

IC] < exp (10435571 log(e/a) - qlog(e/q) U(H)) (41)
such that, for every C' € C, either |C| < « - v(H) or there is a subset W C C with
[W| = (1-p9)|C| = |C| - 51{:(];7) and e(H[W]) < E. We now turn to bounding the
right-hand side of from above. To this end, observe first that v(H) = k(g) < kN?
and that s°871log(e/a) < n'®R%klog(2ek). Further, it follows from that, if D is
sufficiently large,

10
e _ e(10knR)*"log N < N2/ ¢ N
q p
and thus qlog(e/q) < p/(10knR)'¥. Substituting these three estimates into (1)) yields

p pN?
IC] < exp <1O4 -n1°R?klog(2ek) - A0kn ) kN2> < exp (256R2> ,
as desired.
It remains to show that | X (C
true. If |C| < aw(H) = —( )=

N

> (7 R) for every C' € C. Suppose that this were not

)= (
3(3), th

o (3) 113 ()

so we may assume that |C| > av(H). In particular, there must be a subset W C C with
|C\W| < ,8]4:(2) such that e(H[W]) < E. Observe that

N\? N\ _ N?
X(W)| < |X(C C\W|< | —= k < — 42
xanl<ix©l+ie\wi< (1) +94(5) < o (42)
and let ¢: E(Ky) — [k + 1] be an arbitrary colouring such that (e,c.) € W for every
e ¢ X(W) and c. = k + 1 otherwise. By Lemma [8.1] either | X (W)| = ¢~ (k + 1)| >
(1/2)-(N/R)? or the colouring c has at least (1/2)-(N/R)™ monochromatic copies of K,
in colours 1, ..., k. However, the former inequality contradicts and thus the latter
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must hold. Finally, note that, if K is an arbitrary copy of K, in Ky that ¢ colours with
some i € [k], then E(K) x {i} C W. This implies that e(H[W]) > (1/2) - (N/R)"
contradicting our assumption. O

8.2. Induced Ramsey numbers (proof of Theorem [1.5)). Let k be a positive inte-
ger, let H be an arbitrary n-vertex graph, let R = R(n; k), and suppose that an integer
N satisfies

N > (10n*kR)™. (43)

We shall prove that, with probability very close to one, the uniformly chosen random
subgraph of Ky is induced-Ramsey for H in k colours, proving that Rj,q(H;k) < N
We shall from now on assume that & > 2 and n > 3, as otherwise the assertion of the
theorem is trivial.

Suppose that G C K. We shall identify a k-colouring c¢: E(G) — [k] of the edges
of G with the set

{(e;cc):e€ E(G)} U{(e,0): e € E(Kn) \ E(G)} C E(Ky) x {0,...,k}.

(That is, we extend ¢ to a colouring of E(Ky) by colouring all edges of Ky \ G zero.)
Let H be the hypergraph with vertex set E(Ky) x {0,...,k} whose edges are all sets of
the form

(o(E(H)) x {i}) U (¢(E(Ky) \ E(H)) x {0}),
where ¢: V(H) — V(Ky) is an arbitrary injection and i € [k]. If a graph G C Ky
admits a colouring c: F(G) — [k] such that ¢~1(i) does not contain a copy of H that is
induced in G for any i € [k], then ¢, when viewed as a subset of E(Ky) x {0,...,k}, is
an independent set of H.

We shall say that a graph G C E(Ky) is compatible with a set C C E(Ky) x
{0, ..., k} if there exists a colouring ¢: E(G) — [k] that is contained in C. Equivalently,
G is compatible with C' if and only if (e,0) € C for every e € E(Ky) \ E(G) and
({e} x [k]) N C # 0 for every e € E(G). In other words, defining

X1(C)={e€ E(Ky):(e,0)¢ C} and
X5(C)={e€ E(Kn): (ex [k]) nC =0},
G is compatible with C' if and only if X;(C) C E(G) and X2(C) N E(G) = (. The

following lemma is key.

%) containers for the independent

sets of H such that | X1(C) U Xo(C)| = (%)2 for every C € C.

Lemma 8.3. There is a family C of at most exp (

Assuming that Lemma is true, suppose that G ~ G /2. If G /inq (H ), then G
must be compatible with some container from C. It follows that

Pr (G #ina (H)r) < Y Pr(X1(C) € E(G) and X2(C) N E(G) = 0)
ceC
< Z 21X (Q)UX(C)] c| -2 —(N/(4R))?
ceC

N? N?log?2
< - <exp(—N).
P <100R2 162 ) exp (=)
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Proof of Lemma[8.3 Set

n 1 1 N\"
= = — = — E = _ .
° (2) =arr P e ™ (23)

We now verify that we may apply Theorem with a <+ 3%, to the hypergraph H.

First, as s < n?, we have
1 N
. - (k41 >N > 22 > 10%7
and 4.5 4,10 4,10
104s5q—108 <1On < 10%n < 1 _ 3,

- (ER)® ~ (kR)> T (kR)2-27 ~ 16kR2
provided that n is sufficiently large. Second, suppose that ¢ € {2,...,s} and let ¢ €
{3,...,n} be the unique integer satisfying (Zgl) <t< (g), so that

-2

t—1< <€) _1:%<n(5_2)_
2 2

Since a graph with ¢ edges must have at least ¢ vertices, we have

N -/
o=k (V) <

and, consequently,

g \*!' E 1 g \n-» (N/2R)" 1
(10685) v (10635> EN2 ENn—C

1 n(£—2) N£—2
- <106(skR)5> " kK2(2R)"

N v n(£_2)>1
~ \ 107(skR)® -

where the last inequality follows from . The theorem supplies a collection C of
containers for the independent sets of H satisfying

€] < exp (10%%3~ log(e/a) - qlog(e/q) - v(H))
5log (ekR) N N?
< 10" Rk logk - ———=—> - (k+ 1 < —

P ( " ogk-—qmEr kD, P\ 100R2 )
provided that n is sufficiently large, such that, for every C € C, either |C| < a- v(H) or
there is a subset W C C with [W| > (1 — 8)|C| = |C| — B(k +1)(§) and e(H[W]) < E.

It remains to show that | X;(C) U X5(C)| > (%)2 for every C' € C. Suppose that this

were not true and set X(C) = X;(C) U Xo(C). If |C| < aw(H) = %(g) < %(g), then

xons (3) e 5 (3) = ()

so we may assume that |C| > av(H). In particular, there must be a W C C with
|C\W| < B(k+ 1)(];7) such that e(H[W]) < E. Observe that

2 2
xwl<ixeniewl< () +aeen(y) <gm @
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and let ¢: E(Ky) — [k + 1] be an arbitrary colouring such that (e,c.) € W for every
e ¢ X(W) and c. = k + 1 otherwise. By Lemma [8.1] either | X (W)| = ¢! (k + 1)| >
(1/2) - (N/R)? or the colouring ¢ has at least (1/2) - (IN/R)™ monochromatic copies
of K, in colours 1,...,k. However, the former inequality contradicts and thus
the latter must hold. Let K be an arbitrary copy of K, in Ky that ¢ colours with
some i € [k]. Since E(K)N X1 (W) = 0, then E(K) x {0,i} C W and, as a result,
any injection ¢: V(H) — V(K) corresponds to an edge of H[W]. This implies that

e(H[W]) = (1/2) - (N/R)™ > E, contradicting our assumption. O
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