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Setting

Let (M?29,w) be a symplectic manifold. By a conformal symplectic
dynamics, we mean
@ a diffeomorphism f : M O such that f*w = aw with
ae(0,1) u (1,400).
@ or a complete vector field X such that Lyw = aw, with o F 0.
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Some remarks
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Isotropy: some preliminary remarks

@ A closed surface that is invariant by a conformal symplectic dynamics
has to be isotropic;

o R.C. Calleja, A. Celletti & R. de la Llave proved in 2013 that if a C*
conformal dynamics has a C! invariant torus on which the dynamics is
C! conjugate to a rigid rotation, then this torus is isotropic.
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Isotropy: an example

Proposition

There exists a conformal symplectic vector field X on a 4-dimensional
symplectic manifold (M, w),with a 3-dimensional invariant submanifold L.
Moreover, the submanifold L is the global attractor for the flow (y;) of X,
() s conjugate to the suspension of an Anosov automorphism of T?
with 2-dimensional stable and unstable foliations, and () is transitive
with entropy equal to |a|, where a is the conformality rate of X.
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Isotropy and entropy

Theorem

Let f : M O be a C3 conformal symplectic diffeomorphism such that
f*w = aw with a > 1. Suppose that N is an invariant C3 submanifold
such that the induced form wx on N has constant rank 2{. Then
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Liouville class

We asssume that (M,w) = (T*Q,—d\) and let 7 : T*Q — Q be the
canonical projection.

Definition

Let £ be a Lagrangian submanifold of T*Q that is homotopic to the zero
section Z. Then the restriction of 7 to £ induces an isomorphism between
HY(L,R) and H'(Q,R). Denoting by j. : £L < T*Q the canonical
injection, the Liouville class of the submanifold £ is the cohomological class

[£] = [ (me), (23)| € HY(Q.R).
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Liouville class and conformal dynamics (1)

Proposition

Let f: T*Q O be a conformal diffeomorphism that is homotopic to
Idr+g. Thenn = f*\ — a\ is a closed 1-form.

Let L c T*Q be a Lagrangian submanifold that is homotopic to the zero
section. Then

EL@] = a|L] + m«[n].

ZEL

Corollary

Let f: T*Q O be a CS-diffeomorphism that is homotopic to Idr+g. Then
there is only one Liouville class that we denote by [(f], that a homotopic to

the zero section and f-invariant submanifold may have.
YA Y1), TN
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Liouville class and conformal dynamics (2)
Theorem anfnmol ewch sppphdic fr-at=ds

/~
If f: T*Q isa\ CES diffefomorphism that is CS-isotopic to Idt+o and
L is a Lagrangian submanifold that is isotopic to the zero section among

the Lagrangian submanifolds of T*Q such that | J,., f*(L) is relatively
compact, then L is exact.
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Uniqueness (1)

We assume that f : T*Q © is CS and CH (conformally hamltonianly
isotopic) to Idtxg, i.e. the isotopy is given by ix,w = a: A + dH;. We
recall that Viterbo introduced a spectral distance (7-distance) on the set of
Lagrangian submanifolds that are H-isotopic to the zero-section.

Proposition

Let L, L' be two H-isotopic to the zero section submanifolds of T*Q. Let
(¢¢) be an isotopy of exact conformal symplectic diffeomorphisms of T*Q
such that ¢g = Id+g and ¢fw = a(t)w. Then

7(¢t(£’)7 gbt(‘cl)) - a(t)7(£7 El)

Corollary

Let f : M O be a CS diffeomorphism that is CH-isotopic to Idtxg. Then
there exists at most one H-isotopic to the zero section submanifold of T*Q
that is invariant by f.
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Uniqueness (2)

Theorem

Let f: T*T" ©O be a CES diffeomorphism that is CH-isotopic to Idtxn.
Then there exists at most one H-isotopic to the zero section submanifold L
such that

U fK(L) is relatively compact.

b~
Hence when it exists, L is invariant by th%
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