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ABSTRACT. The Singular Cardinal Hypothesis (SCH) is one of the most clas-
sical combinatorial principles in set theory. It says that if « is singular strong
limit, then 2% = k. We prove that given a singular cardinal x of cofinality
n in the ground model, which is a limit of suitable large cardinals, there is
a forcing extension such that x becomes W, and SCH fails at k. Our large
cardinal assumption is below the existence of a superstrong cardinal. In our
model we also obtain a very good scale.

1. INTRODUCTION

The Singular Cardinal Hypothesis (SCH) says, roughly speaking, that if 6 is a
singular cardinal then 2 has the smallest value consistent with the restrictions
provable in ZFC: in particular SCH implies that if 6 is a singular strong limit
cardinal, then 2¢ = §*. Failure of SCH is known to require some large cardinal
hypotheses.

The first models for the failure of SCH were built by starting with a large cardinal
K, forcing that GCH fails at x while preserving some large cardinal property of k,
and then making x singular via Prikry-type forcing. Gitik and Magidor [I] gave
a construction which starts with a large cardinal and simultaneously adds many
cofinal w-sequences in x, while keeping it strong limit.

In subsequent work, Gitik and Magidor [2] gave a construction which starts with
a cardinal k that is the limit of w many strong cardinals, and adds many cofinal
subsets of x while keeping  strong limit. Recently Gitik [3] showed how to achieve
a similar result when & is a limit of large cardinals and has uncountable cofinality.
In the resulting extension k is quite large, for example it is a cardinal fixed point.

We prove the following theorem:

Theorem 1. Assume GCH holds, and there is an increasing sequence of cardinals
(Kot <) and an integer n > 2 such that, letting X = (Sup,<, fa)*":
(1) 0 <n < ko and n is limit.
(2) There is a sequence of (Kq, A)-extenders (Eq @ a < n) such that:
(a) If My = Ult(V, E,), then M, computes cardinals correctly up to and
including X\, and "M, C M,,.
(b) If jg, : V. — My is the ultrapower map, then jp,(Es) [ A = Eqo for
a<p<n.
(¢c) There is a function s, : ko — Ko With jE, (8a)(Ka) = SUP4<,) Ka-
Then there is a A-c.c. forcing poset such that in the gemeric extension, for each
limit ordinal B < n, 288 > Ng", and 281 = N
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The condition “jg,(Ey) [ A = E, for a < 8 < 7" is a form of coherence for
the sequence of extenders: it implies that the sequence is Mitchell increasing in the
sense that E, € Ult(V, Eg) for a < 8 < n. Gitik has conjectured that the existence
of an uncountable Mitchell increasing sequence as above (with n = 2) is optimal
to obtain failure of SCH at a singular cardinal of uncountable cofinality which is
singular in the core model.

Our forcing construction is inspired by Gitik’s construction [3] which blows up
the powerset of a singular cardinal with any cofinality, and his recent work on
collpasing generators [4].

We assume the reader is familiar with large cardinals and forcing. Our presen-
tation of extender-based forcing follows the same lines as some work of Merimovich
[5].

Our notation is mostly standard. For each sequence of ordinal length X = (z; :
i<a)and f <o, wewrite X [ f=(z;:1<f),and X\ = (x;: 8<i<a).

The organization of this paper is as follows:

e In Section [2] we describe the assumptions we use to build the forcing. We
then introduce the notions of domains and objects, explain the connection
between objects and extenders, and do some extender analysis.

e In Section we decsribe the forcing construction and explain how the
extension works. After that, we describe the chain condition and closure
of the forcing, and prove an integration lemma, which plays a vital role in
proving the Prikry property.

e In Section [4 we prove the Prikry property and the strong Prikry property.

e In Section p| we describe which cardinals are preserved.

e In Section [6] we analyze some scales. We use scales to show cardinal arith-
metic, and also show that one of the scales derived from the forcing is very
good.

e In Section |7} we show that the existence of a superstrong cardinal is suffi-
cient to yield our initial assumptions for building the forcing.

2. PRELIMINARIES

We start with a ground model V' in which GCH holds. Our assumptions are
slightly more general than those of Theorem [I} because we will establish some of
the properties of the main forcing (notably the Prikry property) by induction on 7.
In our assumptions A is still of the form p™™, but in our induction argument for the
Prikry property, the proof requires extenders of longer lengths, hence we permit p
to be larger than (Supoé<77 Ka)T™. Throughout the paper, we treat the case n = 2.
One can modify our analysis to generalize for any larger n.

Fix an ordinal > 0 (n can be finite), and a sequence of cardinals (ko : o < 1)
with n < ko. For each o with 0 < o <, let K, = supg,, g, and let Ko be regular
such that max{w,n} = Rg < ko. Let p > &,, where p is either an inaccessible
cardinal or a limit of inaccessible cardinals, and let A = p™+.

Assume that :

(1) For each «, k, carries a (kq, \)-extender E,.

(2) Let jg, : V — M, be derived from the extender E,. Then M, is closed un-
der k4-sequences, and M, computes cardinals correctly up to and including
A
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(3) There is a function s, : kg — kq With jg_(sq)(Ka) = p, and sa(v) >
max{v, R, } for all v.
(4) The sequence of extenders (E, : a < 1) is pairwise coherent in the sense of
[6], that is for @ < 8 <0, jp;(Fa) [ X = Eq.
As we noted already, the coherence of the extender sequence implies the Mitchell
increasing property, namely, for a < § <1, B, € Ma.

Observe that the sequence (k, : @ < 1) is not continuous. In general, for o with
a+1<n, Rar1 = Ko In addition, for each o < 1, Ry < Kq, hence requirement
is sensible.

We believe that the coherence requirement can be dropped. The reason we
include it in the assumptions is that it simplifies the definition of the forcing
poset. Without this condition we have to fix functions f, g which represent E,
in Ult(V, Eg), which reduces readability. We note that using conditions [3|and {4} we
have that jg, (¢ — Es | 53(¢)T)(kg) = Ea, so that E, is represented in a very
simple way.

The following representation of the extenders is due to Merimovich [5]. For each
a < n, we let an a-domain be a set d € [A]"» such that ko, +1 C d. In the
original Merimovich context k, = min(d), but it our case, it is more convenient
to have d D k4 + 1. Define me,(d) as (jg, | d)~'. We represent E, = (E,(d) :
d is an a-domain), where X € E,(d) iff mc,(d) € jg,(X). From this point, if there
is no ambiguity about the value of «, we may drop « from the notation (refer to
an a-domain as a domain, E, as E, mc,(d) as mc(d) and so on). We define a set
on which E,(d) concentrates.

Definition 2. Let d be an a-domain. OB,(d) is the collection of d-a-objects, which
are the functions p such that

(1) dom(p) C d, ran(p) C kg, and ko € dom(p),

(2) |dom(u)| = pu(ka) (which is below k), and u(kq) is inaccessible.

(3) dom(u) Nk = p(ka).

(4) p is order-preserving, and

(5) for B € dom(s) N\ ke, (5) = B.

As mentioned earlier, it is straightforward to check that E,(d) concentrates on
d-a-objects. It is easy to see that for each domain d, there is a unique a < 71 such
that d is an a-domain. Hence we use the term “d-object” to refer to a d-a-object for
the unique « such that d is an a-domain. The collection (E,(d) : d is an a-domain)
comes with natural projections. For each pair of a-domains d C d’ define 7y 4 :
OB, (d") = OB, (d) by mg q(t) = g | d: it is routine to check that 74 4 projects
E.(d") to E4(d). We do some analysis of extenders in Lemma [1] and Lemma

Lemma 1. Suppose 0 < a;y < --+ < «y,_, <1, for each j < k, d; is an a;,-
domain, A;j € Ea, (d;), and F': [];}, Aj — 2. Then there are B; C A;, B; €
Eo,, (di) such that F' | (I[;x Bj) is constant.

Proof. Induct on k. The case kK = 1 is trivial. Suppose k¥ > 1. For each p €
Aoy let By 2 T, Aj — 2 be defined by F,(Z) = F(Z~ (u)). Since kq,_, is
inaccessible, by completeness of E,, _,(di—1), there exist Br_; and F’ such that
F, = F' for all p € By_1. Now apply the induction hypothesis to find B; C A;,
Bj € Ea,, (d;) for j <k —1 with F' [ ([[,.,_, Bj) constant. It is easy to see that
F T (IL;<x Bj) is constant. O
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Lemma 2. For each o < n and each a-domain d, there is a set Ay(d) such that
Aq(d) € Eo(d), and for each v < Kq, the size of {u € Ao(d) : p(ka) = v} is at
most so(v)TT.

Proof. We drop the subscript « for this proof and fix a domain d. Let d* =
d\ k. For each p € OB(d), set u* = p [ (dom(p) \ k), and let mc*(d) = mc(d) |
(dom(me(d)) \ ). Enumerate d* as (0; : i < k). Let By be the set of u € OB(d)
such that dom(p*) = {0; : i < u(k)}. We claim that By € E(d). The point is that
dom(mc*(d)) = j[d*] = {j(6): : i < K}, mc*(d)(j(K)) = k, and j((§; : i < K)) | K =
(5(8:) S K).

Let t = (ts : 6 < k) be an enumeration of [k]<" such that whenever § < k is
a closure point of the map v — s(7)™ ", (tg : B € [§,s(6)"")) enumerates the set
of t € [s(8)*+]=% with min(t) = 8. Let j(f) = T. Since & is a closure point for
Jj(y = s(y)™1), and j(s)(k)TT = A, we have that (Ts U r : £ < § < \) enumerates
all domains. Choose d so that Ts = d*. For each 8 € d*, let i = ot(d* N B) < kT,
and let 75 be the function which takes v < & to the f;(min(¢,))" element of ¢,
where f; is the i*" canonical function. Then j(75)(0) is the j(fi)(x)™" element of
Ts, which is 3.

Define

Aq={p € Bq: 36 < s(u(k))"" VB € dom(u"), u*(B) = m5(6)}

We claim that Ay € F(d). Note that § < A = (j(s)(me(d)(j(k))))*" and for
each 8 € d*, me*(d)(5(8)) = 8 = j(73)(0).

The conclusion of the proof follows from the fact that given 7 € Ay with 7(k) = v,
dom(r) =vU{d; : i < v}, 7(B) = B for all B < v, and there is £ < s(v)** such
that for 8 € dom(u) \ & , u() = w5 (€).

Hence v and ¢ completely determine 7. For every v there are only s(v) ™ possible
values for £&. Hence A, works as required. O

In the sequel we define A, (d) to be the measure one set from the conclusion of
Lemma 2]

3. THE FORCING

The forcing is constructed using ideas from Gitik’s recent preprints [3] and [4].
To apply induction hypothesis, in this section, we assume max{w,n} < Ky < Ko.
Recall that p > %, and A = p™+. We introduce some notation here. For each pair
of cardinals x and 6, let A(k,8) be the set of partial functions from 6 to x with
domains which have size x and contain k + 1, ordered by extension. Also define
Eo(ka) by X € Eo(kq) iff ko € jg, (X). This is just a normal measure on xq. If
d is an a-domain and A € E,(d) then we define A(k,) = {u(ka) : p € A}, and
note that easily A(k,) € Eq(Kq). Assume all the hypotheses from the beginning
of Section

Definition 3. The forcing P(g,_.q<y) consists of sequences p = (p : a < n) such
that for a finite subset supp(p) of n (the support of p):

(far Aas h9, BE, Y if a € supp(p),

P {(fa,Aa7H2,Hé,H§> otherwise,
where:
(1) Ra < Aa < Kq for all a € supp(p).
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(2) fa € A(Ka,Aar) where o = min(supp(p) \ (o + 1)) if it exists, otherwise
Aax = A. We denote dom(f,) by d,, and note that d, is an a-domain.
(3) {da : @ < n} is C-increasing.
(4) If @ € supp(p) then:
o fo(Kq) is inaccessible and fo(kq) > Fa-
e )\, = piT where po = s4(fa(ka)), so that in particular %, < Bl <
fo(Ka) < pa < pL < Ao <AL < Kaq.
(5) If o € supp(p), then A, € Ey(dy), and Ay C An(dy)-
(6) If a € supp(p), then kS € Col(FL, < fa(ka)),hl € Col(fa(ka),pd), and
h2 € Col(\}, < Ka).
(7) If o & supp(p), then
(a) dom(H?) = dom(H}) = A,.
(b) For 7 € dom(H?) let v = 7(kq), then H)(7) € Col(kK}, < v), and
Hl (1) € Col(v, s4(v)T).
(c) dom(H2) = Ay (ko).
(d) For each ordinal v € dom(H2), H2(v) € Col(s4(v) "3, < Ka)-

Readers of Gitik’s preprint [4] will notice a few differences in the collapsing
parts, in particular H} and H} are defined with domains in E,(d,) rather than a
projected measure. This is not necessary here because the pattern of collapses is a
bit different, the projection in [4] is needed for the chain condition but this is not
necessary here and hence permits our conditions to be simpler.

There are two main reasons why our situation is simpler than that in [4]. The
first one is that as in [3] the “impure” part of a condition is rather small. The other
is that we are defining the forcing using Merimovich’s machinery of objects, which
simplifies the ultrapower analysis. Both of these factors play a role in the chain
condition analysis in Theorem |3| below.

To clarify that all the requirements are reasonable, fix an o < n. If o* exists
as in 2| then ko < Ko < Agx < Kqx. The forcing A(kq, Ao+ ) is equivalent to the
forcing adding \,--subsets of £ .

The fact that for « € supp(p), fa(kea) is inaccessible will eventually guarantee
that the forcing preserves some cardinals at each coordinate, see Lemma [§]

When we discuss multiple conditions, we usually put a superscript on every
component with the name of the condition. Also a condition is officially a sequence
of sequences, but we sometimes drop the angle brackets if it is clear from the
context. For example, when n = 1, we may write p = (f}, A5, (HY)?, (H})?, (HE)P)
instead of having two pairs of brackets. As one might expect, objects in A, are
used to extend a condition in a meaningful way. We will restrict our attention to
the valid objects (which we call addable) in Definition

We give some conventions here. The pure part of p is the p,’s for a & supp(p).
The rest is called the impure part of p. We refer the first coordinate f, of each p,
as the Cohen part, and the last three coordinates of each p,, as the collapse parts.
A condition p is pure if supp(p) = 0. For each a-object u, let po(p) = sq(p(kea)),
Ao (i) = pa(p)TT. For each v < kg, let pa(v) = s4(v), and Ao (V) = pa(v) ™.

As usual, we drop the subscript « if it is clear from the context. Similarly we
sometimes drop the subscript (E, : a <n) from P(g_ .q<p). We define P [ a to be
{pla:peP}, and P\ ato be {p\a:pecP}. The notions in Deﬁnitionrefer to
the corresponding components. For instance, f§ is the Cohen part of pg, the first
entry of p, and d¥ is just dom(f}).
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We now define the concept of direct extension.

Definition 4. Let p,q € P. p is a direct extension of ¢, denote p <* ¢, if and
only if:

) supp(p) = supp(q).
For each «, f? < f4.

(1
2)
(3) Ifa e supp( ), then A2 = \4.
(4) If a € supp(p), then (hL)P < (B!)? for I < 3.
(5) If o & supp(p), then

(a) mar g1 [AP] € AZ. As a consequence mge g [dom(HL)P] C dom(H])?

for I < 2 and dom(H2)? C dom(H2)4.
(b) For I <2, (HL)?(1) < (HL)4(mgp 4a (7)) for all relevant .
(c) For all relevant v, (H2)P(v) < (H2)4(v).

We often express property as “AP projects down to A%”. To see what the
extensions of a given condition look like in general, we first restrict the kind of
objects which are allowed to be used to extend a condition.

The following definition and other definitions later on involves composition of
functions. We note here that compositions are done partially, meaning for functions
f and g, fog has the domain {z € dom(g) : g(z) € dom(f)} and fog(z) = f(g(x)).

Definition 5. Let p € P, o & supp(p), and pu € AL. p is addable to p if:

(1) o < p(ka), and p(kq) is inaccessible.
(2) U dpg Cdom(p) and p | (Ro + 1) is an identity function.
B<a
(3) For each f € (max(supp(p) N«), o),
(a) plds] C Aa(p)-
(b) {thop™" v € A} € Ep(ulds]).
(¢) plrp) = rp.

We denote the set in condition as Agop~t. It is important that almost every
1 € A, is addable, and the proof illustrates the role of coherence, so we sketch it.
We write mc,, for mc,(dy).

e ju. (Ra) = Fa < Ko = mco(JE, (Ka)), and k4 is inaccessible in M,,.

o If D = Us_,ds then [D| < Eo and D C do, so jg, (D) = jg,[D] C
dom(mc,).

e By the previous item jg, (dg) C dom(mc,), and easily rge(me,) C A. By
the choice of sq, jE, (5q)(Mcy(JE, (Ka))) = p- Now A = p™" and so easily
JE. (Aa)(meq (JE, (Ka))) = A

e Note that for each ¢ € Ag, dom(¢)) C dg C dom(p), so that dom(ypou=') =
puldom(y)]. By a routine calculation, mc,[jg, (dom(v))] = dom(v), and
jE, (1) ome,t maps v € dom(v) to ¢(y), that is jg_ (1) ome, ! = 1. Since
|Ag| = 256 < Ka, jr,(Ap) = jg.[As] and so {¥ome ! : U € jp, (Ag)} =
Aﬁ. Now Ag S Eﬁ(dﬁ) =JE, (Eﬁ)(dﬁ) by Remark

It will become clearer why we restrict ourselves to the addable objects, once
we define the notion of one-step extension in Definition [f} To define a non-direct
extension, we introduce more notation. If f € A(kqy, A) with domain d, and pu is an
a-d-object, we define f @ p to be the function g € A(kq, A) such that dom(g) =
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dom(f), and

_ July) iy € dom(p),
90) = {f(fy) otherwise.

Note that we obtain the function g by simply overwrite previous values by pu.
For each condition p, 8 < a, and p € E,(db), we define (f3), as f§opu~". For

I < 2 we define (H})", with domain A o u~", and (H})E(E') = (Hp)P (€ o ).

Definition 6. (one-step extension) Fix a condition p € P, a ¢ supp(p), and an
addable object u € A2. The one-step extension of p by u, denoted by p + p is
the condition ¢, where

(1) supp(q) = supp(p) U {a}.

(2) ¢ 1[0, max(supp(p) Na)) =p | [0, max(supp(p) Na)), and ¢\ a =p\ a.

(3) At the a-th coordinate, we have

(a) fA=fEepn

(b) AL = Au(p).
(c) forl <2, (hl Y9 = (HL)P(p).
(d) (h2)7 = (HZ)P(u (Ha)))

(4) fix B € [max(supp(p) N ), ). Then
(a) f,g = (fﬁ)
(b) A Ap ou~ .
(c) For I < 2 (Hﬁ)q = (HB)

(d) (HE)" = (HZ)".
Let’s warm up and get familiar with our notations by showing that if p is pure
and p € AP is addable then ¢ := p + p is indeed a condition, as in Definition

o (1) supp(q) = {a}. M, = Aa(pt) = sa(1(ka))* < Kq. By our assumption
of s, Sa(ﬂ(”a))++ > sa(ﬂ( o)) > Ra.

° , It is easy to see that for 3 > a, Ag« = A. The part above « is not
affected, and dom(f} @ p) = dom(f%). Hence dom(f5) = dom(ff). For
B < a, f* = a, and dom(f3) = dom(ffou~") = p[dj] € Aa(p) = A Since
w fixes ordinals below kg + 1, qu is a f-domain. Also Aq(p) < Ko +1 C
dom(f4). Hence the domains in ¢ are C-increasing,.

) fd(ka) = p(ka) > Ra, and u(key) is inaccessible. The rest follows by
our definitions.

The rest of the proof is trivial for 8 > a, and we assume (8 < a.

e (|5) Follows from addability of p.

e (6) Follows from in Definition

o (7) For I = 0,1, dom(Hj)? = dom(H})h = Ao p~' = Aj. Since dfj C
dom(p), for ¢ € Aj, and | = 0,1, dom(p) C djj C dom(u), so (Hp)9(4 o
pY) = (HYP (o o ) = (HLP(). dom(HZ)P = AB(xs) = Ab o
w1t (kg) since p fixes rg. Also all the collapses fall into the right types,
since p fixes kg as well.

For each 8 < «, we sometimes write g3 as (pg),. When we perform a one-step
extension of p by p from the a-th coordinate, we call the part of the resulting
condition before o “p | o squished by . Occasionally, it is possible that we squish
p | a by some 7 € E,(d') for some d’ O d, where d = dom(f?). In this case
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(pg)~ is just (pg)rya- For each sequence of objects i = (po, p1, - - -, tk—1), we define
p+ [ recursively as (p+ o) + {1, - - - , ik—1) when pg is addable to p and for every
0 < i<k, p; is addable to p+ (o, ... fi—1)-

We define p < ¢ if p <* g+ i for some sequence of objects fi. We refer the readers
to Lemma 2.4 in [6] for some straightforward technical lemmas on transitivity and
commutativity of the choices of the orders of the objects we add to a condition.
Briefly, we can commute the order of the extensions.

For each condition p € P(g,_ .q<y With o € supp(p), we can see P/p = (P/p) |
ax (P/p)\a, where the first factor can be regarded as (P/p) (g, x,:8<a)- The second
factor can be regarded as (P/p \ a)(g,:a<g<n)- These two factors are independent
of each other, despite the connection between d,’s on different levels in clause
of Definition The point is that d2 D ko + 1 and Ay < K. Hence any kinds of
extensions in the first factor do not harm property [3]in Definition

We begin our analysis of the poset by computing its chain condition.

Lemma 3. Ifn is a limit ordinal, then (g .q<yy has the A-chain condition.

Proof. Suppose the conditions (p® : i < A) are given. The first step is to show that
without loss of generality, we can assume p’ is pure for all 4. Since |[7]<“| < )\, we
assume every condition has the same support s. Suppose s # (), and let & = max(s).

Each condition breaks into two pieces, with the first piece in Pig,x,.p<q) for
some A, < Kq. Since the number of the conditions in the first factor is at most
Ao < A, we assume that every condition’s first factor is the same, and also every
condition has the same \,. Now for each i < A, dom(f2") € [A]*~. We thin out the
collection {p’: i < A} so that {dom(f2"):i < A} form a A-system. Then thin out
the collection again so that the a-th Cohen parts are all compatible. Since all the
a-th collapse parts are small, by the Pigeonhole Principle we can also thin out the
collection so that every condition has the same collapses at the a-th coordinate.
Hence the initial segments up to and including « are compatible.

Since we can shrink the collection {p® : i < A} so that the impure parts are com-
patible, we now may assume all the conditions p’ are pure. Since | Ui, dom(f2")| <
Ry < p, by a similar A-system argument, we can thin out so that the Cohen condi-
tions f2" are pairwise compatible in A(kq, \) for each a < 1. Measure one sets are
always compatible. It remains to find a sub-collection of {p’ : i < A} so that all the
collapse parts (H',)P" are compatible. Note that the collapses are no longer small.

For I =0and | =1, (H,)?" represents jg, ((H.)?")(mcy(dy)), which is a condi-
tion in Col(E}, < ko) when [ = 0, and a condition in Col(kq, pT) for I = 1. Recall
that A = p*T. These two collapse forcings both have size p* in V. The situation
is slightly different for (H2)P', a function whose domain is in E,(k4): if we let
i 'V = Ny = Ult(V,Ey(Ka)), then we can view this function as representing
io((H2)P")(Kqa), a condition in Col(iq(s4)(ka)THT, < ia(ka))¥>. This poset has
size 2%« in V.

Recalling that n < ko, it follows that there are at most p* possibilities for the se-
quence of conditions (jg, ((H2)P")(mca(dy)), jz, (H2)P ) (mcq (do)), ia((H2)P ) (kq) :
a < n). Hence we can thin out the collection of the conditions so that for all a < 1,
i < X\ and | < 3, the functions (H.)P" represent the same function in M, or
N,. It is now easy to show that the resulting collection of conditions is pairwise
compatible. [
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The following lemma is straightforward:
Lemma 4. ((P/p) \ a, <*) is &} -closed.

The proof of the Prikry property here requires some “integration” of the condi-
tions. The following lemmas (Lemma and Lemma@ shows that we can assemble
the conditions properly. We state the lemmas for a pure condition. In general, a
condition may not be pure, and each impure coordinate divides the condition into
blocks. The lemmas can be stated in each separate block individually.

Lemma 5. Let p = (po : a < 1) be a pure condition and « ¢ supp(p). Let
d = dom(f?). Set ¢ = jg, (p) + mcy(d). Thenq|a=p ]| a.

Proof. Without loss of generality, we may assume p is pure, otherwise the part
p | max(supp(p) N «) is not affected by a-objects.

Fix 8 < a. Since |dj)| < ka, jr.(d}) = jr,[d}]. Hence df = mcs(d)[jE, (d})] =
dfj. Furthermore, for y € df, fi(v) = je. (f§)o(mes(d) ™ (v) = je. (f§) (. (7)) =
Je. (f5(7)) = f5(7). This shows that f§ = f§. Similar calculation shows that other
components in gg are the same as the corresponding components in pg. O

Further calculations show

Lemma 6. Assume (po : o < 1) is pure. Fixz a <n. d =dom(fP). Let f < f?
with dom(f) =d'. Let A € E,(d'), and A projects down to AL. For v € A, denote
pla)y =@ a)ya=0®+ (T 1d)! a Suppose for each T € A, there is a
condition t(1) <* (p | @),, hO(1) < (HO)?(1 | d), and h* (1) < (HL)P(7 | d). Then
there is a condition ¢ <* p such that if v € AL, 7 = | d', and v = 7(ka) = ¥(Ka),
we have:

(1) If B < o and g is the Cohen part of (¢ + ¢)g, then g = ft(T .

(2) (g+9) [ a <" i(r).

(3) Forl=0,1, (Hl) (¥) = hi(r).
(4) (H2)1() = (HE P (w)

(5) fa< T

Proof. Set r = jg, (t)(mcy(d')), where t is considered as a function 7 — t(7). Note
that r is a condition in the forcing up to a by a routine calculation and coherence
of the extenders. We recall that r = (rg : 8 < «), where for each 8 < «,

s = <f[§7Aga (Hg)r7 (Hé)r7 (Hg)r>
Fix 8 < . Here are some properties of rg:
(A1) (a) Let 25 = dj3 N Kq. Then zp is a bounded subset of 4.
(b) Let v5 = ot(d’” \ kqa). Then g < HE < Kg.
(c) Aj € Eg(dp).
|(A aland| Al b| follow from the fact that dom(f;(T)) has size kg for all

7. Fix an increasing enumeration of dj; \ ko as {5, : i < yg}. For each
T € AP let

t(r) = ((f5, Ap, (HY)™, (HE)", (HZ)") : B < a)
and let dj = dom(f7).
We record a few equations for each 5 < a:
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(i) If 1 = 0,1, then by coherence (see Lemma 2.4 in [6]), we have
JEs (Hp)")(mep(dp)) = jr, (je, (T = (HE)T))(jp. (7 = mes(dp)))
= jp. (T = jm, (Hp)T (mep(df))).
(i)
Jms (HE)")(#6) = jEs (5. (T = (HE)))(fp. (T = Kp))
= jE. (T = jrs(H3) (kg))-
Note that by Lemma Ag = Jjgm, (Aﬂrmca(dg) . We shrink A to A* so
that for every 7 € A*, and every 8 < «, the following statements hold:
(A2) (a) djNka =25,
(b) ot(d \ Ka) = 75-
(c) For £ € dj Nka, f5(E) = f5(8)
(d) Let‘{fg,i :4 < 7p} be the increasing enumeration of dj \ K4, then for
all <78, fé(féz) = [5(&5.:)-
(e) Ay =Ajor™!
(6) For 1= 0,1, ji, (HL)")(mes(d5)) = jis, (HL))(mes(d5)).
(8) Jes((H3)7)(Kp) = ju, (HE)")(15).
It is tempting to think we will set gg to be rg for all § < «, but we

need to make a tiny cosmetic modification. The property of 7 in|(A2)fland
(A2)g] makes sure that for each 7 € A*, § < o, and [ =0, 1,

Cpa = {1 € Bg(d]) : (Hp)™ () = (Hp)" (v o 1)} € Eg(df),

and

Cp2 = {¢ € B(d) : (HE) ((kp)) = (Hp)" (d(kp))} € Ep(df).

Shrink all measure one sets appearing in ¢(7) so that every (-object
belongs to Cgo N Cg1 N Cga. Restrict the collapsing functions in the
natural way, and call the result ¢*(7). Instead of integrating the function ¢
to obtain 7, we will integrate the function ¢* in the same manner to obtain
(g : B < a).

Since we just shrank the measure one sets and restricted the collapses,
all the properties in the list hold, except that the property is
weakened to: (Aj)" C Ajo 71, where (Aj)” is the measure one set of the
Bth-coordinate of t* (1)

Now for 8 < a, let ¢ = jg, (t*)(mcy(d’)). Note that gg is almost
identical to 7g, except the measure one sets: A% C Aj. We now define ¢q.
Set qo = (f4, AL, (H2)?, (HL)?, (H2)9) as follows:

(A3) (a) f2 has domaln d UﬂU (zgU{&s, 11 <vp}). Thisis just d'UU,_,, ds-
<«
(b) For each £ € dom(f9),if & e d’, fi(§) = f(§), otherwise fI(§) = 0.
(c) AL € E, (dom(fq)) where ¢ € AZ iff
(1) I d e A%,
(i 59 (o0 {65, 1< 75}) C dom(v),

)
(iii) for each 8 < o and each & € xg, ¥(§) =&,
(iv) for each B and 4, ¥(j ;) = &§f ;» where 7 is defined as in
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(d) For Il = 0,1, set (H.)4()) = hi(7).
(&) (H2)1 = (H2)” | A% (1.

For 8 > «, extend pp to qs = (f§, A%, (H®)§, (H"), (H?)3) in the obvi-

ous way, meaning:
(A4) (a) Extend the fj to f§ with domain df := dom(f%) Ud', f3(v) = f5(7)
if v € dj, otherwise f3(v) = 0.
(b) The measure one set in gg projects down the measure one set in pg,
ie. A9s [dg C Ag. Also A% C Ag(dg).
(¢) Restrict the collapses based on the measure one set we just defined, i.e.
for = 0,1, (HY)(r) = (HO)5(r | d%), and (H2)L = (H?)5 | A% ().

Let ¢ = {gp : 8 < n). We claim ¢ satisfies the conclusion of Lemma @
It is easy to see that ¢ \ o is <*-below p \ a. For 7 € A*, t*(7) <* t(r) <*
(p+71d) I a andsoq|a<*(jg,(p)+mea(d) | @ By Lemmalf the
last term belongs to jg, (P(g,:8<a)) [ A = P(E,:8<a), and is equal to p | a.
Hence g <* p.

Now we check that ¢ satisfies all the properties listed in Lemma [6} Fix
YveAl, T=19 [ d',p=11d and v = p(ka) = T(”’a) = P(Ka)-

Requirement m Fix 8 < o. The Cohen part of (¢ + 7)g is fg oyt =
f5 o™ By [(A3)(c)ii and |(A3)(c)iiil and |(A3)(c)iv} dom(fjoy™") =
Yldi] = lagU{Es, 1 i <vp}] = 25 U{E],; 1 i <7p}. The last term is equal
to dom(f§) by [(A2)al and [(A2)bl From [(A3)(c)iv| and |(A2)c} if § € =g,
fow™(&) = f5(6) = f3(6). From[(A2)d] for i < vs, fro ¢~ '(&5,) =
T5(&5.) = fg(fg ;). The proof for requirement [1|is done.

Requirement Fix 8 < «. Frorn we have A% o™ C Aj o™l =
Apor™t = A7, By|(A3)(c)if 7 € A*. For o € Ajoy~", o € (Ap)*, so
1=0,1, (Hé)q”’(o) = (Hp)¥(ooy) = (H}j)r(o oT) = (Hé)T(O'). Similarly
(HE) ¥ (0(kg)) = (HE) (0(k5))-

Requirement From for [ = 0,1, (H.)4(y)) = hi(7).

Requirement [ Straightforward from

Requirement [5¢ Follows from

This completes the proof.

4. PRIKRY PROPERTY

Theorem 7. (P, <, <*) has the Prikry property, that is to say for any boolean value
b and any condition p € P, there is a condition p’ <* p such that p’ decides b.

Our proof of the Prikry property follows the same lines as the proof in [3], but
the collapse parts introduce additional challenges which we briefly explain. For each
component p,, the collapse parts involve three collapsing forcings, where the chain
condition of the first two collapse forcings is very close to the closure of the last
collapse forcing. For o > 0, the collapse parts at « are only %/ -closed, while the
Cohen part is 1 -closed. This all makes it natural to group together components of
a forcing condition which live on different levels, which explains why our inductive
hypothesis concerns a product P x A: the intuition is that the factor A anticipates
some collapsing at the top level when we add another level to P.

Proof. We consider 3 cases:
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(1) n=1

(2) n > 1is a successor ordinal.

(3) n is limit.
Throughout these 3 cases, we assume for simplicity that the condition p is pure.
We prove a stronger statement by induction on 7: Suppose P has length 7, and
(A, <)isa E;—closed forcing poset. Define (p,a) <* (p/,a’) in P x A iff p <* p’ and
a < a'. Then (P x A, <, <*) also has the Prikry property.
CASE 1: n=1

We drop the subscript 0 for simplicity, that is kK = kg, £ = Ep, mc = mco,
s = 59 and so on. Note here that A is kT-closed. Let b be a boolean value. Let
p=(f,A,H°, H',H?) € P,and a € A. Let 6 be a sufficiently large regular cardinal,
N < Hp such that <*N C N, |N| = & and p,a,P,A;b € N. Enumerate the dense
open subsets of (A(k,A) X A)N N as {D; : i < k}. Build a decreasing sequence
{(fi,ai) - i <k} in (A(k,A) x A)N N, where fg = f, ap = a and (fj,,ai4y1) € D;
for alli. Let f' = | f/, and o’ be a lower bound of {a; : i < k}. Set d' = dom(f").

1<K
By a simple density argument, we have d = N N A. We see that [d']<" C N. Let
A’ € E(d’) be such that A’ C A(d’) and A’ projects down to a subset of A. Recall
the property of A(d') : {u € A(d') : pu(k) = v} has size at most s(v)™+. For each
pe A, dom(p) Cd C N and |dom(p)| < p(x) < K, hence p € N.

Let v € A'(k). By Lemma let {p;, hg, h}}j<a@) be an enumeration in N of the
triples u, h°, ht where u € A’, u(x) = v, b € Col(wy, < v), and h' € Col(v, p(v)"),
respectively.

Define D, as the collection of (g,z) € A(k,A) x A such that there is an h €
Col(A\(v)T, < k) with h < H?(v) meeting the following requirements:

(1) For all j < A(v), dom(p;) C dom(g).
(2) For all j < A\(v),
e EITHER ((g ® pj, (), hY, hj, h), x) decides b,
e OR there are no ¢’ < g, b’ < h, and 2’ < x such that
(9" @ pjs A(w), h, hj, b'), 2") decides b.
Claim 7.1. D, is a dense open subset of A(k,\) x A and D, € N.

Proof: Since D, is defined using parameters in N, D,, € N. It is easy to check
that D, is open. Now we check the density for D,. Let g € A(k,\) and x € A.
Because A(k, \) is kT-closed, we may assume g meets the first requirement. Build
sequences § = {g;j}<xw), M = {hj}j<r@), and & = {z;},;<x() such that

e 7 is a decreasing sequence in A(k, A).
h is a decreasing sequence in Col(A(v)T, < k).
T is a decreasing sequence in A.
go =g, ho = H*(v) and o = .
At each limit j < A(v), we take g; = | gy, and hj = |J hy.

J'<j J'<j

e At each limit j < A(v), take z; as a lower bound of {z; : j' < j}.

Note that the construction proceeds to the end since A(x,)\) and A are x™-
closed, Col(A(v)*, < k) is A(v)*-closed, and A\(v) < k. Now suppose f;, h;, and
x; are constructed and j < A(v). Ask if there is a triple ¢',h’,z" below g¢;,h;, and
xj, respectively, such that ((g' @ u;, A(v),hY, hj, h'),x') decides b. If the answer
is no, take gj41 = gj,h;41 = hj, and ;41 = ;. Otherwise, there are such ¢',/,
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and z’. Take gj+1 = ¢, hj41 = I/, and zj41 = 2’. From the construction, we see
(9 ), Trw)) < (g,2) is in D, as witnessed by hy(,). [ |
By the construction of f’ and o’ we have (f’,a’) € D, with a witness h €
Col(p(v)*3, < k). Define (H?)'(v) = h.
We record the properties of f/, a/, and (H?)" here:
(x) For each u € A’ with v = u(k), we have that for all hi° € Col(w;, < v) and
h € Col(v, p(v)™),
e EITHER ({f' @ u, \(v),h°, ht, (H?)'(v)),a’) decides b,
e OR there are no g < f/, h < (H?)(v), and z < a’ such that ((g ®
w, A(v), h%, ht h), ) decides b.

Now for each € A, find g(u) < ', W) < HO(u | dom(f)), ') < H' (s |
dom(f)), h?(u) < (H?)'(u(k)), and z(p) < a’ such that

((g (1) @ o M), WO (), 1t (), 1 (), (1)) decides b.

By property (%), we have

((f' & p AW), KO(n), B (1), (H2) ((r)), @) decides b.
Set
By ={pe A" ((f @ p, \p), h°(w), B (), (H?)'(u())), a') IF b}
By={ne A (f' & u M), (), 1 (1), (H2) (u(x))), ') IF ~b}.

We see that A’ = By U B;. Choose iy € {0,1} such that B;, € E(d’). Define
p = (f", A" (H®)" (HY)", (H?)") (note that f’, A’, and (H?)" are already defined)
as follows:

° f// — f/'

[ ] A/I = Bi0~

e For [ =0,1, dom((H")") = A” and H'(u) = hl(p).
° (HQ)// — (H2)/ I*A//(K).

Claim 7.2. (p”,d') <* (p,a) and (p”,a’) decides b.

Proof: Tt is easy to see that (p”,a’) <* (p,a). Let ¢ < p”,x < o’ such that
(g, ) decides b. Without loss of generality, (¢,z) IF b, and ¢ is not pure. Hence
q <* p” + p for some p € A”. Observe that f9 < g ® u for some g < f/, and
(h?)1 < (H?)"(u(k)) = (H?) (u(k)). From the properties (%), we have

(" & p, AMp), ()9, (R1)2, (H?) (u(K))), a’) I b.
Since for I = 0,1, (hY)4 < (H")"(1) = h'(p), p can’t be in By. Hence iy = 0, and
A" = By.

By a similar argument, every extension of (p”,a’) by p' € A” forces b. Since
every extension of p” has a further extension which is not pure, and that forces b,
by a density argument, (p”,a’) IF b. [ |
CASE 2: n > 1 is a successor ordinal

The proofs for all successor ordinals 77 > 1 are essentially the same. For simplicity,
assume 7 = 2. Hence A is ] -closed. Suppose for simplicity that p = (pg,p1) is
pure. Write po = (fo, Ao, H), H}, HZ), and p1 = (f1, A1, HY, Hi, H}). Also let
a € A.
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Let 6 be a sufficiently large regular cardinal. Let Ny < Hyg, |N1| = k1, <"1 Ny C
Ni, and p,a,P,b € N;. Enumerate the dense open subsets of A(k1, ) x AN N; as
{D; :i < x}. Build a decreasing sequence {(f ;,a;) : i < k1} in (A(k1,A) x A)N Ny
such that fj, = fi, ap = a, and (f] ;. 1, aiy1) € D; for all i. Let fi = U f1,

1<K1
and a’ = a lower bound of {a; : i < k1}. Set d}j = dom(f{), which is Ny N A. Let
A} € Ei(d}) be such that A} C A;(d}) and A} projects down to a subset of A;.
Similar to the one extender case, A} C Nj.

Let v € Aj(k1). By Lemma [2} let {t;,h}, hj, 1j}j<x, () be an enumeration in
N; of the quadruples t, u, h?, h' where t € Proia ), # € A" with p(k1) = v,
hY € Col(kg, < v), and ht € Col(v, p1(v)*), respectively.

Define D, as the collection of (g,z) € A(k1,A) x A such that there is an h €
Col(\1 ()T, < k1) with h < H?(v) meeting the following requirements:

(1) For all j < Ai(v), dom(y;) C dom(g).
(2) For all j < Ai(v),
e EITHER (7 (g ® j, M1 (v), hY, h}, h), x) decides b,
e OR there is no ¢’ < g, K < h and 2/ < z such that (tf(g’ @
tj, A1(v), h$, by, by, x') decides b.

Similar to the one extender case, D, is a dense open subset of A(k1,A) x A and
D, € Ni. We have (f],a’) € D, with a witness h € Col(p;(v)™3,< k1). Define
(H2)(v) = h.

We record some properties of (H?)':

(x) For each p € A} with v = pu(k1), we have that for all h% € Col(k{, < v),
h' € Col(v, p1(v)T), and t € P, (1)
e EITHER (t™(f{ ® p, \1(v), h°, ht, (H?)'(v)),a’) decides b,
e OR there is no g < f{, h < (H?)(v), and @ < o' such that (t" (g ®
W, A1(v), h°, ht h), x) decides b.

Fix p € A]. Let G be a canonical name for a generic object for Proia (u) X

Col(kg, < p(k1)) x Col(pu(k1), p1(p)T). Since the product of the collapses Col(kg, <

p(k1)) x Col(p(k1), p() ™) is kg -closed, we apply the induction hypothesis for the
one extender case to the condition

((Po)yus (HY)(pe | dom(f1)), (H{)(w | dom(fy)).

Letht(ﬁ) <* (po)u> h°(p) < (HY)(p | dom(f1)), and h'(u) < (Hi)(p | dom(f))
such that
(t(), B (1), h' (1)) decides if 3(t, (h*)°, (h*)") € C.
(™ A (), ()%, ()Y, (HE) (1(k1))), a”) || .
By strengthening ¢(u1) (under <*), h(u) and h'(u) further, we can assume that

for each p € A%, (t(u), h°(u), h' () satisfies exactly one out of the following three
mutually exclusive properties:

(P1) ((p), hO(p), bt (w) IF 3(t, (h°)*), (h1)*) € G,

(= 169#7%1( ), (h%)*, (h1)*, (H})'(u(k1))), a') I b.
(P2) (t(p), h%(p), bt (w) IF 3(t, (R°)*), (h1)*) € G,

= {fi @uw\l( ) (R)*, (h1)*, (H?) (n(51))), a’) = =b.
(P3) (t(n), h°(p) ) IF3(t, (h°)7), (h1)") € G,

(= (f1 69%/\1( ) (ho) S (hY)*, (HY) ((k1))), d) || b.
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Shrink A} so that every p € A} falls into the same case above. Use Lemma [f]
to find ¢ <* py (f], Ay, HY, H}, (H?)') such that for each 7 € A{ with u =7 | df,
we have f*7 = £ (q+7) [ 1 <* #(w), (HY)1(r) = KO(n), (HL)i(r) = h(n),
(H?)4 (k1)) = (HP)' (u(k1)), and fif < fi.

Claim 7.3. (q,a’) decides b

Proof: Let (r,z) < (g,a’) be such that (r,z) || b. Without loss of generality (r,z) I-
b. Assume also 1 € supp(r). Then r is an extension of a 1-step extension of ¢ by
w' € Al for some /.

Recall di = dom(f]). Set pu = p/ | d}. We see that fI | d} < f{ ®pu, (R3)" <
(H2) (u(51)), and & < d. By (x), we have (g™ (f{eopu, M (), (KQ)", (1), (2 (u(x0))), ') I
b

Since r is an extension of a one-step extension of ¢ by ', ro < t(u), (h9)" <
hO(u), and (k)" < h'(u). By construction p must fall into exactly one of the
cases [(P1)], [(P2)] [[P3)] listed above: we claim that cases [[P2)| and are im-
possible. Suppose for contradiction that we are in case and force below
(1o, (h)", (R})™) to obtain a generic object G. Then (rg,(h?)",(R})") € G and
i 1 A (), ()7, ()", (Y (1)) @) I b, but (ro, ()7, (A1) < (#(1), 0 (2), b (1)
and we are in case so that also G contains a triple (¢, (h?)*, (h')*) with
™ (f] @ py A (), (RO)*, (RY)*, (H?) (1(k1))), a’) I =b: this gives comparable con-
ditions forcing b and —b, an immediate contradiction. Similarly we are not in case
so (t(u), h° (), h* (1)) must have the property

We claim already r i= (#(2)~(f{ © i A (), B (), A ), (HZ) ((k0))), o)
forces b. Suppose not, find (', z’) < r# such that (+/,2’) IF =b. Strengthen further,
we assume fI [ d} < fl & p, (h2)" < (H2)'(u(k1)), and 2/ < a/. By (), we have

(1) (™ (AL, s A (), (B)", (h)™ (HEY (1)), o) - b,

Let G be a generic object for Py, () X Col(kg, < pu(r1)) x Col(u(k1), pr (1))
containing (rh, (h)"", (B1)"). Since (rh, (W), (W) < (t(1), h°(u), W (1)), we
have (t(u), h°(u), h* (1)) € G. Then find (¢, (h°)*, (h')*) € G according to the
property ie.

D ~—

IN

(1) (@ M), (), (), (H?) (u(k1))), @) IFb.
By the directedness of G, we may assume ¢ < 7, (h°)* < (h9)"", and (h')* < (h1)".

Thus, from we have

(1@ s M), (BO), (RY)*, (HT) (u(ka))), @) IF =b,

which is a contradiction when comparing to |(1)|

With the way we shrank the measure one set A}, we have that for every i €
AL (t(m | d)), k(1 T dy),h (@ | d})) has the property (P1). By the same proof,
(¢ + 11,a") IF b. Finally, we are going to show that (g,a’) IF b. If not, let (¢/,2") <
(g,a’) such that (¢’,2') IF —b, but we can extend further so that 1 € supp(q’).
Hence (¢, 2") < (¢ + 1,a’) for some i € A, but (¢ + 1,a’) I b, a contradiction.

Hence, we have finished the proof for n a successor ordinal.

|

CASE 3: 7 is limit
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The proofs for the limit cases are essentially the same, we may assume 1 = w.
Suppose for simplicity that p = (p,, : n < w) is pure. Write

= (fP, AP (HO)P, (H})P, (H2)P) for each n.

Recall A is Fl-closed. Let a € A. We will build inductively a <*-sequence
{(g™,a™) : m < w} where ¢° <* p, a® < a. We will show that (q,a’), the <*-
lower bound of the sequence {(¢"™,a™) : m < w}, will decide b. We divide our
constructions into two parts: ¢°,a’, and ¢™, a™ for positive m.

Construction of ¢°: Define

Qo = {(f,7) € (A(ko, \)/f8, <) x ((P/p)\1,<*) : dom(f) is a subset of dom(f]) }.

Here note that f] is the first Cohen part of . Observe that Qq is na'—closed.
Let 0 be a sufficiently large regular cardinal. Let Ny < Hy be such that |Ng| = ko,
<0 Ny C No, p,a,Qo,P, A € Ny. Enumerate dense open sets in (Qqg x A) N Ny as
{D; :i < Ko}. Build a Qp x A-decreasing sequence {(f67i,F07i, a;) 1 < Ko}, each in
No, where fj o = f§, 700 = p\ 1, ap = a, and for all i, (f0.i41,T0,i+1,@iv1) € Di.
Let (f},7,a%) be a lower bound of the sequence {(fo.irTiyai) + 4 < Ko} Set
di, = dom(f()), which is just No N A\. Let Aj € Ey(dj) be such that Ay C Ay(dyp)
and A, projects down to a subset of Af. As usual, A) C Np.

Let v € A{(kp). By Lemma |2 let {uj,hj, J}j<>\0(,, be an enumeration in
Ny of the triples p, h°, h! where p € A}, u(ko) = v, h® € Col(wy, < v), and
ht € Col(v, po(v) ™), respectively.

Define D, as the collection of (g,7,z) € Qp x A such that there is an h €
Col(A\(v) T, < ko) with h < (HZ)P(v) meeting the following requirements:

(1) For all j < Ao(v), dom(p;) C dom(g).
(2) For all j < Ao(v),
e EITHER ((g ® pj, Ao(v), hy, b}, h) "7, x) decides b,
e OR there isno ¢ < g, b < h, ¥ <* 7, and 2/ < z such that
dom(g’) is a subset of the Cohen part of 7, and the condition ({g’ &
pis Ao(v), R, RY )Y 2') decides b.

3 J 3 J 3
Similar to the one-extender case, the set D, is a dense, open subset of Qp x A, and
D, € Ny. Hence we have (f},7,a°) € D, with a witness h € Col(Ao(v)", < ko).
Define (H3)'(v) = h.
We record some properties of (H3)':
(%0): For each pu € A} with v = u(kg), we have that for all A% € Col(w, < v) and
B € Col(v, po(v) ),
e EITHER ((f}® p, Mo(v), h°, ht, (HZ) (v)) "0, a’) decides b,
e OR there is no g < fj,h < (HO)’(V), 7 <* 7y such that dom(g) is a subset
of the Cohen part of 7, and x < a® such that ({g @ u, \o(v), h°, ht, h) "7, x)
decides b.

Now for each p € Ay, find h%(u) < HO(u [ db), h'(pw) < HY(u | df), (if they
exist), such that

(<f(l) S2) H, )‘O(M)v ho(,u)v hl (H’)a (Hg)/(,u'('%O)))AFOv &0) decides ba
otherwise, h%(p) = HY(p | dpy), h* () = Hg (p | ).
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Now set

Bo = {n€ Ay = ((fo ® p, Mo(p), (1), b (), (H7)' (1(0))) " 70, a°) I b}
By = {M € A6 : (<f(/) D u, )‘0(;“')7 ho(u)a hl(ﬂ)? (Hg)/(ﬂ("ﬂo)wﬁﬁh aO) I _‘b}
By = {pu€ Ay = ((fo ® i, Ao(p), (), b (), (H3)' (1(0))) " 70, a°) Jf b}

We see that A = By U By U By. As in the case of one extender, choose iy €
{0,1,2} such that B;, € Ey(dj)). Define f' = f}. Let Aj = B,;,. For 1 = 0,1, set
dom(H})" = A, and (HE)" () = I (). Let (H?)" = (H?)" | Af(ko).

Finally, extend 7 to 7o’ in a natural way: make sure dom(f”’) is a subset of the
Cohen part in 7, fé’(ﬁ) = fro(€) if € is in dom(f70), otherwise fﬁ’(f) =0. Al
measure one sets project down to the corresporiding measure one sets in 7, meaning
Ay | dom(f70) C ATo. If u belongs to A2, define (HO)™o(u) = (HO)™(u |
dom(f72)) (H})™ (1) = (Hp)™ (e T dom(f;0)), and H,
nu) = (H2)7(v) = (H2)™(v), see more details at of Lemma@ Set ¢° =
(f", Ay, (HS)", (HE)", (HE)")™ 7. This finishes the construction of ¢° and a®.

Construction of ¢™*!: Suppose ¢"™ and a™ are constructed. Define

Qo1 = (/™) € (A1, N/ fihi1)s ) x (B/g™ \ (m+2),<*) :
dom(f) is a subset of dom(f}, )}

Here note that f7,_, is the first Cohen part of 7. Q41 is &, ;-closed. Let 6 be
a sufficiently large regular cardinal. Let N,, 11 < Hy be such that |Ny,41| = £m+1,
<Km+1Nm+1 - Nm+17 qm7am7P7A € Nm+1 (SO Qm+1 € Nm+1)~

Enumerate the dense open sets in (Qr1 X A) N Npypy1 as {D; 1 & < K1}
Build a Q41 x A-decreasing sequence {(f;,1 1 Tm+1,i,0]") © & < Kmy1}, each

in Nyyq1, where f,01 0 = fhi Pmi10 = ¢™\ (m +2), af* = a™, and for all

by (Frostig1 Tmatit1,afty) € Dy Let (f),4 1, Pmy1,a™T!) be the greatest lower

bound of the sequence {(f;, 41 Tm+1,0;") © @ < Kmy1}. dp,yq = dom(fy, 1),
which is Np,11 N A Let A), | € Epq1(d),,1) be such that A7 C App1(d),41),
and Aj, , projects down to a subset of Af’nmﬂ. As usual, A7, 1 € Nyt

Let v e A, (Km+1)- By Lemma let {t;, 15, hY, hi}jcx,. .1 (v) be an enumera-
tion in Ny,11 of the quadruples ¢, u, h%, h! where t € Pig, 1x,. .1 (v)in<m)s 1 € Apiy
with p(km11) = v, h° € Col(k}, < v), and ht € Col(v, ppm+1(v)™), respectively.

Define D, as the collection of (g,7,z) € Q41 X A such that there is an
h € Col(Ams1()T,< Kmgr) with h < (H2,,)?" (v) meeting the following re-
quirements:

(1) For all j < Apy1(v), dom(p;) C dom(g).
(2) For all j < Apt1(v),
e EITHER (t7 (g ® f1, Am+1(v), hY, hj, h) ™7, x) decides b,
e OR thereisno ¢’ < g, ' < h, 7 <* 7, and 2’ < x such that dom(g’)
is a subset of the Cohen part of ', and the condition
(9" @ g, Amy1(v), by, b}, W)™, 2') decides b.
Similar to the other cases, the set D, is a dense, open subset of Q,,+1 X A,
and D, € Ny,11. Hence we have (f}, . 1,7mi1,a™") € D, with a witness h €

Col(Am41(¥)", < Km+1). Define (HZ, )" (v) = h.
We record some properties of (H2,,,)":
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(*m41) For each p € Aj ., with v = p(km41), we have that for all ¢ €
P(E, tApi1 (v)m<my> h° € Col(k,),, < v), and h' € Col(v, pm+1(v)™),
e EITHER (t7(f}, 11Dt Amg1(v), O b (HZ 1) (1)) " Frg1, @™ 1) decides
b,
e OR thereisno g < f/, .1, h < (H2, 1) (v), ¥ <* Frug1, and @ < ™ such
that (t7(g ® pt, Ama1(v), h°, b1, h) ™7 x) decides b.

Fix u € A}. Let G be a canonical name for a generic object for Pip, 1x,.. 1 (1):in<m) X
Col(rf,, < pulkim+1)) X Col(p(Kmt1), prms1 () F). Let (G2,,) = (((@™)n)p 1 1 < M),
which is just the first m + 1 coordinates of ¢ squished by u. Since the product
of collapses Col(k}, < pu(km+1)) X Col(i(Kmi1), pma1(p)h) is k1 -closed, we apply
the induction hypothesis for the Prikry property for the m-extender case to the
condition

(@) s (HO 1) (o 1 dom (£ 1)), (HLay)?" (s 1 dom(f2, 1))

Let t(p) <* (§%) 0 (1) < (HO, )" (1 | dom(f2,)), and
W' (1) < (Hppyy)™ (1 1 dom( m+1)) be such that

(t(n), hO(p), h* () decides if 3(t, (h%)*, (h')*) € G,
(™ (o> Amr1 (), (RO)*, (R)* (H7, 1) ((Em41))) ™ P, ™) || 0.

By strengthening t(u) (under <*), h%(u), and h'(u) further, we can assume that
for each p € Al 1, (t(n),h%(p), h* () satisfies exactly one out of the following
three mutually exclusive properties:

(QL) (£(w), h®(p), bt (m)) I 32, (h%)*, (h1)*) € G,

(t <m+1€Bu7 Ame1(p2); (RO)*5 (R)*, (HZ 4 1) ((Fm41))) " Tongr, @™ 1) I .
(Q2) (¢(u), (), 1 () I 3(t, (h0)*, (h1)) € G,

(¢ m+1EBM7 A1 (p), (RO)*5 ()", (HZ, 1) (i(Rom41))) ™ Fnr, @™ 1) I b
(Q3) (t(n), hO(p), bt () I A(t, (R )*( ")) €a,

(7 (T @ 1 A (0 (RO, (B (2, 1) (1)) ™o a™0) | .
Shrink Aj, ., so that every u € A} ., falls into the same case above.
Use Lemma@ to find a condition ¢™*! such that

qu < (gt i <m) T rInJrl?A;nJrh (ng+1)q (H71n+1)q

satisfying all properties stated in Lemma @ where t(u), h%(u), h'(u) are as de-
scribed right before introducing the properties |(Q1)(Q2)} and |(Q3)} which means

m m

S (H3 1)) T

that if 7 € Ag::ll and p = 7 | d;nH, and v = p(Kmy1), then for & < m,

mly m "
ST = B @ ) T k1) <0 ), for L= 0,1, (HY,y)™ (7) = B0(),
(H3n+1)qm+l(u) = (H2,)' (v), and f +1 < f)as1- We have finished the construc-
tion of ¢™*1, and ™.

Recall we take (g, a’) as a lower bound of the sequence {(¢"™,a™) : m < w}.
Claim 7.4. There is a direct extension of (q,a’) which decides b.

If we can find a direct extension of (q,a’) deciding b, then the proof is done.
Suppose this is not the case. Let (r,2) < (¢,a’) be such that (r,z) IF b and r is not
pure. Suppose r is not pure, which has the least possible value of max(supp(r)).
Our proof is divided into 2 cases: max(supp(r)) = 0, and max(supp(r)) > 0.
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CASE A max(supp(r)) = 0.

This means supp(r) = 1. Hence r <* ¢+ p’ for some /L/ € Ad.

We refer to all the notations in the construction of ¢°. Set u = p/ | dj, and
v = (ko). We have r\ 1 <* ¢ \ 1<* 7y <* 7. Slmllarly, we can trace back to see
that f7 < fl @ p. Also (h3)" < (HY) (u) and z < @’ < a°. By the property (%),
((fo @y Mo(v), (KO), (RY)", (HE)'(v)) " To,a’) Ik b. This means B;, = By. Thus for
every i € A%, we have

() (fo & (i1 dg), Mo(f2), ko (), ho (i, (HG)' (Ji(ki0)) " 7o, a°) I b.

One can check that (¢ + f1,a’) is stronger than the condition in Therefore
(¢ + p,a’) Ik b. Since every extension of (¢,a’) is compatible with (¢ + fz,a’) for
some 1, (q,a’) IFb.

CASE B max(supp(r)) = m + 1 for some m < w.

We will refer to all the notations in the construction of g Suppose part of
the extension used some ' € A . Set p =y | d),,; and v = p(km41). By
tracing back, and lemma 5, the following properties hold for r and x:

(1) r I (m+1) <t(u).
(2) frng1 < frng1 ® e
(3) For 1 =0,1, (hl,,1)" < hl(n).
(4) (M) < (H%H)'( v).
(5) r
(6)

m+1

\(m+2) S rm-‘,—l

x < amtl

By (2 .,.7, and @, and by (*m+1), we have
(r I (m+1)7¢ 7'n+169u7/\m+1( ) (hi)"s (B 1)”s (Hi 1) (V) " Figr, @™+ 1) 1D
By (1) and . 1), ht(p)) has the propertym Set
= t() " (fan @M7Am+1(V),h0( ) B (1), (H 1) (16(Kom1))) ™ Pt
We claim that already (r#,a™*!) IF b. Suppose not. Find 7’ < r, 2’ < a™*! such
that (v/,2") IF —|b let G be a generic extension of P(g 1x,..,(v):n<m) containing (r' |

(m+1),(h%1)", (ht,11)™), hence containing (¢(u), A% (), h'(11)). By the property

(Q1)} we can find (¢, (h°)*, (h')*) € G below (' | (m+1), (hm+1) J(RE )" ") such
that

() (s @ 1, A (), (RO)*, (B, (Hp 1) (1) )™ Py, ™) F .
Since
(1) t<r [ (m+1).
2) frp1 < Frugr ® e
3) for 1 =0,1, (h*)" < (1),

(h72n+1)T = (H%+1)/(M(“m+l))-
7 +2) < o, and
(6) 2’ <am™tl.

combining the fact that (r/,2’) IF =b, and we have

(2)
(3)
(4)
(5)

(s At (), (B0)7 (RN, (B )™ Y71\ (m +2), &) I b, .
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which is a contradiction.

To show that (gq,a’) forces b, note that every extension of (¢q,a’) is compatible
with (¢+7, a ) for some i’ € Am 11~ Hence it is enough to show that every extension
of (g,a") by i’ € Am+1 forces b.

Let o € Am+1 Let =g’ [ dy, ., and U = [i(km41). By the way we shrank
Al 1, (t(R), RO(f), h* (12)) has the property |(Q1)) m Similar proof as above shows

()™ (Fragr @ 1 Amgr (), BO(), R (), (H,40)' (9) 7 i, ) I B

Hence already (¢ + 1/, a’) IF b. This completes the proof of the Prikry property.
O

A similar proof shows the following statement, which is known as the “strong
Prikry property”.

Lemma 7. Let p € P, and D be a dense open subset of P. Then there is p' <* p,
and a ﬁmte set I Cn (can be empty) such that I Nsupp(p’) = 0, and for each
i€ [lacr AL, each p; addable, p' + ji € D.

Proof. (Sketch) As the proof of the Prikry property, we induct on the a stronger
statement: by induction on 7, if A is Eﬁ— closed, then for each (p,a) € P x A, and
a dense open set D C P x A, there is a condition (p’,a’) <* (p,a) and a ﬁnite set
I C 7 (can be empty) such that I Nsupp(p) = @, and for each i € Hael , each
u; is addable, and (p’ + [i,a’) € D. We assume for simplicity that p is pure. The
elements of the proof for the case 7 = w contain all the elements from the other
cases. We will show only the case 7 = w. The proof has the same style as the
proof of the Prikry property, we assume A is trivial, and remove A from the proof
to make the proof more readable.

We only emphasise the key different ingredients from the proof of the Prikry
property. For more details, look at the proof of the Prikry property.

Assume p = ((f2, AP (HQ)P, (H})P, (H2)P)) is a pure condition. We will build a
<*-decreasing sequence (g,, : m < w), it will then be routine to check that a lower
bound of the sequence (g, : m < w) will satisfy the condition for the strong Prikry
property.

Construction of ¢°: Let

Qo = {(f,7) € (A(ko, \)/f8, <) x ((P/p)\1,<*) : dom(f) is a subset of dom(f]) }.

Note that f{ is the first Cohen part of 7. Fix a sufficiently large regular cardinal
#. Build an elementary submodel Ny < Hy of size kg closed under < kg-sequences
containing enough information. Let (f{,7) be (No, Qp)-generic. Let df = dom(f})
and Aj € Ey(df) be such that A C Ay(dy) and Af, projects down to a subset of
Ab.

Let v € Aj(ko). As usual, let {u;,h),hj}jcx,) be an enumeration in Ny
of the triples p, h% h' where u € Aj, p(ko) = v, h0 € Col(wy, < v), and h! €
Col(v, po(v) ™), respectively.

Define D, as the collection of (g, ) € Qg such that there is an h € Col(M\g(v) T, <
ko) with h < (H2)P(v) meeting the following requirements:

(1) For all j < Ag(v), dom(y;) C dom(g).
(2) For all j < Ao(v),
e EITHER ((g ® p;, A\o(v), k%, h}, h)™F) € D,

) J? J?
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e OR there is no ¢’ < g, B/ < h, and ¥ <* 7 such that dom(g’) is a
subset of the Cohen part of ', and the condition
(<g/ Dy, >‘0( )ﬂ hga hjla h/>/\_’,) €D.
Then D, is a dense open subset of Qg and is in Ny. Hence (f{,7) € D,, with a
witness h € Col(Ao(v)™, < ko). Define (HZ)'(v) = h.
Now fix u € Afy. Find h°(u) < (HY)P(p | d5) and h'(u) < H'(u | db) (if exist)
such that there are f < f, h < (HZ)'(1u(ko)), and 7 <* 7,

<f/ D, AO(M)? ho(:u)’ hl(p“)a h)>/\7?6 D.

Hence

(b @ 1, Mo(ja), 1O (), B (), (HZ) (1(r0))) "7 € D.

Otherwise, set hO(u) = (HS)P(n | db), h*(p) = (HE)P (| db). Define (H{) (p) =
hO(u) and (H@) (i) = h (). Shrlnk A’ to Af so that
(R1) EITHER for every p € A{, there are f' < f{
7 <* 7y such that (f' @ u, Ao(u), h°(w), h* (), h
(R2) OR for every u € Af, for every f' < fb, h < (HZ)'(u(ko)), and 7 <* 7
such that (' & i, Ao(1), h® (1), b (1), 1)) ~7 & D.
Finally, define qo = (f}, Ay, (HO)' | Ay, (H) | Aj, (HZ) [A{)(no»“ﬂ Here is
the property of ¢°: if ¢’ is an extension of ¢° with supp(q’) = {0} and ¢’ € D, then
(0]
for every 7 € Al , ¢* + 7 € D.
Construction of ¢™*!: Suppose ¢ is constructed. Define

Qi1 = {(£,7) € (A(me1, N/ FE10): <) x (/g™ \ (m +2), <) :
dom(f) is a subset of dom(f;, o)}

—~
(S
<

Here note that f7 5 is the first Cohen part of . Fix a sufficiently large reg-
ular cardinal . Build an elementary submodel N,,+1 < Hy of size k41 closed
under < K, 1-sequences and containing enough information. Let (f;, 1, 7m+1) be
(Nm41, Qm1)-generic. Let d;, | = dom(f),,,) and A}, | € Ep11(d],, ) be such
that A7, ., € Ayq1(d;, 1) and A7, projects down to a subset of Anzrl

Let v € Al 1 (Kmy1). As usual, let {t;, pj, h9,hj}jx,. . () be an enumeration
in Np,41 of the quadruples ¢, 4, k%, h' where t € P(g, 1x,. 11 (v)m<m)s 1 € Apy iy with
p(kms1) = v, hY € Col(k;\, < v), and h! € Col(v, pyi1(v)T), respectively.

Define D, as the collection of (g, ) € Q1 such that thereis an h € Col(A,1(v)T,

Km+1) With b < (H2,,1)?" (v) meeting the following requirements:

(1) For all j < Ap41(v), dom(p;) C dom(g).
(2) For all j < Apg1(v),
e EITHER t; (g ® p1j, A1 (v )7h]7h],h> 7FeD,
e OR there isno ¢’ < g, K < h, and ¥ <* 7, such that dom(g’) is a
subset of the Cohen part of 7, and the condition
tj’-\<g’ B L, Amt1 (V), h?, hjl, h’)’\Fe D.
The set D, is a dense, open subset of Q,,+1, and D, € N,,11. Hence we have

(fing1>Tms1) € D, with a witness h € Col(Api1(¥)T, < Kma1). Define (an_H)’(l/) =

Now outside of Np,41, let E,, be the collection of (¢, RO h') € P B, A1 (v):n<m) X
Col(k}, < v) x Col(v, py1(v)T) such that EITHER

<
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120 <f7ln+1 D u, )‘m+1(y)7 h07 h17 (H72n+1)/( )> Tm-‘,—l € Dv
OR for all g < fl, 1 @ p, B* < (Hp, 1) (1), and 7 <* T,

t/\< ;n—&-l D u, >\m+1(’/)7 h07 h17 (H727z+1)/(y)>AFm+l € D.

We can use the property of D, .,y to show that E, is open dense. Use the

m

induction hypothesis to find ¢(s1) <* (¢™ | (m+1)),,, h%(u) < (HS, )7 (uu | dli1)
and h'(p) < (HY )7 (p ] df;;l) with the least [OR]<“-element a* = aff < --- <
ak( )—1» in the lexicographic order, such that for every 7 € 11 AW po < RO (u),

aEam

and h' < h'(u), we have (t(u) + 7, kO, h1) € E,,.
For each p € A}, 1, define F), : Al(f) X . ..Afx(ff) — 2by Fyu(70,- -+, Th(uy—1) =
0

k(p)—1

1 if and only if

(t(p) + (7o (-1))"
(Frng1 @ s (K1), B0 (1), B 1), ( m+1) (1(Fm+1))) " Tmt1 € D.

By Lemma , we have a measure one set Bt(# ) - At([f ) for all i < k(w) such that

a; a;

F B'W . B s constant. Shrink the measure one sets At(“) ... ,At(ff)
“o k(u)—1 Yh(u)—1

inside ¢(u) to B;(f), ceey Bt(f) , respectively, that F), is constant on the product
0

X () —1
of those measure one sets. Restrict the collapses based on the measure one sets we

just shrank. Call the resulting condition ¢*(u). By the shrinking of measure one
sets in t(u), we arranged that
(S1) EITHER #* (1) (70, - -, Th(uy—1) " (frag1 @ b0 (w), B (1), (Hy 1) (K1) ™ Pngr €
D for all 7,
(S2) OR for all 7, there are no g < f, .4 ® p, h? < (H2_1)' (#(Km+1)), and
7 <* g1 such that ¢*(p) 4+ (70, . . ., Te(uy—1) — (g, R°(p), B (), h )T €
D.
Shrink Aj, further so that every p satisfies or every p satisfies If
every p satisfies shrink further so that there is a sequence @,,,+1 such that for
every (€ Ay, 4, 0_2” = Ama1-
Observe. that £*(x) < (¢ | (m + 1)), BOu) < (HO,y)
h' () < (Hpyr)?"
gether to form a condition ¢ Hence for 7 € Af:: with p = 7 | d;{;l,
and v = (ims1) = T(hmir), we bhave (@™ +7) [ (m+1) < ¢ (), for
n < m, ST = g (HY )T () = RO, (Hjy)™T (7)) = B (), and
(H%H)qm“(y) = h%(v). This completes the construction of ¢™*1. Here is what
we have: if ¢’ is an extension of ¢™*! such that supp(q’) is the least in the lexico-
graphic order in [OR]<¥, max(supp(¢’)) = m+1, and ¢’ € D, then every extension
" of g™+ with supp(q”) = supp(¢’) is in D. Now we have ¢ <* ¢™ for all m.

m

(p 1 dfr]n+1)7 and
(T df’n +1) Use Lemma (6 to integrate these components to-
m—+1

Claim 7.5. q satisfies the strong Prikry property.

Proof: (sketch) Let ¢ < g with ¢’ € D. Assume ¢’ is not pure with the least supp(q’)
in the lexicographic order in [OR]<¥. Enumerate supp(q’) in increasing order as
ag < -+ < ag_1. If ag_1 = 0, then the proof is easy. Assume aj_1 = m+1. Using

m—+1

the notations from the construction of ¢ , we have that for every 7 € A7,
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7 | d,, satisfies the property and @pme1 = {(ap,...,ax—1). By the way we
shrank A} ., for every 7€ [[ AZ, we have ¢ +7 € D. [ ]
Q€A m 41

O

5. CARDINAL PRESERVATION

This section is dedicated to showing some cardinal preservation results. We an-
alyze the generic extension. From now, assume the length of the extender sequence
is limit 7. Also assume p = &, and Ko = max{w,n}. Let G be P-generic over V.

Lemma 8. For each o < 0, the cardinal k,, is preserved in V[G], (2%)VIC] < ko yq.
As a consequence, for any limit ordinal < n, Rg is a singular strong limit cardinal

in V|G, and Kg = N‘ﬁ/[G],

Proof. Let o < n. By a density argument, we find p € G with o, + 1 € supp(p).
Then G/p is factored into Go = G/p | Pig jaaiy<a), G1 = G/p | {a} and
G2 :=G/p | (P\ (a+ 1)), for some A\, < Kkqo. Go comes from a forcing that has
Aq-c.c. Thus k, is preserved in the extension by Gy. G comes from a forcing which
is equivalent to A(ka, Aa+1) X Col(Ra, < 1) X Col(v, $4(1)T) x Col(sa ()3, < ka)
for some inaccessible v. We see that k, is still preserved, and in the extension by
Gy and Gy, 2F> < o = Aa+t1 < Kat1. Finally Go comes from a forcing whose <*
is k! -closed. By the Prikry property, it does not add new k,-sequences. Hence in
V[G], kq is preserved, and (25)VIE < kg,

By our analysis, on each interval (Kq, kql, there is a v, € (Ra, Kq) such that &F,
Vo, Sa(Va)TT,84(Va) T3, and kK, are preserved (see Lemma E[), and vy becomes 1™,
so we are done. (]

The only reason we designate kg = max{w,n} is to make sure we have room to
directly extend any given condition 7-many times. In practice, we can split forcing
into blocks. For instance if 7 > wy, we may split P to P [ w and P\ w. As a result,
assuming Ky = w does no harm, and we can keep factoring as we need. To avoid
worries about cardinal arithmetic up to 7, we may assume Ky = w.

We know for each limit g < 7, (REJF)V is preserved by chain condition. (RE)V
is also preserved by this forcing:

Lemma 9. For any limit ordinal § <, F;EV is preserved in V[G].

Proof. We only show the case § = 1 here. The case 8 < 7 is similar, together with
the fact that (P\ 8, <*) is Rg—closed.

Suppose not. Then in V]G], let £ = cfﬁf{ < Ky. Choose a < n such that £ < kq.
Extend p so that « € supp(p). Break p into p | a, p(a), and p \ a. Since p | a and
the Collapse parts in p(«) come from forcings which have k4-.c.c., and the Cohen
part of p(a) comes from a forcing which is k1 -closed. &, is collapsed in the forcing
in which p \ « lives (which is P\ «).

In V, let {%; : i < £} be a sequence of names, forced by p\a € P\ «, to be a cofinal
sequence in R;;‘V. Build a sequence of conditions {p; : i < £} such that pg = p\ «,
{p;\ : i <&} is <*-decreasing, and p;;, satisfies Lemma [ for D; = {g € P\ a: g
decides the value of 4;}.

Set 7 to be a (<*)- lower bound of {p; : i <&} in P\ (a+ 1). By Lemmal[7] for
each i < & A; = {B: I < r,r' IF4; = 5} has size at most ko, for some a; < 7.
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Set 3; = sup A;, and B = sup f;. Then 7 I sup{%; : i < £} < B and B < (Rj“,)v,
<&
which is a contradiction. (I
From the series of lemmas above and some chain condition arguments, in the
generic extension V[G], we get that for each limit ordinal 8 < n, Rg, (RE)V, (E;+)V
are preserved, Kg = NZ[G], (Eg)v = (Ngy1) VI (E?ﬁ')v = (Ngp2)VIE and if g <
is limit, then A\g = Ng 3, where A\g = )\g for some p € G with 8 € supp(p).
From this point, for limit 8 < 7, let Ag = )\g for some p € V[G] with 8 € supp(p),
and A, = \. Next, we are going to verify that in V[G], for limit 8 < 7, 27 = Xg.
On one hand, 2% < A\g by a chain condition argument.

To show \g < 278, we will build a scale of length A\g. We analyse the scales in
the next section.

6. SCALE ANALYSIS

Lemma 10. Let 8 < be a limit ordinal, let ¢ be a condition such that 5 € supp(q)
if B<m, and let \g = X if B =1 and Xg :)\qﬁ if B <mn. Let~y € [Rg,Ag) and
a < 3. Let D be the collection of p < q such that

(1) a € supp(p).

(2) If we enumerate supp(p) N (8 + 1) \ « in decreasing order as ag > -+ >
a1 = a such that if B < n, ag = B, then v € dom(fE ), the sequence
of ordinals defined inductively by setting vo = v and vi11 = f5 (vi) for as
long as v; € dom(fL.) reaches a stage where vi_1 is defined, and yr—1 €
dom(f2).

Then D is open dense below q.

Fix a limit ordinal 8 < 7. In V[G], let Ag = \; when p € G with 8 € supp(p).
Note that by genericity of V[G], Ag is well-defined.

For v € [Rg, Ag), define a function ¢, : B — Rg as follows: for a < 3, find p € G
with p lying in the dense set from Lemma Enumerate supp(p) N (8 + 1) \ o in
decreasing order as ap > -+ > ax_1 = a. Define g, ...v,x—1 as in Lemma and
define t,(a) = fP(Vr-1)-

To check that ¢, is well-defined, suppose p, ¢ € G satisfy the conditions in Lemma,
Find r € G with r < p,q. Hence ((supp(p) Usupp(g)) N (8 + 1))\ a C
(supp(r) N (B+ 1) \aand ap = B if § < n. Assume r <* p + (po, ..., fi—1)
and r <* ¢ + (70,...,7-1). For simplicity, assume p; is an f;-object, 7; is an
¢j-object, a < By < -+ < Bi—1 and a < (p < -+ < (m—1. We will show that p
and r compute the same ¢,(c)-value. A similar argument will show ¢ computes
the same ¢, (a) as r. Simplify further that [ =1, p = po, and 8 = fp. Enumerate
(supp(p)N(B+1))\ v in decreasing order as ag_1 > ... Qp > Gy > -+ > ap = @,
where o, > & > a,—1. Then

fon 10 fa ofiofa, vo o fas() =08 o fa ofiofh o fh(7)
=fh o fh opTtopofh o fR(y)
=fE o fE ofl o... fE (7).

Thus p and r compute the same ¢, (). Lemmasand are parallel to Lemmas
2.29 and 3.12 in [3],
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Lemma 11. In V[G], (t, : v € [Rg, Ag)) is <*- increasing, where t <* t' means
there is oo < m such that for all &' > o, t(a') < t' (o).

Proof. We prove the case § = 1. The case 8 < 7 is similar. Let v < 7' € [R,, \).
We will show the conclusion by a density argument. Let p € P. We can find p’ < p
such that v and +" are in the domains of the Cohen parts of p. Assume v and ~/
belong to dom( g;) where max(supp(p’)) < ao

We can also assume that for o > ayp, the domain of each object in A contains
v, and 7’. We will show

P IFVa > ag(ty(a) < Ly (a)).

This is true because for each a > g, we can find ¢ < p’ with o € supp(q) and
for o € supp(q) \ «, we use an addable a’-object whose domain contains v and
~'. Every addable object is order-preserving, and by a density argument, we are
done. (]

In particular, we conclude in V[G], 2% = Ng3 for B <, and 2% = W+,
We set A\, as AL when p € G and « € supp(p). We have

Lemma 12. In V[G], (t, : v € [Rg, Ag)) is a scale in ( [] Ao, <va)-

a<f
Proof. Again, assume for simplicity that § = 7. First, note that for each condition
p and « > max(supp(p)), ran(mcy(d2)) C A = j(sq)(ka)™ . Hence there is a
measure one set of p such that ran(p) C so(1(ka)) ™ = Ao (1t). Hence the type is
correct.

Let h be a name and p be a condition forcing that he 11 Ma. Suppose now for
a<n

simplicity that p is pure. For o < 1, let Do = {q : ¢ decides h(«)}. Find ¢ <* p
witnessing the strong Prikry property for D, with the finite set of coordinates I,
for all @ < 7. Assume further that « € I,,. Define Y, (ji) to be the value that ¢+ ji
decides for h(c). Note that this is less than Ay (j1a), which is a regular cardinal. Now
forge T[] A% define Z, () := sup(Y (7 fi))+1. By asimple counting argument

d€l\o
Zo(f1) < Aa(pta), and for i€ [] A%, we still have ¢ + i IF h(a) < Zo(fi). We
del\o
have that for i € I Jje.(AD),

6l \(a+1)

JE. (@) + ((mea(dd)) ™ fi) I jg, (h(a)) < A

Since for § > «, jg, (A}) comes from a measure which is jg, (ks)-complete, and
JB. (ks) > JB.(Ka) > A, there are 7, < A and measure one set By for § € I\ (a+1)

such that for i € 11 By,
de€la\(a+1)

JE. () + ((mea(dd)) ™ i) = je, (h(@)) = Ya-

We run through the process as above for all @ < n. Take v = sup,, 7Va- Let
r <* ¢ with v € dom(f§). Hence for o < n, and i € I1  Jje, (45 NBg,
Sl \(a+1)

JE. (1) + ((mca(dy)) ™) Ik je, (h(e)) < mea(d) (e, (7))
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Since the sets of such [ are of measure one, by elementarity we may shrink
measure one sets A for § € I, \ a so that every extension of r using objects in
{Ar : 6 € I} decides that h(a) < u(y) where p is the object being used in A7
Repeat the shrinking process for all a and call the resulting condition s.

We claim that s IF h(a) < iy () for all . To show this, fix an a. Let s’ < s
such that ' decides h(a). Assume s’ <* s* + ji where [i comes from measure one
sets {A} : §d € X} and X D I,. By the strong Prikry property, s** := s* + (4 [ 1)
decides h(a) to be an ordinal less than yq (7). A straightforward calculation tells

that s** decides h(a) to be an ordinal less than £, (a). Hence, we are done.
([

To investigate the scale further, note that if p € G and 8 € supp(p), A\g = p;+
for some 3. The exact same argument shows that (¢, : v € [Rg, pE)) is a scale in

(TI P&, <va). Recall that a scale (hq : a < xT) on [] 03 is very good if modulo
a<fp B<o

club filter, every a < xT with cf(a) > 6 is a very good point, meaning there is a
club C C « of type cf(a) and v < 6 such that for Sy and 8; in C with Sy < 51 and

§> 7, f30(8) < f5.(8)-

Lemma 13. (t,:v € [Eg,p}’)) is a very good scale.

Proof. For simplicity, assume 3 = 7. Let v < p*, say n < cf(y) < kg for some
a < n. Let C C (y\ p be a club of order type cf(y). Let p € P be such that
a+1 € supp(p). Let # = min(n \ supp(p)). Extend p to p’ so that C C dzl. Shrink
the measure one set AZ/ 41 so that the domain of any #-object in the measure one
set contains C. Call the final condition ¢. It is easy to see that ¢ I V(3,531 €
C(Bo < B1 — V&> 0(fs,(&) < f5,(£))). Hence the scale is very good. O

7. LARGE CARDINALS
In this section we clarify how to obtain a pairwise coherent sequence of extenders.

Definition 8. Let x be a cardinal. Then k is weakly compact if for every
transitive set M such that |M| = k, M is closed under < x-sequences, and satisfies
enough set theory, then there is an elementary embedding j : M — N such that V
is transitive, |[N| = k, N is closed under < k-sequences, and crit(j) = k.

Definition 9. Let x < xy < d be cardinals, and A C Vy. k is x-A-strong if there
is an elementary embedding j : V' — M with M transitive, crit(j) = &, V), C M,
and j(A) NV, = ANV,. kis < 0-A-strong if k is A-A-strong for A < 4. Finally, ¢
is a Woodin cardinal if for A C Vj, there is k < § such that x is < §-A-strong.

Definition 10. Let § be a cardinal. Then ¢ is superstrong if there is an elemen-
tary embedding j : V' — M such that M is transitive, crit(j) = ¢, and Vj5) € M.
Here is a standard fact:

Proposition 11. If § is superstrong, then ¢ is weakly compact and Woodin.

We will elaborate how we derive the sequence of pairwise coherent extenders
from a weakly compact Woodin cardinal. Note that the least Woodin cardinal is
not weakly compact. This is because weakly compact cardinals are Hi—reﬂecting
and “0 is Woodin” is captured by a Hi—sentence holding in Vj.
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Lemma 14. If § is weakly compact Woodin, then for all A C Vj there is k < §
which is §-A-strong.

Proof. Let A C V5. By Woodinness of 4§, let k < § be < §-A-strong. Let M < Hy
be of size §, closed under < §-sequences, trcl({Vs, A}) € M. By elementarity,
M [= k is < §-A-strong. Let M be the transitive collapse of M with the associated
isomorphism i : M — M. Hence i(k) = &, i(§) = 6, and i(4) = A. Hence M = &
is < 0-A-strong. Since § is weakly compact, let j : M — N with |[N| = 6, N is
closed under < J-sequence, § = crit(j), and N is transitive. Thus N = & is < j(9)-
j(A)-strong. Since 6 < j(9), in N, k is 6-j(A)-strong. Thus « is §-A-strong in N.
We can derive an extender in N witnessing & is §-A-strong. Since the extender can
be coded as a subset of Vy, k is d-A-strong.

O

Note that by Woodinness of §, we can also prove that for each A C Vj, the set
of k < § which is d-A-strong is unbounded in §.

Theorem 12. Suppose that for each A C Vs, {k : k is §-A-strong} is unbounded
in 0, then there exists a sequence of extenders (E, : o < n) such that E, is a
(Ka, 0)-extender for some K, and the sequence of extenders is pairwise coherent.

Proof. Pick ko € (n,9) such that k¢ is J-0-strong. Derive a (ko,d)-extender Ey
from the strongness of kg. Let o < . Suppose E, := (Eg : § < «a) have been
constructed, we see that E, can be coded as a subset of V5. Find k. > SUPg<q Kp

such that x, is §—Ea—strong. Set a witness jg, : V — M,. Then derive an (kq,0)-
extender from jg_ . By the strongness of E,, we conclude that jg, (Eg) NVs =
EgNVs = Eg for all 8 < a. O
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