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Outline

The Kontsevich–Witten theorem for the intersection numbers
on Mg,n.

Relation with the Gromov–Witten invariants of CP1.

Idea of the proof: a formula for the KdV Hamiltonians using the
double ramification cycle and the degeneration formula for the
Gromov–Witten invariants of CP1.

Quantization of the KdV hierarchy and quantum intersection numbers.
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Stable algebraic curves

Smooth compact marked alge-
braic curves (Riemann surfaces)
(C;x1, . . . , xn), xi ̸= xj .

Marked nodal curves: all the singularities
are nodes (locally, {xy = 0} ⊂ C2), and
the marked points are smooth.

A stable curve is a marked nodal curve (C;x1, . . . , xn) such that
|Aut(C;x1, . . . , xn)| <∞.
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Moduli space of curves

Mg,n :=

{
the isomorphism classes of stable algebraic
curves of genus g with n marked points

}

Mg,n is a compact complex orbifold

dimCMg,n = 3g − 3 + n
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Intersection numbers

Cotangent line bundles:

Li → Mg,n, i = 1, . . . , n

ψi := e(Li) = c1(Li) ∈ H2(Mg,n)

Intersection numbers:

⟨τd1 . . . τdn⟩g :=
∫
Mg,n

ψd1
1 . . . ψdn

n

The generating series of intersection numbers:

F(t0, t1, t2, . . . , ε) :=
∑
g,n≥0

ε2g
∑

d1,...,dn≥0
⟨τd1τd2 . . . τdn⟩g

td1td2 . . . tdn
n!
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Witten’s conjecture

Witten’s conjecture (1991, proved by Kontsevich in 1992)

u = ∂2F
∂t20

is a solution of the Korteweg–de Vries (KdV) equation (we

identify x = t0)
∂u

∂t1
= uux +

ε2

12
uxxx.

Moreover, u is a solution of the whole hierarchy of infinitesimal
symmetries of the KdV equation

∂u

∂t2
=
u2ux
2

+ ε2
(uuxxx

12
+
uxuxx

6

)
+ ε4

uxxxxx
240

,

∂u

∂tn
=
unux
n!

+ . . . , n ≥ 3.

Together with the string equation ∂F
∂t0

=
∑

k≥0 tk+1
∂F
∂tk

+
t20
2 , this

determines all the intersection numbers.
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Relation with the Gromov–Witten invariants of CP1 I

For µ = (µ1, . . . , µk) ∈ Zk
≥1 and ν = (ν1, . . . , νm) ∈ Zm

≥1, k,m ≥ 1, with∑
µi =

∑
νj , denote by Mg,n(CP1, µ, ν) the moduli space of

stable relative maps to (CP1, 0,∞).

Let evi : Mg,n(CP1, µ, ν) → CP1 be the evaluation maps.

ω ∈ H2(CP1) is the class dual to a point.

Note that deg
[
Mg,n(CP1, µ, ν)

]vir
= 2(2g − 2 + l(µ) + l(ν) + n).

The space of holomorphic differentials
on any nodal curve is g-dimensional.

⇝

Rank g vector
bundle E over
Mg,n(CP1, µ, ν) called
the Hodge bundle.

The Hodge classes λi := ci(E) ∈ H2i(Mg,n(CP1, µ, ν)).
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Relation with the Gromov–Witten invariants of CP1 II

For d = (d1, . . . , dn) ∈ Zn
≥0, consider the integral

Pg,d(a1, . . . , ak) :=

∫
[Mg,n(CP1,A,(a1,...,ak))]

vir
λg

n∏
j=1

ψ
dj
j ev∗j (ω),

where A :=
∑
ai.

The integral is nonzero only if
∑
di = g − 1 + k.

Theorem (Blot–B., 2023)

1. Pg,d(a1, . . . , ak) is a polynomial in a1, . . . , ak, homogeneous of degree
2g + n− 1.

2. For
∑
di = 3g − 2 + n and k = 2g + n− 1, we have∫

Mg,n+1

ψd1
1 · · ·ψdn

n =
1

k!
Coefa1···akPg,d.
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Conserved quantities of the KdV equation

KdV equation ut = uux +
ε2

12uxxx.

Suppose ε ∈ R, u = u(x, t) is a smooth function, and u together with
sufficient number of x-derivatives go to zero when x→ ±∞.

(∫
R
udx

)
t

=

∫
R
∂x

[
u2

2
+
ε2

12
uxx

]
dx = 0,(∫

R
u2dx

)
t

=

∫
R
∂x

[
2u3

3
+
ε2

6
uuxx −

ε2

12
u2x

]
dx = 0,(∫

R

(
u3+ ε2

4
uuxx

)
dx

)
t

=

∫
R
∂x

[
3u4

4
+ ε2

2
u2uxx+

ε4

48 (uuxxxx+u2
xx−uxxxux)

]
dx=0.

For each n ≥ 0, there is a conserved quantity hn of the form

hn =

∫
R

(
un+2

(n+ 2)!
+O(ε2)

)
dx.
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Space of local functionals, Poisson structure

Algebra of differential polynomials Â := C[u, ux, uxx, . . . , ε], ui := ∂ixu.

∂x :=
∑

n≥0 un+1
∂

∂un
: Â → Â.

Space of local functionals Λ̂ := Â/Im(∂x).

Projection Â → Λ̂, f 7→
∫
fdx.

Conserved quantities of the KdV equation hn ∈ Λ̂.

Variational derivative δ
δu :=

∑
n≥0(−∂x)n ◦ ∂

∂un
: Â → Â.

Im(∂x) ⊂ Ker( δ
δu) ⇒

δ
δu : Λ̂ → Â is well defined.

Poisson bracket on Λ̂: {f, g} :=
∫ δf

δu∂x
δg
δudx.
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Algebra of differential polynomials Â := C[u, ux, uxx, . . . , ε], ui := ∂ixu.

∂x :=
∑

n≥0 un+1
∂

∂un
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δu : Λ̂ → Â is well defined.

Poisson bracket on Λ̂: {f, g} :=
∫ δf

δu∂x
δg
δudx.



Outline KW theorem Relation with the GW theory of CP1 Idea of the proof Quantum intersection numbers

Space of local functionals, Poisson structure
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The Hamiltonian structure of the KdV hierarchy

The KdV hierarchy is Hamiltonian:

∂u

∂tn
= {u, hn} = ∂x

δhn
δu

, {hm, hn} = 0.

The first few Hamiltonians are

h0 =

∫
u2

2
dx,

h1 =

∫ (
u3

6
+
ε2

24
uuxx

)
dx,

h2 =

∫ (
u4

24
+
ε2

48
u2uxx +

ε4

480
u2xx

)
.

The Hamiltonian h1 gives the KdV equation
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More on the intersection numbers

u = ∂2F
∂t20

is a solution of the KdV hierarchy ∂u
∂tn

= {u, hn}, with the initial

condition u|t≥1=0 = x (recall that we identify t0 = x).

∂nu

∂td1 . . . ∂tdn

∣∣∣∣
t∗=0

=
∂n+2F

∂t20∂td1 . . . ∂tdn

∣∣∣∣
t∗=0

=

=
{{
. . .
{{
u, hd1

}
, hd2

}
, . . .

}
, hdn

}∣∣
uk=δk,1

,

or equivalently

∂n+1F
∂t0∂td1 . . . ∂tdn

∣∣∣∣
t∗=0

=

{{
. . .

{{
δhd1
δu

, hd2

}
, hd3

}
, . . .

}
, hdn

}∣∣∣∣
uk=δk,1
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More on the Poisson structure on Λ̂

The Poisson structure on Λ̂ can be described in more familiar terms.

B̂ := C[p1, p2, . . .][[p0, p−1, p−2, . . . , ε]].
Poisson bracket on B̂: {P,Q} :=

∑
k∈Z ik

∂P
∂pk

∂Q
∂p−k

, P,Q ∈ B̂.

Linear map ϕ : Â → B̂, f 7→ Coefei0x
(
f |uk=

∑
a∈Z(ia)

kpaeiax

)
(informally,

we consider the expansion of u in the Fourier series
“u(x) =

∑
a∈Z pae

iax”).

Im(∂x) ⊂ Ker(ϕ) ⇒ ϕ : Λ̂ → B̂ is well defined.

ϕ : Λ̂ → B̂ is an injection.

ϕ({f, g}) = {ϕ(f), ϕ(g)}, f , g ∈ Λ̂.

We will denote ϕ(hn) ∈ B̂ by hn.

We will give an explicit formula for the KdV Hamiltonians hn, as
elements of B̂, using the moduli space Mg,n.
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The double ramifiction cycles on Mg,n

(a1, . . . , an) ∈ Zn,
∑
ai = 0.

The partition µ is formed by the positive numbers among the ai-s. The
partition ν is formed by the negatives of the negative numbers among the
ai-s. n0 is the number of zeroes among the ai-s.

The space M∼
g,n0

(µ, ν) is the moduli space of stable relative maps to

rubber CP1 (stable relative maps that differ by an automorphism of the
target are considered as isomorphic).

The map st : M∼
g,n0

(µ, ν) → Mg,n assigns to a stable relative map the
source curve.

The class DRg(a1, . . . , an) := st∗([M
∼
g,n0

(µ, ν)]vir) ∈ H2g(Mg,n) is called
the double ramification (DR) cycle.
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The KdV Hamiltonians and the double ramification cycles

Here is an explicit geometric formula for the KdV Hamiltonians, as
elements of B̂.

Theorem (B., 2015)

hd =
∑

g≥0, n≥2

(−ε2)g

n!

∑
a1,...,an∈Z∑

ai=0

(∫
Mg,n+1

ψd
1λgDRg(0, a1, . . . , an)

)
n∏

i=1

pai .

Example: consider

h1 =
∫
(u

3

6 + ε2

24uuxx)dx =
∑

a1+a2+a3=0
pa1pa2pa3

6 − ε2
∑

a∈Z a
2 pap−a

24
Then∑

a1+a2+a3=0
pa1pa2pa3

6 ↭
∫
M0,4

ψ1λ0DR0(0, a1, a2, a3) = 1∑
a∈Z a

2 pap−a

24 ↭
∫
M1,3

ψ1λ1DR1(0, a,−a) = a2

12
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Applying the degeneration formula

The theorem is proved using the formulas

∂n+1F
∂t0∂td1 . . . ∂tdn

∣∣∣∣
t∗=0

=

{{
. . .

{{
δhd1
δu

, hd2

}
, hd3

}
, . . .

}
, hdn

}∣∣∣∣
uk=δk,1

and

hd =
∑

g≥0, n≥2

(−ε2)g

n!

∑
a1,...,an∈Z∑

ai=0

(∫
Mg,n+1

ψd
1λgDRg(0, a1, . . . , an)

)
n∏

i=1

pai

together with the degeneration formula in the Gromov–Witten theory of
CP1.
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Towards quantum KdV I

We want to describe a certain quantization of the KdV hierarchy. What do
we mean by this?

Baby example: Weyl algebra W = C[x, p, ℏ] =
{∑

i fi(x, ℏ)pi
}
.

Viewing “p = ℏ∂x”, noncommutative multiplication ⋆ is given by the
composition of operators. For example, p ⋆ x = x ⋆ p+ ℏ.

Equivalently, f ⋆ g =
∑

k≥0
ℏk
k!

∂kf
∂pk

∂kg
∂xk = f

(
e
ℏ
←−
∂
∂p

−→
∂
∂x

)
g, f, g ∈W .

Commutator [f, g] = f ⋆ g − g ⋆ f .

Poisson structure on C[x, p]: {f, g} = ∂f
∂p

∂g
∂x − ∂f

∂x
∂g
∂p .

For f = f0︸︷︷︸
∈C[x,p]

+O(ℏ), g = g0︸︷︷︸
∈C[x,p]

+O(ℏ), we have

[f, g] = ℏ{f0, g0}+O(ℏ2) .

This gives a (deformation) quantization of the Poisson bracket on C[x, p].
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Towards quantum KdV II

Recall that B̂ = C[p1, p2, . . .][[p0, p−1, p−2, . . . , ε]] with bracket

{P,Q} =
∑
k∈Z

ik
∂P

∂pk

∂Q

∂p−k
.

Introduce

f ⋆ g := f

(
e
∑

k>0 iℏk
←−−
∂

∂pk

−−−→
∂

∂p−k

)
g, f, g ∈ B̂[[ℏ]].

For f = f0︸︷︷︸
∈B̂

+O(ℏ), g = g0︸︷︷︸
∈B̂

+O(ℏ), we have [f, g] = ℏ{f0, g0}+O(ℏ2).

By definition, a quantization of the KdV hierarchy is a collection of

elements Hn = hn +O(ℏ) ∈ B̂[ℏ]] such that [Hm, Hn] = 0.

The moduli space Mg,n gives a beautiful construction!
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Quantum KdV hierarchy I

Recall
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a=(a1,...,an)∈Zn∑

ai=0
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i=1 pai
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Mg,n+1

ψd
1(−ε2)gλgDRg(0, a)
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a=(a1,...,an)∈Zn∑

ai=0
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i=1 pai
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Mg,n+1

ψd
1

(
(−ε2)gλg + (−ε2)g−1iℏλg−1 + . . .+ (iℏ)g︸ ︷︷ ︸

=(−ε2)gλg+O(ℏ)

)
DRg(0, a)

Obviously, Hn = hn +O(ℏ).

Theorem (B.–Rossi, 2016)

[Hm, Hn] = 0.
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Quantum KdV hierarchy II

The integral∫
Mg,n+1

ψd
1

(
(−ε2)gλg + (−ε2)g−1iℏλg−1 + . . .+ (iℏ)g

)
DRg(0, a1, . . . , an)

is a polynomial in a1, . . . , an.

This implies that Hn =
∫
Hndx for some Hn ∈ Â[ℏ].

For example,

H1 =

∫ (
u3

6
+
ε2

24
uuxx −

iℏ
24
u

)
dx,

H2 =

∫ (
u4

24
+ ε2

u2uxx
48

+ ε4
uuxxxx
480

− iℏ
2uuxx + u2

48
− iℏε2

u

2880

)
dx.
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Quantum intersection numbers

Recall
∂n+1F

∂t0∂td1 . . . ∂tdn

∣∣∣∣
t∗=0

=

{{
. . .

{{
δhd1
δu

, hd2

}
, hd3

}
, . . .

}
, hdn

}∣∣∣∣
uk=δk,1

.

Define F (q) ∈ C[[t0, t1, . . . , ε, ℏ]] by the relations

∂n+1F(q)

∂t0∂td1 ...∂tdn

∣∣∣
t∗=0

= ℏ1−n
[[
. . .

[[
δHd1
δu , Hd2

]
, Hd3

]
, . . .

]
, Hdn

]∣∣∣∣
uk=δk,1

,

∂F(q)

∂t0
=
∑

i≥0 ti+1
∂F(q)

∂ti
+

t20
2 − iℏ

24 .

Obviously, F (q) = F +O(ℏ).
Introduce quantum intersection numbers:

⟨τd1 . . . τdn⟩l,g−l := i
∑

dj−3g−n+3Coefε2lℏg−l

∂nF (q)

∂td1 . . . ∂tdn

∣∣∣∣∣
t∗=0

∈ Q.

Relation with the classical intersection numbers:
⟨τd1 . . . τdn⟩g,0 = ⟨τd1 . . . τdn⟩g.
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Relation with stationary Gromov–Witten invariants of CP1

Theorem (Blot–B., 2023)

Let g, l ≥ 0, n ≥ 1, and d = (d1, . . . , dn) ∈ Zn
≥0.

1. For any k ≥ 1, the integral
Pg,l,d(a1, . . . , ak) :=∫
[Mg,n(CP1,A,(a1,...,ak))]

vir λl
∏n

j=1 ψ
dj
j ev∗j (ω), a1, . . . , ak ∈ Z≥1,

is a polynomial in a1, . . . , ak. Here A :=
∑
ai.

2. Let k :=
∑
dj − 2g + l + 1. Then

⟨τ0τd1 . . . τdn⟩l,g−l =


1

k!
Coefa1···akPg,l,d , if k ≥ 1,

(−1)g
∫
Mg,2

λgλlψ
d1
1 , if k = 0 and n = 1,

0, otherwise.
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Theorem of X. Blot

Denote S(z) := ez/2−e−z/2

z .

Theorem (X. Blot, 2022)

For g, n ≥ 0 satisfying 2g − 2 + n > 0, we have∑
d1,...,dn≥0

⟨τd1 . . . τdn⟩0,g µ
d1
1 · · ·µdnn =

=
(∑

µj

)2g−3+n
Coefz2g

(∏n
j=1 S(µjz)

S(z)

)
.
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Relation with one-part double Hurwitz numbers

X. Blot interpreted the theorem in the following way.

For two tuples µ = (µ1, . . . , µk) ∈ Zk
≥1 and ν = (ν1, . . . , νm) ∈ Zm

≥1,
k,m ≥ 1, with

∑
µi =

∑
νj , denote by Hg

µ,ν the double Hurwitz number.

Goulden–Jackson–Vakil (2005):

Hg∑
µj ,(µ1,...,µn)

= r!
(∑

µj

)r−1
Coefz2g

(∏n
j=1 S(µjz)

S(z)

)
,

where r := 2g − 1 + n.

Equivalent formulation of the theorem:

⟨τd1 . . . τdn⟩0,g = Coef
µ
d1
1 ···µ

dn
n

(
Hg∑

µj ,(µ1,...,µn)

r!
∑
µj

)
.
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More on the theorem of X. Blot

In the case l = 0, our theorem says that
⟨τ0τd1 . . . τdn⟩0,g =

=
1

k!
Coefa1···ak

∫
[Mg,n(CP1,A,(a1,...,ak))]

vir

n∏
j=1

ψ
dj
j ev∗j (ω),

where k =
∑
dj − 2g + 1 ≥ 1.

The integral
∫
[Mg,n(CP1,A,(a1,...,ak))]

vir

∏n
j=1 ψ

dj
j ev∗j (ω) is a stationary

relative Gromov–Witten invariant of CP1, for which Okounkov and
Pandharipande (in 2006) presented an explicit formula using the infinite
wedge technique.
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Infinite wedge formalism

V =
⊕

k∈Z+ 1
2
Ck,

Λ
∞
2 V =

〈
a1 ∧ a2 ∧ . . .

∣∣ai = −i+ 1
2 + c for some c and i big enough

〉
,

ψk : Λ
∞
2 V → Λ

∞
2 V, ψk(v) := k ∧ v,

ψ∗k : Λ
∞
2 V → Λ

∞
2 V, ψ∗k(a1∧a2∧ . . .) :=

∑∞
i=1(−1)i−1δai,ka1∧ . . .∧ âi∧ . . .,

: ψiψ
∗
j :=

{
ψiψ

∗
j , if j > 0,

−ψ∗jψi, if j < 0,

Er(z) =
∑

k∈Z+ 1
2
ez(k−

r
2
) : ψk−rψ

∗
k : +

δr,0
ζ(z) , where r ∈ Z and

ζ(z) = e
z
2 − e−

z
2 ,

Commutation relation [Ea(z), Eb(w)] = ζ(aw − bz)Ea+b(z + w),

αk = Ek(0), k ̸= 0,

v∅ = −1
2 ∧ −3

2 ∧ . . .,

For an operator A : Λ
∞
2 V → Λ

∞
2 V denote by ⟨A⟩ the coefficient of v∅ in

Av∅.
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Okounkov–Pandharipande formula

∫
[Mg,n(CP1,µ,ν)•]

vir

∏n
j=1 ψ

dj
j ev∗j (ω) =

1∏l(µ)
i=1 µi

∏l(ν)
j=1 νj

Coef
z
d1+1
1 ···zdn+1

n

〈∏l(µ)
i=1 αµi

∏n
j=1 E0(zj)

∏l(ν)
i=1 α−νi

〉
.

In a joint work with X. Blot (will appear in arXiv soon), using the
Okounkov–Pandharipande formula, we give a short proof of the theorem of
X. Blot.
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