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https://mathrepo.mis.mpg.de/KPSolitonsFromTropicalLimits

@ The Hirota Variety of a Rational Nodal Curve with Claudia Fevola
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o Code can be found at
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The Kadomtsev-Petviashvili equation

The KP equation is a PDE
that describes the motion of
water waves

0
EC (4pt —6ppx— pxxx) = 3pyy

where p= p(x,y,1)
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Connection to Algebraic Curves

We seek solutions of the form

62
plx,y 1) = Za—xz logt(x,y,1)

where 7(x,y, 1) satisfies the Hirota's differential equation

TTyoxr — AT xoex T + ST?CX + AT T — AT Ty + 3TTyy—3TJ2, =0

@ One can construct 7-functions from an algebraic curve C of genus g
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Connection to Algebraic Curves

Definition
The Riemann theta function is the complex analytic function

1
EcTBc +clz

6=0@zlB = ) exp

ceZ8

where ze C8 and B is a Riemann matrix, a g x g symmetric matrix
normalized to have negative definite real part.
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Connection to Algebraic Curves

In 1997, Krichever proved that the KP equation has solutions of the form

62
px,y, 1) = 2@10g9(ux+vy+wt, B)

for certain vectors u= (uy,..., ug),v=(vy,...,vg),w=(w,..., W) € C8.
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Connection to Algebraic Curves

In 1997, Krichever proved that the KP equation has solutions of the form

62
px,y, 1) = 2@10g9(ux+vy+wt, B)

for certain vectors u= (uy,..., ug),v=(vy,...,vg),w=(w,..., W) € C8.

Now, for a specific curve C of genus g with Riemann matrix B, we can look

for T of the form
T(x,y, 1) = 0(ux+vy+wt, B).
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Connection to Algebraic Curves

Consider (uy, ..., Ug, V1,..., Vg, Wi, ..., Wg) as a point in WP38~1 such that

deg(u;) =1, deg(v)=2, deg(w;)=3 fori=1,2,...,8
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Connection to Algebraic Curves

Consider (uy, ..., Ug, V1,..., Vg, Wi, ..., Wg) as a point in WP38~1 such that

deg(u) =1, deg(v)=2, deg(w)=3 fori=1,2,...,8

Definition (Agostini-Celik-Sturmfels, 2020)

The Dubrovin threefold 2 comprises all points (u,v,w) in WP38~! such
that 7(x,y,1) satisfies the Hirota's differential equation.
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Soliton Solutions

Fix k< n and a vector of parameters x = (k1,k2,...,k) € R” and consider

Ty = ) pz-H(Kj—Ki)-eXp[X'ZKiﬂ"ZK?+t'zk?]

[ ijel j j j
1e("h i1<j iel iel iel
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Soliton Solutions

Fix k< n and a vector of parameters x = (k1,k2,...,k) € R” and consider

Ty = ) pz-H(Kj—Ki)-eXp[X'ZKiﬂ"ZK?+t'ZK?]

Lo . ; .
Ie([z]) tiffj i€l i€l i€l
Proposition (Sato)

The function t is a solution to Hirota's differential equation if and only if
the point p= (pI)Ie([n]) lies in the Grassmannian Gr(k, n).
k

Definition
We define a (k, n)-soliton to be any function 7(x,y, ) where x € R” and
peGr(k, n).
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Main ldea

We study solutions to the KP equations arising from algebraic curves
defined over a non-archimedean field K, like Q(e) or C{{e}}.

A curve over K can be thought of as a family of curves depending on a
parameter €

’t?‘—'o ‘(’,:O

1
EcTBc +clz

0(z) = Z exp

ce”Z8

SR ERY acexp[cTz]
ceb
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Main ldea

We study solutions to the KP equation arising from algebraic curves
defined over a non-archimedean field K, like Q(e) or C{{e}}.

Fore—0

@ The theta function becomes a finite sum of exponentials

@ The function )

0
px,y, 8 = 2—logr(x 1)

becomes a soliton solution of the KP equation
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Degenerations of Theta Functions

Let X be a smooth curve of genus g over K. The metric graph is Trop(X).

(:}-(:) HT,2)={y1,.-,yg

The metric graph T'=(V,E) of a is a free abelian group of rank g
genus 2 hyperelliptic curve
e e:=|E|
@ A := gxe matrix whose i-th row records the coordinate of y; with

respect to the standard basis of 7°
@ A := diagonal e x e matrix that records edge lengths of the metric

graph.
Definition
The Riemann matrix of T = (V,E) is
Q=AAAT
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Example (g=2)
Consider X :=1{y? = f(x)} where

fO=x-Dx-1-6)(x-2)(x-2—-€)(x—-3)(x—3—¢€)

The six roots determine a subtree with six leaves which has a unique
hyperelliptic covering by a metric graph of genus 2
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Example (g=2)
Consider X :=1{y? = f(x)} where

fO=x-Dx-1-6)(x-2)(x-2—-€)(x—-3)(x—3—¢€)

The six roots determine a subtree with six leaves which has a unique
hyperelliptic covering by a metric graph of genus 2

From the graph we can read off the tropical Riemann matrix Q

1 0 4
S Bl B
0 -1
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2.0 0
1 -1
Q=AAAT:[O ) _01][0 2.0

00 2




Degenerations of Theta Functions

Consider
1
B, = _EQ+ R(e)
Fix ae RS

1
- exp EcTR(e)c +clz

1 1 1
O(z+—-Qa|B) = Z exp ——cTQc+—cTQa
€ 2¢ €

ceZ8
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Degenerations of Theta Functions
Consider

B. = —1Q+ R(e)
€

Fix ae RS

1 1 1
O(z+—-Qa|B) = Z exp —z—cTQc+—cTQa -exp
€ € €

ceZ8

1
EcTR(e)c+ c'z

Let € — 0. This converges provided

c’Qc-2¢"Qa=0 for all ce 78

or equivalently

aTQa < (a—c)TQ(a—c) for all ce 78
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Voronoi and Delaunay

The condition
a’Qa<@-co’Qa-c forall cezs

holds if and only if a belongs to the Voronoi cell for Q

For a in the Voronoi cell for Q,
consider the associated Delaunay set:

Dag = {ceZ8:a"Qa = (a-c)" Qa—c)}
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1 1 1
6(z+-Qa|B,) = Z exp ——cTQc+—cTQa
€ 2¢€ €

1
—cTR(e)c+ c'z
ceZ8 2

-exp

Theorem (Agostini-Fevola-M.-Sturmfels, 2021)

Fix a in the Voronoi cell of the tropical Riemann matrix Q. For € — 0, the
series

1
0(z+ EQaIBg)

converges to the theta function supported on the Delaunay set € = Z,,q,
namely

L
—c" R(0)c
5 (0)

Oe(x) = ). acexp[cTz], where ac = exp
ceb
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Example (g=2)

Theorem (Agostini-Fevola-M.-Sturmfels, 2021)

Fix a in the Voronoi cell of Q and let € =2, be the Delaunay set. As
€—0,

1
0(z+ EQaIBe) —0¢x = ) acexp[c’z],
cEC
where ac = exp [%CTR(O)C]
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Example (g=2)

Theorem (Agostini-Fevola-M.-Sturmfels, 2021)

Fix a in the Voronoi cell of Q and let € =2, be the Delaunay set. As
€—0,

1
0(z+ EQaIBe) —0¢x = ) acexp[c’z],
cEC
where ac = exp [%CTR(O)C]

Example
1 0
For Q= [0 1]

€ =%a,0=1{0,0),(1,0),(0,1), (1, 1)}

The associated theta function is

O = apo + a0 explz1] + do1 explzz] + a1 explz + 2]
Yelena Mandelshtam (UC Berkeley)
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The Hirota Variety

Let € ={c1,co,...,C;n} = Z8
O¢(z) = o exp[csz] + agexp[csz] + e+ amexp[c,Tnz]

Consider

m g g g
1%y, 1) = Ogux+vy+wt) = aiexp[(z cijiup) x+ () cijvj) y + () cijwy) t]
i=1 =1 =1 =1
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The Hirota Variety

Let € ={c1,co,...,C;n} = Z8
O¢(z) = o exp[csz] + agexp[csz] + e+ amexp[c,Tnz]

Consider

m g g 8
1%y, 1) = Ogux+vy+wt) = aiexp[(z cijiup) x+ () cijvj) y + () cijwy) t]
i=1 =1 =1 =1

Definition
The Hirota variety 7 consists of all points (a, (u,v,w)) in (K*)™ x WP3§~1
such that 7(x,y, 1) satisfies Hirota's differential equation
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Polynomials defining the Hirota Variety

Remark
Hirota's differential equation can be written via the Hirota differential
operators as

P(Dy, Dy, D)T T =0

where P(x,y,t) = x* —4xt+3) gives the soliton dispersion relation
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Polynomials defining the Hirota Variety

Remark

Hirota's differential equation can be written via the Hirota differential
operators as

P(Dy, Dy, D)T 7 =0

where P(x,y,t) = x* —4xt+3) gives the soliton dispersion relation

For any two indices k, ¢ in {1,..., m}

Pre(u,v,w) := P((ck—cp)-u, (€x—C7) -V, (Cx—C7) W)

defines a hypersurface in WP38~!

Yelena Mandelshtam (UC Berkeley) Curves, Degenerations, Hirota Varieties March 10, 2022 17 /34



Polynomials defining the Hirota Variety

The polynomials defining /¢ correspond to points in
€% = {cp+cp i 1<k<l<m} c 78

Definition

A point d in €% is uniquely attained if there exists precisely one index pair
(k,¢) such that ¢ +c,=d. In that case, (k,¢) is a unique pair.
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Polynomials defining the Hirota Variety

Theorem (Agostini-Fevola-M.-Sturmfels, 2021)
The Hirota variety # Is defined by the quartics

Pre(u,v,w) = P((ck—cp)-u, (Ck—cp) -V, (€ —Cp) - W)

for all unique pairs (k,€) and by the polynomials

Y. Pre(u,v,w)agay
1<k<l=m
citep =d

for all non-uniquely attained points d € €'?.

If all points in €'? are uniquely attained then 7 is defined by the (7})
quartics Pre(u,v,w).
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Example (The Square)
Let g=2 and € =1{0,1}?

€% ={(0,1),(1,0),(1,1),(1,2),2, 1)}
There are four unique pairs (k,¢)
Pi3=Pyy = u‘l1 —4duywy +3vf
P13 = P34 = 1 — 4Upw» + 315
The point d=(1,1) is not uniquely attained in €%
P(uy + up, vy + v2, wn + wo) agoan + P(ug — Uz, vy — 12, Wy — W») dg1aio
For any point in #¢ c (K*)* x WP, we can write 7(x,,1) as a (2,4)-soliton

1100

A:[001 1

v
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The g-Cube

@ Irreducible rational nodal curve with g nodes — metric graph is a
vertex with g loops — Tropical Riemann matrix is Ig.

1 1
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The g-Cube

@ Irreducible rational nodal curve with g nodes — metric graph is a
vertex with g loops — Tropical Riemann matrix is Ig.

1 1

1

@ fix the point a= (%,%,...,%) € R8 — corresponding Delaunay set
€ = @a,Q =1{0,1}8
O¢ = ago..o + aio..0€xplz1l + aoo..0€xplzz] +--- + do..01 €xplzg] +
+a110..0€xplz1 + 22] + ar010..0€xpl21 + 23] + ap..011 €xplzg-1 + 2zl +
+-o+an. explzr+ 2+ + zgl.

Yelena Mandelshtam (UC Berkeley) Curves, Degenerations, Hirota Varieties March 10, 2022 21/34



The g-Cube

@ Irreducible rational nodal curve with g nodes — metric graph is a
vertex with g loops — Tropical Riemann matrix is Ig.

1 1
1
1T
@ fix the point a= (%,%,...,%) € R8 — corresponding Delaunay set
€ = @a,Q =1{0,1}8
O¢ = ago..o + aio..0€xplz1l + aoo..0€xplzz] +--- + do..01 €xplzg] +

+a110..0€xplz1 + 22] + ar010..0€xpl21 + 23] + ap..011 €xplzg-1 + 2zl +
+-o+an. explzr+ 2+ + zgl.

For the equations cutting out the Hirota Variety, we are interested in the
combinatorics of € (coming soon!)
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The main component

o The Hirota variety # lives in the space (C*)%* x WP38~1 with
coordinate ring Cla*,u,v,w], where deg(u;) = 1,deg(v;) =2, and
deg(wy) =3, for i=1,2,...,8.

@ We investigate the subvariety denoted by
FL = cl{(a, (u,v,w)) € #¢ : u#0})

° Jffg contains an irreducible subvariety of /¢ which we call the main
component, denoted by Jffg’.
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The parameterization map

Consider the map

¢ B ()P xwpds! (1)

(AO’/\I)«-wAfg)KI)K?_’-«-’Kzg) - (acl’a(:g’-n’aczgru’vyw)

where the coordinates a = (ac,, dc,, ..., dc,;) are indexed by the points in
€ =10,1}8.
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The parameterization map

Consider the map

¢ B ()P xwpds! (1)

(AO’/\I)«-wAfg)KI)K?_’-«-’Kzg) - (acl’a(:g’-n’aczgru’vyw)

where the coordinates a = (ac,, dc,, ..., dc,;) are indexed by the points in
€ =1{0,1}8. The image of ¢ is defined as

2 2 3 3

Ui=Koi-1—Kaj, Vi=Ky | —Kyy Wi=Ky | —Ky, foralli=1,...,8
dc = Ag H (xi—x;) H A;  where I={2i:¢;=0}u{2i—1:¢; =1},
ijel iici=1
i<j
for all ce €.

(2)
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The parameterization map

Consider the map

¢ B ()P xwpds! (1)

(AO’/\I)«-wAfg)KI)K?_’-«-’Kzg) - (acl’a(:g’-n’aczgru’vyw)

where the coordinates a = (ac,, dc,, ..., dc,;) are indexed by the points in
€ =1{0,1}8. The image of ¢ is defined as

2 2 3 3

Ui=Koi-1—Kaj, Vi=Ky | —Kyy Wi=Ky | —Ky, foralli=1,...,8
dc = Ag H (xi—x;) H A;  where I={2i:¢;=0}u{2i—1:¢; =1},
ijel iici=1
i<j
for all ce €.

_ (2)
FEY = (im(¢)).

Yelena Mandelshtam (UC Berkeley) Curves, Degenerations, Hirota Varieties March 10, 2022 23 /34



Motivation for the map (g=3)

@ Let X be a rational nodal curve, where n;, ns, n3 are its nodes. The
normalization of v: X — X that separates the 3 nodes of X is given by

a projective line.
@ We can consider k1,x2,...,Kg to be points on P! and set
1.
v (ng) := {K2i-1,K24}

@ a basis of canonical differentials is

1 1 1 ) 1( 1 1 )
w = - - dy, Wy = — - dy,
y\l-x2y 1-x1y y\l=-x4y 1-x3y
1 1 1
w3 = —( - )dy
y\l-xey 1-xs5y

when fixing y=1/x as local coordinate.
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Motivation for the map (g=3)

@ The canonical differentials define a map a’: (P1)? --» €3 such that

1 —sz—l)’i)
1—k2yi )

Yi Yi
(yl,yz)-—>(z a)j), where fowjzlog(

Exponentiation allows to map directly in the Jacobian through the
map C3 — (C*)3 given by ((z1,22,23) — (exp(z1),exp(z),exp(z3))). The
composition gives the Abel map a: (P1)? --» (C*)3 given by

1,)2)— ° ) ° ) :
I-xoy1) \1=x2y2) \1=xgy1) \1=%k4)2) \1=%ey1) \1—Kg)2
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Motivation for the map (g=3)

@ The canonical differentials define a map a’: (P1)? --» €3 such that

1 —sz—l)’i)
1—k2yi )

Yi Yi
(yl,yz)-—>(z a)j), where fowjzlog(

Exponentiation allows to map directly in the Jacobian through the
map C3 — (C*)3 given by ((z1,22,23) — (exp(z1),exp(z),exp(z3))). The
composition gives the Abel map a: (P1)? --» (C*)3 given by

1—1(1)/1)‘(1—1(1_)/2) (1—1(3‘)/1)'(1—1(3)/2) (1—1<5y1)'(1—1<5y2))
1—K2y1 1—K2y2 ’ 1—K4y1 1—K4y2 ’ 1—1(6_)/1 1—K6y2

1,y2) — ((

@ The theta divisor of X is the image of the Abel map a up to translation.
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Motivation for the map (g=3)

@ The canonical differentials define a map a’: (P1)? --» €3 such that

1 —sz—l)’i)
1—k2yi )

Yi Yi
(yl,yz)-—>(z a)j), where fowjzlog(

Exponentiation allows to map directly in the Jacobian through the
map C3 — (C*)3 given by ((z1,22,23) — (exp(z1),exp(z),exp(z3))). The
composition gives the Abel map a: (P1)? --» (C*)3 given by

1—1(1)/1)‘(1—1(1_)/2) (1—1(3‘)/1)'(1—1(3)/2) (1—1<5y1)'(1—1<5y2))
1—K2y1 1—K2y2 ’ 1—K4y1 1—K4y2 ’ 1—1(6_)/1 1—K6y2

1,y2) — ((

@ The theta divisor of X is the image of the Abel map a up to translation.

@ One can find the implicitizing equation cutting out the image of this map in
Macaulay?2. The resulting equation exactly gives the familiar theta function
for g=3, with the a. parametrized by the x;'s as in ¢.
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Motivation for the map (g=3)

@ we consider the theta functions

0(z) = apoo + a100 €xp(z1) + ap1o €xp(z2) + ago1 exp(z3) + a1 exp(zy + zz)
+ayo1 exp(z1 +z3) + ap11 exp(zz + z3) + a1 €xp(z) + 22 + z3).

and

0(z+h) = agoo + a100 exp (1) exp(z1) + ag10 exp(h2) exp(z2) + ago1 exp(h3) exp(zs3)
+ayioexp(hy + hp) exp(z) + z2) + ayo1 exp(hy + h3) exp(z) + z3)
+ ap11 exp(hy + h3) exp(zp + z3) + ar11 exp(hy + hy + h3) exp(z) + 22 + z3).

@ Letting A;:=exp(h;), we have

0(z+h) = agoo + A1 a100 €xp(21) + A2ap10 €xp(z2) + Azapo1 exp(z3) + A1 A2a110 €xp(z] + 22)
+A1A3a101 exp(z; +23) + A2 Azap11 exp(zz +z3) + A1 A2A3a111 exp(z; + 22 + 23).
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Soliton Matrix

With the parameterization given by ¢, we can express

T,y 1) = Z p[-H(Kj—Ki)-eXp[X'ZKi+y'ZK? + I'ZK?],
Ie( [Z]) ll]<E]1 i€l i€l iel
with the pr = Ag[1;¢=1 Ai for each I obtained from the points ce € by
taking the set I={2i:¢;=0lUu{2i—1:¢;=1}
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Soliton Matrix

With the parameterization given by ¢, we can express

Ty = ) PI'H(Kj_Ki)‘eXp[x'ZKi"'y'ZK?+t'ZK?]’

Ie( [Z]) lz]<EjI i€l i€l iel
with the pr = Ag[1;¢=1 Ai for each I obtained from the points ce € by
taking the set I={2i:¢;=0lUu{2i—1:¢;=1}

The corresponding soliton matrix is the g x 2g matrix

Adodi A9 0 0 0 O ... 0 O
0 0 A 1 0 0 .. 0 0
0 0 0 0 A3 1 ... 0 O
0 0 0 0 0 0 .. Ag 1
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The main component is an irreducible subvariety

Theorem (Fevola- M., 2022)

Consider the map ¢ as before. This is a birational map onto its image,
which is an irreducible subvariety of #¢ and has dimension 3g.

Proof Idea.

@ Any point in the image of ¢ is a point in the Hirota variety #% since
it can be expressed as a (g,2g)-soliton

@ The map ¢ is invertible outside the closed set where the u;'s vanish:

uf + Vi Vi— Lt%
and Koj =

2U;
@ We can conclude that the map ¢ is birational. This implies that the
closure of the image is irreducible and of dimension 3g.

K2i-1 =

2U;

0J

y
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The Schottky problem

o Let ./ be the moduli space of curves of genus g and <7, the moduli
space of abelian varieties of dimension g.

o Let J:./y— g be the Torelli map, taking curves to Jacobians
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The Schottky problem

o Let ./ be the moduli space of curves of genus g and <7, the moduli
space of abelian varieties of dimension g.

o Let J:./y— g be the Torelli map, taking curves to Jacobians

@ The Schottky problem is to find the defining equations for the locus of
Jacobians, defined as the closure of J(./) in <.

@ trivial in genus 3, solved in genus 4, hard for genus =5
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The Schottky problem

o Let ./ be the moduli space of curves of genus g and <7, the moduli
space of abelian varieties of dimension g.

o Let J:./y— g be the Torelli map, taking curves to Jacobians

@ The Schottky problem is to find the defining equations for the locus of
Jacobians, defined as the closure of J(./) in <.

@ trivial in genus 3, solved in genus 4, hard for genus =5

@ The weak Schottky problem is to find an ideal whose zero locus
contains the locus of Jacobians as an irreducible component.

@ This is related to finding solutions to the KP equation because a theta
function satisfies the KP equation when the corresponding abelian
variety is a Jacobian of a curve
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The main component is an irreducible component?
Showing that Jffg is an irreducible component is equivalent to solving the

Weak Schottky Problem for rational nodal curves, which can be solved by
showing that the map ¢ is dominant into A2
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The main component is an irreducible component?

Showing that Jffg is an irreducible component is equivalent to solving the
Weak Schottky Problem for rational nodal curves, which can be solved by
showing that the map ¢ is dominant into A2

Theorem (Fevola-M., 2022)

For genus g <7, the subvariety Jd]g[ is an irreducible component of the
Hirota variety F.
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Weak Schottky Problem for rational nodal curves, which can be solved by
showing that the map ¢ is dominant into A2

Theorem (Fevola-M., 2022)

For genus g <7, the subvariety Jd]g is an irreducible component of the
Hirota variety F.

Conjecture (Weak Schottky Problem)

Jffg is a 3g-dimensional irreducible component of F¢ with a parametric
representation given as in the map ¢.
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The main component is an irreducible component?

Showing that Jd]g[ is an irreducible component is equivalent to solving the
Weak Schottky Problem for rational nodal curves, which can be solved by
showing that the map ¢ is dominant into A2

Theorem (Fevola-M., 2022)

For genus g <7, the subvariety Jffg is an irreducible component of the
Hirota variety F.

Conjecture (Weak Schottky Problem)

Jffg is a 3g-dimensional irreducible component of F¢ with a parametric
representation given as in the map ¢.

Conjecture (Strong Schottky Problem)
M _ 7ol
Hg =g

v
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The g-Cube: €%

One can observe that €@ is the set of lattice points in 2conv(%¥) that are
not vertices, so there are 38 — 28 points.

Each d—dimensional face of convé corresponds to a point that is attained
291 times.
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Combinatorics of Ay

Proposition (Fevola-M., 2022)

A point ¢ = (cy,...,¢q) in the set €¢P js attained exactly 29-1 times, where
d=\{i:c;=1}|.
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Combinatorics of Ay

Proposition (Fevola-M., 2022)

A point ¢ = (cy,...,¢q) in the set €¢P js attained exactly 29-1 times, where
d=\{i:c;=1}|.

Lemma (Fevola-M., 2022)

The set €2 contains g28~! points which are uniquely attained. These contribute
g quartics of the form u;% —4ujwj+3v]2., for j=1,...,8 as generators of He.

Proof.

A point ce C is uniquely attained any time that the points ¢, ¢, € € such that
cr+c¢p =c lie on same edge of the cube. Such points contribute the quartics

Pro(u,v,w) := P((ck—c¢¢)-u, (Ck—Cp) -V, (Ck—Cp) - W).

The difference ¢ —cy corresponds to the direction of the edge. Hence out of
these g28~1 quartics of this form, g of them are distinct. O

V.
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Additional Combinatorics in A2

A face of the g-cube is defined by fixing g—d indices of the corresponding
points. Let the non-fixed indices be given by the set I. We call this set the
direction of the face.

(0.0,) o
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Additional Combinatorics in A2

A face of the g-cube is defined by fixing g—d indices of the corresponding
points. Let the non-fixed indices be given by the set I. We call this set the
direction of the face.
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Theorem (Fevola-M., 2022)

There are (8) face directions for each dimension d, and all faces with the

same direction contribute the same quartic, up to a multiple, to the ideal
defining Jffg .
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Thank youl
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