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Floer Theory &
-

#Lobordism
between

Layrangians

Based on joint
work-in

~ itha
Smith

progress

1. Background
+questions

2. Framed
bordism

3. Floor theory.



ground+ Qs.
· (X,w) symplectic enfld.

Today:Ialways Lionville
· ron-compact
.w

=dX

· nice ea

Examples · x =T*Q
· X

=

*

Q, # TR, #T*Q3.
· smooth 2x affire

variety.



Question What are the-

differ classes of closed

exactlags LEX

· PimL =1 =1 PinX

· x! ') exact.

lagconjecture
=>if X

=T "Q

then
any

such 2 IX

is differ to Q.



The (Abouzad, Gragh, Guillerenl
If x =T*

closed exact 1=A

any
is Q.

=>Same MA, Ty

How

diffrentcareelder
e

There are exactly28 differ
oriented

classes of mfld which 57
~

/

~ 2 ·58

· All of these are homeomaphic.



tobooton
I

a mfld u" is an of v.6

n +6

TMHIR* IR
M M

· A stably framed
mold is
-

a pair (M,5), where I

is a stable framing
on M.

· Given M, there might be 105

· Or I but not unique.



Examples - o-

· S"> A2
1 +1

TSAIR!ER,
"

stable framing.

· S',53 with the
Lie gp

framing
TS' =IR

I ↑TS = IR

NOTthe same as

· If u has a stable framing,
ali,w,(M) =0

=>IRP, 4p2 don'thave.



If A mbordism (W,H)

from (m,3) to (n-,5)

is cobordism W from Mtor

and a stable framing
8

3.1. Um = 3

-I =- 5-
-
e

· Framed Gordism is an equiv
relation



of thebordismgrou

25: = Establyframed 1-uflds
~
framed
bordise

· Abelian
go

undert

· Unit is o

Jr
· is a graded ringI

product is product offla



-

A

0 R

I IR
1

Generated by
(S,2ie)
!

I I
2/z0 All 2FO are

8
1st, so
ring)

·

Any it'sstate framing.
· Lat E =the unique exotic s

· [E] = [s] inR
for any stable framings.



· Let (X w
=dX) be

Lionville

Let L,WEX be I closed

exactlag.)
(P.-Swith, in progress).
Assume · L, A are homology

Spheres.

· 2,5 have the same

Floor meory over R.

IES E in Futayacat)
· TX stably trivial

1
+6

⑰ E TXde? = x some t

M I M Picka
TL AIR* = IR

1-

· 2,t stably framed too



Then [L]-(b) E&
is 2-torsion.

fr

[] - [W]ert:
e

↑

/z

l [ Abouzaid-Alvarez-Gavela

courte-Erugh)
If LI its closed exact lag
Then SL]er.

=>It =

8, L differ to so



Lor2 Let *= #TS?
--

and LEX a closed exact lag.

Assume? · Maslow class ofL =0.

·
1=0,4,6,7 med8,

Then [L]ER.r

Imparticular, exotic 58c3X.



-

er theory
· (X2,w =dy) Lionville

· 2,5 Ix closed exact Lag.).

· Pich J an ACS or

E· aiz 21h1

E I
·ju =0

Let Miu:R=(0,1]-X
· u((Rx0)

-
· U(1Rx1) [

n] -
· 4(+0) =1

L ·u(-1) =4
-
-

3
--- - -

· Compactify to Mar R.
1

=M
as
U broken strips



In 2 Large):
· All Mar are compact smoot

uflds with corners

withboundary:
&My broken strips

EU MazM
ze(15
--

·

If we assume 4, they Iall Mayare stably framed
and compatible with breaking



Floor theory /2:

c,;R):=02.x.
xEL16

Differential:
&: xtL1W

1-#Max

-Entry
=0 ifMax has Pin0.

HF2L,6;R): =Mp(CF)L, b;z),0)
·

Only used o-pin moduli spaces
May



Large
- "Strategy -cogates

-

Builds HF)2,;5)
a true, whose honology is

HF1L1,5;R).

can treat this like a

module over I
S.t.

FIFCL,5;R**R =HFL,5;R5
· Built

using modespaces
ofall bin



· Also builds product:

HELL,L;R) &UFCL,L;R)
tr

↓
HF(L,;rt)

Homotopy associative.

< Spectral Donaldson -Futaya cat



ple Suppose (16=94ir?.
I con-empty modeli

Mar

Has nod

So Mayis a closed, stably
framed mold, ofDin= i.

2Ma]e
3

HE)L,5;25) =cone(r*mi)
·If i =m-1, then

#F (2,6;2) = H+ (SY).



· In fact:

If rF2L,W;) = HAS
then

HF2L,6;4) =

Core(r"--, sv)
fr

where OfMi



Lemma ! If 2,5 satisfy
-

and 2,5 have the same

Floor theory over t

kentW]in 5 (x)

Question ! If 2,5 have same
-

Floor theory /I,

d other also /25?

No
-



Examples:Take
-

T
*5#T552

2

↑ *
L ↳

!
Max = 9.

· L =S1, Pick 5: L-IR

Morse, I not points.

left:2 deformed byt.
·

MaxMorse flaws nest, st



·Assume 2, I have same

Floor theory /T,
and they're homology spheres.

,witist
·
Contendobstrucker theory

to

turn an overs into an

overt

uFind an obstruction

fr
Of M SER

· In example before, O= (Mur]



· If 0 =0, 1, 6 do have

same Floor theory -str
=>(L] = [b] in vitr

Note - Goal:(L]-CWTEUT-

Obstruction! o art,

rategy: ↳ ill 0

see what is left in 15
+r

=



Now consider MF)...;k)

:=HF) ...;5)
· previous arguments work

· Cantry same obstruction theory
0 tR, ,0 iso
R

us L, W have same Floor

theoryover R.



Upshot:

22)-25] = R. iso.

[L] -[W]=
↓

lies in

Weorien;e)Er
-partofthe ideal in deg,"

CF(1,2;r+) =r24



Ihm:If 2=k/R,
then 2L]=[W] in H.(X)

(1)
112 -(1)

(F(1,2) 02
u2 ⑰ I-> ((X)⑰item,a

2x(t)

(1,1)

[C] -(w) =0
↳

- Le
-L -

⑧

C



z(x) -> MM+25)
-> H+(X)

&

->
L


