Equivariant Lagrangian Floer theory

on compact toric manifolds

Yao Xiao

Stony Brook University

March 29, 2024

Yao Xiao (Stony Brook University) Equivariant Lagrangian Floer theory March 29, 2024



0 Why equivariant Lagrangian Floer theory?

e The setup

© Main results
@ 1. Definition of G-equivariant Lagrangian Floer cohomology
2. HFg((L(u),b)) #0 & (u,b) € CntG(SBD)
3. CntG(iBD) is a rigid analytic space
4. Non-trivial G-equivariant Lagrangian Floer cohomology implies
G-nondisplaceability
Examples
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Why equivariant Lagrangian Floer theory?

@ Hamiltonian group actions give rise to interesting invariants.
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Why equivariant Lagrangian Floer theory?

@ Hamiltonian group actions give rise to interesting invariants.
@ Many symplectic structures arise via symplectic reduction.

© Equivariant homological mirror symmetry
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The Setup

@ (X, w) is a compact symplectic manifold of real dimension 2n,
equipped with an effective Hamiltonian T"-action. Let J be a
T"-invariant almost complex structure on X compatible with w.
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The Setup

@ (X, w) is a compact symplectic manifold of real dimension 2n,
equipped with an effective Hamiltonian T"-action. Let J be a
T"-invariant almost complex structure on X compatible with w.

@ Letyu: X — t* be an associated moment map, where t* is the dual of
the Lie algebra t of T". Let

'DS

A=puX)=[ luet' =R"|(u,v;) - 4; > 0} (1)

I
o

be the associated moment polytope.
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The Setup

@ (X, w) is a compact symplectic manifold of real dimension 2n,
equipped with an effective Hamiltonian T"-action. Let J be a
T"-invariant almost complex structure on X compatible with w.

@ Letyu: X — t* be an associated moment map, where t* is the dual of
the Lie algebra t of T". Let

'DS

A=puX)=[ luet' =R"|(u,v;) - 4; > 0} (1)

—_

be the associated moment polytope.
@ Let0O<r<nand G = T be a subtorus of T" with induced action.

@ Foreach ueintA, L(u) := u'(u) is a T"-invariant Lagrangian torus
with a T"-invariant relatively spin structure. Choose a basis
{e1,...,enp} for H'(u='(u),R).
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@ Our A-algebra takes coefficients either in the universal Novikov ring

- aieClieRneZ VieN
/\O,nov: ZaiT € O0<Ap<A1<---, .Iim/l,-:oo (@)

ieN j—o0

or the universal Novikov field Apoy = Frac(Ao.nov)-
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@ Our A-algebra takes coefficients either in the universal Novikov ring

- aieClieRneZ VieN
/\O,nov: ZaiT € O0<Ap<A1<---, .Iim/l,-:oo (@)

ieN j—o0

or the universal Novikov field Apoy = Frac(Ao.nov)-
@ We will also use the Novikov ring

No={x= Z aiT/li X € No,nov (3)
ieEN

and A = Frac(/Ay).
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1. Definition of HFg ((L(u), b), (L(u), b), Ao.nov)

We define a G-equivariant Lagrangian Floer cohomology

HFg ((L(u), b), (L(u), b), Aonov)

for each pair (L(u), b) consisting of
@ a Lagrangian torus fiber L(u) = u~'(u) of the toric moment map and
@ an element b € H'(L(u), Ao/(27i Z)).
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1. Definition of HFg ((L(u), b), (L(u), b), Ao.nov)

We define a G-equivariant Lagrangian Floer cohomology

HFg ((L(u), b), (L(u), b), Aonov)

for each pair (L(u), b) consisting of
@ a Lagrangian torus fiber L(u) = u~'(u) of the toric moment map and
@ an element b € H'(L(u), Ao/(27i Z)).

v

Sketch Proof. Recall that the Cartan complex for the G-manifold L is given
by
(QL)®S()°.

We define a G-equivariant A, algebra

(QG(I—s R)@’ /\O,nov, {(mg)b}keN) .

Yao Xiao (Stony Brook University) Equivariant Lagrangian Floer theory March 29, 2024



1. Definition of HFg ((L(u), b), (L(u), b), Ao.nov)

We define a G-equivariant Lagrangian Floer cohomology

HFg ((L(u), b), (L(u), b), Aonov)

for each pair (L(u), b) consisting of
@ a Lagrangian torus fiber L(u) = u~'(u) of the toric moment map and
@ anelement b € H'(L(u), Ao).

The G-equivariant A, algebra
(QG(L, R)@’ AO,nov, {(mf)b}keN)

satisfies (m8)P o (m§)P = 0. Define the G-equivariant Lagrangian Floer
cohomology by

HFG (L (). b). (L(u). b). Aonov) = H* (Qa(L. R)& Agov. (mf)?) .
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(mo)2(1) = BO¥(L(u),b)e
lenra . |

(mo)5(1) = BOX(L(u), b)e, where the potential function
PO: U {u}x H'(L(u),No/2riZ) — A can be extended

ueint A

U {u} x H'(L(u), Ao/(27iZ)) —=A .

ueint A /
L
|

(A)"

to a formal Laurent series BO : (A*)" — A via an embedding

L<U1,..., leel> Y1,---,Yn),

where y; = exp* T4 for 1 <i < n.
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Note that A* comes with a non-archimedean valuation function
val :A* SR, val Z aTY | = min{4; | a # 0}.
ieN

We call the coordinate-wise valuation map trop : (A*)" — R the
tropicalization map.
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2. HFg((L(u), b)) # 0 & (u,b) € Critz(HO)

The pair (L(u), b) has non-zero G-equivariant cohomology if and only if
U(u,b) € Crit5(PDO), where

Crit3($0) = {y = (y1.....yn) [ (VBO) Iy L)) = ) =0} Ntrop™'(int A).
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2. HFg((L(u), b)) # 0 & (u,b) € Critz(HO)

The pair (L(u), b) has non-zero G-equivariant cohomology if and only if
U(u,b) € Crit5(PDO), where

Critg($0) = {y = (1. -.yn)

(VBO) s L) (¥) = 0} Ntrop™"(int A).

This follows from

There is a spectral sequence such that

Es = Hg(L(u), Nonov) = Es = HFg((L(u), b), (L(u),b), Ao.nov)s

which collapses at E if and only if (m$)®|,, () = 0.
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3. Crit5(BO) is a rigid analytic space

Theorem 4
Crit5(BO) is a rigid analytic A-space.

Yao Xiao (Stony Brook University) Equivariant Lagrangian Floer theory March 29, 2024



3. Crit5(BO) is a rigid analytic space

Theorem 4

Crité(‘BD) is a rigid analytic A-space. When X = CP" or dim¢ X < 2, we
have

dim Crit5($O) = dim G.
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3. Crit5(BO) is a rigid analytic space

Theorem 4

Crité(‘BD) is a rigid analytic A-space. When X = CP" or dim¢ X < 2, we
have

dim Crit5($O) = dim G.

In particular, this allows us to locate the Lagrangian torus fibers with
non-trivial G-equivariant Lagrangian Floer cohomology by tropicalizing this
rigid analytic space Crit5(PO).
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4. G-nondisplaceability

A Lagrangian toric fiber L(u) of the moment map with a non-zero
G-equivariant Floer cohomology HF (L(u), b) is not displaceable by any
G-equivariant Hamiltonian diffeomorphism.
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Example: CP?

Consider (CP?, w, T?, u) associated with the moment polytope

A= {(u1,uz) € R?

u>0 Vv1<i<2,
1—uy—w >0 )

T

Its potential function is PO = y1 + yo + 7S
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Example: CP?

Consider (CP?, w, T?, u) associated with the moment polytope

A= {(u1,uz) € R?

u>0 Vv1<i<2,
1—uy—w >0 '

Its potential function is PO = y1 + y2 + y1y2

(I) Consider the action by the subtorus S' < T2, t i (kit, kat), where
ki, ko € Z are not both zero.

J0PO
== — oyt + k Ko — Ki)——
6 oy1 + kiye + (ke 1) s
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Case 1: Suppose ki, ko, ko — k1 are all non-zero. Then

trop(f) : R%? 5 R, (uy, u) = minfuy, up, 1 — Uy — Up}.
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Case 1: Suppose ki, ko, ko — k1 are all non-zero. Then
trop(f) : R? > R, (uy, u) = minfuy, up, 1 — Uy — Up}.

We have

Ay, Ye, 7
W := V(f) ntrop™ ' (A) = Sp < Y1YZ>

(—k2Y1 + Kiy2 + (ko — k1)ﬁ)
Ny1, Y2, 2)
—koy1 + kiyo + (ko — ki)z, y1y22 = T)’

ESp(
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Case 1: Suppose ki, ko, ko — k1 are all non-zero. Then
trop(f) : R? > R, (uy, u) = minfuy, up, 1 — Uy — Up}.

We have

Ay, Ye, 7
W := V(f) ntrop™ ' (A) = Sp < Y1YZ>

(—k2Y1 + Kiy2 + (ko — k1)ﬁ)
Ny1, Y2, 2)
—koy1 + kiyo + (ko — ki)z, y1y22 = T)’

ESp(

and
Crit3($O) = W\ trop™' ({(0,0),(0,1),(1,0)}).

(0.1)4

(0,0)C ©(1,0)

Figure: Case when ky, ko, ki — ko # 0
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Case2 & 3: k{ = 0and ko # 0.
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Case2 & 3: k{ = 0and ko # 0.

Crit3($0)
= V(f)ntrop™' (int A)

T
— koyy + ko—— =0, val >0,
2Y1 2y1y2 (v1)

=< (y1,y2) € (\")? T T
val —|> 0, val 5| > 0
Y; Yi T/y1

T B .
= {(w,?)e/\2 e <yl < 1} c SpA{y1. Tv;%)
1

is an open annulus.
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Case2 & 3: k{ = 0and ko # 0.

Crit3($0)
= V(f)ntrop™' (int A)

T
— koyy + ko—— =0, val >0,
2Y1 2y1y2 (v1)

_ *\2
- (Y1,Y2) E(/\) T T
val — > 0, val 5 >0
y1 Y1T/y1

T _1 _
= {()’1,?)6/\2 e <yl < 1} c SpA(y1, Ty; %)
1

is an open annulus. The case when ky # 0, ko = 0 is similar.
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©.1)

(30

Figure: Case when k; = 0, ko # 0.
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(30

Figure: Case when k; = 0, ko # 0.

(1.0)

Figure: Case when k, =0
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CP? with trivial subtorus action

(1) Take the subtorus G = {e} — T2.

_f . 990 _ T
— 0 =f:= VT
_f ._ 0B9

0 =fh:=

— vy, —
e V27 v

Then

) N{y1,y2,2) 1,
A = Ntrop™ ' (int A).
Crit($9) = Sp 1=z, yo—2z,y1y22—-T) rop™(int A)

trop Critg ($O) = {(% %)}

is the barycenter of the polytope.
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CP? with trivial subtorus action

(1) Take the subtorus G = {e} — T2.

_f . 990 _ T
— 0 =f:= T
_f ._ 0B9

0 =f:

— vy, —
=, V2T Y

Then

) N{y1,y2,2) 1.
Crit3(PO) = Nt tA).
e (¥2) =50 i—2zye-zyyez—T) = ° (int &)

trop Critg ($O) = {(% %)}

is the barycenter of the polytope. This recovers the ordinary Lagrangian
Floer theory.
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Example: S2(c/2) x S2(d/2)

Denote by S2(r) the 2-sphere with radius r. Let0 < ¢ < d,c,d € N.
Consider (S?(c/2) x §2(d/2),w, T?, 1) whose moment polytope is given
by

A:{(u1,u2)€R2‘OSU1SC,OSUng}.

Its potential function is PO = y1 + y» + y; ' T¢ + y, ' T
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Example: S2(c/2) x S2(d/2)

Denote by S2(r) the 2-sphere with radius r. Let0 < ¢ < d,c,d € N.
Consider (S?(c/2) x §2(d/2),w, T?, 1) whose moment polytope is given
by

A= {(U1,U2)€R2‘0SU1 <c,0<uwp<d}.

Its potential function is PO = y1 + y» + y; ' T¢ + y, ' T% (I) Consider the
action by the subtorus S' < T2, t > (kit, kot), where k1, ko € Z are not
both zero.

PO

= 0=fi=F— =k (1 =y T%) +k (2= ' T%).
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Case 1: Suppose ki, ko # 0. Then
trop(f) : R2 - R, (uy, u2) = min{uy, ¢ — Uy, Uz, d — Up).
We have
Ay1.y2.y T,y T9)
(ke (y1 =y7"T°) + ki (y2=y5'T9))
A{Y1, Yo, X1, X2)
(—k2 (y1 —x1) + ki (Y2 — x2) , x1y1 = T¢, Xay2 — T9)

W = V(f) ntrop '(A) = Sp

=Sp

and
Critg (PO) = W\ trop™' {(c,0),(0,0), (0,d), (c.d)}

The Lagrangian torus fibers with nontrivial equivariant Floer cohomology
can be visualized in the moment polytope via the tropicalization map.
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Case 2 & 3: Suppose k1 =0and kp #0. Then f = —ko (y1 - —) Then

Crité(%D) = {(Tg,yg) | 0 <val(y2) < d}U{(—Tg,yg) | 0 <val(y2) < d} ,

which is a union of analytic annuli. The k> = 0, k; # 0 case is similar.
The Lagrangians with nontrivial S'-equivariant Floer conomology can be
visualized in the moment polytope as below.

(a) Case when k; =0

(b) Case when k, =0
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S2(c¢/2) x S?(d/2) with trivial subtorus action

Then

A

(V1 = X1, Y2 — X2, X1y1 — T¢, Xoy2 — T9)

trop Crité(‘BD) = {(g’ g)}

is the barycenter of the polytope.

Ntrop™'(int A).
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S2(c¢/2) x S?(d/2) with trivial subtorus action

Then

: Ny, Y2, X1, Xo) 1
Crit2(PO) = S Ntrop~ ' (int A).
ritg (FO) = Sp (/1 = X1.ya = Xa, X1yt — T°. Xaya — T9) rop” ' (intA)

trop Crité(gﬁb) = {(g’ g)}

is the barycenter of the polytope. This recovers the ordinary Lagrangian
Floer theory.
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Thank you very much for your attention!
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