
Exercise 19 in Basic Algebraic Topology

Problem 1. Let X = A ∪ B, and let the chain complex C(X)/(C(A) + C(b))
be acyclic. Prove that the homomorphism γ : Hq(A ∪ B) → Hq−1(A ∩ B) in the
Mayer-Vietoris homology sequence is the composition

Hq(A ∪B) ∼←− H{A,B}
q (A ∪B) ∂∗−→ Hq−1(A ∩B) ,

where ∂∗ comes from the short exact sequence of chain complexes

0 → C(A ∩B) → C(A)⊕ C(B) → C(A) + C(B) → 0 .

Problem 2. Let Z ⊃ W be a topological pair, Z = X ∪ Y , W = A ∪B, where
X ⊃ A and Y ⊃ B. Suppose that each of the coverings Z = X ∪Y and W = A∪B
satisfies the conditions of the Mayer-Vietoris theorem. Prove that there exists a
long exact homology sequence

... → Hq(X ∩ Y, A ∩B) ±−→ Hq(X, A)⊕Hq(Y, B) ∓−→ Hq(X ∪ Y, A ∪B)

γ−→ Hq−1(X ∩ Y,A ∩B) → ...

Good luck!
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