Additive combinatorics
Homework assignment #1

Due date: Monday, April 24, 2017

Problem 1. Show that every 2-colouring of Zs,,; contains at least n? 4+ n + 1 monochromatic
solutions to the equation x + y = 2z. In other words, prove that for every partition Zo, 11 =
R U B, there are at least n? +n + 1 ordered triples (x,y,2) € R* U B3 that satisfy = + y = 2z.
Conclude that if n > 2, then in every 2-colouring of Zo,,1, one of the colour classes must
contain a genuine 3-term AP.

Problem 2. Consider the following greedy construction of a subset of N = {0,1,...} without
a 3-term AP. Let Ay = {0} and for every n € N, let A,y1 = A, U {n+ 1} if n + 1 does
not form a 3-term AP with two elements of A, and A,+1 = A, otherwise; in particular,
A1 =1{0,1,3,4,9,10}. Determine
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Problem 4. Derive Szemerédi’s theorem from the d-dimensional “corners theorem” of Solymosi:
For every 6 > 0 and r > 2, there is an ng such that every subset of {1,...,n}" with at least n”
elements contains the r + 1 points

(1, .y xp), (x1 +dyxoy .oy 2p)y oy (T, ooy T, T + d)

for some z1,...,z, € {1,...,n} and nonzero d, provided that n > ny.

Problem 5. Let F be a finite field and suppose that A C I\ {0} satisfies |A| > |F|*/4. Prove
that each element of F can be written as ajas + aszaq + asag for some aq,...,ag € A.

To this end, consider the function f: F — R defined by
1
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and observe (show) that it is sufficient to prove that f* f* f(z) > 0 for all z € F.
Hint: Start by showing that f (€) < |F|~'/2 for every nonprincipal character €.



