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Definition

Map is a graph on a 2-dim surface (compact, oriented, without boundary) such that the
complement is homeomorphic to the disjoint union of open disks.
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Fully simple maps

Definition
Fully simple map is a map with a fixed subset of faces (will call them boundary) with a

coinditon:
each vertex can be incident to only one boundary face.
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Permutational model

Consider the set of 2|E| oriented edges and 3 permutations:
@ oy rotates each edge anticlockwise around its end point;
@ o7 rotates each edge around its middle point, i.e swaps orientation of each edge;
@ 0, rotates each edge anticlockwise around the face to its left.

We obtain 3 permuations og, 01,02 € Sy g, such that 010902 = Id.

There is a one to one correspondence between the equivalence classes of maps and equivalence
classes of triples of permuations.
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Permutational model

Fully simple maps
For each boundary face fix an oriented edge which is incident to it. Denote this set of oriented

edges by R.
Then we have one more condition:

@ no two elements of R lie in the same cycle of o».
FSmaps then characterized by the following condition:
@ The union of o3 orbits of R has to lie in different og orbits.
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Enumeration

Definition

Two FSmaps are equivalent if there is an orientation preserving homeomorphism of the
underlying surfaces such that all data is preserved and boundary faces are fixed.

Let p1, ..., u, be the degrees of the boundary faces;
Let [, ... 4, the set of all maps;

Let FST ;... ., the set of fully simple maps;

Let f;(M) be the number of internal faces of degree i;
xM)=V —E+Fjy =2-2g—n;

®© 6 6 6 ¢

Map(ps,....pn) = . KX R0
MET 1. un
FSMap(pa, ... pa) = > B XM B0
MEFST 1. pn
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Monotone Hurwitz numbers

® P\, Ti,...,Tm, Pu — Ppermutations from Sg;

® T1,...,Tm — transpositions;

@ pa, pp — permutations of cyclic types A and p;

e Monotonicity condition — if 7; = (a;, b;), a; < b;, then by < by < ... < by,

Definition

1
Hr§(>\7 ,LL) = E#{(p>w T1s-+-5Tm, pH)|p)\Tl < TnPp = Id}7
HS(\ ) = Y Hs (A, m)h™.

m=0
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Maps — Fully simple maps duality

Theorem (Borot, Charbonnier, Do, Garcia-Failde, 2019)

()
FsMap(A) = [T A [T mix !ZH<(A,M)‘h_ Map(p)
i=1 j<1 ukd *_
o)
Map(A) = [T N TT mi!D H= (A, 1) FSMap(u)
i=1 Jj<1 pHd

Ai, i=1,...,¢(\) — parts of the partition \.
mj(A) — is the number of occurrences of j as a part in the partition .
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Combinatorics of the symmetric group

Let C) = S (ij1)... (ikjk) be the sum of all possible monotonic decomposition of k

S-Sk
transpositions.

1 .
Then HE(\, p) = FriLen[e C,Ch

In the regular representation pcs,:

1\? -
HEO ) = (77) 1(pes (G.GEW)
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Jucys—Murphy elements

Definition

XL =0, Xp = (12), X3 = (13) + (23), ..., X = (LK) + (2K) + ...+ (k — 1 k);

Clk) = = h(X1,..., Xq) = ' > ' Xi, ... Xj, — complete symmetric polynomials.

Theorem (Jucys—Merphy, 1981)

Let a € ZCSy and a = P,(X4,...,Xy) is a symmetric polynomial polynomial, then the
eigenvalue ay of the action of a in the irreducible representation py is equal to P,(c()\)), where
c(X) is the vector of contents of the Young diagram .

Y He i puax = Y _sy(P)si(a) T =5y
k n

(i:) En
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Fock space reformulation

Definition

Let C[[p1, p2, - -.]] is a Fock space of formal power series in p variables and
@ |) denotes 1 in this space.
@ |( is an operator of taking the linear term of the series.
@ Jy=0,J,=p_,a<0, J,=py0p,a>0.

o D is a diagonal operator in the basis of Schur functions, D : sy — []; ic\ (1 +2(j — i))sx
h b

o0
J

Mapg(ul, ‘e ,,LLn) [h2g 2+n]<| HI 1 Iu
» J
D His O\, )k = (| T] 2D T 3

De

?) = (e TTL, 2 2),

|h—>—h'

Theorem (BDKS,21")

SH_ nJ,
Let Z = 5 " Dewt, then FSMapg(yua, - - ., i) = [~ 2)(| T] “Ap1Z]).
i=1 i
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Topological recursion [Chekhov, Eynard, Orantin 2007]

(X, wo,1,w0,2) ~ {wg,n}

Initial data

@ ¥ — Riemann surface
@ wo 1(z) = y(z)dx(z) — differential on X

® woo(z1,2) = % — bidifferential on ¥ x &

Differential of topological recursion wg,,

wg.n(z1,...,2,) for 2g —2 + n > 0 are symmetric meromorphic differentials on X" with poles
(in each variable) only at zeroes of dx(z;).
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TR: the formula

o(w)

J woz2(z0,-)

NGORG]

1
wg,n+1(207217'-'7zn) = E 1%esw EUJ
w: dx|,=0
!/

: (Wg1,n+2(W,J(W);zla"'azn)+ Z wg1,|l1+1(Wazl1)wg2,I2|+1(0(W),Z/2))

g1t+e=¢

o ' means that we exclude from the sum two cases when g; = g and
li=Az,...,z}, i =1,2.

@ o is an involution near the ramification point w.
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TR: examples

Hurwitz numbers (simple, double, monotone, weighted etc.);
enumeration of maps (hypermaps, fully simple, weighted etc.);
correlators of matrix models;

correlators of Cohomological field theories (Gromov—Witten invariants);

Weil-Petterson volumes, Masur—Veech volumes of moduli spaces, etc.
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Enumeration & TR

Given a collection of quantities

fg,,ua gZOau:(M17"'>Mn)>Mi21-
We pack them into generating series

Correlator functions:

o0
— M1 n
Hg n(x1,...,Xx0) = E fouxi .. xhm.
1oy fin=1
Correlator differentials:
o0 n
_ _ pi—1
Wan(X1,. .y Xp) =di...dyHg p = E fg,uH“iXi Tdx;.
H1yeeesfin=1 i=1
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Enumeration & TR

fe.u (or Hg , or enumerative problem) satisfies topological recursion if there is a change of
variables x = x(z) such that w, , becomes rational in the coordinates z, ..., z, (i.e. after
substitution x; = x(z;)) for all (g, n).

TR — quantities
@ Y Riemann surface;
@ z uniformizing global coordinate on ¥;
® wg n(z1,...,2,) global meromorphic symmetric differential on X";
@ (0 € ¥, x) a distinguished point and a local coordinate at this point;

@ We are interested in the power expansion of wy , at the point (o,...,0) € X" in the local
coordinates x; = x(z;).
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TR: examples

Simple Hurwitz numbers

Y= CP!, x(z)=log(z)— 2z, y(z) =
The expansion of the differentials wg , near the points z; = z = ... = z, = 0 in the
coordinates X; = exp(x(z)),i =1,...,n give the series Hg (X1, ..., X,) for simple Hurwitz

numbers.

Kontsevich—Witten intersection numbers

Y =CP', x(2)=

2
% y(z)=1z

Corresponds to the KW intersection numbers [ ¢4 ... )k,
Mg,
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TR for maps

Example (Initial data for maps)
Let

V(z) = x(z) — Z tix(2)5; (t, to,..) = [z V(2); a(ty, b,...) = [2°]V(2)
Then
x(z)=a+r(z+3)

¥(z) = V(2)1x(z) - 1
(CP', X(z2) = 1/x(2), y(2), dzrdza /(21 — 22)2), ¥ = ydX/X
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x—y duality

What happens if one swaps x and y? l.e. replaces (¥, x,y) with (X,y,x)?

Is it possible to express the resulting w,

Theorem (JABDKS'22])

w

(

V&) (zpy)
iy dxY

ﬁiak,‘ k:]ﬁ
i |

i=1 k;=0

I

oo
>
£=0

+ 4

M(Zu\ i)
‘el dx;

g,n),(O,l)(_Xl)-

s w
u;S(hujdx;) S22 p2E 1 0

— (te(j) (i)

V1] Z |A t(r

S (hii;ds,)

V,(g)

through the original wp

(g)?

The sum is over all connected graphs I with n labeled vertices and multiedges
E(T) of index > 2.

All legs of every given multiedge e are labeled from 1 to |e| in an arbitrary way.
For a multiedge e with index |e| its attachment to the vertices is controlled by
the associated map e: [|e|] — [n].

For e with |e| = 2

2051, %) = Oy, ) - (j:l_idxxz) if e(1) = e(2), and

;,;go) (%1, %) = (O) (%1, Xo) otherwise.

For all (g, n) # (O, 2)
5 -

g(T") is the first Betti number of I".
| Aut(T)| is the number of automorphisms of I'.

k:
[th] (respectively, [u’.’]) is the operator that extracts the respective
coefficient from the whole expression to the right of it, i.e.

m i
[x ]E?:O—oo aix' == am.
Laﬂb is the operator of substitution a — b.

S(@) = (/2 = e72/2) /2.
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Reed from tha right o the GL4

‘(\ﬂ \)»0;}:‘ chgﬁ 5




X — y swap duality: basic properties

Theorem ([ABDKS, 22'])

1. The x — y dual differentials are meromorphic, symmetric, and w,\,/’(g) — 9(g,n),(0,2) (Zzi‘zz)z is

regular on the diagonals.

2. The inverse transformation is given by the same formula with the roles of x and y swapped

3. If {wf,g)} solves TR with the initial data (X, x,y, B), then
{w"®} solves TR with the initial data (X, y, x, B).
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Applications of x — y swap |: closed formulas for TR differentials

Consider TR for the spectral curve data (X, x, y, B) with

dzidz

_ _ ~pl _
y(z)=z, ¥=CP*, B= = 2

(E.g. KW intersection numbers, enumeration of maps, Hurwitz numbers, etc.)

V' =y = z has no critical points
= the dual TR is trivial: w, ") =0 for (g,n) #(0,2)
= applying x — y swap we get an explicit formula for w'®:

walzp) = (-1)" D (=di )" (—dage) Ut

r,...,rn>0

- ui(S(uihdz)=1)xi 4.\ (_ 1
H(e S(uihd;)—1 dz,) Z Hz,f ) + (U7 + Ui )h/2’

i=1 o€cycl(n)

Similar closed formulas exist in some other cases, e.g. for y = log z, that is dy = %
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Applications of x — y swap ll: integrability
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