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ABSTRACT. This work studies the typical structure of sparse H-free graphs, that is,
graphs that do not contain a subgraph isomorphic to a given graph H. Extending the
seminal result of Osthus, Préomel, and Taraz that addressed the case where H is an odd
cycle, Balogh, Morris, Samotij, and Warnke proved that, for every r > 3, the structure
of a random K, 1-free graph with n vertices and m edges undergoes a phase transition
when m crosses an explicit (sharp) threshold function m,(n). They conjectured that a
similar threshold phenomenon occurs when K, is replaced by any strictly 2-balanced,
edge-critical graph H. In this paper, we resolve this conjecture. In fact, we prove that
the structure of a typical H-free graph undergoes an analogous phase transition for
every H in a family of vertex-critical graphs that includes all edge-critical graphs.
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1. INTRODUCTION

1.1. Background and motivation. Given a graph H, let F,,(H) be the family of
all graphs with vertex set [n] = {1,...,n} that are H-free, that is, graphs which do
not contain a (not necessarily induced) subgraph isomorphic to H. A basic question
in extremal graph theory is to determine ex(n, H), the largest number of edges in a
graph from F,(H). The classical result of Turan [22] determines ex(n, K1) for every
r > 2 and also characterises the extremal graphs. The works of Erdés, Simonovits, and
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Stone [9, [10] extend this to an arbitrary non-bipartite graph H, showing that

ex(n, H) = <1 - X(Hl)—l + 0(1)> <Z>

and, moreover, that every H-free graph with at least ex(n, H) — o(n?) edges may be
made (x(H) — 1)-partite by removing from it some o(n?) edges.

Here, we are interested in the structure of a typical H-free graph. This problem was
first considered by Erdés, Kleitman, and Rothschild [§], who proved that almost all
triangle-free graphs are bipartite. Formally, if F}, is a uniformly chosen random element
of F,(K3), then

lim P(F, is bipartite) = 1.

n—oo
This result was later generalised by Kolaitis, Prémel, and Rothschild [I5], who showed
that, for every fixed r > 2, almost all graphs in F, (K, 1) are r-partite. Very recently,
Balogh and the second named author [5] proved that this remains true as long as r <
clogn/loglogn for some small positive constant ¢, see also [2] [16].

The result of [I5] was further generalised from cliques to the much wider class of
edge-critical graphs. We say that a graph H is edge-critical if it contains an edge
whose removal reduces the chromatic number, that is, if x(H \ e) = x(H) — 1 for
some e € E(H); in particular, every clique is edge-critical and so is every odd cycle.
Simonovits [21] showed that, for every edge-critical graph H and all large enough n, not
only ex(n, H) = ex(n, K, (g)) but also that the only H-free graphs with ex(n, H) edges
are complete (x(H)—1)-partite graphs, as in the case H = K (gy. Prémel and Steger [18]
showed that, if H is edge-critical, then almost every H-free graph is (x(H) — 1)-partite.

One drawback of the structural characterisations of typical H-free graphs mentioned
above is that they do not say anything about sparse graphs, that is, n-vertex graphs with
o(n?) edges. Indeed, for every non-bipartite H, the family F,(H) contains all bipartite
graphs and there are at least 21"
graphs with n vertices and at most n?/20 edges. In view of this, it is natural to ask

/4] of them; this is much more than the number of all

the following refined question, first considered by Promel and Steger [20]: Fix some m
with 0 < m < ex(n, H). What can be said about the structure of a uniformly selected
random element of F,(H) with exactly m edges? In particular, for what m does this
graph admit a similar description as a uniformly random element of F,,(H)?

Let Gy, m be the family of all graphs with vertex set [n] and precisely m edges and
let Fpm(H) = Gpm N Fp(H) be the subfamily of G, ,,, that comprises all H-free graphs.
Osthus, Promel, and Taraz [I7] showed that, for every odd integer ¢ > 3, there exists

£ 1
an explicit constant ¢, such that, letting my, = my(n) = ¢n?71(logn)?1, a uniformly

random graph F, ,, € Fp, m(Cy) satisfies, for every € > 0,

lim P(F, , is bipartite) =

n—o0

0 ifn/2<m<(1—e)my,
1 ifm > (14 ¢e)my.

This result was extended by Balogh, Morris, Samotij, and Warnke [4] to the case where

H is a clique of an arbitrary order. They showed that, for every r > 3, there is an
1

2 TrF1\ 4
explicit positive constant ¢, such that, letting m. = m/.(n) = ¢.n*" 72 (log n)( 2 )71, a
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uniformly chosen random graph F, ,, € Fy m(K41) satisfies, for every € > 0,

lim P(F,,, is r-partite) =

n—o0

0 ifn<m<(1—¢e)ml,
1 ifm>(14e)m..
1.2. Our result — edge-critical graphs. Aiming towards a common generalisation of

the results of [4, (17, 18], the authors of [4] made the following conjecture. Recall that
the 2-density of a graph H is defined by

ex — 1

mg(H):maX{ :KQH,UKEB},

VK — 2
and that H is called strictly 2-balanced if the maximum above is attained only when
K = H, that is, if ma(K) < mo(H) for every proper subgraph K C H.

Conjecture 1.1 ([4, Conjecture 1.3]). For every strictly 2-balanced, non-bipartite, edge-
critical graph H, there exists a constant C such that the following holds. If

91 1
m > Cn~ ™2 (logn)en—1,
then almost all graphs in Fp, m(H) are (x(H) — 1)-partite.

In this paper, we resolve this conjecture and show that the assumption on m is best
possible.

Theorem 1.2. For every strictly 2-balanced, non-bipartite, edge-critical graph H, there
exist positive constants cy and Cyg such that, letting

1 1
mpg =mg(n) = > () (logn)en—1,

the following holds for a uniformly chosen random graph Fy, ., € Fpm(H):

lim P(F,, is (x(H) — 1)-partite) =

n—oo

0 ifn<m<cgmy,
1 ifm>=Cgmpy.

In fact, Theorem [I.2]is only a special case of a much more general result, Theorem
below, which we present in the next subsection.

1.3. Our result — vertex-critical graphs. We say that a graph H is vertex-critical if
it contains a vertex whose deletion reduces the chromatic number, that is, if x(H —v) =
X(H) — 1 for some v € V(H); we call every such v a critical vertex of H. A star S C H
centred at a critical vertex is called a critical star if x(H \ S) = x(H) — 1 and if no
proper subgraph S’ C S has this property. For a critical vertex v, we define crit(v), the
criticality of v, to be the smallest number of edges incident to v whose removal decreases
the chromatic number, that is,

crit(v) = min {eg : S is a critical star centred at v},
and define crit(H), the criticality of H, to be the smallest criticality of a vertex, that is,
crit(H) = min{crit(v) : v is a critical vertex}.

Note that every edge-critical graph is also vertex-critical. Conversely, a vertex-critical
graph is edge-critical precisely when its criticality is equal to one.

The motivation for our investigation of the typical structure of graphs not containing
a fixed vertex-critical graph is a result of Hundack, Promel, and Steger [12] which states



TYPICAL STRUCTURE OF GRAPHS NOT CONTAINING A VERTEX-CRITICAL SUBGRAPH 4

that, for every vertex-critical H, almost all H-free graphs are ‘almost’ (y(H)— 1)-partite
in the following precise sense. Given integers r > 1 and k > 0, we will denote by G(r, k)
the class of all graphs G that admit an r-colouring of V(G) for which the subgraph of
G induced by each of the r colour classes has maximum degree at most k. In particular,
G(r,0) is the class of all r-colourable graphs and the following theorem generalises the
main result of [18].

Theorem 1.3 ([12]). If H is a vertex-critical graph of criticality k + 1 and x(H) =
r+ 1> 3, then, for some positive c,

[Fn(H)| = (1+0(277)) - [Fa(H) N G(r, k)|

Remark. A less accurate description of the structure of a typical member of F,,(H),
but valid for every non-bipartite H, was given by Balogh, Bollobds, and Simonovits [1].

Our main result is a sparse analogue of Theorem that is valid for a subclass of
vertex-critical graphs that includes all edge-critical graphs. In order to state it, we need
several additional definitions.

Definition. A vertex-critical graph H will be called simple vertez-critical if every colour-
ing of H with y(H) — 1 colours admits a monochromatic star with crit(H) edges or
a monochromatic cycle. Further, a vertex-critical graph will be called plain vertex-
critical if, for every colouring of H with x(H) — 1 colours, the monochromatic graph B
satisfies at least one of the following:

(i) B contains a cycle,

(ii) B is the star Ky qit(m)»

(iii) B has a vertex with degree larger than crit(H), or
(iv) B has two nonadjacent vertices with degree crit(H).

It is not hard to see that every edge-critical graph is plain vertex-critical and every
plain vertex-critical graph is simple vertex-critical.

Remark. Another family of plain vertex-critical graphs are the complete multipartite
graphs Ky, . k. with 1 < k1 < k2 < --- < k. To see this, denote the r + 1 colour
classes of this graph by Vp,...,V,, so that [Vp| = 1 and |V;| = k; for each i € [r].
Consider an arbitrary r-colouring Wi U --- U W, of the vertices of Ky, .. If, for
some j € [r], we have |[W; \ V;| > 2 for every i, then W; must contain a cycle; indeed,
in this case W; intersects three different V; or it intersects some two V; in at least two
vertices each. We may therefore assume that, for every j € [r], there is an i(j) such
that d; = |[W; \ Vi;y| < 1. This assumption guarantees that each W; induces a star (if

d; = 1) or an empty graph (if 6; =0). Let J = {j € [r] : 6; = 1} and observe that
YWl =Ttk 4t b= > Wi =14k +-+ kg > [J]- (k1 +1).
jeJ J¢J
In particular, either each W; with j € J induces a copy of Ky, or one of them induces
a graph with maximum degree strictly larger than k.

For an integer £ > 2 and a graph F with vp > k 4+ 1, we let
erp—k+1

di(F) =
k(F) vp — k



TYPICAL STRUCTURE OF GRAPHS NOT CONTAINING A VERTEX-CRITICAL SUBGRAPH 5

cf. the definition of 2-density given at the start of Section Suppose that H is a
non-bipartite, vertex-critical graph. Let & > 0 and r > 2 be the integers such that
crit(H) =k+1and x(H) =7+ 1. Let Sy,...,S: be all the smallest critical stars of H,
i.e., all its critical stars with k£ + 1 edges. Denote, for each i € [¢t],

ni(H) = max {dg42(F): S; CF C H} and n(H) = min n;(H),

1<i<t

and, further,

Ci(H):min{eF:SigFQH, dk+2(F):m(H)} and ((H) = max (;(H).

1<i<t
ni(H)=n(H)
We are now ready to define the threshold function:
1
n® e if mo(H) > n(H),
myg = mH(n) = 9__1_ 1 . (1)
n” ) (logn) -k  otherwise.
Remark. If H is edge-critical, then the smallest critical stars S1,...,S; are the critical

edges of H, that is, edges S satisfying x(H \ S) = x(H)—1. If, additionally, H is strictly
2-balanced, then, for every i € [t], the maximum in the definition of 7;(H) is uniquely
attained at ' = H and thus n;(H) = d2(H) = mo(H) and (;(H) = ep; consequently,
n(H) =ma(H) and ((H) = eg. This shows that definition (1) extends the definition of
myr given in the statement of Theorem [I.2

The following generalisation of Theorem is the main result of this work.

Theorem 1.4. Let H be a simple vertex-critical graph with x(H) = r +1 > 3 and
criticality k + 1, and let F, ,, denote a uniformly chosen random graph of Fpnm(H).
There exists a positive constant Cg such that, for every m > Cgmy,

lim P(Fm € G(r k) = 1.

Furthermore, if H is plain vertex-critical, then there exists a positive constant cy such
that, for every n <K m < cgmpy,

lim P(F,m € G(r, k)) = 0.

n—oo

It may be worth pointing out that there are plain vertex-critical graphs H for which
n(H) is strictly larger than mg(H ). (One such graph is H = K 3 3, which is plain vertex-
critical with criticality two, has exactly one critical star, and satisfies n(H) =3 > 5/2 =
mo(H).) Why is it interesting? Let H be such a graph and let F;, ,, be a uniformly chosen

1
random element of 7y, ,,,(H). As soon as m > n® " ), with probability close to one,
F, m can be made (x(H) — 1)-partite by removing from it o(m) edges, see Theorem (6.2
1

below. However, it is only when m > nzfﬁ(log n)CEH-k=1_ polynomially above the
2-density threshold, that the ‘exact’ structure emerges. What can one say about the
typical structure of F,, ,, between these two thresholds?

Unfortunately, our techniques are too weak to extend Theorem to arbitrary vertex-
critical graphs. Still, they are sufficient to prove an approximate version of the 1-
statement. We refrain ourselves from stating this result here; instead, we refer the
interested reader to [7]. Having said that, we have no good reason to believe that my
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is the threshold for a general vertex-critical graph H. We believe that it would be ex-
tremely interesting to find the threshold for a generic vertex-critical graph H and extend
Theorem [I.4] to all such H.

1.4. Acknowledgements. We thank Jézsef Balogh, Michael Krivelevich, Rob Morris,
and Angelika Steger for stimulating discussions about various aspects of this work, and
Anita Liebenau for bringing [6, Theorem 2] to our attention. We are also grateful to the
referees for helpful suggestions concerning the presentation.

2. OUTLINE OF THE PROOF

2.1. Why is my the threshold? The location of the threshold at which a typical
graph in Fy, ,,,(H) ‘enters’ G(r, k) can be guessed by comparing the number of graphs
in Fm(H) N G(r, k) to the number of graphs in F,, ,,(H) that are ‘one edge away’
from G(r, k). It is relatively straightforward to estimate the former: For a constant
proportion of graphs G € G, N G(r, k), the monochromatic subgraph of G (under its
optimal colouring, i.e., the colouring that witnesses G € G(r, k)) has girth larger than
the number of vertices of H (this is true for all m); moreover, the assumption that H
is simple vertex-critical guarantees that each such graph is H-free. As for the latter
quantity, the number of graphs in G, ,, that are ‘one edge away’ from G(r, k) is ©(m)
times larger, but the proportion of them that are H-free is a decreasing function of
m. The reason for this is that every such graph G has at least one copy of K 41 in
its monochromatic subgraph (under every r-colouring) and, since xy(H) = r + 1 and
crit(H) = k+1, this copy of K ;41 can be extended to many copies of H in K, that use
only edges that are properly coloured. In particular, if G is H-free, then it must avoid all
such copies of H\ K1 j41. Furthermore, if G is plain vertex-critical, then this implication
can be reversed—G is H-free if and only if it avoids all such copies of H \ K j+;—under
a weak assumption on the monochromatic graph (girth larger than vy) that is satisfied
by a constant proportion of all such graphs.

Finally, if we fix both the optimal r-colouring and the monochromatic graph (which
is ‘one edge away’ from having maximum degree k), the proportion P,, of graphs in
Gn,m (among those that contain our fixed monochromatic graph) that avoid all copies
of H \ Kj 41 of the above type can be bounded using the inequalities of Janson (from
above) and Harris (from below) as follows:

—log P, = © <max min {n”F*k*2 (m/n?)erkl. 5, C F C H}) ,
i€[t]

where S1,...,S; are the (smallest) critical stars of H.

1
The threshold my is then the smallest m > n>" @ for which —log P,, > logm,
that is, for which the number of H-free graphs that are ‘one edge away’ from G(r, k)
is of the same order of magnitude as |F, n(H) N G(r,k)|. We note that the additional

. 2— L1 . P .
requirement m > n~ ™2 is needed because n~ ™20 is the threshold for approximate

r-colourability of a random element of F,, ,,(H) and comparing | F, ,(H)NG(r, k)| only
to the number of graphs in 7, ,,,(H) that are ‘one edge away’ from G(r, k)—as opposed
to | Fn,m(H)|—cannot be justified below this threshold.
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2.2. The O-statement. Our proof of the O-statement (the second assertion of Theo-
rem [1.4)), presented in Section is a formalisation of the above discussion. (Having said
1

that, in the range n < m < nQ_W, we give a separate, elementary counting argu-
ment that exploits the fact that a typical graph in G, ,,, can be made H-free by removing
from it some o(m) edges, see Section [5.1]) One of the key ideas here is to reduce the
problem of comparing |Fy, ., (H) N G(r, k)| and the number of graphs in F, ,,(H) that
are ‘one edge away’ from G(r, k) to the analogous problem for a fized r-colouring that
is moreover balanced (in the sense that each of its r colour classes has approximately
n/r vertices). Various assertions and estimates that justify this reduction are proved
in Section 4] where we also show that the number of graphs in G, ,, that are ‘one edge
away’ from G(r, k) and whose monochromatic graph has girth larger than vy is indeed
©(m) times bigger than |G, ,, N G(r, k)|.

2.3. The 1-statement. The proof of the l-statement (the first assertion of Theo-
rem |1.4)) is significantly harder. A first, nowadays standard, step is to show that, when
1

m > n’ el , almost every graph in F,, ,,(H) admits an r-colouring such that:

(i) there are only o(m) monochromatic edges,
(ii) each colour class comprises approximately n/r vertices,
(iii) every vertex has at most as many neighbours in its own colour class as it has in
any other colour class.

We derive this approximate version of the 1-statement, stated as Theorem below,
from [3, Theorem 1.7]. Using several properties of graphs in G, ,, NG(r, k) established in
Section [4 we further reduce the 1-statement to showing that, for every fized r-colouring
HE| satisfying above, the number of graphs G' € F,, ,,(H) that satisfy |(i)| and for
this particular II but the maximum degree of G'\ II (the monochromatic subgraph of G)
exceeds k is much smaller than the number of graphs G' € G, 5, such that the maximum
degree of G \ II is at most k. This reduction is formalised in Section

Fix an r-colouring II satisfying and let F* denote the family of all graphs G €
Fnm(H) that satisfy |(i)| and and A(G \ II) > k. The methods of bounding the
number of graphs in F* will vary with m and the distribution of the edges of G \ II.
In Section [0, we give a somewhat ad-hoc argument to separately treat the case where
m > ex(n, H) — &€n? for some small positive ¢ (the dense case); we will not discuss it in
detail here. We deal with the main, complementary case m < ex(n, H) — ¢n?, which we
term the sparse case in Section

Let T denote the collection of all possible monochromatic graphs G \ IT as G ranges
over F*. For every T € T, we arbitrarily choose a maximal subgraph By C T with
A(Br) = k. Since we will separately estimate the number of graphs G € F* such that
Beyit = B for every B with A(B) = k, we may further fix one such B. The possible
monochromatic graphs T' € 7 with By = B are divided into two classes, denoted 71, and
Tu, depending on what proportion of edges of T' are incident to vertices whose degrees are
larger than pm/n, where p is a small positive constant, see Section We separately
enumerate graphs G € F* such that G \ II € Ty, and those satisfying G \ II € Ty.

lwe identify every r-colouring with a partition of [n] into r sets as well as the complete r-partite
graph with these partite sets.
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We term these two parts of the argument the low-degree case and the high-degree case,
respectively. We outline these two cases in Sections and respectively.

In the low-degree case, for each T' € Tr,, we give an upper bound on the number
of graphs G € F* such that G \ II = T and then sum this bound over all 7. This
upper bound, stated in Proposition lies at the heart the low-degree case. We briefly
describe the main idea: By construction, every edge of 7'\ B belongs to a copy of K j+1
in T and, since x(H) = r+1 and crit(H) = k+1, this copy of K y4; can be extended to
Q(nv#~*=2) copies of H in K,, that use only the edges of II. Consequently, each G € F*
with G\ IT = T must avoid all such copies of H \ K1 j1, for every copy of K p41 in T.
The number of graphs G with this property is bounded from above with the use of the
Hypergeometric Janson Inequality (Lemma applied to a carefully chosen subfamily
of copies of Kj jy1 in T" with ‘nice’ properties that enable us to control the correlation
term A in Lemma |3.1l Finally, the size of the summation over all T is controlled by
Lemma [8:2] which in turn utilises bounds on the number of graphs in 7 with given
values of certain key parameters that are obtained in Section

In the high-degree case, we crucially use property to argue that, for every T' € Ty,
all high-degree vertices (vertices whose degree is larger than pm/n) in every G € F* with
G\ II = T must have at least pm/n neighbours in each colour class of II. This allows us
to enumerate all such G in two steps as follows: First, we specify a graph Z that includes
T and the edges of G N1I incident to a carefully chosen set Y of high-degree vertices.
Second, we specify the remaining m — e(Z) edges of G N1II. Since H is vertex-critical,
each vertex of Y belongs to many copies of H in Z UII. This allows us to bound the
number of ways to choose the m—e(Z) edges of GNII in the second step from above with
another application of the Hypergeometric Janson Inequality. For the vast majority of
Z, this upper bound will be sufficiently strong to enable a naive union bound over the
choice of Z; we shall say that such Z fall into the reqular case. Unfortunately, there will
be a small family of exceptional graphs Z for which this upper bound is too weak (this
can happen when there are unusual overlaps between the neighbourhoods of the vertices
in Y); we shall term it the irreqular case. However, we may use Lemma to show
that the number of such exceptional graphs is so small that even a trivial upper bound
of ( e(1l) ) for the number of choices in the second step will be sufficient to show that

m—e(Z)
the number of graphs that fall into the irregular case is tiny.

3. PRELIMINARIES

3.1. Probabilistic inequalities. In this section, we present four probabilistic inequal-
ities that will be used in the proof of Theorem The first three results presented
in this section were proved in [4, Lemmas 3.1, 3.2, 3.6] and the fourth result is a stan-
dard bound on the tail probabilities of hypergeometric distributions [14, Theorem 2.10].
We begin with a version of Janson’s inequality [I3] for the hypergeometric distribution,
which is an essential ingredient in the proof of the 1-statement in Theorem

Lemma 3.1 (Hypergeometric Janson Inequality). Suppose that {B;}icr is a family of
subsets of an n-element set 2, let m € {0,...,n}, and let p=m/n. Let

o= ZplBi\ and A = E:plBiUle7

i€l i~vg
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where the second sum is over all ordered pairs (i,7) € I? such that i # j and B;NB; # 0.
Let R be the uniformly chosen random m-element subset of Q and let B denote the event
that B; € R for all i € I. Then, for every q € [0, 1],

P(B) < 2-exp (—qu+ ¢°A/2) .

The main tool in the proof of the 0-statement in Theorem will be the following
version of the Harris Inequality [I1] for the hypergeometric distribution; it gives a lower
bound on the probability P(B) from the statement of Lemma

Lemma 3.2 (Hypergeometric Harris Inequality). Suppose that {B;}icr is a family of
subsets of an n-element set Q. Let m € {0,...,|n/2]}, let R be the uniformly chosen
random m-element subset of 0, and let B denote the event that B; € R for all i € I.
Then, for every n € (0,1),

(L+n)m 17 2
IP’(B)}H 1_(n) —exp (—n°m/4).
el

Another key tool in the proof of the 1-statement in Theorem is an estimate of the
upper tail of the distribution of the number of edges in a random induced subhypergraph
of a sparse z-uniform z-partite hypergraph. It formalises the following statement: If
M C Uy x --- x U, contains only a tiny proportion of all the z-tuples in Uy x --- x U,,
then the probability that, for a random choice of d-elements sets Wy C Uy, ..., W, C U,,
a much larger proportion of Wy x --- x W, falls in M decays exponentially in d.

Lemma 3.3. For every integer z and all positive o and \, there exists a positive T such
that the following holds. Let Uy, ..., U, be finite sets and let d be an integer satisfying
2 <d < min{|U4],...,|U.|}. Suppose that M C Uy x --- x U, satisfies

M| <TI0,
i=1
and that Wy, ..., W, are d-element subsets of U1,...,U,, respectively. Then, there are
at most o - [[7_, (|({;\) choices of (Wi)ie[z] for which
IMN (W x - x W) > A\d°.

Finally, we will need the following simple bound on lower tails of hypergeometric
distributions.

Lemma 3.4. Let R be the uniformly chosen random m-element subset of an N -element
set Q and let A C Q be a k-element set. Then, for everyt > 0,

km 12
<D _t) < - ).
IP’<|RﬂA|\ t)\exp< 2-k:m/N>

3.2. Two-density related bounds. In this short section, we present a useful inequality
that will be invoked several times in the proof of the 1-statement of Theorem

_ 1
Lemma 3.5. Suppose that H is a graph with at least three vertices. If p > Cn® ™ ma()
for some C' > 0, then, for every nonempty I C H,

n’UFpeF > CeF_ITLQp.
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Proof. Let F' be a nonempty subgraph of H. If F' has two vertices, then F' = Ky and
the assertion is trivially true. Suppose now that vp > 3 and observe that

1 ep—1
nvF—2peF—1 > pur—2 (C’n2 mQ(H)) S cer—lpvr—2—(er—1)/ma(H)

The claimed bound follows as ma(H) > £ :;, by the definition of 2-density. O

3.3. The Turdn problem for r-partite graphs. The case m > ex(n, H)—o(n?) in the
proof of Theorem will require the following folklore result in extremal graph theory.
For integers r > 2 and n > 1, we denote by K, (n) the balanced complete r-partite graph
with r - n vertices.

Lemma 3.6. For all integers r, s, and n satisfyingr > 2 andn > s > 1,
ex(Kr(n), K, (s)) < e(Kr(n)) — n?/s?.

Proof. Denote the r colour classes of K,(n) by Vi,...,V, and, for each i € [r], let R;
be a uniformly chosen random s-element subset of V;. Suppose that G C K,(n) is
K, (s)-free and let G’ be the subgraph of G induced by R; U---U R,. Since G’ may
be viewed as a subgraph of K,(s), we have e(G") < e(K,(s)) — 1. On the other hand,
Ele(G")] = e(G) - (s/n)?. We conclude that

e(G) < (n/s)?- (e(K.(s)) —1) = e(K,(n)) — n?/s?,
as claimed. (]

3.4. Estimates for binomial coefficients. We will use the following trivial inequali-
ties that hold for all positive integers a > b > ¢:

Lo <() (G5) )

> (1) <(5)" g

1=
4. ON ALMOST 7-COLOURABLE GRAPHS

In this section, we establish several properties of almost r-colourable graphs, that is,
graphs belonging to the family G(r, k), defined in Section these properties will come
in handy in our proof of Theorem It will be convenient to denote by Gy, m(r, k) =
Gn,m NG(r, k) the family of graphs with vertex set [n] and precisely m edges that admit
an r-colouring whose induced monochromatic graph has maximum degree at most k.

Let P, be the family of all r-colourings of [n], that is, all partitions of [n] into r
parts. For the sake of brevity, we shall often identify a partition II € P, , with the
complete r-partite graph with vertex set [n] whose colour classes are the r parts of II.
In particular, if G is a graph on the vertex set [n], then G C II means that G is a
subgraph of the complete r-partite graph II or, in other words, that the partition II is
a proper colouring of G. Exploiting this convention, we will also write II¢ to denote the
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complement of the graph II, that is, the union of r complete graphs with vertex sets
Vi,..., V.

4.1. Balanced r-colourings. We will be interested in balanced r-colourings, that is,
partitions of [n] whose all parts have approximately n/r elements. More precisely, given
a positive v, we let Py, ,(v) be the family of all partitions of [n] into r parts V1,...,V,
such that

<1—’y>n<\%]< <1+'y>n for all i € [r]. (6)
r r
That is,

Prr(7) = {{V1,---, Vi} € Py : (6) holds}.

The following easy proposition establishes useful bounds for the number of edges in the
complete r-partite graphs defined by balanced and unbalanced r-colourings.
Proposition 4.1. The following holds for every integer r > 2, every v > 0, and all
sufficiently large n:

(i) If 11 € Py, (7), then

In particular, if v < 55—, then e(Il) > n?/5.
(ii) IfTL € Py, \ Pop(y), then
42

et < (1= 3 ) - extrn Ko o)

Proof. Note that every Il = {V1,...,V,} € P, (7) satisfies
r 1 2 1\ n?
) = Vi > 2= — (1= 2, I
cm= 5wz (5) (5 -) ] —a-mr (1-2) 5

1<i<y<r

proving To see that holds as well, fix an arbitrary partition II that does not
satisfy @ and let V and W be two parts of II with the smallest and the largest size,

respectively. Let
Wi-1V]
d=|————
|

let II' be a partition obtained from IT by moving some d vertices from W to V, and note
that

e(Il') = e(Il) = (W] = d)(|V| +d) = [V][W] + (W] = [V])d - d* > d*.

Since II does not satisfy (6]), it must be that d > [yn/2] and, since ex(n, K,11) is the
largest number of edges in an r-partite graph with n vertices,

2,,2 2,,2 2
o) < o) = 5 < extn ) = 5 < (12T Jextn Ko (0

provided that n is sufficiently large. O
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4.2. Monochromatic graphs with small maximum degree. For every Il € P, .,
define B(IL, k) to be the family of all subgraphs of II¢ with maximum degree at most k.
Now, for every II € P, , and B € B(II, k), define

G, B) = {G € Gy : G NII° = B},

the family of all graphs in G, ;,, that, when coloured by II, have precisely the edges of B

monochromatic. Then )
_ (H

and, since e(B) < A(B)n < kn for every B € B(H, k),

i <30 (W) € (42) " < v ®)

b=0
provided that n is sufficiently large. We also have

Gum(rk)= |J U Gn(LB).

[I€Pn,» BeB(IL,k)

4.3. The number of graphs with an unbalanced colouring. The following proposi-
tion shows that if m > nlogn, then almost every graph in G, ,(r, k) cannot be coloured
by an unbalanced partition I in such a way that the monochromatic graph has maxi-
mum degree at most k. In other words, for almost every G € G, (7, k), all r-colourings
of G that yield a monochromatic subgraph with maximum degree k are balanced.

Proposition 4.2. For all integers k > 0 and r > 2 and every positive vy, there exists a
constant C > 0 such that, if m > Cnlogn,

> > lgnmB)< (eX(”’f’”“)> < (G (K.

¢ Py, (v) BEB(ILk)

Proof. First note that, for an equipartition II of [n] into 7 parts, we have |G, (II, )| =
(ex("’g’“)) so it is enough to check the first inequality. Assume that m > Cnlogn for
some sufficiently large constant C'. We have

(eX(n,Kr+1)>_1 S 16T, B)| < <eX(n7KT+1)> _1<€(H)> (2knlogn, kn

m m m
BeB(I1,k) (9)

3

To complete the proof, note that there are at most r" different r-colourings and that
< eV'm/5 when n is sufficiently large. Consequently, summing (9)) over all IT ¢ P,, ,(7)
one gets the assertion of the proposition. O

m
~ = = ‘

4.4. The number of graphs with many colourings. Even though the collections
Gm(II, B) are generally not pairwise disjoint, there is not too much overlap between
them. In other words, for all Il € Py, () and B € B(IL, k), the pair (II, B) is the unique
pair which covers G for almost all G € G,,,(II, B). More precisely, let U, (II, B) be the
family of all graphs in G,,(II, B) for which (II, B) is the unique pair which covers them.
The following result is based on a result implicit in the work of Promel and Steger [19].
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Proposition 4.3. For all integers k > 0 and r > 2 and real number a, there exists
a constant ¢ such that the following holds for all 1L € Pp,(5-) and B € B(IL k). If
m = cnlogn, then

|Gm (1L, B) \ Un (I1, B)| < n™ - |G (11, B)|.

Proof. Fix some II € P, (5-) and I’ € Py, (2) \ {II}. Suppose that IT = {V4,...,V;}
and IT" = {V{,...,V]'} and, for all 4,5 € [r], let V;; = ViNV]. We will say that the
vertices in V; ; are moved from V; to Vj’ . For every i € [r], define L; and S; as the
largest and the second largest subclasses of V;, respectively. Note that [V;| > g implies
that |L;| > 5. Set s = max;e[,|9;] and let S = S; for the smallest j for which the
maximum in the definition of s is achieved. Note that 1 < s < n/2, as s = 0 would
imply that (V{,...,V)) is a permutation of (V4,...,V,), and therefore II = II', which
will imply also that B = B’ if G,,,(II, B) N G,,(I", B") # 0.

Observe that either some pair {L;, L; } of largest subclasses, or some largest subclass L;
and S, where S ¢ V;, are moved to the same vertex class V. Denote these sets L; and L,
or L; and S by C and D. Since, for every G € G,,,(I'; B'), the subgraph of G induced by
V! has maximum degree at most k, it follows that, for every G € G,,(II, B) N G,,(I', B'),
the bipartite subgraph of G induced between C' and D also has maximum degree at

most k. In particular,
e(C,D) < k- min{|C|, |D|}.
It follows that

() = ‘gm(n,B) n J Gu.B)

BIeB(IT k)

k-min{|C|,| D[}
< ¥ (e(H) —|Cy- !D|> <!C| : \D|>
— m—e(B)—t t ’

since every G € G, (11, B) contains B and we need to specify its remaining m — e(B)
edges (by the definition of C' and D, no edge of B connects these two sets). Consequently,

N (e(H) B ’%)’D‘> 'k-min{|C’»|D|}(m_e(B))t' <‘CUD’>
m—e —
o) €1 DI} ((m— e(B) -emax[CL DI (€20
&) ( HTC\ Tll;) m>_kn< e(1I) k Ak-min{|C],| D ~1>ogn
g(l_n2> .<m_€(B)>.e {cliply
< exp (_|C'| : !D|n§m — kn) + 4k - min{|C|, | DI} - logn> : (m e_(lng))_

If m > cnlogn for a sufficiently large constant ¢ = ¢(k,r,a), then the simple bounds
max{|C|, |D[} > 5% and min{|C|, |D|} > 575 imply that

<o ((~2L2 + skt -maniict o) -, 0, )

) )
< —(a+3)sr? 6( — ,—(a+3)sr® )
<n () = 61, B)
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Finally, observe that, given a II, we can describe any I’ # II by first picking the partitions

{Vij}jepr) for every i and then setting V} = (J;ep,q Vi,j- We claim that, for every s, there

ielr
are at most n” - n*"" = n(TV™ ways to choose all V;,j so that max;ep, |S;| = s. Indeed,

one may first specify the sequence (|V;7j|) and then specify, for each i € [r], the

ijelr]
elements of each V; ; with j € [r], apart from L; (which will comprise all the remaining,

unspecified elements of V;). Therefore, by the above computation,

Gn(LB\Un(L B < > |G BN () GulIT,B)
II'€Pn.r(5-) B'eB(II' k)
I A1
< Y @G, (1L B)
II'€Pn.r(5)
I A1

<3 (nH? @) G (I B)] < 7 |G (T B

s>1

as claimed. O

4.5. Typical degrees in almost r-colourable graphs. We shall now show that most
vertices of almost every graph in G, n,(r, k) have degree exactly k in the monochromatic
graph. To make this informal statement precise, given a positive number x, denote by
B(IL, k; k) the family of all B € B(II, k) such that

[{v € [n] : degp(v) =k}| = (1 —kK)n

Proposition 4.4. For all integers k > 0 and r > 2, every positive k, all Il € Py, ., and
every m satisfying m > n,

> Gn(ILB)| < Y |Gn(IT, B)|. (10)

BEB(ITk)\B(ILk;r) BEB(IL k)

Proof. Since B(IL,0; k) = B(IL,0), we may assume that & > 1. The left-hand and the
right-hand sides of are cardinalities of the (disjoint) unions of families G,,(II, B)
over all B € B(Il, k) \ B(II, k; ) and all B € B(II, k), respectively; denote these two
families of graphs by JF; and Fr. We will compare the sizes of 77, and Fr by counting
edges in a bipartite graph H C Fr, X Fg defined as follows: A pair (Gr,GRr) € Fr X Fr
belongs to H if and only if Gg \ Gy, is a single edge of I1¢\ G and G, \ GR is a single
edge of IINGy.
On the one hand, for every Gr € Fg,

degy (GR) < e(IT) - e(TI° N GR) < n? - kn.

On the other hand, since every B € B(IL, k) \ B(IL, k; k) contains more than xkn vertices
of degree smaller than k, at least r - ('m/ ") pairs of such vertices belong to the same
colour class of II. Consequently, for every G, € Fr,

Kn/r

degy (GL) > <r~ < ) > —e(HCﬂGL)> ce(IINGp)

2,2 2,2
></<;n —kn)-(m—kn)}ﬁn %

3r r
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We conclude that
K2n2m

8r
which implies that |Fp| < (8kr/k?) - (n/m) - |Fr| < |Fr|, as claimed. O

| Fr| - < e(H) < | Fg| - kn?,

4.6. Almost r-colourable graphs with large monochromatic girth. We shall now
show that in a constant proportion of graphs in G, (7, k), the monochromatic graph
has large girth. To make this informal statement precise, given an integer g > 3, denote
by By(IL, k) the family of all graphs in B(IL, k) that do not contain any cycles of length
at most g. The following statement is a key ingredient in our proof of Theorem

Proposition 4.5. For all integers k > 0, r > 2, and g > 3, there exists a positive
constant ¢ such that, for all 11 € Pn,r(%) and every m satisfying m > n,

Z ‘gm(l_LB)’ Zc: Z ’gm(HvB”‘

BeBgy(1L,k) BeB(IL,k)

The proof of this proposition is a relatively straightforward corollary of Proposition [4.4]
and the following classical result of Bollobds [6] and Wormald [23].

Theorem 4.6 ([6l, Theorem 2|). Suppose that k > 2 and g > 3 are integers and let
0<dy <---<d,, <k be such thatZ?zldi =:2m 1is even and 2m —n — 00 as N — 0.
Let G be a graph chosen uniformly at random from the family of all graphs with vertex
set [n] such that degg(i) = d; for every i € [n] and, for each ¢ > 3, denote by X,
the number of cycles of length £ in G. Denote by (Zs, ..., Z,) the vector of independent
Poisson random variables with

iz 5 (L3 (4))

for each £. Then
nhancgo dTv((Xg, e ,Xg), (Zg, ey Zg)) = 0,

where dpy is the total variation distance.

Proof of Proposition [4.5 We may assume that k > 2, since otherwise no graph in B(IL, k)
can contain a cycle and thus By(II,k) = B(IL, k). Suppose that II = {V;,...,V,} €
Por(3) and let G be a uniformly random element of | J . (k) Im(I1, B). Conditioned
on G NII and the degree sequence of G NII¢, the graphs G[Vi],...,G[V;] become inde-
pendent, uniformly chosen random graphs with respective degree sequences. By Propo-
sition invoked with k = 1/(6r), with probability 1 — o(1),

4lVil
3

2|V
3 deggyy () > (Vi —wn) -k > 20>
veV;

(11)
for each i € [r], as min; |V;| > n/(2r) = 3kn. Since, for every i € [r],

1 degGM](U) 1 deggy; (v) - (k—1) g
V) 2 < ) < qav) 2 et

2 2
veV;

veV;
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Theorem implies that, if the degree sequence of GNII€ satisfies for every i € [r],
which happens with probability 1 — o(1),

P(GNII¢ € By(II, k) | G NI, degree sequence of G NII°)

> (;-inf{ﬁP(Pois(A) =0):0< A< W}) )

(=3

where Pois(A) denotes the Poisson random variable with mean A. The assertion of the
proposition follows as P(Pois(\) = 0) = e~ and g, k,7 = O(1). O

5. THE O0-STATEMENT

In this section, we treat the O-statement of Theorem [[.4] First, using an elementary
counting argument, we show that, for every graph H with maximum degree at least
two, if m < nZ_W}H), then the family F, ,,(H) constitutes an e~°(M)_proportion of
all graphs with n vertices and m edges. Using a standard estimate on the lower tails
of hypergeometric distributions, it will be fairly straightforward to deduce that, when

1
n < m<n’ ™ and both r and k are bounded, the family G, ,,,(r, k) is far smaller
than F,, ,,(H). The details are presented in Section
Second, using a much more subtle argument, we show that, for every plain vertex-

1
critical graph H with criticality £ + 1 and chromatic number r + 1, if Q(n% mz(H)) <

m < cn2_ﬁ(log n)mﬁ for a sufficiently small positive ¢, the number of graphs
in F, m(H) that are ‘one edge away’ from being in G, ,,(r, k) is far greater than the
number of graphs in G ,,(r, k). Our argument, which relies on the Hypergeometric
Harris Inequality as well as several crucial properties of graphs in G, (7, k) that we
have established in Section |4}, is presented in Section [5.2

5.1. Below the 2-density. We first give a simple lower bound on |F, ,,(H)|, valid
for every graph H with maximum degree at least two, that exploits the fact that, if
1

m < n’ Mm@ ), a typical graph in G, ,, can be made H-free by removing from it some
o(m) edges.

Proposition 5.1. Let H be an arbitrary graph with maximum degree at least two. For

every € > 0, there is a § > 0 such that, for all sufficiently large m and every m <
91

on” m2(H)

n
|-7:n,m(H)| > e €M, <(2))
m
Proof. Suppose that H is a graph with maximum degree at least two. This means that
K1 C H and hence mo(H) > mo(K12) > 1. Suppose that € is a positive number. Let
F be an arbitrary subgraph of H such that dao(F) = me(H) and note that ep > 2, as
mo(H) > 1. Finally, let 6 be a small positive number satisfying

1 5 26
€F72 < > 75/2.
(60) S0 and (e(l n 25)> >e (12)
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_ 1
Let m be a positive integer satisfying m < on° Mm@, If m < n'/3, we let G be
a uniformly chosen random graph in G, ,, and note that

(3)

provided that n is sufficiently large. Consequently,

Fum(H)| = B(H £ G) ((3)) > e, <(3)>,

m m

2
P(H CG) <P(K15CG)<nd- <m> <31 — e,

as desired. We may thus assume from now on that m > n'/3.
Set m’ = [(1+ §)m] and note that

/ 91 91 91
m < (140)on” m2 41 2in" m2(H) =20n" 2E

provided that n is sufficiently large. Now, let G be a uniformly chosen random graph
in G, v, and let X denote the number of copies of F' in G. Recalling that da(F) =
(ep —1)/(vp — 2), we have

1\ €F N EF , .
E[X] < n'F - (%) s (377;) <nvr I (657{%)61?
n n

2

= (66)F1.3m' < — <
@) 3 < < O
and consequently, by Markov’s inequality,
1
P(X>=m' —m)=P(X >dm) < 7

We conclude that at least half of the graphs in G, ,,» contain a subgraph with m edges
that is F-free and thus also H-free. (Indeed, we may delete an arbitrary edge from each
of the at most m’ — m copies of F' in the original graph). By double counting,

Fanmnl (75 2 (1),

It follows that, denoting N = (3),

1. (T]’\Lfl) B 1 1 < em/ )m—m/
T2 GG 2 () T2 e '

‘Fn,m H)| 1 g 2om 1 efsm/Z > e M
((Z)) 2 \e(l+20) ) - ’
provided that n is sufficiently large. O

In order to bound the number of graphs in G, (7, k) from above, we use the simple
observation that every graph in G, ,,(r, k) contains a set of at least n/r vertices that
induces a graph with average degree at most k, which is much less than the expected
average degree of a graph that such a set would induce in a uniformly chosen random
graph from G, .
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Proposition 5.2. For all positive integers k, r, n, and m satisfying m > 6r2(k + 2)n,

we have (n)
m
|gn,m(’r, k)| < €Xp (*@) : <7i)7

provided that n is sufficiently large.

Proof. Observe that, for every graph G € Gy, ,,(r, k), there is a set W C [n] with at least
n/r elements such that e(G[W]) < k|W|/2. In particular, if G is a uniformly chosen
random graph from Gy, ,,,

(G)
GumnB) < S P(e(GIV]) < KIV]/2) <m>
WC[n]
|W|=n/r
We may bound each term in the above sum using Lemma invoked with = (ﬂgﬂ)
and A = (V;/) Indeed, letting

,_m(%) kW
(2
we have
2 m("y) kW]
P(e(GIW]) < k[W|/2) < exp <—2m(|v2v|)/(g)> S exp (‘ 2(;2) T )

If n is sufficiently large, then, for every W with n/r < |W| < n,
m(“g/') kW | . m n/r-(n/r—1) kn L m kn

2(5) 2 72 n-(n-1) 2 732 27

and, consequently,
n m kn (n)
|Gnm (1, k)| < 2" - exp <_37“2 + 2) . <1721>

The claimed bound now follows from our assumption that m > 6r%(k + 2)n. O

Propositions [5.1] and [5.2] immediately yield the following corollary.

Corollary 5.3. Let H be an arbitrary graph with maximum degree at least two and let

k and r be positive integers. There exists a positive constant ¢ such that, if n < m <
91

cn” ma(H) ,

|]:n,m(H)‘ > ’gn,m(rv k)|

5.2. Above the 2-density. In this section, we show that, if H is a plain vertex-critical
graph with criticality k£ + 1 and chromatic number r+1 > 3, then there exists a positive
constant ¢y such that |Fy, p(H)| > |Gnm(r, k)| for every m satisfying Q(nz_m) <
m < cgmpg. More precisely, we will show that the number of graphs in F, ,,(H)
that are ‘one edge away’ from being in G, (7, k), i.e., graphs G € F,, ,,(H) such that
G\ e € Gy m(r, k) for some e € G, is far greater than the number of graphs in G, y,(r, k).

Proposition 5.4. Suppose that H is a plain vertex-critical graph with criticality k + 1
and chromatic number r+1 > 3. There is a positive constant cy such that, if m satisfies

91
Q(n m2<H)) <m < cgmy,
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then | Fom(H)| > |Gnm(r, k)]

The main ingredient in our proof of this proposition is the following lower bound on
the number of H-free graphs that are ‘one edge away’ from G, (II, B) for given balanced
r-colouring IT and B € B(II, k) with large girth.

Lemma 5.5. Suppose that H is a plain vertex-critical graph with criticality k + 1 and
chromatic number r + 1 > 3. For every € > 0, there exists a positive constant ¢ such
that the following holds for every m that satisfies

1 1
nlogn €< m < an*W(log n) CH)—F=T

For every I1 € Pp,(55-), all B € B(IL,k), and each e € I1°\ B such that BUe has girth
larger than vy,

Uno(T1, BU €) N Fpp s (H)| > —o

7 p2te

|G (1L, B)].

Proof. Note first that only the two endpoints of e can have degree larger than & in the
graph BUe and that, by assumption, the girth of BUe is larger than vg. The definition
of plain vertex-critical graphs guarantees that, for every embedding ¢ of H into ITU BUe,
there must be a critical star S C H with k 4 1 edges such that o(H) N (B Ue) = ¢(S)
and e € ¢(5); in particular, for every S C F C H, the map ¢, restricted to V(F), is
also an embedding of F' into IIU B U e that maps S to BUe and F'\ S to II.

Let Si,...,S; be all the smallest critical stars of H (i.e., with k£ + 1 edges) and, for
each i € [t], let F; be a subgraph satisfying

Si C F; CH, di12(F;) = ni(H), and e = G(H).

Let G be a uniformly chosen random element of G,,(II, B U e), let G' = G N1II, and
observe that G’ is a uniformly random subgraph of IT with m — e(B) — 1 edges. For
every i and every injection ¢: V(F;) — [n], we let S;, = ¢(S;) and K; , = ¢(F; \ S;)
be the labelled graphs that are the images of S; and F; \ S; via the embedding ¢. Define

®; ={¢: 85, CBUeand K;, CII};

in other words, ®; comprises all those embeddings of F; into I U B U e that embed .S;
into B U e and map the remaining edges of F; to II. Since B U e contains at most two
copies of S;, one for each endpoint of e, we have |®;| < 2nvFi~*=2 More importantly,
the above discussion implies that

1I
1Gm(I, BUe) N Fpm(H)| > P(G' B K;, for all i and ¢ € @z)(m (T )
P

Assume that m < cnzfﬁ(log n)m, where
€
c=en
We shall bound P from below using the Hypergeometric Harris Inequality (Lemma .
To this end, let
m—e(B)—1
e(II)

[\CR V]

p:



TYPICAL STRUCTURE OF GRAPHS NOT CONTAINING A VERTEX-CRITICAL SUBGRAPH 20

and note that p < &2, by part of Proposition as II € P, T(ZOT) It follows from
Lemma [3.2] that
t

t
P + exp(—m/16) > H peFiNSi) | > exp( Z‘q)i|‘2peFi\Si>

=1 =1

> exp (— Z4nvFik2peFikl> .
=1

Claim 5.6. For every i € [t],
n”Fi_k_QpeFi_k_l < 8clogn.

Proof. Since er, > eg, = k + 1, we have

8em \ ¢Fi kL
nvpifkaPeFifkfl < nvpi7k72 . ( - )
n

< Sc-nvr k2 (E)Wi”“’l

1 m eFZ.—k—l
. dpo(Fy) |,
< 8¢ (n + n2)

1 1 1
< 8c- (nm(H) n(H) . (log n) C(H)—k—1

>Ci(H )—k—1
The claimed upper bound follows since 7;(H) > n(H) and (;(H) < ((H) whenever
ni(H) = n(H). 0
In particular, assuming that n is large, we have
P > exp (—32tclogn) — exp(—m/16) = n~5/? — exp(—n).

Since BU e € B(II, k + 1), we may now invoke Proposition with a = € to obtain
Un(IL, BU€e) N Frm(H)| = |Gn(II, BU€) N Frm(H)| — |G (11, BU€e) \ Up,(II, BU €)]

> () 2 ()

Since m — e(B) = m — kn > m/2 and e(Il) < n?/2, we may conclude that

U (T, BU €) O Fop (H)| > —2 ( e(ID) >_

n2+5 m—e(B) |gm(H B)|

2+e€
as claimed. O

Proof of Proposition[5.4. Ifn(H) < ma(H), then mpyg = n?" 00 and we may simply in-
voke Corollary|5.3|and let cg = g5 If this is not the case, then mpy = 2 (log n)“mﬁ
and we let cy = qgg(e), where 2¢ =1 — 1/mg(H) > 0.

Since, for all IT € P, ., every B’ C II¢ can be written as B’ = BUe with B € B(IL, k)
and e ¢ B in at most e(B) + 1 < kn different ways, we have

| F |/,m§j S Y Un(LBUE) N Frm(H)|. (14)

IIEPy,» BEB(ILE) eclle\ B
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Further, observe that, for every B € B, (II, k), the number of edges e € II¢\ B such
that B U e has girth larger than vy is at least

’UHfl 2
e(I —e(B) —n- > k(k—1)"'> %
(=2

1
Let v = 1/(207“) Since m = Q(n27 mQ(H)) = Q( 14+2e ) we may conclude that
n

LEA 1
FamH) 2" Y G (IL B)|
LIE€Pn,r(v) BEBy (ILk)

= WTZHE Z Z Gm (1L, B)|

EPn,r () BEBy; (T1,k)

PAI cggm
> m Z Z \gm(H,B)\
I1E€Pn,»(v) BEB(ILk)

> Y Y |G B

IIEP,, . (v) BEB(IL,K)

On the other hand,

PE3
GamBI< D 3, (LB <2 > > |Gn(LB)]
HePn - BEB(ILk) IIEP,, . (v) BEB(IL,k)
These two estimates imply the assertion of the proposition. O

6. APPROXIMATE 1-STATEMENT

In this section, we show that, for every graph H with x(H) = r+1 > 3, then, as soon

1
asm > n’ ma(m , most graphs in 7, ,,,(H) admit a balanced, unfriendly r-colouring that
leaves only o(m) edges monochromatic. Given a graph G, one of its vertices v € V(G)
and a set U C V(G), we denote the number of neighbours of v in the set U by degq (v, U).

Theorem 6.1. Suppose that a graph H satisfies x(H) = r+ 1 > 3. For all positive
0 and y, there is a positive C such that the following holds. If m > CnQ_m, then
almost every graph G in Fy, ym(H) admits a partition II € Py, ,(7y) such that
e(G\II) < om (15)
and, letting IL = {V1,..., V,.},
degq(v,V;) < I}l;ndegg(v Vi) forallie [r] andv e V;. (16)

Our proof of Theorem [6.1] relies on the following result established in [3 Theorem 1.7],

which states that, for every H with x(H) =7+ 1 > 3, when m > n’ "L2(H) then most
graphs G € F, ,(H) admit an r-partition II € P, , such that e(G \ II) = o(m). With
little extra work, we will show that, for most such G, one such partition II is balanced
(i.e., it belongs to Py, (7) for some small ) and unfriendly (i.e., it satisfies (L6])).

Theorem 6.2. For every graph H with x(H) > 3 and every positive §, there exists a

1
positive constant C such that the following holds. If m > cn’ - m2(A) | then almost every
graph in Fy, m(H) can be made (x(H) — 1)-partite by removing from it at most dm edges.
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As a next step towards establishing Theorem we now show that very few G €
Fnm(H) admit a non-balanced partition II that satisfies e(G \ II) < om.

Proposition 6.3. Suppose that a graph H satisfies x(H) =r+1 > 3. For all positive 6
and v and all m > n, almost every G € Fy ,(H) does not admit a partition 11 €
Py \ Pnr(7) that satisfies e(G \ II) < dm.

Proof. Since making ¢ smaller only strengthens the assertion of the theorem, we may

assume without loss of generality that § < 7?6 and that

2

5+ (4—1og(728)) — (1—6) - '? < —Vz; (17)

indeed, as 6 — 0, the left-hand side of converges to —y2/3.
Fix an arbitrary partition II € P, , \ P,r(7), that is, a I € P, that does not
satisfy @ and recall from the proof of Proposition see , that
2 2

e(Il) < <1 - 'g) x(n, Kpi1) < (1 - 'g) -ex(n, H).

Denote N = (g) and N’ = ex(n, H). The number Xy of graphs G € F,, ,,,(H) for which
e(G\ II) < dm satisfies

L <e<“>> @)y )
= () e X b =3 R

Note that, for every ¢, either m — ¢t < e(H) or the corresponding summand is equal to
zero. This observation and the above bound on e(II) imply that

() ()< ()"
and that

() < (0 )C ) =)
() < () <(5)
as t < om < 6N’ <42N’/6 and N’ > ex(n, K3) > N/2. Consequently,
0<S (-5 E DT E L)

< %, inequalities (b)) and log(12e) < 4 further imply that

”3)(1 " (g.;)‘”"gexp<<5.<4_10g<725>>_<1_5>.’?).m>

(fym)
< exp (-1 ).

Finally, since there are at most r" partitions II € P, , and at least ( ) graphs in
Fnm(H) and since m > n, we have

!
>, Xm<rteem <N> <e | P (H)),
Helpn,r\lpn,r('y) m

Since ¢

—_

/
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which implies the assertion of the proposition. U

Proof of Theorem [6.1. Let Fy,.m(H;0,7) be the collection of all graphs G € Fy, ., (H)
that satisfy (L5]) for some II E Prnyr(y) but no II € Ppp \ Pryr(v). Let C = Cgm(0)

and assume that m > Cn’ m2(H) Since Theorem . and Proposition imply that
almost all graphs in 7, ,,,(H) belong to F, »,(H;0,7), it is enough to show that every
G € Fpm(H;0,v) admits a partition IT = {Vi,..., V. } € P,,(7) that satisfies both
and .

To see this, given an arbitrary G € F, ,(H;0,7), let II € Py, be a partition that
minimises e(G \ II) over all r-partitions of [n]. Since e(G \ II) < dm, by the definition
of Frm(H;6,7v) and the minimality of II, then II € P, (), again by the definition of
Fnm(H;6,7). Suppose that IT = {V1,...,V,.}. If there were i,j € [r] and v € V; such
that degqg (v, Vi) > degg(v,Vj), then the partition IT" obtained from II by moving the
vertex v from Vj to V; would satisfy e(G \ II') < e(G \ II), contradicting the minimality
of II. O

7. THE 1-STATEMENT

In this section, we prepare for the proof of the 1-statement of Theorem Our goal
is to show that, if H is a simple vertex-critical graph with criticality £+ 1 and chromatic
number 7 4+ 1 > 3, then there is a positive constant Cy such that, if m > Cygmy, then
almost every graph from F,, ,,,(H) belongs to G, (7, k); recall that mp is the threshold
function defined in . Note that it suffices to prove this statement only for graphs H
that have no isolated vertices.

7.1. A sufficient condition. Given a positive constant § and a balanced r-partition
I={W,....,Vi.} € Por(7), let Fpm(H; 9, II) be the family of all G € F,, ,,(H) for which
II is an unfriendly partition that leaves at most dm edges of G monochromatic, that is,
Frm(H;6,11) = {G € Fym(H) : (G,1I) satisfy and (16) }
and let
Frm(H;6,11) = {G € Fom(H;6,1I) : G\ 1L ¢ BALk)}.

In other words, fnm(H 0,1I) comprises all those graphs G € F,, »,(H;0,1I) for which
the monochromatic subgraph of G induced by the r-colouring Il has maximum degree
larger than k. The following proposition gives a sufficient condition for the assertion
of the 1-statement of Theorem to hold true, that is, a sufficient condition for the
asymptotic inequality |Fp, m (H) \ Gnm (7, k)| < | Fonm (H).

Proposition 7.1. Suppose that H is a simple vertex-critical graph with x(H) = r+1 > 3
and criticality k + 1. For all posztwe 0 and vy, there exists a constant C such that the

following holds when m > cn’ i : Suppose that there is a function w: N — (0, 00)
satisfying w(n) — oo as n — oo such that, for every I € Py, (7), there exists a map

M Fy o (H;6,11) — B(IL, k) that satisfies

L L e
M1 i () "
for every B € B(I1, k). Then

|Fnm (H) \ G (1, )| < | Fpm (H))-
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2— 1 .
Proof. Set C = Cgx(0,7) and suppose that m > Cn~ ™20 . We claim that

m(H)\gn,m(r,k)g<fn,m(H)\ U fn,m(H;é,H)>u U Fpn(H;6,10).

IePn () IePn,r(7)

= L:(H 0,7)
Indeed, if G € F,,,(H;0,7) \ Gnm(r, k), then, on the one hand, G € Fp m(H;6,1I) for
some IT € P, () but, on the other hand, G\ II ¢ B(II, k) and hence G € F; ,,(H;J,11).
Since Theorem [6.1] implies that

| Fovan (H) \ Foypn (H 3.6, 7) | < | Fom (H)

it suffices if we show that our assumptions imply that
Y 1 Fm(H; 6| < | Fm(H)L. (19)
HePn,r(7)

To this end, note first that the assumption that H is simple vertex-critical implies that,
for all Il € P, , and B € B,,, (1L, k), the graph B UII is H-free and, consequently,

U (11, B) C G (I, B) C Frm(H).
Since the families U,, (I, B) are pairwise-disjoint and
PO 1 1/ ()
II 2 a m H7 =3 )
it ) 2 g = 5 ()

we have

Fom(H)| = ) Y Un(LB)

TEPn, - (7) BEB,,, (TL,k)

> o () 20)

IEPn, () BEBy (I1,K)
PCEE G(H)
> — .
ooy s (L)
1ePn »(v) BEB(ILk)

Fix an arbitrary II € P, (7), let M be the map satisfying for every B € B(IL, k),
and observe that

¥ _ 1 e(II
Framomi= Y woims s S (T e
BeB(IT,k) w(n )BGBHk) m —e(B)
Summing over all IT € P, ,.(v) and substituting it into (20)) yields (L9). O

\Y
DO | =

7.2. Splitting into the sparse and the dense cases. In the remainder of this pa-
per, we will define, for some sufficiently small positive constants § and v and every
I € Ppr(vy), a map M: Fpr o (H;6,11) — B(II, k) and show that these maps satisfy
the assumptions of Proposition Unfortunately, our main argument, presented in
Section [8] will work only under the assumption that m < ex(n, H) — Q(n?); the (much
easier) complementary case m > ex(n, H) — o(n?) will be treated in Section @

In order to formally define the split between the two cases, we need to introduce several
additional parameters (cf. Figure . First, let v be any positive constant satisfying

1

<. 29
TS 50r (22)
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Q

RN

R—®O — o —H —0
i

FiGURE 1. The Hasse diagram depicting dependence between the various
constants in the proof

Second, let £ be a positive constant that satisfies inequalities and the first inequal-
ity , which involve absolute constants € and v that are defined in . Third, let 6
be a small positive constants that also satisfies the first inequality in and, moreover,
the inequalities

1 q . 1

(5<2—Or and 5<§/;Cgiﬂ|-mln{a,@}, (23)
where g7 is an absolute positive constant implicit in the statement of Lemma pis
a constant that depends on ¢ and on dgg and is defined at the beginning of Section
and o and Cy are constant that depend on £ and the function (z,«, \) — 7 implicit in
the statement of Lemma [3.3| and are defined in Section Finally, define

1 1 357
Cu max{qzu(d,'y), 3 oomm € 2}, (24)
where Cr(6,7) is a constant that depends on ¢ and ~ and is implicitly defined in the
statement of Proposition B is a constant that depends on £ and on dgp and is defined
at the beginning of Section |8 and ¢, is a constant that depends on p (see above) and is
defined in Section [8.6
Fix an arbitrary Il € Py, (7). Our definition of the map M: F; . (H;d,1I) — B(IL, k)
and the arguments we will use to show that M satisfies the assumptions of Proposi-
tion [7.1] with w(n) = 2/n will vary depending on whether

Cympy < m < e(Il) — &n? or e(Il) — &n? < m < ex(n, H). (25)

Our analysis under the assumption that m satisfies the first and the second pair of
inequalities in will be referred to as the sparse case and the dense case, respectively.
These two cases will be treated in Sections [§ and [9] respectively.
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8. THE 1-STATEMENT: THE SPARSE CASE

Fix a partition IT € P, (). In this section, we verify the assumptions of Proposi-

tion [C1] in the case where
Cympy <m < e(Il) — &n?.

In order to show that the assumptions of Proposition are satisfied, we will first define
a natural map M: F; . (H;6,11) — B(IL, k) by letting M(G) be an arbitrarily chosen
maximal subgraph of G \ II with maximum degree k. We will estimate the left-hand
side of using two different arguments, depending on the distribution of edges in the
monochromatic graph G \ II: the low-degree case and the high-degree case.

Let 71 denote the family of all T C TI¢ that are the monochromatic subgraph of some
G € F}, ,(H;0,11), that is,

T = {G\H:GE]:;m(H;é,H)};

our definitions imply that every T' € T satisfies e(T) < dm and A(T) > k. Define
further, for every T € T,

FXT)={Ge F;(H;6,1I): G\II =T},

and observe that

v (36,10 = Y |FH(T)].

TeTn
In order to describe the split between the low-degree and the high-degree cases, let
. e a1 m
p mm{f(r—l)’ 22} an anognJ’ (26)

where gg is an absolute positive constant that is implicit in the statement of Proposi-
tion [8.1] and choose a p > 0 which satisfies

<\’ < eP? and p < 1 (27)
&) ST

it is possible to choose such p, since the left-hand side of the first inequality in
converges to 1 as p — 0.

8.1. Decomposing the monochromatic graphs. For every T € T, we define the
following graphs and sets:

e Let By be an arbitrarily chosen maximal subgraph of T" with A(Br) = k; note
that By € B(IL, k), as defined in Section
e Let Ur be an arbitrarily chosen maximal subgraph of T' that extends Br and
satisfies A(Ur) < D.
e Let X7 be the set of vertices whose degrees in Ur are exactly D.
e Let Hp be the set of all vertices whose degrees in T are larger than pm/n; note
that |[Hp| < 20n/p.
Finally, for every B € B(IL, k), let Tri(B,t,¢, h) denote the subfamily of 757 comprising
all T' with

Br = B, e(T) =t, e(Ur) =e(B) + ¢, and |Hr| = h.

The map M that we will supply to Proposition is the map defined by M(G) = Br,
where T'= G \ II.
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8.2. The low-degree and the high-degree cases. We may now define the partition

into the low-degree and the high-degree cases. Suppose that T" € T;. We place T' in

71.(IT) when

m|Hr|
&n

otherwise, we place T" in T (II). Since 71, (II) and Ty (II) form a partition of 7Ty, we have,

for every B € B(IL, k),

e(Ur \ Br)logn > (28)

IMTAB) = Y IFDI= Y IFDI+ Y IFD) (29)
TeTn TeTL(IT) TeTu (IT)
Br=B Br=B Br=B

The low-degree and the high-degree cases are estimates of the first and the second sums
in the right hand side of , respectively.

8.3. The low-degree case — summary. In the low-degree case, we will rely on the
following upper bound on |F*(T)|, which is established in Section with the use of
the Hypergeometric Janson Inequality (Lemma .

Proposition 8.1. There exists a positive constant ¢ that depends only on H such that
the following holds. If m > Cmy for some C > 2, then, for every II € Prnr(7), every
B e B(IL,k), allt <m/2, ¢, and h, and every T € Tr(B,t, ¢, h),

FHT)| < oxp <_ﬁ+c~él .glogn) : (;(?)).

This upper bound on |F*(T")| will be combined with the following estimate on the size
of the sum over all T' € Ty, (II), which is derived in Section

Lemma 8.2. Suppose that nlogn < m < e(Il) — &n?. For every B € B(II, k) and all t,

£, and h,
e(IT) mh e(II)
ITa(B,t,¢,h)| - (m t> < exp (14€logn + §n> . <m B e(B)>'

Before we close this section, we show how these two lemmas can be used to estimate

the first sum in the right-hand side of (29). Let £ be the family of all triples (¢,¢, h)
that satisfy ¢ > ¢ > 1 and flogn > mh/({n), cf. ., and observe that, for every

B e B(IL, k),
>, IF@i= > > IF@
TeTy,(II) (t4,h)eL TeTn(B,t,l,h)
Br=B .
Xt,0,n

Since m > C'gmyr, Proposition and Lemma imply that, for every (¢,¢,h) € L,

c e(II)
Xion < [Tu(B,t, 4, h)| - exp <—W-€logn> : <m_t>

2mh e(I)
< exp (14€logn+ en _ﬁ C Elogn> .<m—€(3)>

o ((1055) o) (L 2) = (5

NE
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Since ¢ > 1 for every (t,¢,h) € L, we may conclude that

> il (4 Yol (A Y

TeT, (D)
Br=B

8.4. Enumerating the monochromatic graphs. In this short section, we enumerate
graphs in Tr(B,t, ¢, h), proving Lemma

Proof of Lemma[8.3. We will count the number of ways to construct any T' € Tr(B, t, £, h)
in several steps. We first record the following inequality, which holds for all integers

y<m/ <me
(™) () _ () ( m )y 0
(eg)) (e(H)—yml-i-y) S (énj;ry) S\az)

Since B = Br C T for every T € Ti(B,t,¢,h), we only need to choose which t — e(B)
edges of TI¢ form the graph T'\ B. For every T' € Tr(B,t,¢, h), let U}, be the subgraph
of Ur \ B obtained by removing all edges touching X7. Since every edge of Ur \ U7 has
at least one endpoint in Xp and A(B) < k, we have

(= e(Ur\ B) > e(Up) + [ Xr| - (D — k)/2 > e(U}) + | Xz - DJ3.
We choose the edges of T'\ B in three steps:
(S1) We choose the edges of U..
(S2) We choose the edges of T\ B that touch X7\ Hr.
(S3) We choose the remaining edges of 7'\ B; they all touch Hrp.
We count the number of ways to build a graph T € Tr(B,t,¢,h) with u/, tx,

and ty edges chosen in steps |(S1) [(S2), and |(S3)| respectively. An upper bound on

|Tr(B, t, £, h)| will be obtained by summing over all choices for v/, tx, and tg. There

are at most (e(g,c)) ways to choose u’ edges of Uf. Since e(I1¢) < n?, we have

(1. nti5)-) B o () () <

u (me—(g()B)) £n2 §

Next, we bound the number of ways to choose the tx edges that touch X7\ Hy. To this
end, we arbitrarily order the vertices of X7\ Hy as v1,...,vs and then, for each i € [s],
we choose the edges incident to v; and not to any of vy, ...,v;_1; denote the number of

such edges by d;. Since we are considering only vertices of X7\ Hr, we have d; < pm/n;
moreover, di + --- +ds = tx. Let Ny = Ny(tx,s) denote the total number of ways to
choose the tx edges when | X7\ Hr| = s. We have

(m—e(;()ri)u’—tx) < n m e(B)— 5’(H2d1+~--+di))
Ny - ( e(1T) ) S\ Z H e(1T) )
m—e(B)—u’ dy,...,ds<pm/ni=1 m—e(B)—u'—(d1++d;—1)
d1+ Hds=tx
pm/n (e(H))
n m!—d
S| ne Z (d) rg}g{n (e(H))
d=0 m’
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Since, for every positive a, the function = — (ea/z)* is increasing on the interval (0, a]
and p < e/&, we conclude that

1/s
(m—e(g()lz)u’—t ) / e pm/n e 2pm/n
Ny - N <n+pm-|— <= < e <P
(m—zgg;—u’) fp fp

Finally, let N3 = N3(tx, h) denote the number of ways to choose the remaining ¢z edges
of T'\ B. Recalling that e(B) + v + tx + tg = t and arguing similarly as above, we

obtain
(6(13) X ren m\¢ "
Ns e(I0) )<<n—|—n';(d-§n2>> '

(mfe(B)fu/ftX

Using again the fact that (ea/z)* < e® for all z € (0,00), we conclude that
1/h

(767512) 2 m 2m
Ny - () <n+n”-exp 571 < exp 571 .
(m—e(B)—u’—tX)
Combining the above bounds, we obtain
e(Il)
_ ’ 2mh
(m—e(B)) w' tx,ti,s
uHtx+tg=t
u/+sD/3<4
2mh 2mh
<nm? - m3 - exp omi <exp | 14fllogn + “ma ,
&n &n
where the final inequality follows as nm3 < m* < m* and m < n?. O

8.5. The low-degree case. In this section, we prove Proposition that is, for a
given T' € Tri(B,t,¢,h), we give an upper bound on the number of graphs in F*(7') in
terms of ¢ and ¢. To this end, fix an arbitrary critical star S;, in H that satisfies

Nig(H) =n(H)  and (i (H) = ((H),
where n(H) and ((H) are the quantities defined above (I). Fix some T € Ty1. For every
injection ¢: V(H) — [n], we let S, = ¢(S;,) and K, = ¢(H \ S;,) be the labelled
graphs that are the images of S;, and H \ S;, via the embedding ¢. Define

O ={¢:8S, CT and K, C II};

in other words, ®7 comprises all those embeddings of H into IIUT that embed S;, into
T and map the remaining edges of H to II. Since T' C G for every G € F*(T), the
graph G N1II does not contain any of the K, with ¢ € ®7. In particular, letting G’ be
a uniformly chosen random subgraph of II with m — t edges, we have

| F(T)| < P(K, € G’ for each ¢ € Or) - <Tib(1;[)t> (31)

Proposition is derived from and the Hypergeometric Janson Inequality. In
order to get a strong bound on the probability in the right-hand side of , we will

carefully construct a sub-family of ®1 that satisfies some ‘nice’ properties and apply
Janson’s inequality with ®7 replaced by this sub-family.
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Lemma 8.3. Suppose that 11 = {Vq,...,V,.} and let T € Tr(B,t,¢,h). There are an

i € [r] and a family S of edge-disjoint copies of K1 41 in T[V;] that satisfy the following

properties for some positive constants c1 and Cy that depend only on v and k:

(GS1) We have c1l < |S| < L.

(GS2) For every v € [n], we have |[{S € S:veV(S)} <D= [ﬁnlzgn .

(GS3) For every two different vertices v,u € [n], let A(u,v) be the set of all pairs of
stars S,S" € S, each containing both u and v as leaves. Then, Euw |A(u,v)| <
CiL.

We will first derive Proposition [8.1] from Lemma [8:3] and and then prove the lemma.

Proof of Proposition[8-1. Suppose that II = {Vi,...,V;} and let T € T(B,t,¢,h) be
a graph with at most m/2 edges. Let i, S, ¢1, and C; be the colour class, the family
of stars, and the two constants from the statement of Lemma [8.3] respectively. Fix an
arbitrary colouring v¢: V(H) — [r] that leaves only the edges of S;, monochromatic
and such that the vertices of S, are coloured 7; such a colouring exists because S;; is a
critical star of H. For every j € [r], randomly choose an equipartition { V. }wev (m) of
V; into vy parts. We let ®/. be the family of all embeddings ¢ € & that satisfy

S,eS and o(w) € Viy(w)w for every w € V(H).

Let ' = min{|V| : V € II} > n/(2r). Since there are at least |S| - (n/ — vy )vn—(k+2)
embeddings ¢ € ®7 such that S, € S and p(w) € Vi, for every w € V(H) and, for
each such ¢, the probability that ¢ € ®/. is at least v,"", there is a positive constant ¢
that depends only on H such that

E[|®7|] > ctnvs—F2.

We now fix some partitions {Vj. }wev(my for which [®7] is at least as large as its
expectation and we let

S ={5,:p€r} and K ={K,:¢pe€ o7}

We claim that K, # K for each pair of distinct ¢, ¢’ € ®/.. To see this, note first that,
since S;, is a critical star, every vertex in V(S;,) must have a neighbour in ¢(j)~!, for
each j € [r] \ {i}. Since H has no isolated vertices, this means that each vertex of H is
incident to an edge of H \ S;,. Therefore, since each ¢ € ®/. maps every w € V(H) to its
dedicated set Vi (y) ., One can recover ¢ from the graph K. This means, in particular,
that

K| = || > clnPE k=2 (32)

Suppose that m > C’mH for some C' > 2 and let G’ be a uniformly chosen random
subgraph of II with m — ¢ edges. The definition of X' and imply that

|F*(T)| < P(K ¢ G’ for every K € K') - <;L(1;[)t)

We shall bound this probability from above using the Hypergeometric Janson Inequality.

To this end, let p = %ﬁ()ﬂ and note that

S5 (33)
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where the first inequality holds because e(T') < m/2 and the last inequality follows from
part |(i)| of Proposition as I € Pp,(y) and v < 5. For any K, K’ € K/, we write
K~ K "if K and K’ Share an edge but K # K'. Let ,u and A be the quantities defined
in the statement of the Hypergeometric Janson Inequality (Lemma , that is,

W= ZpeK and A= Z POKUK!

KeKk’ K,K'eK’
K~K'

Since ex = e(H \ S;,) = eg —k — 1 for every K € K/, we have, by ,
o= VC/| .peH—k—l > CfnUH_k_2peH_k_1. (34)

We now bound A from above. In order to do this, we shall classify the pairs (K, K') €
(K")? with K ~ K’ according to their intersection. To this end, for each J C V(S,,),
define S’(J) to be the set of all pairs of stars from S’ which agree exactly on (the image
of) J, that is,

S'(J) = {(8p, Sp) €S xS : 8, N Sy = p(H[J)) = & (H[J])}.

Further, given J C V(S;,) and I C V(H)\V (S;,), let Fr y = H[IUJ]\ S, that is, FT ;
is a graph with vertex set I U .J that comprises the edges of H \ S;, with both endpoints
in /U J. (Let us note here that Fy ; may have some isolated vertices.) Finally, for
JCV(Sy), I CV(H)\V(Si), and S,S" € S§'(J), define K(1,J,S,S’) to be the set of
all pairs K, K’ € K’ which extend the stars S, S’, respectively, and agree exactly on (the
image of) I U J. In other words,

K(I,J,8,5) ={(KyK]) € (K')? : KN Ky = @(Frj) = ¢ (F1.y),8, = 8,8, =5}
For brevity, set
U/:’V(H)\V(SZO)|:UH—I{Z—2 and e/ze(H\Sio):eH_k_l.

These definitions were made in such a way that

A = Z Z Z Z p26/76(FI’J)

JCV(Sig) (8,8)€S8! (J) ICV(H)\V (Sig) (K,K")EK(I,J,S,8")
e(Fr,7)>0

< Z Z Z n2v’—|[|p26’—e(FI,J)'

JCV(Siy) (8,58)e€S"(J) ICV(H)\V(Si)
e(F1,J)>0
Denote by Ag, A1, and As the contributions to the sum in the right-hand side of

corresponding to J = 0, |J| = 1, and |J| > 2, respectively, so that A < Ag+ A + Ao.
Since Fy g = H[I] C H, we have

Ay 1 / 1
nQU’p2e’ = Z Z n|[| e(Fr,p) < |S (®)| ’ Z nYF per
(8,88 (0) ICV(HN\V(S;y) '+ P 0£FCH
E(F]’Q))>0
o |S|2 ' 92¢H L. S 9 . Q€H 9 QCH

. X B T o5
ming. pe g NVFper n2p n2p
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where the last inequality follows from in Lemma Further, as vg, , = [I|+]J],

n
n2v 2e’ Z Z Z nvF[,JpeFLJ

JCV(Siy) (S,87)€S!(J) ICV (H)\V(Si,)
|J|= 1 e(Fr, J)>0

PIDIND DS

SeSvev(S) S’e(g )Q);AFCH

<|IS|-(k+2) max|[{S" € S:v e V(S)} -

n'UFpeF

2€H .

man)#FgH n”FpeF

2¢H
<l-(k+2)-D- ,
np
where the last inequality follows from[[GS1)|and [(GS2)]in Lemma|8.3|and from Lemma[3.5]

Finally,

1

n?v 2e’ Z Z Z nUFI,JpeFI,J

JCV(Siy) (S,8)e€S"(J) ICV(H)\V (Si)
‘J|>2 e(Fr,7)>0

nl|
> > > > TN (36)

wweV;  SS'eS’  JCTV(Siy) ICV(H)\V(Si)
uFv uwpeV(S)NV(S)  |J|>2 e(Fr,7)>0

DIV )NV (Si,)]

<01£'2UH-ma,X{ @#FgH\S’Lo}7

nUFpeF
where the last inequality follows from in Lemma (since the stars in S O &'
are edge-disjoint, two different S, 5" € 8’ that intersect in more than one vertex have to
intersect only in leaf vertices). In order to bound the maximum in the right-hand side
of , given an arbitrary nonempty F C H \ S;,, we let F = F U S,,, so that

VNV (Sio))

—’L)F/-i-k‘-i-Q

=n per TR (37)

n'UFpeF
Claim 8.4. For every F’ satisfying S;, C F' C H, we have
2
Clogn

nva/ +k+2

pfeF/+k+1 <

Proof. Since epr > es,, = k + 1, we have

—eF/+k+1
33)
n—vF/+k+2p—eF/+k+1 n_'“F""‘k'i'Q ) <C mH>
~X

2 n?

2 e (mH>*€F’+’“+1

1 78F/+k+1
= 3 n 2 (F7) .ma )
C n?

Regardless of which case holds true in the definition of my given in , we have

my - 1 S — T
— <n (logn) CH)—k—1 = p, mO(H) (logn)%(H) kE—1
n
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and, consequently,

eFlfkfl

(H—Fk-1

RN N P
(dk+2(F/> "io<H>)( ertitD) (logn) %o

—6F1+k+1 < 2

n—’UF/-‘rk‘-i-Qp <=.n
C

The claimed upper bound follows since di12(F") < i, (H) and epr > (;,(H) whenever
A2 (F") = mio (H). O
Substituting into and invoking Claim yields
Ch/l- Quatl 2’ 2¢!
—_—— ° n .
Clogn
Recalling and the definitions of v' and ¢/, we thus obtain
ey er vig+1
A<A0+A1+A2<1'<2 €+2 (k—l—Q)D_’_C}Q >
12 12 20\ nZp np Clogn
Since ¢ < Dn, or otherwise Tri(B,t, £, h) is empty (see Section , and
33)
D fm @2
np ~ n?plogn logn

As <

2 X

we conclude that ~
A _C(B+CTh
u2 = llogn
where C’ is some constant that depends only on H. On the other hand, and
Claim [8.4 with F’ = H imply that

; (38)

0> cCl logn.
2
Finally, we invoke Lemma with ¢ = MLA < 1 to conclude that
[ 7(T)] W WA
(fr(g) p+A 2(p+ A)?

< exp _L < exp | —min mow :
2(p+ A) 47 4A

Substituting inequalities and into this bound, we obtain the assertion of the
proposition with ¢ = min{1/(4C"),¢/8}. O

(39)

<P(K ¢ G for every K € K') < exp (—

Proof of Lemma[8.3 Suppose that II = {V3,...,V,} and let T € T (B, t, ¢, h) for some
B € B(I1, k). Recall from Section that Up is a canonically chosen maximal subgraph
of T that extends B and satisfies A(Ur) < D.

Claim 8.5. There are U’ C Uy and an orientation U of a subgraph of U’ that satisfy
(i) We have B C U’ and e(U’\ B) > ¢/2.
(ii) For every (u,v) € U, we have degyy (1) < max{deg(v), 4(k +1)}.
(iii) For every v € [n], either deg[}(v) =0or degg(v) > max{deggy (v)/4, k + 1}.
)

—

(iv) We have e(U) > £/(8k + 8).

Proof. Let Q = {v : degy,.(v) > 4(k +1)}. We split the proof into two cases, depending
on how many edges of Ur \ B have an endpoint in Q.

Case 1. Fewer than half the edges of Ur \ B touch Q.
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Let U’ be the graph obtained from Ur by removing all edges of Ur \ B that touch Q. As
¢ = e(Ur \ B), the graph U’ satisfies (i)} moreover, as A(B) < k, then A(U’) < 4(k+1).
Let W = {w € U’ : deg;,(w) = k+ 1}, let W’ be a largest U’-independent subset of W,
and let

U= {(u,v) : {u,v} € U" and v € W'}.
Since A(U’) < 4(k + 1), property clearly holds. To see that holds, choose an
arbitrary v € [n] and note that degg(v) =0ifv ¢ W;ifve W CW, then

deg[}(v) = deg; (v) = k + 1 = max{deg;(v)/4,k + 1}.

Finally, we argue that holds as well. Since B is a maximal subgraph of Ur with
maximum degree at most k and U’ 2 B, every edge of U’ \ B must have an endpoint
with degree larger than k. Therefore, by

(/2 <e(U'\ B) < ) deg(w)
weW

As every vertex in W \ W’ has a U’-neighbour in W’ (since W’ is a maximal U’-
independent subset of W), we further have

> deggr(w) < Y Y degy(w) < > degy(v) - AUY)

weW\Ww’ veEW’ weNy (v) veW’

Recalling that A(U) < 4k + 3, that (u,w) € U for every {u,w} € U’ such that w € W,
and that W’ is an independent set in U’, we conclude that

0/2 < (4k+4) Y degy(w) = (4k + 4)e(U).
weWw’

Case 2. At least half the edges of Up \ B touch Q.

In this case we just take U’ = Ur, so that clearly holds. We first let U’ be an
arbitrary orientation of U’ such that degy(u) < degy/(v) for all (u,v) € U’. We then
obtain U from U’ by removing all edges directed to a vertex v that satisfies deg -, (v) <

max{k + 1, degy(v)/4}. The construction of U guarantees that both and |(iii)| are
satisfied. Since every edge of U’ between @ and Q¢ is directed (in U’) towards its

> deg,(v) = % > degyi(v)

@-endpoint, we have

vEQR veEQR
Consequently,
> degp(v) =) deg,(v) = D deg(v)
vEQR vEQR veEQ
deg[}(v):()
1
Z degy (v Z max{k + 1,deg; (v)/4} = 1 Z degyr (v)
vEQ vEQR VEQR

since deggy(v) = 4(k + 1) for every v € Q. Finally, as at least half the edges of U\ B
touch @, we have o degy:(v) > ¢/2 and we may conclude that e(U 7) = /8. O
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Let U’ C Up and an orientation U of a subgraph of U’ be as in Claim For each
vertex v, denote d, = degg(v) and let uf, ... ,ug be a uniformly chosen random ordering

of the set of the in-neighbours of v in U. Given v € [n] and A C [n] \ {v}, denote by
Sy(A) the |A|-star centred at v whose leaves are all elements of A. Define

S = {Sy({ul,...,ul}) v € [n], i€ [d, — K], and (k+1)](i —1)}.

In other words, S’ is a (random) collection of Kjji1s in U’ created by taking, for
every vertex v with positive in-degree in U, the |d,/(k + 1)] stars centred at v whose
leaves are v’s first k + 1 in-neighbours (in the random ordering defined above), v’s
next k + 1 in-neighbours, etc. By construction, the stars in &’ are edge-disjoint and
|S'| < e(U’\ B) <4, as each star must contain an edge of U \ B (since A(B) < k). On
the other hand, since d, >k +1 for every v such that dy > 0,

i, i, e ‘
S = = = P )
=3 > St - 5 * wa
by in Claim Finally, since, for every S € &', there is an index ig € [r] such
that S C U[Vig], by the pigeonhole principle, there must be an ¢ € [r] such that the set
S={SeS:SCTVi]}

has size at least |S’|/r. This family satisfies with ¢; = (16(k + 1)27“)71. To see
that holds as well, recall that the stars in S are edge-disjoint, contained in U’,
and A(U") < D.

In the remainder of the proof we show that, with nonzero probability, our collection &
satisfies also To this end, recall that

A(u,v) = {(5,5") € (8')* : u and v are leaves of both S and S'}.
Since S C &', it will suffice to show that, with nonzero probability,
> 1A, v)] < Cut. (40)

u,ve[n]
uFV

for some Cy that depends only on r and k. For each pair of distinct u,v € [n], define
Suw ={S €8 :u and v are leaves of S},
Dyy={we [n]:u,ve N(}(w) and dy, >k + 1}

Since the stars in S” are edge-disjoint, for every w € D, ,, there is at most one S € S,
whose w is the centre. Moreover, if S, contains such a star, then both v and v must fall
into one of the |dy,/(k+1)] intervals of length k+ 1 in the random ordering uf, ... ,u}w
of Ng (w). In particular, for every w € Dy,

k < k j— 1

dy — 1 dy
as dy, > k + 1. Moreover, if w € Dy,v, then (u,w) € U and hence, by and m in
Claim [8.5

P(Su,» contains a star centred at w) < —= , (41)

Jw > max{degU/(Z)),él(k +1)} > degil(u) S |Dzv‘- (42)
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We conclude that

2
Z E[|Susl] =E[S']] + Z Z HIP’(SW, contains a star centred at w;)

u,vE(n] UV w1, waEDy,» i=1
uFv w1 Fw2
k41 42
Ziy(y L) Py y W
u,v WEDy v dw UV WEDy
Ak +1)% (dy ) .

</ el wina.t <042k +1 .

+ 3 J ) S+ 3T d,

w:idyw =k+1 widy =k+1

Finally, since cfw > k 4+ 1 implies that

-

dw < degyr(w) < degyn p(w) + k < (k+ 1) degyn p(w),
we have

> E[lAu,v)]] ZE|SM <L+2(k+1)*) " degyn p(w)
u,vi[[n]] w

=(+2(k+1)*2e(U'\ B) < (4(k +1)* + 1)L

In particular, taking C; = 4(k + 1)3 + 1, inequality must hold with nonzero proba-
bility. O

8.6. The high-degree case — introduction. Recall from Section [8.1]that, for T' € Ty,
we defined subgraphs Br and Ur satisfying By C Ur C T and we denoted by Hr the

set of all vertices of T" whose degree is larger than pm/n. Then, T (II) was the family

of all T € Tyy that satisfy (cf. (28))

m|Hrp|
&n

Our argument in the high-degree case will analyse the distribution of edges incident to

a subset of the set Hp of high-degree vertices that has convenient properties specified
by our next lemma.

B(UT \ BT) logn <

(43)

Lemma 8.6. Suppose that 11 = {V1,...,V,.}. For every T € Ty, there exist i € [r] and
Y CV; with |Y| > |Hr|/(2r) such that, for every v €Y,

pm
degp\p, (v, Vi\Y) > 3

Proof. By the pigeonhole principle, there is an i € [r] such that |[HrNV;| > |Hp|/r. Fix
any such ¢ and let V; = V/ UV be an arbitrary partition that maximises the number of
edges of T'\ By incident to Hy N'V; that cross the partition. Then, for every v € V/, we
have degp(v, V") > degp(v, V) and vice-versa. We let Y be the larger of the two sets
HrNV/ and HrNV/, so that |Y| > |[HrNV;|/2 > |Hr|/(2r). Without loss of generality,
Y = Hr NV/. Writing U = Uy, we have, for every v € Y C Hr,

degT U(U7 ‘/;,) deg v — deg v
degT\U (’U, V; \ Y) degT\U( V”) \ 5 _ T 5 U

5 P D>pm Bm 5 pm

“on 27 2n 2nlogn” 3n’
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as claimed. O

Fix some IT = {Vi,...,V;.} and T € Tu(II). Let ip € [r] and Y7 C V;, be the index

and the set from the statement of Lemma Let
pm
D =[5
and define Z(T') to be the family of all graphs that are obtained from T by adding to it
edges connecting each v € Y to some Dp vertices in each V; with i # ip. Note that, for
every Z € Z(T),
e(Z)=e(T)+|Yp|-(r—1)-Dpg.

Recall from that, for every G € F*(T) and every v € Hrp, we have degg (v, V;) >
pm/n > Dy for every i € [r]. This means, in particular, that for each G € F*(T'), there
is some Z € Z(T) such that Z C G. In other words, defining, for each Z € Z(T),

FNT:Z2)={G e FT): Z C G},

we have
o= |J FT:2. (44)
ZeZ(T)

We now turn to bounding |F*(T'; Z)| from above. To this end, fix some T € Ty (II)
and Z € Z(T). For every v € Yr and every i € [r], let N;(v) be an arbitrary subset of
Napv, (v) N (Vi\Y) with Dy elements (and note that N;(v) = Nz(v) NV; when i # ir).

Let v, be the centre of any critical star of H and let H~ be the subgraph of H obtained
by removing v, and all the vertices whose only neighbour in H is v.. (As H has no isolated
vertices, neither does H~.) Let W1 = Ny (v.) N V(H™) and Wy = V(H™) \ Wy; denote
vy = |Wi| and vg = |Wa|. Since H ™ is obtained from H by removing the critical vertex v,
(and possibly some additional vertices), it is r-colourable; let us fix an arbitrary proper
colouring v¢: V(H™) — [r].

Define a vi-partite vi-uniform hypergraph Hz as follows:

VHz) = | Viw),

weW
EMHz) = |J {(ww)wew: 1 vw € Ny(u)(v) for all w € W, all distinct} .
veEYT

For every injection ¢: V(H ™) — [n], let K, be the labelled graph that is the image of
H™ via the embedding ¢. Define

b, = {gp : K, CII - Yy and (gp(w))wew1 € HZ} ;

in other words, ®, comprises all embeddings of H~ into II that avoid the set Y7 and
such that Wj is mapped into Ni(v)U---U N,(v) for some v € Yy, accordingly with the
colouring 1.

Choose an arbitrary G € F*(T'; Z). We claim that GNII cannot contain any of the K,
with ¢ € ®z. Suppose to the contrary that K, C G N1I for some ¢ € ®z. By the
definitions of Hz and @, there is a vertex v € Y7 such that p(w) € Ny, (v) for allw €
Wj. Since N;(v) € Nz(v) C Ng(v) for all i € [r], extending ¢ to V(H) by first letting
¢(ve) = v and then choosing p(w) € Nz(v) arbitrarilyﬂ for all w € Ng(v.) \ V(H™)

20ne can keep ¢ injective since vy < pm/n < deg,(v).
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would give an embedding of H into G. In particular, letting G’ be a uniformly chosen
random subgraph of I\ Z with m — e(Z) edges, we have

| FX(T; Z)| < P(K, ¢ G’ for each p € ®z) - <m e_(l;I()Z)) (45)

The probability in can vary greatly with the distribution of the edges of the
associated hypergraph Hz. For a vast majority of Z € Z(T), an upper bound on
this probability that we will obtain using the Hypergeometric Janson Inequality will be
sufficient to survive a naive union bound argument; we shall refer to this as the reqular
case. There will be, however, a family of exceptional graphs Z € Z(T') for which the
distribution of the edges of the associated hypergraph H; precludes obtaining a strong
upper bound on the probability in . We shall prove (using Lemma that the
number of such exceptional graphs Z is extremely small; we shall refer to this as the
wrregular case.

To make the above discussion precise, given a hypergraph H on |_|w€W1 Vip(w), a set
I C Wy, and an L € [],c; Vip(w), the degree degy (L) of L in H is defined by

degy (L) = |[{K € H: L C K},

where we write L C K to mean that K agrees with L on the coordinates indexed by I,
and the maximal I-degree of H, denoted by A;(#), is defined by

Ar(H) = max { degy(L): L € H Vip(w) }
wel
in particular Ay(H) = e(H).
In order to describe the split between the regular and the irregular cases, we need to
introduce several additional parameters. First, let I' be a constant satisfying

21r
r>—, 46
¢ (46)
and let « be a positive constant that satisfies
(367“041/””1)1{)7 < exp(—12T). (47)
Moreover, let
1 p \'"
- . (£ 4
273 <2UH> ! (48)
and let ¢ and C2 be positive constants satisfying
V1 (47")1)1 : —vV1 .
max < o - (2r)"1, o < min {m3(z, 0, A < 27) : 2z € [vn]} (49)
2
Let ZF(T) be the family of all Z € Z(T) such that
e(Hz) = on". (50)

Let Z(T) be the family of all Z € Z(T)\ Z#(T) such that H contains a subhypergraph
H C H, which satisfies

m\ v
(M) > ez [vr|- () (51)
and, for every nonempty I C Wy,

Ar(H) < max{<m)vl_l| ,Cy - e(H)} (52)
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Finally, let Z%(T) = ZE(T) u Z8(T) and ZI(T) = Z(T) \ ZR(T). Since Z%(T) and
ZI(T) form a partition of Z(T') for every T € Tg(II), it follows from (44]) that

o Frmi< > DY IF@ol+ > > |IFT2)l. (53

TeTu(II) TGTH (IT) ZEZR(T) TeTu(1l) ZeZ1(T)
Br=B Br=B Br=B

The regular and the irregular cases are estimates of the first and the second sum in the
right-hand side of , respectively.

8.7. The regular case — summary. In the regular case, we will rely on the following
upper bound on the cardinality of F*(T'; Z), which is established in Section with the
use of the Hypergeometric Janson Inequality (Lemma .

Lemma 8.7. There exists a positive constant ¢ that depends only on H such that the
followmg holds for every T € Ta(I1) and each Z € ZE(T). If n is sufficiently large and

Cn () for some C > 2, then

" L Je-C-Yr 1 e(IT)
|F*(T; Z)| < exp (—c.mm{n o g} m) ) <m—e(Z)>'

This upper bound on |F*(T; Z)| provided by Lemma will be combined with the
following estimate on the size of the sum over all Z € Z(T).

Lemma 8.8. For every T € Tu(1I),

200 (10— ity it -1 0n) < (C5) (el

Proof. Since, for every Z € Z(T'), the graph Z \ T comprises precisely |Yr|-(r—1)-Dpy
edges incident to Yy, we have, letting b = |Yp|,

2= ((r —?)m)b <(r—ef>m)b(r_l)DH

On the other hand, by , which holds for all y < m’ < m < e(Il) — én?, we have

(m—e(T)i(bl-_[()r—l)-DH) _ (m)b<r1>DH
(me—(en(zf)) 6”2

The claimed bound follows after noting that

en m \ TP m
= " < e
((r —1)Dy w) S (gn) |
as (ea/x)* < e® for all z € (0,00). O

Before we close this section, we show how these two lemmas can be used to estimate
the first sum in the right-hand side of :

- S 5w
TeTu(l) ZeZR(T
Br—=B

Since

91
m = Cympy > Cgn” ™20 >
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Lemma implies that, for every T' € Ty(II),
[ Vel 35r - e(I)
i< _ |7 Rt - = . . .
pe 3 ew(con {5 G} on) (g
ZeZR(T)

Since |Yp| < |Hp| < 2dn/p for every T' C II¢ with at most dm edges, we have, for every

T € Ta(ID),
Y, 20 q
n p 357 Co

e 5, () ()

ZeZR(T)
Since e(Z) = e(T) + |Yr|- (r — 1) - Dy for every Z € Z(T), Lemma [8.8| gives

S < oxp (Al () (ATl (D

where the second inequality follows from the inequality |Yy| > |Hr|/(2r), see Lemmal[8.6]
Let £ be the family of all triples (¢, ¢, h) that satisfy t > ¢ > 1 and ¢logn < mh/(&n),
cf. , and observe that

D DD DI E 'S Iﬁ(th%h)l'exp<—17£h>'(TZ(?L)-

(t,6,h)eL TETi(B,t,0,h) (t,6,h)EL
Since, by Lemma we have, for every (¢,¢,h) € L,

el () <o (1a010gn 4 220 ) ()

m — én

< ox 16mh e(1I)
= &P &n m—e(B))’
we may conclude that

(M) < L () e ()<

as h > 1 for every (¢,¢,h) € L.

and, consequently,

8.8. The irregular case — summary. In the irregular case, we will use Lemma 3.3 to
prove upper bounds on the number of graphs Z that fall into Z!(7T") for some T' € T (II);
these upper bounds will be so strong that we will be able to get the desired estimate
on the second term in the right-hand side of by combining them with the trivial
estimate (me_(g()z)) on the number of completions of Z to a graph in F*(T'; Z). Since the
nature of our argument precludes obtaining a strong bound on |F*(T; Z) N Z(T)| for
every T', we will have to partition the family Upcr, () ZI(T) differently. To this end,

for every positive integer b, define

zrwy = | z2'm.
TeTu(II)
[YT|=b

Given some T € Ty(Il) and a Z € Z(T), let T/, C T be the graph obtained from
T by removing the |Yr|- Dy edges vu such that v € Y7 and u € N;,(v). Note that
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By CUr C Ty, as N, (v) was defined to be a subset of Ny, (v), and that T can be
defined in terms of Z only because if Z € Z(T), then T = Z N1I¢. Further, for every
positive integer b and every T’ C II¢, let

ZL(b; T ={Z € 2h(b) : T}, =T'}.

The following upper bound on cardinalities of the families Z{](b; T") is the main step in
the analysis of the irregular case.

Lemma 8.9. For every T C II¢ and every b > 1

(o ) () ()

This upper bound on |2%(b; T")| provided by Lemma will be combined with the
following estimate on the size of the sum over all 77, For every B € B(II, k) and every
nonnegative integer t', let T/ (B,t',b) comprise all graphs 77 C II¢ with ¢’ edges such
that 7" = T/, for some Z € Z(T'), where T € Tu(II) satisfies By = B and |Yp| = b.

Lemma 8.10. Suppose that nlogn < m < e(Il) — &n?. For every B € B(I, k) and all

t' and b,
IT4(B,1',b)| <ni(?)t’> < exp <20£Zlb> . (m e—(lz()B)>'

Proof. We adapt the argument used in the proof of Lemma Suppose that T" €
T4 (B, t',b). This means that there is a T' € T (II) such that |Y7| =b, B= By C Ur C
T' CT,and T\ T" comprises some bDp edges incident to Y C Hp. Moreover, since
T € Tu(II), we have

€ m|Hr|
Enlogn’

e(Ur \ Br) <

Let Ul be the subgraph of Ur \ Br obtained by removing all edges touching the set
X7 of vertices whose degree in Ur is D. Since every edge of Ur \ U} has at least one
endpoint in X7 and A(Br) < k, we have

e(Ur \ B) > e(Uy) + |X1] - (D — k)/2 > e(U}) + | Xr| - D/3.

We choose the t' — e(B) edges of 77\ B in three steps:

(S1) We choose the edges of U’
(S2) We choose the edges of 7"\ B that touch X7 \ Hrp.
(S3) We choose the remaining edges of 77\ B; they all touch Hrp.

We count the number of ways to build a graph T" € T(B,t',b) with v/, t’y, and t/;
edges chosen in steps|(S1)| [(S2), and|(S3) respectively. An upper bound on |7(B,t,b)]
will be obtained by summing over all choices for «’, ty, and t};. There are at most
(e(g,c)) ways to choose u’ edges of U} and, as in the proof of Lemma

e(II)
G(HC) ) (m A\m—e(B)—u'/ u’) <m2u/
u! ( NEORYE ) = '
m—e(B)
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Next, let Ny = Na(tx, s) denote the total number of ways to choose the t'y edges touching
X7\ Hr when | X7 \ Hr| = s. As in the proof of Lemma we have

II

(I1) o )

(- e(B)—

(mfeEBgfu’)

Finally, let N3 = N3(tx, h) denote the number of ways to choose the remaining ¢, edges
of T"\ B when |Hp| = h. Recalling that e(B) + v’ 4+ t'y + t; =t and arguing as in the
proof of Lemma we obtain

e(II)
N3 - (T:(nt),) < exp <2mh> .
(m—e(B)—u’—t’X)

ujm

Ny - Ds,

<m

o)

Since |Hr| < 2r|Yp| = 2rb, by Lemma [8.6] combining the above bounds, we obtain

e(II)
‘7-/ (B tl b)‘ . (m—t’) < Z mzu/ ) mDS - ex 2mh
11 s by e(H) X p
(m—e(B)) u! t 'y ,8,h
uw/th it =t
u'4+sD/3<mh/({nlogn)
h<2rb

3logm mh 20rmb
< nm? 2)-— ) <
" Zexp(( logn ) €n> exp< &n >’

h<2rb

as claimed. O

Before we close this section, we show how these two lemmas can be used to estimate
the second sum in the right-hand side of :

- r y rwas 3% (,0)

TeTa(ll) ZeZI(T TeTu(Il) ZzeZI(T
Br=B Br=B

S IED SID SR (i

b T'eTp(B,t,b) ZeZL (b;T7)

I
X

Since e(Z) = e(T") + rbDy for every Z € Z5(b;T"), Lemma implies that

o2 ()

and, further, Lemma implies that

I e(I) \ ! 20rmb  T'bm rmb
e (o) <o (50 T e ()

b

rm 1
< mn - exp <—) < —.
n
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8.9. The regular case. In this section, we prove Lemma that is, for given T €
Tu(l) and Z € ZR(T) U ZE(T), we give an upper bound on the number of graphs in
FT; 7).

Proof of Lemma[8.7. Suppose that IT = {V4,...,V;}, let T € T (II), and fix an arbitrary
Z € ZRT)uzZi(T). If Z € ZE(T), welet H = Hz and recall that e(H) > on®, see (50).
Otherwise, Z € ZX(T) and we let H C Hz be any hypergraph which satisfies both

and .

Recall the definitions of H—, Hyz, ¥, and ® from Section For every j € [r],
randomly choose an equipartition {V;. }wev(m) of Vj \ Yz into vy parts. We let @, be
the family of all embeddings ¢ € &z that satisfy

(ap(w))wewl €M and @(w) € Vi) for every w € V(H™).

Let ' = min{|V|: V € P, ,} > n/(2r). Since there are at least e(H) - (n' — |Yp| —vg)"2
embeddings ¢ € ®z such that (ap(w))w ewy € ‘H and, for each such ¢, the probability

that ¢ € @/, is at least v, there is a positive constant ¢ that depends only on H such
that

E[|®%[] > c-e(H) - n®.
Now, fix some partitions {V} w }wev (a) for which || is at least as large as its expectation
and let
= {Ky:p € Py}
We claim that K, # K, for each pair of distinct ¢, ¢’ € ®/,. Since H™~ has no isolated

vertices and each ¢ € @ 77 maps every w € V(H™) to its dedicated set Vi) ., one can
recover ¢ from the graph K. This means, in particular, that

K’ = [®%] > c- e(H) - n™. (54)

Suppose that m > C’nQ_mﬂH) for some C' > 2, and let G/ be a uniformly chosen
subgraph of 1T\ Z with m — e(Z) edges. The definition of K’ and imply that

|FXT;2)| < P(K € G for every K € K') - <me_(l;lgz)>.

We shall bound this probability from above using the Hypergeometric Janson Inequality.

To this end, let p = En) elZ)

2 Since
e(Z)<e(T)+ (r—1)-|Hr|-Dg < 2rdm,

as |[Hp| < 20n/p and Dy < pm/n, we have

m —e(Z) m _C o 1
pz—7 2 (1—2r6) 2o525n ()
as d < 4T, see , and
m m 10m

< < < ;
P e(Il) —e(Z) ~ n?/5— 2rin? n?

where the second inequality follows from part [(i)| of Proposition as I € Py, ,(7) and
v < ﬁ, see (22), and the final inequality holds because § < 21@, see . For any
K,K' € K', we write K ~ K’ if K and K’ share an edge but K # K’. Let pu and
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A be the quantities defined in the statement of the Hypergeometric Janson Inequality

(Lemma, that is

= o ad A= Y g
KeK! K,K'eK’
K~K'

Claim 8.11. There is a positive constant ¢’ that depends only on H such that

C Y,
7 c’-min{w,o} - m. (55)

Proof. 1t follows from that
M — ‘ICI| .peH— 2 c - e(%) . ,n’U2 .peH—_
Assume first that Z € ZF(T). Since e(H) > on®t, we have

v1+v2

w=c-o-n CpHT. (56)
Since vy + vy is the number of vertices of H~ and H~ C H, Lemma implies that
p=c-o-m,as C > 2. If, on the other hand, Z € Z(T), then

my\ V1 7\ V1
pz e Vel (T gt > e vel- (B5) gt
n

n’”l“‘”?"‘lpefr"‘”l

> CH'CQ . ’YT‘ .

n
for some ¢’ that depends only on H. Let H* be the subgraph of H induced by {v.} U
V(H™) and note that vy = v1 +v2 + 1 and ey = ey- + v1. Since v, is the centre of

a critical star of H, it has at least x(H) > 3 neighbours and thus ey~ > v; > 3. By
Lemma [3.5] with F' = H*,

(@)

1 eq- e 2 m
pU1tv2+ peH tu1 _— pvm peH > 5n P> 1

)

and we may conclude that y > ¢-¢y-C-|Yy|-m/n. This completes the proof of (G3). O

Claim 8.12. There exists a positive constant ¢’ that depends only on H such that

AT n O

Proof. For every I C Wy and J C Wy let Hy j be the subgraph of H~ (and thus also of
H) induced by I U J; note that H; ; may have isolated vertices. Further, let K(Z,.J) be
the set of all pairs K, K’ € K’ that agree exactly on (the image of) I U J, that is,

K(I,J)={(Kp, Ky) € (K'):K,NKy =(Hp )= ¢ (Hry)}-
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These definitions were made in such a way that

A = Z Z Z p2eH, —e(Hy, )

KeK' ICW,,JCWy K'ex!
0#£H; ;CH- (K,K')eK'(I,J)

<Y pr Y {E €K (K K') € K/(I,J)}|-pn e
KeK’ ICW,,JCWoy
0#Hp ;CH™

<S>0 A(H) gt
ICWy,JCWs
0#Hp sCH™
Assume first that Z € Z#(T). Using the trivial bound Aj(H) < n*~Ml, which is
valid for all I C W7y, and , we obtain

(57)

V1+v2 €1 —
A puitoa— =] | per——erm , _ neTRpta
/,,L X p ! - UHLJpeHIJ
ICWh,JCW3 ICWy,JCWa
0#£Hp yCH™ 0#Hp sCH™
V1402 00€ 77— L. V1+V2 € 1r—
<outea, " PH I LA
= ; VF me = 2
mln(;)#FnganF nep

Since n"1T2pfu— < u/(c- o), see and n%p > m/2, we may conclude that
2 c-o
K = Qui+v2+1 nm
Suppose now that Z € Z(T). In this case, for all nonempty I C W7,

Ar(H) < max{(m)v1—1| . fﬁ} <» max{ 1 (ﬁ)-M ’02} e(H)

n nm

1 10\ ! e(H)
< - (= : .
\max{czw <p> ’CQ} il

Denote by Ag and A; the contributions to the sum in the right-hand side of corre-
sponding to I = () and I # (), respectively, so that A < Ag+A;. Since Hy y = H[J| C H
and Ay(H) = e(H), we have

Ao e(H) - n"pa- - > 1w o) mpt
7! frare n|J|pe(H[J]) mln@#ng n”FpeF
H[J)#£0

Recalling that e(H) - n"2pa— < u/c, we conclude, using Lemma that
v vo+1
Bo 27 @ 2%7p

~ 2\
I c  nép cm

On the other hand,

Ay 1 1011 1
- < C(H) . nfUQpeH* . max{ [ 02 -
Z 1] ° [I|+|T]CH1,0
a DAICW,JCW, el p R
0#Hp ;CH™
n  10H 1
=e(H) -n"p°E— . E Inax{ —, 0 ¢
1]’ VHI, g pCHT, g
DAICW:,JCWs calYr| np N

0#H; sCH™
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Fix a nonempty I C Wj and a J C Wj such that Hy ; is nonempty. Since vpy, ; +1 and
er; ; +|I| = 2 are the numbers of vertices and edges of the subgraph of H induced by
{ve} UITUJ, Lemma 3.5 implies that

n 1011 o 1 _ n  2-10 o 1
max<{ ——° —7, e S max . —, .
o Y| npll” 2 [ Pt ca|Yr| C [ n2p

Recalling again that e(H) - n"2p°r- < u/c, we have
. v1+1
ﬁ < H . 2U1+U2 . max{w’CQ} . z
i c eo|Yr| - C m
We may conclude that

2 2 ~
1 7 , . CQ-C-HT| 1
A 2 A A 2 . ) ' 9
0 ! C mln{ CQ m

where ¢ is a positive constants that depends only on H. O

Finally, we invoke Lemma with ¢ = HLA < 1 to conclude that

|‘7:*(T; Z)‘ / / /LQ MQA
L Sl Bt R < _
(C(H) ) < P(K € G for every K € K') < exp H+A+2(M+A)2
m—e(Z)
2 2
p fpop
< " )< _ PR
\eXp< 2(M+A)> \eXp< mm{4’4A}>
The assertion of the lemma now follows from Claims R.11] and B.12] O

8.10. The irregular case. In this section, we prove Lemma that is, for given
T' C II¢, we give an upper bound on the number of graphs Z € Z!(T), for some
T € Tu(Il) satisfying |Y7| = b, such that T/, = T".

Proof of Lemma[8.9 Fix some graph 7" C II° an integer b > 1, a colour i € [r], and
distinct vy,...,vy € V;. We will describe a procedure that constructs, for every graph Z
such that T/, = 17" and Y7, = {v1,..., v}, a hypergraph H C H that satisfies condi-
tion for every nonempty I C Wj. Our procedure will examine the neighbourhoods of
v1,...,vp in the graph Z\ 7" one-by-one and build H in an online fashion. If Z € Z{(b),
then the constructed hypergraph H cannot have too many edges. More precisely, H has
to fail condition and, moreover, Hz must not satisfy . This means, roughly
speaking, that, when Z € Zﬂ(b), the neighbourhoods of v1,...,v, in Z \ T" are highly
correlated. This will allow us, with the use of Lemma to bound the number of
choices for these neighbourhoods that result in a graph Z € Z{I(b). Consequently, we
will obtain an upper bound on the size of the set Z(b;T").

Let
o 2o )
U1 2uin
and let Hg be the empty hypergraph with vertex set |_|w€W1 Vip(w)- Do the following for
s=1,...,b:
(i) For every nonempty I C Wy, let

Cy e(Hs—1)
- ‘ 2 s—1
M = {L € 1 Vi) : degy, (L) > nlf}’

wel
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(ii) For each j € [r], choose an arbitrary collection {Nj . (vs)}wew, of v1 pairwise
disjoint subsets of N;(vs), each of size D, denote N(vs) = [ [,cmw, No(w),w(Vs);
and let

He=MH; 1 USKEN(): LEKforallLe ) M/
OAICW,
Finally, let H = H,.
By construction, every (vy)wew; € N(vs) has distinct coordinates and hence H C H .
Moreover, for every nonempty I C Wy,

Cy e(H Cy e(H
weW\I
v1—|1] ) 6(7‘[) T v1—|1] ' 6(7‘[)
gmax{2DH ,Cy 7] < max (n) ,Co S [

as |Nj(vs)] = Dy < pm/n < m/(2n) for all j € [r] and s € [b]. Moreover, since
Aw, (H) <1 = (m/n)" W1l our H satisfies for every nonempty I C Wj.
We say that s € [b] is useful if

e(Ms \ Hs-1) = 27" - D}

If more than half of s € [b] are useful, then

b

b —v v — pm vl m\ V1
G(H):ZG(HS\HS,1)>§-2 1.D*1>2UH.b‘\‘2’U1nJ ZCQb(z) ,

s=1
where the last inequality follows from ; in particular H satisfies condition and
thus Z € ZL{(Ty). Therefore, if Z € ZL(b), then at least half of s € [b] are not useful.

Claim 8.13. Let s € [b] and suppose that e(Hs—1) < on"'. Then, there are at most

o (-45) (i5,)

choices for Ni(vs), ..., Ny(vs) such that s is not useful.

Proof. For every I C Wi, denote Ny(vs) = [[,cr Nyw),w(vs), where {Nj,(vs)} is the
collection defined in step of the algorithm building H. Letting M"* = H, 1, we
have

e(Ha\ Ham) > DV = 3 [Ni(w)) N M[|- D7

PAICW,
In particular, if s is not useful then there must be some nonempty I C Wy such that
INp(Vi) nm!| > 27 il (58)

Since |Vj| = n/(2r) for every j € [r], we have

(MY = e(Hoo1) <on® <o 2) - [] Vi)

weWy
Moreover, for every ) # I C W,
Cy e(Hs—1) v
5, G s—1 1
| M| 5 S E degy, (L) < <|I|> e(Hs—1)

LeM]
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and hence

1 (% 2v1
M < —. g 2. |I|<

wel

Since we chose ¢ to be sufficiently small and Cs to be sufficiently large as a function
of a and vy, see , Lemma applied 2¥* — 1 times implies that there are at most

vl . D*. |V1/)(w)|
@7 -1)-a” ] ( 5 )
weWy

choices of N(vs) such that holds for some nonempty I C Wi. On the other hand,
the number of choices for Nj(vg),..., Nr(vs) that can yield a given N(vs) is at most
(TDHiLle*)' We conclude that the number X of choices for Ni(vs),...,N,.(vs) that
render s not useful satisfies

Vi(w)l
X <20 . P n . V()
“ (rDH - le*> 11 < D,
weWy
_on oD [ Y. rDy\ (n—rDyg+vi1Dx _1‘ H Vip(w)l
rDy v1 Dy v1 Dy D, )

weWy

()

Since n —rDy > 2n/3 > |Vj| for every j € [r], we have
—1 V1 —1 . "
) < 2n/3 4+ v1 Dy (2n/3 < 2n/3 4+ v1 D, (vi-2n/3 gvi’lD*.
UlD* D* ’UlD* ’UlD*
Finally, since v1D, > Dy — vy > 2Dy /3 > pm/(3n), we conclude that
-1 D.
X . n < 2. P rDy .Ut Dx al/v. erDiH g "
’I”DH ’1)111,< 1 = Q}lD*

em ([ AT
< (367" . al/vlvl) < exp <m> ,
n

giving the assertion of the claim. ([

We are now ready to prove the claimed upper bound on the size of the family ZIII (b;T).
Each graph Z in this family can be constructed by specifying an ¢ € [r], a sequence of
distinct vertices vy, ..., vy € V;, and a set S C [b] of size at least /2 such that, when we
execute the algorithm described above, every s € S is not useful. Since the number of
choices for Ny (vg), ..., Ny(vs) is at most exp(—4I'm/n)- (TSH) when s € S, by Claim
and at most (, gH) when s € [r] \ S, we have

AT b @) r brDy
ZEb; T <r-nb- 20 exp _=m b " < exp _M b o .
11
n rDyg 2n rDy

On the other hand, by , which holds for all y < m’ < m < e(Il) — &n?, we have
e(II)

(mfe(T’)ferH) < < m )bTDH '

(o)

&n?
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It follows that

266 (i )

3I'm en m \"PH e(11)
<o (550 (o ae) (i)

The claimed bound follows after noting that, since (ea/z)* < e for all z € (0, ),

en m TDH< m " I'm 0
Dy e?)  SP\en) S TP )

9. THE 1-STATEMENT: THE DENSE CASE

Fix a partition IT € P, (y). In this section, we verify the assumptions of Proposi-
tion [Z1l in the case where

e(Tl) — én* < m < ex(n, H).

We start by introducing two additional parameters. Let € and v be positive constants

satisfying
1
e+ vpr < o and e<v/8. (59)
Earlier on, we chose 7, §, and £ sufficiently small so that
de\ € 92 v/4
3206 <v  and <e> : <305) <e? (60)
Ve v
and, additionally,
€+ 0 <2max{{,0} < min = v and < 1 (61)
NS X y 5y T S .
v 8r TS 90r

In order to show that the assumptions of Proposition are satisfied, we will define
a natural map M: Fp . (H;0,11) — B(IL, k) by letting M(G) be the subgraph of G\ II
obtained by deleting from it all vertices that are non-adjacent to more than vn vertices
of a different colour class of II; we shall show that this graph has maximum degree k.
We will then estimate the left-hand side of using ad-hoc, combinatorial arguments.

Suppose that IT = {V4,...,V;.}. For a graph G € F;, . (H;6,1I), let X denote the
set of all vertices of G that have fewer than |V;| — vn neighbours in some colour class V
other than their own. More precisely,

T
Xo = U {v eV :degg(v,V;) < |Vj| — vn for some j # i}.
i=1

We first show that the set X is rather small and that the graph (G \ II) — X has
maximum degree at most k.

Lemma 9.1. For every G € F,, ,,(H;6,11), we have

n
Xeol € —.
‘ G‘ 4r
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Proof. Since

r

S (il deg(e,Vy) = 5+ Xl v,

i=1 veV; j#i

e(Il) — e(GNII)

l\.')\r—t

we have
1
e(Il) — & < e(G) < e(G N1I) +6n® < e(IT) + 6n® — 3 - | Xa| - wn.
We conclude that

)
Xa| <2 +5.n<ﬁ7
v 4r
as claimed. O

Lemma 9.2. For every G € F, ,,(H;,11), the mazimum degree of (G'\ II) — X¢ is at
most k.

Proof. Suppose that there were a G € F;, (H;0,II) such that (G \ II) — X¢ has a
vertex v of degree at least k + 1. Let IT = {V;,...,V,} and suppose that v € V;. Let
ul, ..., up+1 € Vi \ X¢ be arbitrary neighbours of v and let ugy9,. .., uy,—1 be arbitrary
vertices of V; \ X¢ that are distinct from v and wy, ..., uky1; such vertices exist since,
by Lemma [0.1] we have |V; \ X¢| > n/(2r) —n/(4r) = n/(4r). For each j € [r]\ {i}, let

’L)Hl

N; = V; N Ng(v ﬂNGug

and observe that, by the definition of X¢,

9
IN;| > |Vj| —vg -vn = n/(2r) —vg -vn > en.

Observe further that the subgraph of GNII that is induced by Ny U---U N;—1 U N;j4 1 U

-+ U N, is K,_1(vg)-free; indeed, otherwise G would contain every (r + 1)-colourable
vertex-critical graph of criticality k + 1 with at most vy vertices, contradicting the fact
that G is H-free. This implies, in particular, that

e(Il) — e(GNII) > e(K,—1(en)) — ex(Kr—1(en), Kr—1(vy)) = (en)?/v¥,

where the last inequality follows from Lemma Consequently,

m = e(GNI) +e(G\TI) < e(IT) — (en)? /vy + dn? . e(TT) — &n?,

a contradiction. O

For every G € Fy ,,,(H;4,1I), let Bg = (G \ II) — Xg and note, by Lemma we
have Bg € B(IL, k). Define, for every B € B(II, k),

Fh ={G € F},.(H;8,11) : Bg = B}.

The following proposition, which is the main result of this section, implies that the map
M : G — Bg satisfies the assumptions of Proposition

Proposition 9.3. For every B € B(Il, k), we have

| F5| < exp(—n) - <m e—(lz()B))'

The proof of Proposition [0.3] will require one additional lemma, which states that the
maximum degree of the graph G \ II cannot be very large.
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Lemma 9.4. For every G € F;; . (H;6,1I), we have A(G \ II) < en.

Proof. Suppose that there was a G € F, (H;4,1I) such that A(G \ II) > en and
pick an arbitrary v with dege\ri(v) > en. Suppose that II = {Vi,...,V,} and recall
from (16) that degq(v,V;) > en for every i € [r]. For each i, let V; C N( )N V; be an
arbltrary subset of size exactly en. Observe that the subgraph of G NII that is induced
by N1 U---UN, is K,(vg)-free; indeed, otherwise G would contain every vertex-critical
(r+1)-colourable graph with at most v vertices, contradicting the fact that G is H-free.
This implies, in particular, that

e(Il) — e(GNII) > e(K,(en)) — ex(K,(en), K, (vy)) = (en)®/vf,

where the last inequality follows from Lemma [3.6] Consequently,

m=e(GNI) +e(G\ ) < e(Il) — (en)?/v% + on’ . e(I) — €n?,

a contradiction. O
Proof of Proposition[9.3 Fix an arbitrary B € B(II, k) and choose some G € Fj,. Note
that X cannot be empty as otherwise G C Il U B, contradicting the fact that G €
Fr o (H;6,1II). Moreover, by Lemma every vertex of X has degree at most en in

G \ II. Denote ITx, =1II'\ (I - X¢); in other words, IIx,, comprises all edges of II that
have an endpoint in X. By the definition of X¢,

1
e(HXG) — €(GQHXG) > 5 . |Xg‘ - Vn.

Observe that every graph in G' € F5 may be constructed as follows:

e Choose a nonempty vertex set X with at most n/(4r) elements (to serve as X¢).
e Choose at most | X| - en edges of II¢, each touching X, to form (G \ II) \ B.

e Choose at most e(Ily) — | X| - vn/2 edges of IIx to form G NIIx.

e Choose the remaining edges of G from II — X.

In particular, letting

tx =|X|-en and zx = e(llx) — | X|-vn/2,

F5l < Z 22 (’X‘ )< . )> <m_ein__ti()e(3)>'

t<tx z<zx
\X|<n/(4r)

Note that, for all X and all ¢t <tx and z < zx,
e(Hx) 6 zx +tx t< €(Hx)+’X‘-(E—I//2)n t
z Z—|—t = HX —Zx—tX = ]X]-(z//2—5)n

o t tx
LR ()
V 14 v

() = (L))
5 /de . | X] .0\t o\ | Xlen
e =)

we have

so that

NG
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This gives

Fl< Y (jfj)'x"m >3 (), ) e

X#£0 z<zx t<tx

|X|<n/(4r) Nx a4t
By Vandermonde’s identity, we have, for every v,
v (T ) = (S o
Moreover, direct calculation shows that
Nxy _  y+1 'e(H—X)—m+y+1+e(B). (64)
Nxyy1  e(llx) -y m—y —e(B)
Xy Py

Set yx = zx +tx and

,
yy =yx +|X|-vn/d=e(llx) — |X| - (v/4 —e)n < e(llx) — | X|-vn/8.

Assume that | X| < n/(4r) and y + 1 < v'y. Using e(Ilx) < |X| - n, we have p, < 8/v.
Moreover,

m—y—1—e(B)>e()—én? —e(llx) — kn > e(Il — X) — 26n?

and, by part [(i)| of Proposition [4.1] and our assumption that v < 5%,
y 20r

n? _ n?

2

n
—y—e(B)=e(l)—2n® —|X|-n>— —2n%— — > —.
m—y—e(B) 2 e(l) - 26n" — |X] - n A 2o

Consequently, p’X7y < 40€. Substituting these two estimates into yields

Nxy 320682 (65)
NX,y+1 v

We may conclude that, when | X| < n/(4r) and y < yx,

y,X_l r
Nx, @) 6 e(II) 3206\ ¥x 7Y
= ;o || Y T« B b}

Nxy NX’yX = m — e(B) v

y'=y

@ (m e_(lz()B)> _ <32Vog>y/xyx _ <m fi(il()B)> , (32}/05>|x|~m/4.

Finally, substituting this estimate into yields

7 (, ) e 2 () e (297

X0
|X[<n/(4r)

< ng) (Z) (zn)? - [(ii) ‘ (32:/05>/4] :

Nxy+1

provided that n is sufficiently large. O
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