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The results presented in this talk are taken from my two recent
papers : Higher algebra of A, and QQBAs-algebras in Morse theory
I (arXiv:2102.06654) and Higher algebra of A, and QQBAs-algebras
in Morse theory Il (arxiv:2102.08996).
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https://arxiv.org/abs/2102.06654
https://arxiv.org/abs/2102.08996
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Aoc-algebras and Ao;-morphisms
Acc-algebras
Aoo-morphisms

Definition

Let A be a cochain complex with differential m;. An A.-algebra
structure on A is the data of a collection of maps of degree 2 — n

m,:A®" — A n>1,
extending m; and which satisfy

[, mal = ) Emig(id®0 @ my ®1d®8).

it+i2+iz=n
2<ib<n—1

These equations are called the A,-equations.
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Aoc-algebras and Ao;-morphisms
Acc-algebras

Aoo-morphisms

12 n
Representing my, as A these equations can be written as

1 d2

[m712 n]: L Ydl

2<h<n—1
1<i<k
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Aoc-algebras and Ao;-morphisms

Acc-algebras
Aoo-morphisms

In particular,

[m17m2] =0 )

[IT717 ITI3] = m2(id ® mo — mo ®id) ,

implying that m, descends to an associative product on H*(A). An
Axo-algebra is thus simply a correct notion of a dg-algebra whose
product is associative up to homotopy.

The operations m,, are the higher coherent homotopies which keep
track of the fact that the product is associative up to homotopy.
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Aoc-algebras and Ao;-morphisms
Aoc-algebras
Aoc-morphisms

An Ao.-morphism between two A..-algebras A and B is a family of
maps f, : A®" — B of degree 1 — n satisfying

[m,fl = Y *fips(id® @ my ©id®5)
i1+i2+i3=n
i2>2
+ Y Em(f @ 8f).

f1+-+is=n
s>2
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Aoc-algebras and Ao;-morphisms
Aoc-algebras

Aoc-morphisms

Representing the operations fn as =¥=, the operations mB in red
and the operations m? in blue, these equations read as
1 h 1 i 1 is

[ml, } h+kz;1+1i &% +I1+Z+:Is—nj: Nféxjé .

1<i<k 522
h>2
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Aoc-algebras and Ao;-morphisms

Aoc-algebras
Aoc-morphisms

We check that

[mi, 1] =0

[m1, K] = ims — mf(fi @ f) .

An A.-morphism between A..-algebras induces a morphism of
associative algebras on the level of cohomology, and is a correct
notion of morphism which preserves the product up to homotopy.
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Higher algebra of Aco-algebras Higher morphisms between A -algebras

The HOM-simpl I sets HOM 4

© Higher algebra of A -algebras
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Aco-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -algebras

The HOM-simplicial sets HOM

Our goal now : study the higher algebra of A-algebras.

Considering two A.-morphisms F, G, we would like first to
determine a notion giving a satisfactory meaning to the sentence
"F and G are homotopic". Then, A,-homotopies being defined,
what is now a good notion of a homotopy between homotopies 7
And of a homotopy between two homotopies between homotopies ?
And so on.
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Aoc-homotopies

Higher algebra of A, -algeb 5 .
'gher algeDra of Aco-a'gebras her morphisms between A -algebras

The HOM-simpl I sets HOM 4

© Higher algebra of A, -algebras
@ As.-homotopies
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Aoc-homotopies
Higher morphisms between A -algebras
The HOM-simplicial sets HOMj __ _a14(A, B)e

Higher algebra of Ao;-algebras

Definition ([LH02])

An A..-homotopy between two A..-morphisms (f,)n>1 and (gn)n>1
is a collection of maps

hy: A®" — B |
of degree —n, satisfying

[6, hn] =gn—fn+ Z :l:hi1+1+i3 (id@il ® mj ® id®i3)

11+12+I3:m

=2
+ Z tmsi14(f,®---9f, ®hRg; ® - g,
it +is+/
+Jj1tje=n

s+1+4+t>2
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Aoc-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -

The HOM-simplicia

In symbolic formalism,

= S s hl
9 © j?/é] [1] [0] * Z - [0 ﬁ%
[0] [1]
+Zi[ﬁé [ﬁiﬁé[ﬁé [ﬁé?
\/

where we denote [oxf ' <y and [IA?#] respectively for
the f,, the h, and the g,.
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Aoc-homotopies

Higher algebra of Aoo-algebras Higher morphisms between A -alg

The HOM-simplicial sets HOM

The relation being Aso-homotopic on the class of Ay-morphisms is
an equivalence relation. It is moreover stable under composition.
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Aoc-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -algebras

The HOM-simplicial sets HOMj __ _a14(A, B)e

© Higher algebra of A, -algebras

@ Higher morphisms between A..-algebras
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Aoc-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -algebras

The HOM-simplicial sets HOMj __ _a14(A, B)e

We denote the standard n-simplex A" as [0 < --- < n] and a
subface of A" as [ < -+ < iyl

Thibaut Mazuir Higher algebra of A -algebras in Morse theory



Aooc-homotopi
Higher morphisms between A -algebr:
The HOM-simplicial sets HOMj __ _aig

Higher algebra of Ao;-algebras

Definition ([MS03])

Let / be a face of A". An overlapping partition of | is a sequence
of faces (/))1<¢<s of | such that

(i) the union of this sequence of faces is /, i.e. Uicy<sl =1 ;

(ii) forall 1 < ¢ <'s, max(lp) = min(/p41).

An overlapping 6-partition for [0 < 1 < 2] is for instance

D<1<2=[0]ufo]ulo<1ull]ull <2ul].
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Aco-homotopies
Higher morphisms between A -algebras
The HOM-simplicial sets HOM

Higher algebra of Ao;-algebras

Definition ([Maz21b])

A n-morphism from A to B is defined to be a collection of maps
fl(m) : A®M — B of degree 1 — m — dim(/) for | C A" and
m > 1, that satisfy

dim(/) _ _

0.6 = S P+ Y Em(P o0 )
= LY
s>2

+ED ST TR 4% @ my, ©id®?) .
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Aoc-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -algebras

The HOM-simplicial sets HOMj __ _a14(A, B)e

Equivalently and more visually, a collection of maps 7~ satisfying

j=1 hU-Uls=1

iy
Sl

k
[0, Y= (1Y =+ D)) Rag s
V
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Aoc-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -z

The HOM-simplicial sets HOM 4 —alg(A~ B)e

© Higher algebra of A, -algebras

@ The HOM-simplicial sets HOM A __ _a1¢(A, B)e
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Aco-homotopies

Higher algebra of Aco-algebras Higher morphisms between A -

The HOM-simplicial sets HOM

The sets HOMa__ —aig (A, B)n of n-morphisms from A to B then fit
into a HOM-simplicial set HOM4 _ _aig(A, B)a.

Theorem ([Maz21b])

For A and B two Aw-algebras, the simplicial set HOMa__ (A, B)e is
a Kan complex.

The simplicial homotopy groups of the Kan complex
HOMa__ (A, B)e can moreover be explicitly computed.
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

© The n-multiplihedra
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

© The n-multiplihedra
@ The associahedra
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

There exists a collection of polytopes, called the associahedra and
denoted {K),}, which encode the A,.-equations between
Axo-algebras. This means that K,, has dimension n — 2 and that its
boundary is modeled on the A..-equations read as

1 d2

o Y

2<h<n—-1
1<i<k
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

Y
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Figure: The associahedra K3, K3 and Kj, with cells labeled by the
operations they define
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The n-multiplihedra

The n-multiplihedra

© The n-multiplihedra

@ The multiplihedra
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

There exists a collection of polytopes, called the multiplihedra and
denoted {J,}, which encode the A.,-equations for A..-morphisms.
Again, J, has dimension n — 1 and the boundary of J, is modeled
on the Ay -equations for A..-morphisms are

7= h+kz;v+1 - IJ% " :'IJF-Z;:'S—ni %J |

1<i<k s>2
h>2

Thibaut Mazuir Higher algebra of A -algebras in Morse theory



The n-multiplihedra
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Figure: The multiplihedra J;, J» and J3 with cells labeled by the
operations they define in A, — Morph
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The n-multiplihedra

The n-multiplihedra

© The n-multiplihedra

@ The n-multiplihedra

Thibaut Mazuir Higher algebra of A -algebras in Morse theory




The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra

We would like to define a family of polytopes encoding n-morphisms
between A.-algebras. The natural candidate is A" x J,.

We prove in [Maz21b] that there exists a refined polytopal
subdivision of A" x J,,, encoding the A.-equations for
n-morphisms between A..-algebras. We define the n-multiplihedra
to be the polytopes A" x J,, endowed with this polytopal
subdivision and denote them n — J,,.
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Figure: The 1-multiplihedron Al x J,
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The associa
The multip! d
The n-multiplihedra

The n-multiplihedra

J2 = A

Figure: The 2-multiplihedron A? x J,
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The associahedra
The multiplihedra
The n-multiplihedra

The n-multiplihedra
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Figure: The 1-multiplihedron Al x J3
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Aoc-algebras and higher morphisms in Morse theory

Further directions

Higher algebra of A.;-algebras in Morse theory

@ Higher algebra of A,.-algebras in Morse theory
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Acc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

@ Higher algebra of A,.-algebras in Morse theory
@ A.o-algebras and higher morphisms in Morse theory
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Acc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

Let M be an oriented closed Riemannian manifold endowed with a

Morse function f together with a Morse-Smale metric. The Morse

cochains C*(f) form a deformation retract of the singular cochains
* (M) as shown in [Hut08].

sing
P
hC (Cs*ing705i”g) —F (C*(f)78Morse) .

The cup product naturally endows the singular cochains Cg;, (M)
with a dg-algebra structure. The homotopy transfer theorem
ensures that it can be transferred to an A..-algebra structure on

the Morse cochains C*(f).
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Acc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

The differential on the Morse cochains is defined by a count of
moduli spaces of gradient trajectories. Is it then possible to define
higher multiplications m, on C*(f) by a count of moduli spaces
such that they fit in a structure of A..-algebra ?

Question solved by Abouzaid in [Aboll], drawing from earlier works

by Fukaya ([Fuk97] for instance), using moduli spaces of perturbed
Morse gradient trees.
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Acc-algebras and higher morphisms in Morse theory

Further directions
Higher algebra of A.;-algebras in Morse theory

We prove in [Maz21a] and [Maz21b] that given two Morse
functions f and g, one can in fact construct n-morphisms between
their Morse cochain complexes C*(f) and C*(g) through a count
of geometric moduli spaces of perturbed Morse gradient trees.

These constructions stem from the fact that ...
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Acc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

... the associahedra can be realized as the compactified moduli
spaces of stable metric ribbon trees ...

Figure: The compactified moduli space T,
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Acc-algebras and higher morphisms in Morse theory

Further directions

Higher algebra of A.;-algebras in Morse theory

. and the multiplihedra can be realized as the compactified moduli
spaces of stable two-colored metric ribbon trees.

The compactified moduli space C7 3
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Higher algebra of A.;-algebras in Morse theory

@ Higher algebra of A,.-algebras in Morse theory

@ Further directions
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Aoc-algebras and higher morphisms in Morse theory

Further directions
Higher algebra of A.;-algebras in Morse theory

1. It is quite clear that given two compact symplectic manifolds M
and N, one should be able to construct n-morphisms between their
Fukaya categories Fuk(M) and Fuk(N) through counts of moduli
spaces of quilted disks (see [MWW18] for the n = 0 case).

22
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Aoc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

2. Given three Morse functions fy, fi, /> and geometrical
Asc-morphisms ;i : C*(f;) — C*(fj), can we construct an
Aso-homotopy such that 1112 0 g1 ~ 1192 through this homotopy ?
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Aoc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

That is, can the following diagram be filled in the Ay, realm

C(f) —— C*(A)

7 ?

Ho2 Haz

()

Work in progress, see also [MWW18] for a similar question.
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Aoc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

3. Links between the n-multiplihedra and the 2-associahedra of
Bottman (see [Bot19a] and [Bot19b] for instance) 7
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Aoc-algebras and higher morphisms in Morse theory
Further directions

Higher algebra of A.;-algebras in Morse theory

Thanks for your attention !
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Acc-algebras and higher morphisms in Morse theory
Further directions
Higher algebra of A.;-algebras in Morse theory
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