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Gromov’s Nonsqueezing

Let
B>"(r) = {(q.p) € R*" | |q]* + |p|* < r*}

z2"(r) ={(a,p) €R*" | ¢f + pi < r’}.
Theorem (Gromov, 1985)

B2n(r) i> Zzn(R) — r<R. % SN I

Symplectic embeddings # Volume preserving embeddings
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Symplectic capacities - Definition
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Definition
A symplectic capacity is a map (M, w) — ¢(M,w) which associates with
every symplectic manifold (possibly with boundary) (M, w) a nonnegative
number or oo satisfying:

o (Mi,w1) = (Ma,w2) = c(My,w1) < c(Ma,wn),

® ¢(M,aw) = |ajc(M,w) for all @ € R\ {0},

@ c(B?"(r),wo) > 0 and c(Z2"(r),wp) < oc. )
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Symplectic capacities - Examples

The first example is the Gromov width
cer(X,w) = sup{mr? | (B?"(r),wo) <> (X,w)}.

Other examples of symplectic capacities:

Ekeland-Hofer capacities CEH,

Hofer-Zehnder capacity cyz,

Viterbo capacity csy,

Sl-equivariant symplectic homology capacities ¢S (Gutt-Hutchings),
ECH capacities ckECH (Hutchings) - only in dimension 4.
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Examples of ECH capacities
@ Ellipsoids (Hutchings):

2 2
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Examples of ECH capacities

@ Ellipsoids (Hutchings):
2 2
w<'21' ¥ '22'> < 1}.
a b

Then cx(E(a, b),wp) = (k + 1) element of the set
{ma+nb| m,n € Z>o}.
In particular, for the ball B(a) = E(a, a):

(ck(B(a),wo))k = (0,a%2,2a%3,32%4 4275 .. ).

E(a,b) = {(21,22) € C?

@ Disk cotangent bundles of Zoll spheres of revolution (F., Ramos,
Vicente):
D*Szon ={(q.p) € T*S | |Ip| < 1}.
Then

(Ck(D*SZoII,Wcan))k = (07 2£X37 4£X57 6€X77 8£X97 .- ')7

where £ is the length of any simple closed geodesic on Sz,y.
It agrees with the “even multiples” that appears in the sequence for
the ball B(¢). 5/11



Toric domains

A subset Q C (R>0)? gives rise to a domain:

Xo = {(21,22) S (C2|(7T|21|2,7['|22|2) S Q}
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exists a toric domain Xq. such that (D*(S\ {Pn}),wean) is
symplectomorphic to (int Xq.,wo). Moreover, if S is Zoll, Xq, is the
symplectic bidisk P(¢, (), where { is the length of any simple closed
geodesic on S.

Proof Idea: Action angle coordinates from Arnold—Liouville Theorem for
the perturbed system:

H-(q.p) = llp|> + U-(q) J(a,p) = p(s),

where U. is a suitable smooth function.
Nested domains HZ1([0,1)) =& Xq,. converging to D*(S\ {Pn}) = int Xqo.
when ¢ — 0. [
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Ellipsoids of revolution

For a,b,c > 0, let £(a, b, c) C R3 be the ellipsoid defined by the equation:

2 2 2
X y z
2teta=t
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Ellipsoids of revolution

For a,b,c > 0, let £(a, b, c) C R3 be the ellipsoid defined by the equation:
2 2 2
X y z
Stmta=1
When the two parameters a, b coincide, we get an ellipsoid of revolution.
Up to a normalization, we can assume that a = b = 1.

Figure: The region Qg1 1) for c = 0,5;c = 1;c = 1,5, respectively.
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Gromov width of D*£(1,1, ¢)
Theorem (F., Ramos, Vicente)
The Gromov width of D*E(1,1, ¢) is given by

a(c), for0 < c < 1/2,
2w, for1/2 < ¢ <1,

B(c), for 1 < ¢ < ¢,
47, for c > ¢.

CGr(D*g(la 17 C)awcan) -
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Theorem (F., Ramos, Vicente)

The Gromov width of D*E(1,1, ¢) is given by

a(c), for0 < c < 1/2,
2w, for1/2 < ¢ <1,

B(c), for 1 < ¢ < ¢,
47, for c > ¢.

CGr(D*g(la 17 C)awcan) -

1 2 3 4

Figure: Graph of function ¢ — cg (D*E(1,1, ¢),wean)-
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Gromov width of D*S5,,

Theorem (F., Ramos, Vicente)

Let S be a Zoll sphere of revolution and ¢ be the length of any simple
closed geodesic. Then

CGr(D*Sywcan) = /.
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Gromov width of D*S5,,

Theorem (F., Ramos, Vicente)

Let S be a Zoll sphere of revolution and ¢ be the length of any simple
closed geodesic. Then

CGr(D*57wcan) = /.

Proof: B(¢) C int P(¢,¢) = D*(S\ {Pn}) , and hence,
CGr(D*SaWcan) > /.
On other hand, if (B(a),wo) < (D*S,wcan), we have

2a = c3(B(a),wo) < c3(D*S,wean) = 20.

It yields ¢, (D*S, wean) < ¢. [
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Thank you!
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