



































































































































On Symplectic Capacities and their

Blind Spots

with Yuanpu Liang






































































































































C S C Uc R To a

1 CCU E CCU if F EE SympCR Wan

sit ECU C V

2 C AU R CCU

3 C BUD O C Box IRM
2

s a

Symplectic capacity  








































































































































Gromov width sup are Flesymple wz sit
e Bach c u

CE't Ekeland Hofer capacities

Defined for all subsets of R in terms of

periodic orbits of autonomous Hamiltonians

Examples








































































































































Ck K E IN

Defined for star shaped subsets Xc R

using S equivariant symplectic homology

CH X Q e n I ZIN

O otherwise

Gex int I image is CH'M Chex
contains can 1 21 X

r

Gutt-Hutchings capacities








































































































































Ck X C X for all X star shaped

This holds for symplectic ellipsoids and polydisks

Ell a tail t 1712112 s 1 C 42 1124

Cal Ell a Sort IN vain IK CE CECI a

PCI a title I Tia's a

Ck Pll a K CE Pcl a

Conjecture (Gutt-Hutchings)








































































































































µ C IRU RI
Zi Zn I 112113 IT12,1

RC IRI M X m ter c Rm

Xe is convex if I x Cixi nailer C R is

convex

Xs is concave if R is convex in RI

Gutt-Hutchings formulae formulae for

convex/concave toric domains








































































































































I If X is convex then

Ck Xe min lull refino 0 Ey k

where Hull max u w I was

KIIcomputing Ck involves comparison of

similar optimization problems

Theorem (Gutt-Hutchings)






































































































































Il If X is concave then

Ck Xe max cute vein Ev kent

where v1 min saw I we 221112 3 27

ie Ftr









































































































































If U and V are convex bodies in IR then

c Utu aca c u

with equality ist du and du have homothetic

representatives of 9

Q1 Does this inequality hold for c with k l

 Capacities and the Minkowski sum

Theorem (Artstein-Avidan, Ostrover)











































































































































Al No

Ck E Itt 1 Ell CHEF C GLECCHET Ck ELI 11 47

Ck Ell 1 ECK 47,1 GLEAM GLEN H

Ck Ela b t Ece d can be made explicit

For even k

Theorem (K., Liang)

For odd k >1 







































































































































Prop A A O It a normalized capacity C

satisfies the symplectic Brunn Minkowski inequality

then for every centrally symmetric convex body U

CCU E IT mean width u

Applying to CK and U Pll l implies ga do not

satisfy symplectic Brunn Minkowski for K 3 5,7

Observation : Ostrover






































































































































Steiner Formula for UCR convex

Vol Utt BYD FI Y W u t

Wj 16 jth Quermassintegrate of U

Wm U LIN mean width u

q Are there symplectic Steiner formulas

Ck Ut t Bach Glu t adult t 4 Btn t






































































































































Aca Kth symplectic mean width

Artstein Avidan Ostrover a a I 2ft Fca
with equality itt e ch is represented by a

great circle on 2h

a Not in the form above For a E

Ca Eat A TB ZIT 4th t Litt t E ET
Ita t Zita t it t a E

F I








































































































































The C CECI a Sort Z u at Tk

see Voll Ed a Az

For Pll a the Ck Pala k are

completely blind to Vol Paa a

Q2 How do these blind spots develop

  Relation of capacities to volume






































































































































Consider Ep 1,9 TIZI t TIR I 1

which go from Eclia at pal to Pll a as p o

Study CK Ep la

Lemmal K.L For each k 7 pct so sit

Ck Ep la k Ck Pesa A p pCk

p t Ck Eph al

it






































































































































lemma 2 K.L For each p t kep sat

Ia Ck Epa a 0 t k kept

Ck Ep ha lack m m

for some m e Il K I

so each Ck Ep la with k kept sees a

and hence Vol Eph a






































































































































At Ck Ep bat Ken
is only blind to

Vol Ep lia in the limit p so

Q3 It 2X is smooth does Ck X

see Vol X

A3 No










































































































































Def I C Rko is symmetric if
x X e r Xy Yoon er to e Sn

I If I is symmetric and Xe is convex then

Ck Xs max w VIK n I Vagulll for
Wtr

rain E E É E
s I

Tnf

Symmetry and simplification.

Theorem (K., Liang)






































































































































I If R is symmetric and Xe is concave

then
Ck Xe min Van w Filkins

WEIR
where

fckn Ktn t en T Ktn 1 Ktn l

nn
g

n
g i

n

Ktn i nod n








































































































































I
y fax fl f t f If symmetric

f2 f soIf
I s 73 Fco E L E O

f at xc't f Xk KI k odd

Ck Xe Sk x et k even

K Xk t KI fixed k odd

Example






































































































































The q are all determined by

Xk Xlt and f Xi

0

a o o

XI Xz Xlt






































































































































Perturbations of F
away

from XP Xif can

change the volume while keeping the capacities fixed

fr ft off N t mirror bump
X2n I 2nA

IN suff small for satisfies fi 13

Ck Yet Ck Yet t ke IN

Vol Xr Vol Xa






































































































































The Ck m
do not see Vol

q Given U CR convex with all smooth

is sup
Vol V
Vol W

s o where

CK V CK W Ck U F ke IN

Without convexity the answer is No






































































































































In the concave toric setting consider

I hit h t h

y hex 42 h O

Ah 43 h o E too 2
I S

Thin CK L implies

Ck Xen Atl xch for k odd

KY X t k heh Keven

where h x KY






































































































































A o a

v

hoh

1 7Xz Xch
g

CK Xeno Ck Xen

Vol Xeno I 0 as o s a






































































































































Q4 Are the ex independent

A4 Yes

For j 2nd consider f as above and form

fr f t d
y g

mirror bump

Ck Veto Ck Xy for k j

Cj Xero Cj Xy Cj Xp E r

Rink Volume is independent of d






































































































































For j 2n use a similar trick in concave setting

hr ht of
Ij hilly

mirror bump

q 7 X such that for all je IN

there is a Yj such that

Ck Yj Ck X t k j and

Cj Yj Cj x





























































































































Q5 If U c 1124 has smooth boundary and is

strictly convex do the Glu and Volta

determine U up to symplectomorphism

A 5 No

Tools ECH capacities of CE't

algorithm for CECH Xen developed byK

Choi, Christofaro-Gardiner,  Frenkel, Hutchings, Ramos

Hutchings






































































































































strategy

Consider A Xan as above

e Deform h away from In xch as

hp ht of mirror bump

jill Yantz
Note the c and Vol are unchanged

Show 1 c turn CECH Xene e

for some l






































































































































Example from K L

act 2 sin E teas E 2 sin E Ztt as E

te To 2I

act se graph of h

The CE't Xan depend on h at points

XI V2 I Xi V12 421 422 2

Ramos






































































































































Xz lies away from X P xCh

For hor ht off g mirror bump

cat Xen C Xen 8

for all suff small d 0






































































































































Yuanpu's Proof of the simplified formulas

Given A symmetric sit Xs is convex Need

G It

Ck Xe min lull r e lNv 03 Ey k

I Vikin Ily k mod n

for Vaan E E

and lull max v w
Wer






































































































































Def v e IR is ordered if V E V2 E E Un

eg Vlkin is ordered

Symmetry of Sh 1114 Valle 11Noon Vanilla
H o e Sn

Fck a re IN v03 EV K V ordered

Ck Xe min lull I ve fckn






































































































































Sckin V kin






































































































































Consider the map T 56km7 Jan
v

cermet sing
IT

mid
t's sun

tiffin
it rn vets

v otherwise

Fix T VIK n and T V Vasa for j I






































































































































at
w
w VCkin

r

Prop HT vill I lull

this settles things






































































































































lemma Il v11 V W for an ordered w er

PI Assume I v11 Yw and Wj Wife

Set I Wi wife Mj Wa

su w K W Y With 1 Vitewj Yw Vitewite

Uj Vite wite Wj
ve ve

Zo

since Lu w max Lu w we have u w yw
wer

Proof of Prop 11 Deville E lulls




































































lemma Il Tin 11 Tcu w for w ordered

v11 A Tall 2 Uw Tcu w

V wt t VnWn t Htt Wt A Want

Wn t Wt

Z o Shi w is ordered


