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A preitful line of investigation to defect symplectic phenomena
is te

compar
classical invariants (differential topology) to their

grautum cometerparts (holosophic cuves)

Quantumincient
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~ Spectral
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Examples : Quantum horology (Annold conjecture , Quasi-morphisms)
&

Quantum Sterurad squares (pseudo-notations)

Symplectic horology (Weinstein crjechue)
etc

.

Quantum invariant Flor homology

comparison) ?
(reference object (filterna

- speche)
Classical invariant

Jalgebraic topology (



Zemple : Weinstein conjecture in IR
using symplactichorology

Th /Vitabo) : "It closed

- ↑

zd happensinfaceofhect type caries

- -
at leastoneed characteristic8.

=> closed integral curve of
-

-
-

-

-XIt t the line distribution hew/z

Goal Lionville nector field Z E closed arbit of Hamiltonian
2zw = w H : IR*- IR for which I
zhZ isnegular level set



Example : Weinstein conjecture in 12
using symplactic horology (1)

Classical invariant : singular homologyBYR)+↑T
, Quarter invariant : symplectichomologyF
-

-2n..
O 0H- H

**

(BYR)) - StyliIR))
Y

Linjective ↓
"Couets" / "Sens" periodic 4*

(int]) -- St(intE)
abits on the Sounda When applicable ,

this method producesvie Flow cylinders/holonaphis coves
onactible closed characteristics .



Whataboutohaugent Lundles ?

Q swah closedmanifold> symplech maritiea
B

*
Q=Elple1
-2n- 1

-Z Em (Hole-Vitado) 22" CT*

Q

-is closed hypersurface of contact type.
- If int(I) contains the O-section ,

then

E carries af least one closed characteristic.



Woutcotaugent bundles ? (H)
Previous scheme does t work (and cannot work ,

as it would

provide closed characteristics
that are contractible inTQ)

H
-*

(D
*

Q) = Hx(a)- SHy(Da) = 4y(2a)
can we

T

Superwemakea
make this non-injective? fer loop space

= Map(s,Q).
H
**

(i+2) - SHx(intE)

Would need SHD
*

Q= H(20) "smaller" thouHQ(Q)efficients !



Theorem (niterion for almost existence)

(W , w) Lionville damach (DQ)

UC W domain n .
Smooth boky (int(z)

Assume

= LEH
** (w) s .

t.
H**He is

H" -
*

(0)

Then almost
every energy

level near Z corries a contractible closcal characteristic.

("almost existence" ,
Hofes-Struwe (



Overlaps/Generalizes Hofer-Viterbo, Ritter, Irie, Frauenfelder-Pajitnov, Albers-Frauenfelder-O. etc.

Trem1 (BDHO) Q"closed ricutable.
-

Given S closed orientelle n-manifold T
*
Q

and a map y
: S - T

*
Q, 4 Ii

S -Q

let de deg
.

(No y) and assume that : Fol

Klit
, 1) :

1) Either Q is not a KITT
, 1) and d= #1 ,

TiQ=O
,
il, 2

Q - K(π, 1) : 2) On Q is not a
national KIT, 1) and d+ 0.

Hiatasion ,
is2

.

Then almost existence holds for any hypanufact ICT&
-

s .
t . int [xy(s).



There2 (BDHO) Q "closed airutable

Assume Q is not a national K(1,1)

There almost existence holds for any hypensurface ICT
*
Q

st . TT : int(z)- Q induces nonzer map

Hulinte ;2) - Hu(Q ;2 ).



Overlaps/Generalizes/Complements Contreras, Contreras-Macarini-Paternain, Groman-Merry, Benedetti-Ritter … 

Collary (BDHO ; contractible almost existence in
enactmagnetic cotaugent bundles)

Q closed orientable
,
ver'(Q).

- Wa = Wantdr aguetisymple
is

-

The previous statements
hold for we

I use symplectomorphism (p .9)mc(p+c) .
91)/

wo Wan



E
-



Muchomologywith DG coefficientsMotivation #2

Our definition revisits andinterprets the "enriched Floor complex"
defined by Barraud-Cornea in 2007.

Definitious: X poth-corrected topological space ,
I basepoint

&X = More based loops (U : [0, 15+ X

u(d) =w(L) = *)



2X + rX,X stily associatie

Cx(tX) : dea of cubical chains on&X

(we use cubical choirs because they
ae

better

adapted to products)
Definition : Alasystem/dardlocsystemlosystem

on X is a night (12X) - module (dg) .



Masource of DG local systems : Fenations

Given FC> E Huevict libration ,
it admits

↓ Cup to replacing it with a naturally
X

equivalent our
aacitivelifting frection , unique up

to htpy
(Hurwicz ,

Foodell
, Gugenheim ,Dyen-Kahn50-60)

-> i . e. night RX-
module stuchue on F : ExRX-F



Think of such a liftingfunction as holonouy
I analogous to deck hausformation

·v action for covering spaces

/if
smooth flation ,

ay

o
curection defines
· such a lifting function .

&usequence : CF@ (hX- CF right CrX-module .



Example :
Sc " Hopt fibration

⑧& effect ofholonomy
I
S2

Hals'(Hrs)- HS

· < pt ,
Is'] EIX] (x) = 1

loop in RS2 toX1_ [S]
20pt 1 -

thenest is zao for degree reasons.



Twistedtensor product (Brown '59)
F2 E- X Hurric fibration.

&: Is it posible to give a
model for CE as

CFCXO Dot petubation
endowed with a "twisted" differential ?

A : /Brown) YES ,
and we need 2 ingredients :

· &X-module stuchue on CF

· a map 4 : (X-C-12XBrown'sminathat satisfies a Manne-Catan equation (



Musetheory withDCofficients
X manifold , f : X-IR Mass

3 Marsa-Swale negahre gradient-like field
-> M(x

,y) compactified moduli spaces of Marse hajectories
Pick orientations ox of W"(n) ,

E GitfM(x,y) oriented

(x)- 1z/

2M(x ,y) =Wr()M(x,
z) x M(z

,y)



Brend-Conee : - collection 35x
,y

Sxy
((

, x1 - (y) -1
(M(x,y) ,

>r(x
,y)

representative of the fundamental class
sit .

(x |- (z)

xSx
,y= (1) >" Szy



The moduli
spaces #(x,y) evatude naturally intoTX

j
-y

x

M(x
,y) E, 4

+- yX ---X
space of Moore pothss-y

->

"I = paramelized by level sats of f ,
on internal

y
[0

, f(x) - fly)]

-> mx
,y

= eA(x ,yE(x - (y) - 1
Tx

-yX satisfy
Omx

,y= (1)
*

-17.
concatenati.



This can be further converted into a collection

\mx
,y(((x1 - (y) - 1

22x]
that satisfies "Barrand .

Canca

Omxy = (1)k-1m -

my
nuivesethaione

I

/Choose embedded tiez* that corrects the basepaint o
treeCX
*

to bitf ,
the

Pay X +er(X/ue) = RX collapse it (



Reinterprets Barraud-Cornea. This complex was also defined by Charette with Z/2 coefficients in 2017.

Definition : Let FeC(X) - module. The Moncouplex
withicientsin J is

& (X ; f) = Fa((itt)

with differential

2((on) = x(an + (1)(4)]2 .

myyy



Summary of the construction :

Think of all this as Morse homology
with coefficients in a fibration .

SM(x ,y)]eatelines [Sx
. y Cx - 1y1-1(x,g)

of fundam ,
classes

-

evaluat into [Mxy < <(x1 - 1y1- 1

&X

path/loop spaces universal twisting cocycle
- ↳ (X;F) = F Cutt
use Fe(xMX-mod

Oldou) =0(u +1)my



Theorem /Chacelte , BDHO)

Let FC, E - XLea Huranica filation ,

and let F = CF the corresponding DG local system.
We have an isomorphism

Ho(((X+F) = Hx(E) .

Tantof view :· Banand-Conca cocycle is Marsa counterpart of Brown
both one

To***(F
,
2)

·

cocycle.



n
-



MiltonianFlor houdogy with DG . coficients

(W , 20) symplectically espherical , H =
S'xW- R Hamiltonian

Muse theory for the action functional Ap, defined on

X = 2

DG local systemF : CRIW-module

I wols componentwise on YW, say
on 30W)

contractible



Reinterprets/Generalizes Barraud-Cornea. Related work: Abouzaid, Zhou, Rezchikov.

3M (x.y) : my (Pe(H)) mesol' Exy PartyM (x,y)

fundam .
classes

El enatuate 3mxy < (x-y1-

12. W3
into peths/loops Barrand - Corner universalThink of this in X= To W

as Flor theory turisting cocycle
with coficients -> F((H ;F) = FacPalH)>
i a fibration useF

Crow :modula 2((an)=x(ax

+ (1)/Zm,yoy



Trcomputations (BDHO)
1

. /GPSSisomaphism (W , w) closed sympt - espherical

=>F, filation ,
F-CF

Fi-
wi zow

FHx(H ;F)= Hx(w ; i
*

F)= + )F(w)



Trcomputations (BDHO)
2

./GVitabo ismurphism Q "closed manifold

F E fibration ,

F=F

↓
2Q

2Q
S

↓ SH(Q;Foy)= He (2Q; F) = Hx(E)
2Q ↑

spin-orientation localsystem



Roofof Theorem 1 (d = = 1)

Petement :
Q"closed riented + K(IT, 1)

Contractible almost existence holds for any hypesurface
[CT

*

Q s .
t

. intICy(s)
.

where U : S -> T
*

Q is
any map

s .
t

. deg (NO)+ 1.

Closedoriented n-dimensional

·



Roof : Consider the "unvrsal" fibration over LoR + restriction toQ

(path-loop

220 R2Q T = G12Q
⑨

↓ ↓
asmodule over itself

er4020xili
erk

↓ ↓ ↓ er

⑧ Q 2, 2Q ①



contractible
Hx(Q ;*F) -> SHy (DiFoy)

if Q+k(,1) ,
= Hx(P2PQ) this is not = Hx(2Q ;F)
=H(Q) injective = Hx(2Q)

= Hx(pt)

↓i is injectiveif d =1

Hx+u(U ,
X;**F) #



Injectivity ofT : ·
He+n(U ,

OU;**F)

% *
H

* /S: (o*** ) <e)!
***)

(Toy) (Toy) ! = d . Id
,
d = deg litoy: S- a)



Summary : a Masse/Flore homologies with DG confficients
capture "higher discussional twists"

/Librations
· the files con be infinite-dimensional

(and theyectually are in applications
· filtered thoris + full package

(differential ,
continuation

mas , htpies)
·
lie in between homology and homotopy

· computability ++



The Hopf Fibration Poster by Edmund Harris

Copyright Takashi Tsuboi

Hopf fibration - Wikipedia

8
.

·
THANK YOU !


