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Lagrangian Cobordisms

Let X be a symplectic manifold.

Definition (Arnold '80)

A Lagrangian cobordism is a Lagrangian submanifold V in C x X if there is a compact
set K C C such that

e (C\K) NV =@y x Ly)-

j=0

Y2 X Lo
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The Lagrangian cobordism group

Let £*(X) be a class of Lagrangian submanifolds, i.e. * is a subset

x C {oriented, exact, monotone, unobstructed, compact, embedded, ... }.
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The Lagrangian cobordism group

Let £*(X) be a class of Lagrangian submanifolds, i.e. * is a subset

x C {oriented, exact, monotone, unobstructed, compact, embedded, ...

Definition

The Lagrangian cobordism group of X is defined as

o _ LottLp=0
(X) = ZL / if there is a Lag cob VEL*(CxX)
LeL*(X) with ends Lg,...,Lm
€

Remark

o (Identity cobordism) Reversing orientation yields L = —L in Q*(X).
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The Lagrangian cobordism group

Let £*(X) be a class of Lagrangian submanifolds, i.e. x is a subset

* C {oriented, exact, monotone, unobstructed, compact, embedded, ... }.

Definition

The Lagrangian cobordism group of X is defined as

o _ Lottlp=0
(X) = ZL / if there is a Lag cob VEL*(CxX)
LeL*(X) with ends Lo, ..., Lm
€

Remark

o (Identity cobordism) Reversing orientation yields L = —L in Q*(X).

o (Lagrangian suspension) If Lo and Ly are Hamiltonian isotopic then Lo = Ly in
Q*(X).

o (Lagrangian surgery) If Lo h Ly = {p} then Lo#,L1 = Lo + L1 in Q*(X).
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The Lagrangian cobordism group of Weinstein manifolds

Theorem (B. '23)
Let X?" be a Weinstein manifold and * = {oriented, exact conical at co}. Then
Q" (X) 2 H"(X) =2 Hn(Xo, 0X0)

induced by sending a Lagrangian L to its relative homology class.
(Xo is a Liouville domain of X)
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The Lagrangian cobordism group of Weinstein manifolds

Theorem (B. '23)
Let X?" be a Weinstein manifold and * = {oriented, exact conical at co}. Then
Q" (X) 2 H"(X) =2 Hn(Xo, 0X0)

induced by sending a Lagrangian L to its relative homology class.
(Xo is a Liouville domain of X)

Example
X = T*M, M compact. Then

Q(T*M) = H(T*M) = H*(M)

1%

Z, M orientable,
Z/27Z, M not orientable,

generated by a fiber.
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Previous results

|
Arnold '80

X | *
‘ T* Sl

oriented, immersed

Q" (X)
circles

Hi(SHY @R Z
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Previous results

X * Q*(X)

Arnold '80 7t | oriented, immersed H(SY) eRBZ
circles

Haug '14 T2 oriented, non-contr. H1(']1‘2) o R/Z
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Previous results

X * Q*(X)
Arnold 80 7rgt | oriented, immersed H(SY) eRBZ
circles
Haug '14 T2 oriented, non-contr. H (TQ) OR/Z
& simple circles !
Perrier '19 oriented, non-contr.
Rathel-Fournier '23 g simple circles Hi(35) © 2/ sz O R/Z
B. 22 S with o | oriented arcs and HY(Z) = Hy(%, 0%)
oriented exact circles
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Relation to Floer-theoretic invariants

Theorem (B.'23)

Let X be a Liouville manifold. Then there is a commutative diagram:

Q" (X) ——— H"(X) —2— SH"(X)

@l %

Ko(W(X)) —— HHo(W(X))

where W(X) is the triangulated closure of the wrapped Fukaya category of X.
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Relation to Floer-theoretic invariants

Theorem (B.'23)

Let X be a Liouville manifold. Then there is a commutative diagram:

Q" (X) ——— H"(X) —2— SH"(X)

@l %

Ko(W(X)) —— HHo(W(X))

where W(X) is the triangulated closure of the wrapped Fukaya category of X. Moreover,
i is an isomorphism if X is Weinstein.

v

The map © is always surjective.

Corollary

© is not always an isomorphism.

Let X be flexible Weinstein and not subcritical

KoOV(X)) =0, Q" (X) = H"(X)#0.
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Viterbo restriction

Corollary

Let X be a Liouville manifold, Y C X Weinstein subdomain. Then
is well-defined.

Q" (X) —— H(X) —— H(Y) ——= Q*(Y)
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Proof i well-defined

Let X be a Liouville manifold. Want to show that
Q*(X) 5 H"(X) = Ha(Xo, 0X0)

is well-defined and i is an isomorphism if X is Weinstein.
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Proof i well-defined

Let X be a Liouville manifold. Want to show that
Q*(X) 5 H"(X) = Ha(Xo, 0X0)

is well-defined and i is an isomorphism if X is Weinstein.

Well-definedness: Look at a cobordism V' C C x X as a relative (n+ 1)-cycle in X that
defines singular homology. It has boundary Lo + - -+ + Lp,.
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Weinstein manifolds
Definition

X2" Liouville is Weinstein if the Liouville flow is gradient-like for a Morse function f on
X.

Example (Pair of pants)

f = height function

™ = = e
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Weinstein manifolds

Definition

X2" Liouville is Weinstein if the Liouville flow is gradient-like for a Morse function f on

X.

o Its core/skeleton is the subset of X that does not escape to infinity under the
Liouville flow (i.e. the union of all stable manifolds).

Example (Pair of pants)

- > >
'I f = height function

™ T = —
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Weinstein manifolds

Definition

X2" Liouville is Weinstein if the Liouville flow is gradient-like for a Morse function f on

X.

o Its core/skeleton is the subset of X that does not escape to infinity under the
Liouville flow (i.e. the union of all stable manifolds).

@ lts cocores are the unstable manifolds of the critical points of f of index n.

Example (Pair of pants)

> > >
'I f = height function

™ T = —
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Proof i surjective for Weinstein X

Let X be Weinstein. Then
is surjective:

Q*(X) 5 H"(X) = Ha(Xo, 0X0)
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Proof i surjective for Weinstein X

Let X be Weinstein. Then
Q*(X) 5 H"(X) = Ha(Xo, 0X0)
is surjective: Let x € Crit,(f). Then
[i(cocore(x))] = [x].

So i is surjective.
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Proof i injective for Weinstein X
Let X be Weinstein.
Theorem (Hanlon-Hicks '22)

If L th corex then there is a Lagrangian cobordism with ends cocores at | corex and L. J

=] 5
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Proof i injective for Weinstein X
Let X be Weinstein.
Theorem (Hanlon-Hicks '22)

If L th corex then there is a Lagrangian cobordism with ends cocores at | corex and L.

Example
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Proof i injective for Weinstein X

Let X be Weinstein.
Theorem (Hanlon-Hicks '22)

If L th corex then there is a Lagrangian cobordism with ends cocores at | corex and L.
v

Example

So in Q*(X) we have

Mttt
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Proof i injective for Weinstein X

Let X be Weinstein.
Theorem (Hanlon-Hicks '22)

If L th corex then there is a Lagrangian cobordism with ends cocores at | corex and L.
v

Example

So in Q*(X) we have
/\\_/: Tt =
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Proof i injective for Weinstein X
Corollary

Q*(X) is generated by cocores.
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Proof i injective for Weinstein X

Corollary

Q*(X) is generated by cocores.

So
N Lo+--+Ly=0
Q" (X) = @ ZL [ i there is VEL*(CxX)
with ends Lg,...Lm
L a cocore
X0+ +xm=0
H"(X) — @ 7x if y~>x; are all Morse
tracectories for y€Crit,_1(f)
x€Critp(f)
=] F
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Proof i injective for Weinstein X

Corollary

Q*(X) is generated by cocores.

So
. Lo+ +Lm=0
Q" (X) = @ ZL / if there is VEL*(CxX)
L with ends Lg,...Ln
a cocore
X0+ xm=0
H"(X) — @ 7x if y~>x; are all Morse
tracectories for y€Crit,_1(f)
x€Crit,(f)
The map

Q*(X) - H"(X)
is injective if the relation:
cocore(xo) + - - - + cocore(xm) = 0

whenever
y ~ x; are all Morse tracectories for y € Crit,—1(f)

is induced by a Lagrangian cobordism.
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Proof i surjective for Weinstein X

Following Lazarev '22: An (n — 1)-handle is modelled on T*B"~* x B?
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Proof i surjective for Weinstein X

Following Lazarev '22: An (n — 1)-handle is modelled on T*B"~* x B?

G = Xk

cotore(x)
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Proof i surjective for Weinstein X

Following Lazarev '22: An (n — 1)-handle is modelled on T*B"~* x B?

G = Xk

Note that B"~! x ] 2 cocore(x;).

cotore(x;)
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Proof i surjective for Weinstein X
Following Lazarev '22: An (n — 1)-handle is modelled on T*B""! x B2

j = Xk

cocore(x;)

Note that B"1 x ,ij 2 cocore(x;). By Lagrangian surgery we get that

(B x0) # -+ # (B x ym)
is nullhomotopic, hence in Q*(X):

cocore(xp) + - - - + cocore(xm) = 0.

Valentin Bosshard (ETH Ziirich) The Lagrangian cobordism group of Weinstein mfds 05.01.2024 13/13



