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Symplectic Zoominar - January 5, 2024
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Motivated by the (relative) ball packing:

Definition

N closed, W (bounded) neighbourhood of N ⊂ T ∗N. q1, q2 ∈ N

ρW(q1, q2) := sup


πr2

2

∣∣∣∣∣∣∣
∃e : B2n

1 (r) ⊔ B2n
2 (r) → W, e∗ωcan = ωst ,

e−1(N) = Bn
1 (r)× {0} ⊔ Bn

2 (r)× {0},

e−1
(⊔

T ∗
qi
N
)
=

⊔
{0} × Bn

i (r).

 .

q1 q2 NW
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Example

g a metric on S1, and W = D∗
gS

1, then ρW = dg .

gq(v , v) = F 2(q)|v |2 ⇒ g∗
q (p, p) =

|p|2

F 2(q)
,

D∗
gS

1 = {(q, p) | |p| ≤ F (q)},

Lg (γq1→q2) =

∫ 1

0
F (γ(t))|γ′(t)|dt =

=

∫ q2

q1

F (t)dt =
1

2
Area(D∗

g [q1, q2]).

D∗
gS

1

S1
q1 q2

dg (q1, q2) =
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Example

ρW does not satisfy the triangle inequality in general.

W

S1
ap aq a/3r

a a/3 a

ρW(p, q) = a, ρW(q, r) = a/3, ρW(p, r) = a/3.

γ : [0, 1] → N piecewise smooth curve

Definition

LρW (γ) = sup
P

∑
1≤i≤k

ρW(γ(ti ), γ(ti+1)).
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Set W = D∗
gN, where D∗

gN := {p ∈ T ∗N | g∗(p, p) < 1},

Theorem (B. ’23)

LρD∗
g N
(γ) =

∫ 1

0
∥γ′(t)∥gdt.

Remark

Even if the boundary of the neighborhood W is smooth, the associated
length structure doesn’t need to be smooth.

W
S1

W
S1

Figure: On the left: LρW is not C 0; on the right: LρW is not differentiable.
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Proposition (B. ’23)

If e : B2n(r1) ⊔ B2n(r2) → D∗
gN is a symplectic embedding relative to N

such that

e−1(D∗
q1N ⊔ D∗

q2N) = {0} × Bn(r1) ⊔ {0} × Bn(r2)

then
πr21 + πr22 ≤ 4dg (q1, q2)

q1 q2

e1(B
2n(r1)) e2(B

2n(r2))

N

xϵ

uϵ

uϵ : [0,+∞)× [0, 1] → T ∗N,

∂suϵ + Jt(∂tuϵ − XHϵ) = 0,

uϵ(0, t) ∈ N,

uϵ(s, i) ∈ T ∗
qi+1

N.
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PL(a, b) := {(q, p) ∈ R2n | ∥q∥ < a, ∥p∥ < b} = Bn
q (a)× Bn

p (b).

Lemma (B. ’23)

e : B2n(2
√

ab/π) → PL(a, b), e∗λst = λst

Proof.

WLOG a = b = 1, set f (q) :=
∫ q
0

√
4/π − t2dt

φ : Bn(2/
√
π) → Bn(1)

q 7→ f (∥q∥)
∥q∥

q

e(q, p) = (φ(q),Dφ−1(q)Tp).
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Filip Broćić Riemannian distance and symplectic embeddings to cotangent bundle 6 / 12



PL(a, b) := {(q, p) ∈ R2n | ∥q∥ < a, ∥p∥ < b} = Bn
q (a)× Bn

p (b).

Lemma (B. ’23)

e : B2n(2
√
ab/π) → PL(a, b), e∗λst = λst

Proof.

WLOG a = b = 1, set f (q) :=
∫ q
0

√
4/π − t2dt

φ : Bn(2/
√
π) → Bn(1)

q 7→ f (∥q∥)
∥q∥

q

e(q, p) = (φ(q),Dφ−1(q)Tp).
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Definition

Normalized symplectic capacity is c : Op(R2n) → [0,+∞] s.t.

(Conformality) c(aX ) = a2c(X ),

(Monotonicity) If there is a symplectic embedding ψ : X1 → X2 then
c(X1) ≤ c(X2),

(Normalization) c(B2n(1)) = c(B2(1)× R2n−2) = π.

Gromov width

Gr(X ) = sup{πr2 | e : B2n(r) → X , e∗ωst = ωst}

Cylindrical capacity

cZ (X ) = inf{πr2 | e : X → B2(r)× R2n−2, e∗ωst = ωst}

c any normalized capacity, ∀X ⊂ R2n

Gr(X ) ≤ c(X ) ≤ cZ (X )
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Conjecture (Strong Viterbo conjecture)

All normalized capacities coincide on convex sets.

Theorem (Karasev ’21, B. ’23)

Strong Viterbo conjecture holds for PL(a, b).

Proof.

e : B2n
(
2
√

ab/π
)
→ PL(a, b) ⇒ Gr(PL(a, b)) ≥ 4ab

Π1 : PL(a, b) → R2, Π1(q,p) := (q1, p1)

Π1(PL(a, b)) = [−a, a]× [−b, b] ⇒ cZ (PL(a, b)) ≤ 4ab.
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Bounds on the (relative) Gromov width

Fix a Lagrangian submanifold L inside (M, ω)

Definition (Barraud-Cornea)

Gr(L;M) := sup

{
πr2

∣∣∣∣∣∃e : B2n(r) → M, e∗ω = ωst ,

e−1(L) = Bn(r)× {0}.

}

Studied by Barraud-Cornea, Biran-Cornea, Charette, Zehmisch,
Borman-McLean, Dimitroglou-Rizell... In the context of unit-disc
cotangent bundles by Ferreira-Ramos and Ferreira-Ramos-Vicente

Definition

G̃r(N;D∗
gN) := sup

πr2
∣∣∣∣∣∣∣
∃e : B2n(r) → D∗

gN, e∗ω = ωst ,

e−1(N) = Bn(r)× {0},
e−1(T ∗

e(0)N) = {0} × Bn(r).


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Filip Broćić Riemannian distance and symplectic embeddings to cotangent bundle 9 / 12



Recall: πr21 + πr22 ≤ 4dg (q1, q2)

Corollary

G̃r(N,D∗
gN) ≤ 4diamg (N).

W ⊂ T ∗N star-shaped domain
B : N × S1 → N, non-contractible S1 action

κ(B,W) := sup

{∫
x∗λ | x(t) ∈ W, lift of B(p, t)

}

Theorem (B.-Cant ’23)

Gr(N,W) ≤ 2κ(B,Ω).

Result is sharp for N := T n = R/a1Z× · · · × R/anZ and W = D∗
gT

n.
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Finsler case

If F is reversible Finsler metric, than ρD∗
FN

≤ dF , so we have

LρD∗
F
N
(γ) ≤

∫ 1

0
F (γ′(t))dt.

K is a unit ball in Rn, and K 0 is it’s polar body (unit ball with respect to
the dual norm.)
For the lower bound we need an embedding:

e : B2n(2/
√
π) → K × K 0

s.t. e−1(K × {0}) = Bn(2/
√
π)× {0},

e−1({0} × K 0) = {0} × Bn(2/
√
π).

Such an embedding would resolve strong Viterbo conjecture for K × K 0,
and hence Mahler’s conjecture in all dimensions.
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Thank You!
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