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Abstract

The problem of imagedeblurring in the presenceof impulsivenoiseand in particular
salt and pepper noiseis considered.Standard imagedeconvolution algorithms, that are
designedfor Gaussiannoise,do not perform well in this case.Median type �ltering is a
commonmethod for salt and pepper noiseremoval. Deblurring an imagethat hasbeen
preprocessedby median-type �ltering is however di�cult, due to the ampli�cation (in
the deconvolution stage) of median-induceddistortion. A uni�ed variational approach
to salt and pepper noise removal and image deblurring is presented. An objective
functional that represents the goals of deblurring, noise-robustnessand compliance
with the piecewise-smooth image model is formulated. A modi�ed L 1 data �delit y
term integrates deblurring with robustnessto outliers. Elements from the Mumford-
Shah functional, that favor piecewisesmooth imageswith simple edge-sets,are used
for regularization. Promising experimental results together theoretical considerations
are shown for several blur models.

1 In tro duction

Consideran imagethat hasbeenblurred and contaminated by salt and pepper noise.Typical

sourcesof blur are defocusand motion [5]. Salt and pepper noiseis a commonmodel for the

e�ects of bit errors in transmission,malfunctioning pixels and faulty memory locations [10].

Signi�cant attention has been given to image deblurring in the presenceof Gaussian

noise[5]. We focus on variational methods, that have an important role in modern image

deblurring research, seee.g. [25,34,35,38]. Most methods rely on the standard model g =
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Figure 1: Current imagedeblurring algorithms fail in the presenceof salt and pepper noise.
Top-left: Blurred image with Gaussiannoise. Top-right: Restoration using the method
of [38]. Bottom-left: Blurred imagewith salt and pepper noise. Bottom-right: Restoration
using the method of [38].

h � f + n, that is applicable to a large variety of image degradation processesthat are

encountered in practice. Hereh represents a known space-invariant blur kernel (point spread

function), f is an ideal version of the observed image g and n is (usually Gaussian)noise.

In this research, we focuson the caseof salt and pepper noise.

The assumptionof Gaussiannoiseis a fundamental element of commonimagedeblurring

algorithms. It is thereforenot surprising that those algorithms produce inadequateresults

in the presenceof salt and pepper noise. This fact is illustrated in Fig. 1. The top-left image

in Fig. 1 is the 256� 256Lena image,blurred by a pill-b ox kernel of radius 3 (7 � 7 kernel)
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and contaminated by Gaussiannoise. Successfulrestoration is obtained using the state of

the art deblurring method of [38] (top-right). The bottom-left image in Fig. 1 is the same

blurred Lena image,now contaminated by salt and pepper noiseof density 0.01. In this case

restoration using the method of [38] is clearly inadequate(bottom-right). Note that due to

the inadequacyof the noisemodel, the algorithm of [38] yields poor results even at lower

salt and pepper noisedensity. The regularization constants usedto obtain Fig. 1 (top-right)

and (bottom-right) are the same: 10� 3. Note that increasingthe constant in the presence

of salt and pepper noisee�ectiv ely disablesdeblurring, while only reducingthe amplitude of

the noise.

Salt and pepper noiseremoval is consideredin the literature by itself. It is commonly

approached using median �lters and their variants, seee.g[16,24,31]. Recently, a promising

variational method for impulse denoisingwas proposedby [13,28,29].

In the absenceof uni�ed algorithms for deblurring and salt-and-pepper noise removal,

the straightforward approach is to �rst denoisethe image,then to deblur it. This two-stage

method is however prone to failure, especially at high noisedensity. Image denoisingusing

median-type �ltering createsdistortion that depends on the neighborhood size; this error

can be strongly ampli�ed by the deblurring process,even in regularizedmethods. Consider

the exampleshown in Fig. 2. The top-left image is the 256� 256 Einstein image, blurred

using a pill-b ox kernel of radius 4. The blurred image with added salt and pepper noise

(noise density 0.11) is shown top-right. The outcomeof 3 � 3 median �ltering followed by

deblurring using the algorithm of [38] is shown bottom-left. At this noise level, the 3 � 3

neighborhood sizeof the median �lter is insu�cien t, the noiseis not entirely removed, and

the residualnoiseis greatly ampli�ed by the deblurring process.If the neighborhood sizeof

the median �lter is increasedto 5 � 5, the noiseis fully removed, but the distortion leadsto

3



Figure 2: The failure of the two-stageapproach to salt-and-pepper noiseremoval and image
deblurring. Top-left: Blurred image. Top-right: Blurred image contaminated by salt and
pepper noise. Bottom-left: The outcomeof 3 � 3 median �ltering, followed by deblurring.
Bottom-right: The outcomeof 5 � 5 median �ltering, followed by deblurring.

inadequatedeblurring (bottom-right).

In this paper we present a uni�ed method for imagedeblurring and salt-and-pepper noise

removal. Using a variational technique, we introduce a cost functional that represents the

goalsof deblurring, robustnessto salt and pepper noise,and compliancewith a piecewise-

smooth imagemodel. In addition, we explorethe cost functional from robust statistics point

of view, and compareit to other methods both theoretically and experimentally. Finally,

the experimental resultsexhibit e�ectiv e imagerecovery, with variousblur modelsand noise

levels.
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2 Uni�ed Variational Framew ork

Imagedeblurring is an inverseproblem, that canbe formulated asa functional-minimization

problem. Let 
 denotean open boundedset of R2, on which the image intensity function

f : 
 ! [0; 1] is de�ned. Ideally, the recovered image f̂ satis�es

f̂ = argmin
f

Z



�( h � f � g)dx; (1)

where �( �) is a metric representing data-�delit y. In the caseof Gaussiannoise,a quadratic

data-�delit y term is used:

�( h � f � g) = (h � f � g)2: (2)

The inverseproblem represented by Eq. 1 is known to be ill-p osed: small perturbations

in the data may produceunboundedvariations in the solution. To alleviate this di�cult y, a

regularization term, that re
ects somea-priori preferences,is added. The functional to be

minimized thus takesthe form

F (f ) =
Z



�( h � f � g)dx + � J (f ) (3)

whereJ (f ) is the regularization or smoothnessoperator and � is positive weighting scalar.

Several regularization terms were suggestedin the literature, for exampleTikhonov [37] L 2

smoothness,Total variation (TV) L 1 norm [34,35], modi�ed L 1 norm [1] and recently an

integrated TV and wavelet coe�cien ts regularization [20,21,25,26].

In the presenceof salt andpepper noise,the quadratic data-�delit y term (2) is inadequate.
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In this paper, we usea robust (modi�ed L 1 norm) data-�delit y term

�( h � f � g) =
p

(h � f � g)2 + � ; (4)

where � is a small constant. The modi�ed L 1 norm sharesthe robustnessto outliers of the

L1 norm, but avoids the resulting PDE from being singular at zero. Brox et al [11] have

recently used the modi�ed L 1 norm as a �delit y term for preciseoptical 
o w estimation.

Note that once� is increased,the modi�ed L 1 tends to L 2 norm, since

p
(f � h � g)2 + � = �

s

1 +
(f � h � g)2

�
� �

�
1 +

(f � h � g)2

2�

�
;

which hasa quadratic form.

2.1 Regularization

The regularization that we userepresent preferencefor piecewise-smooth imageswith simple

edgesetswas chosento be the Mumford-Shah [27] functional in its �-con vergenceapprox-

imation. This regularizer has been recently used in electrical impedancetomography [32]

and in blind imagerestoration [6].

The following segmentation functional which was introducedby Mumford and Shah[27]

models an image as piecewisesmooth segments separatedby well-behaved contours. For-

mally, the pair (f ; K ) is the minimizer of the following functional

F (f ; K ) =
1
2

Z



(f � g)2dx + �

Z


 nK
jr f j2dx + �

Z

K
d� : (5)

Here f : 
 ! [0; 1] and g : 
 ! [0; 1] are the model and observed imagesrespectively, K
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denotesthe edgeset and � ; � are positive scalars. The �rst term stands for data �delit y,

piecewisesmoothnessis favored by the secondterm, and the third line integral form mini-

mizesthe total edgelength. Due to the irregularity of this functional, classicalcalculusof

variations methods are not applicable, thereforeapproximation approacheshas to be used.

The Mumford-Shahsegmentation functional consideredasa free-discontinuity problemcould

be approximated as regular functional in the framework of the �-con vergencewhich was in-

troducedby De Giorgi [19].

The main idea of �-con vergenceis to approximate a functional F by a regular sequence

F � such that the minimizers of F � approximate the minimizers of F . Let (X ; d) be a metric

space.A sequenceF� : X ! R+ �-con vergesto F : X ! R+ as � ! 0+ if for every f 2 X

1: 8f � ! f ; lim inf
� ! 0+

F� (f � ) � F (f )

2: 9f � ! f ; lim sup
� ! 0+

F� (f � ) � F (f ):

The function F is called the �-limit of F� denotedby F = �-lim( F� ).

The fundamental theorem of �-con vergence,states that [9] if F = �-lim( F � ) and that

there is a compact set K � X such that inf X F� = inf K F� for all � , then there exists

minX F = lim � ! 0+ inf X F� . Moreover, if f � is a minimizer of F� and f � ! f , then f is a

minimizer of F . The stability property is formulated asthe following: �-lim( F � + V) = F + V

if �-lim( F� ) = F and V : X ! R+ is continuous.

Ambrosio and Tortorelli [2] usedthe �-con vergenceframework to approximate the irreg-

ular Mumford-Shahfunctional by a sequenceof regular functionals F � . The edgeset K was

represented by the characteristics function (1 � � K ) which was approximated by a smooth
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auxiliary function v, wherev(x) � 0 if x 2 K and v(x) � 1 otherwise. Thus,

F � (f ; v) =
Z



f � g)2 dx + G� (f ; v) (6)

whereG� (f ; v) is the imageregularization term de�ned as

G� (f ; v) = �
Z



v2jr f j2dx + �

Z




�
� jr vj2 +

(v � 1)2

4�

�
dx: (7)

The proof for the �-con vergenceof G� (f ; v) to the regularization terms of the Mumford-Shah

functional (5) could be found in [9].

Thus, the suggesteduni�ed functional (3) which consistsof the modi�ed L 1 norm with

Mumford-Shahregularization terms takesthe form:

F � (f ; v) =
Z




p
(h � f � g)2 + � dx + G� (f ; v) (8)

with G� (f ; v) de�ned as before(7). Due to the stabilit y property and the continuity of the

convolution operator

�- lim(F � ) =
Z




p
(h � f � g)2 + � dx + �

Z


 nK
jr f j2dx + �

Z

K
d� ;

and by the fundamental theorem of the �-con vergence,the existenceof minimizers is guar-

anteed.
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3 Minimization techniques

The objective functional (8) dependson the functions f (recovered image) and v (approx-

imated edgemap). Minimization with respect to both f and v is carried out using the

Euler-Lagrange(E-L) equations(9) and (11), subject to the Neumannboundary conditions

@v=@N = 0, @f =@N = 0, whereN denotesthe normal to the boundary.

� F �

� v
= 2� v jr f j2 + �

�
v � 1

2�

�
� 2� � r 2v = 0 (9)

� F �

� f
= � 0(h � f � g) � h(� x; � y) � 2� Div(v2 r f ) = 0 (10)

Substituting the modi�ed L 1 norm (4) yields

� F �

� f
=

(h � f � g)
p

(h � f � g)2 + �
� h(� x; � y) � 2� Div(v2 r f ) = 0 (11)

Studying the objective functional (8), it can be seenthat it is convex and lower bounded

with respect to either of functions f and v if the other one is �xed. For example,given v,

F � is convex and lower boundedwith respect to f . Therefore, following [14], the alternate

minimization (AM) approach can be applied: in each step of the iterativ e procedure we

minimize with respect to one function and keepthe other one �xed.

Obviously, Eq. (9) is a linear partial di�eren tial equation with respect to v. On the

contrary, (11) is a nonlinear integro-di�erential equation. Linearization of this equation is

carried out using the �xed point iteration scheme, as in [14,38]. We set f = f l in the

denominator,and f = f l+1 elsewhere,wherel is the current iteration number. Equation (9)
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can thus be rewritten as

H(v; f l )f l+1 = G(f l ); l = 0; 1; :::: (12)

whereH is the linear integro-di�erential operator

H(v; f l )f l+1 =
h � f l+1

p
(h � f l � g)2 + �

� h(� x; � y) � 2� Div(v2 r f l+1 )

and

G(f l ) =
g

p
(h � f l � g)2 + �

� h(� x; � y): (13)

Note that (12) is now a linear integro-di�erential equation in f l+1 .

The two E-L equations (9) and (11) have now becometwo linear PDE's, that can be

represented by two systemsof linear equations. These systemsare solved in alternation.

This leadsto the following iterativ e algorithm:

Initialization: f 0 = g; v0 = 1:

1. Solve the Helmholtz equation for vn+1

(2� jr f n j2 +
�
2�

� 2� � r 2) vn+1 =
�
2�

(14)

2. Set f n+1 ;0 = f n and solve for f n+1 (iterating on l)

H (vn+1 ; f n+1 ;l )f n+1 ;l+1 = G(f n+1 ;l ) (15)
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3. if (jj f n+1 � f n jj L 2 < "1jj f n jj L 2 ) stop.

Here "1 is a small positive constant. Steps1 and 2 both call for a solution of a systemof

linear equations. Step 1 was implemented using the Minimal Residual algorithm [39]. As

for step 2, following Vogeland Oman [38], Eq. (15) can be expressedin a quasi-Newtonlike

form

f n+1 ;l+1 = f n+1 ;l �
�
H (vn+1 ; f n+1 ;l )

� � 1
R(vn+1 ; f n+1 ;l ) (16)

where

R(v; f ) =
(h � f � g)

p
(h � f � g)2 + �

� h(� x; � y) � 2� Div(v2 r f )

and H(�; �) is the approximation of the Hessianoperator. It can be shown that the Operator

H(�; �) is self-adjoint and positive de�nite (seethe proof in the appendix). Consequently

H(�; �) � 1R(�; �) in (16) was computedvia the Conjugate Gradients method.

Let f ij denotethe discretizedimagefunction. The forward and backward �nite di�erence

approximations of the derivatives@f (x; y)=@x and @f (x; y)=@y are respectively denotedby

� x
� f ij = � (f i � 1;j � f ij ) and � y

� f ij = � (f i;j � 1 � f ij ). Hence,the discreteform of Eq. (14) is

�
2�

�
(� x

+ f n
ij )2 + (� y

+ f n
ij )2

�
+

�
2�

� 2� �
�
� x

+ � x
� + � y

+ � y
�

� �
vn+1

ij =
�
2�

and Eq. (15) is approximated by

h � f n;l +1

p
(h � f n;l � g)2 + �

� h(� x; � y) � 2�
�
� x

+ ((vn+1
ij )2� x

� ) + � y
+ ((vn+1

ij )2� y
� )

�
f n+1 ;l

ij = G(f n;l +1 ):

whereG(f n;l +1 ) is de�ned in Eq. (13).

In the discretecase,the Neumannboundaryconditionswereimplemented asfollows. The
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observed imagewas extendedby adding margins that are a few pixels wide. Thesemargins

were obtained by replicating the one-pixel thick outer frame of the image. The margins

were then convolved with the blur kernel. To avoid artifacts, in the presenceof salt and

pepper noise,careshould be taken to ensurethat the outer frame of the imageis noisefree.

This limited task can easily be achieved using a median �lter. All convolution procedures

were performed in the Fourier Transform domain. The algorithm was implemented in the

MATLAB environment.

4 Relation to robust statistics, anisotropic di�usion

and line pro cess

In this sectionweexplorethe relationsof the regularization terms of the suggestedfunctional

(8) to robust statistics, anisotropicdi�usion and line process,or half quadratic formulations.

Considerthe imagedenoisingproblem with a smoothing � -function

F (f ) =
Z



� (jr f j)dx: (17)

Minimization of this functional results in a smoother (denoised)image,wherecareful selec-

tion of � (�) would eliminate the e�ect of grosserrorsor outliers. In this case� (�) is considered

as a robust function. In the least-squaresapproach � (s) = s2 which is obviously sensitive

to outliers and therefore is non-robust function. The signi�cance of the robust smoothness

in this context is that the edges(which have relatively high gradient levels) are preserved.

Other � � functions such as L 1 norm, Huber's MiniMax, Hampel and so on [8] satisfy the

robustnessproperty to outliers and someof them are non convex functions. Eq. (17) can be
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optimized by the gradient descent

@f (x; t)
@t

= Div
�

� 0(jr f j)r f
jr f j

�
(18)

wheref (x; 0) is the given (noisy) image,and t is an arti�cial time variable.

An alternative formulation of the denoisingproblem can be expressedby the heat or

isotropic di�usion equation,

@f (x; t)
@t

= Div(r f ):

This equation is equivalent to the convolution of the image with a Gaussiankernel, which

is an over-smoothing operator, meaningthat the edgesare not well preserved. Peronaand

Malik [30] modi�ed this equation to anisotropic di�usion with

@f (x; t)
@t

= Div(A(jr f j)r f ); (19)

whereA(jr f j) is a smooth and non increasing\edge stopping" function satisfying

A(0) = 1; lim
s!1

A(s) = 0;

so di�usion is low acrossthe edges(high gradients).

The relationship betweenrobust smoothnessand anisotropic di�usion was presented by

Black et al. [7]. The equivalencerelation can be shown by comparing Eq. (18) and (19),

hence

A(s) =
� 0(s)

s
:

The third aspect of the edgepreservingregularization is the line processwhich was �rst
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introducedby Gemanand Geman[22] followed by the half-quadratic [15] formulation. The

idea was to transform the robust smoothnessterm into an enhancedfunctional. This is

accomplishedby introducing a dual variable b which represents the image edgessuch that

b ! 0 in the presenceof an edgeand b ! 1 otherwise. In addition, a convex and decreasing

penalty function 	( b) is de�ned where 	( b) ! 1 as b ! 0 and 	( b) ! 0 otherwise. Thus,

the denoisingequation with its half-quadratic regularization takesthe form

L(f ) =
Z



min

b
(jr f j2b+ 	( b))dx: (20)

This functional is quadratic with respect to f when b is �xed and convex with respect to b

when f is �xed.

The Relation betweenrobust estimation and line processeswith detailed mechanism of

transformations betweenthem was shown by Black and Rangarajan [8]. By comparingEq.

(17) and (20), the connectionis given by

� (s) = min
b

(s2b+ 	( b))

and � (
p

s) is a concave function. Black and Rangarajan [8] also showed that a line process

could be extended such that it embodies spatial organization constraints of the outliers

for exampleedgesconnectivity. In this case,another term which re
ects the preferenceof

continuousedgesis addedto the cost functional:

L (s) =
Z



min

b
(s2b+ 	( b) + spatial(b))dx:

Experimental results in edge preserving denoising application validate the superiority of
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Figure 3: Gemanand McClure robust function

this extension[8]. In addition, Teboul et al. [36] werealso integrated the spatial interaction

constraint asa robust function � b(jr bj) within the half-quadratic regularizationand obtained

an e�cien t edge-preservingdenoisingoutcome.

Considerfor instancethe Gemanand McClure [23] robust function (Fig. 3)

� (s) =
s2

1 + s2
; (21)

thus, the corresponding half-quadratic penalty function of this function takesthe form

	( b) = (
p

b� 1)2;

and the edgestopping function in the anisotropic di�usion representation is

A(s) =
2

(1 + s2)2
:

This function is one of non-convex functions family which might su�er from somemathe-

matical di�culties. In the following, two aspectsof theseproblemswill be presented. Catte
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Figure 4: sA(s) for Gemanand McClure robust function

et al. [12] noted that if sA(s) in the anisotropic di�usion form is non increasingfunction,

then Peronaand Malik's equation is an ill-p osedproblem. This can be easilyveri�ed in the

onedimensionalcase:

@f
@t

= (A(f 0)f 0)0 = (A0(f 0)f 0+ A(f 0)) f 00=
d
ds

sA(s)

�
�
�
�
s= f 0

f 00:

if sA(s) decreasesat somepoint, it has a negative derivative which results in the inverse

heat equation or backward di�usion process.For the Gemanand McClure robust function

(21),

sA(s) =
2s

(1 + s2)2

which is partially decreasingas shown in Fig. 4. The solution to this problem suggestedby

Catte et al. [12] was by selective smoothing approach

@f (x; t)
@t

= Div (A(jDG� � f j)r f ) ;

whereG� is the Gaussianfunction and D is a derivativeoperator. The proof of the regularity

of this equationis givenin their work. Another di�cult y aspect is exempli�ed in the following
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denoisingfunctional:

F (f ) =
1
2

Z



(f � g)2dx + �

Z




jr f j2

1 + jr f j2
dx (22)

f and g are the model and observed imagesrespectively, and the regularizer is again the

Gemanand McClure robust function (21). Chipot et al. [17]proved that F (f ) fails to attain

a minimum. They alsoshowed that if the functional was perturbed in the form

F � (f ) =
1
2

Z



(f � g)2dx + �

Z




�
jr f j2

1 + jr f j2
+ � jr f j2

�
dx (23)

then F � (f ) would have a minimizer.

4.1 Relation to Mumford-Shah functional

Careful examination of Eq. (22) with the Geman and McClure robust function, shows a

relation to the �-con vergenceversionof Mumford-Shahfunctional (6). If the � (jr f j) function

would be replacedby its corresponding line process,

jr f j2

1 + jr f j2=

 ! bjr f j2 + 
 (

p
b� 1)2;

then by substituting b= v2, Eq. (22) can be rewritten as

F (f ; v) =
1
2

Z



(f � g)2dx + �

Z




�
v2jr f j2 + 
 (v � 1)2

�
dx: (24)

Note the relation between(24) and (6): if � = � , and � =4" = �
 , then both equationsare

identical except for the jr vj2 term in (6).
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This relation had beenalsoshown by Teboul et al. [36] whereinteraction constraint was

added to the line process,and by Rosati [33] who showed the �-con vergenceof a discrete

version of Geman and McClure function to the Mumford-Shah functional. As it shows,

the Mumford-Shah functional in its �-con vergenceapproximation, is actually a denoising

problem with an extended line processwhere the penalty function 	( b) corresponds to the

robust Gemanand McClure function. It better explainsthe advantagesof this regularization.

First, the robustnessto gradient outliers is well compatible with the impulsive noisemodel.

The smoothing operation is not in
uenced by theseoutliers and thereforeit is appropriate for

the denoisingand deconvolution tasks. In addition, the edgesmoothing constraint e�cien tly

removes the impulse noise. Second,from mathematical point of view, the problem is well

posedand minimizersexistenceis guaranteeddue to the Ambrosioand Tortorelli's [2] proof,

together with the fact that the �delit y term (both in denoisingand deconvolution cases)is

continuouswith respect to the imagef . Therefore,the Mumford-Shahregularization terms

cannot be described as simple anisotropic di�usion or robust smoothnessprocess,but as a

more complexstructure.

5 Exp erimen tal Results

The performanceof the algorithm are presented in Figs. 5, 6, 7 and 8. Fig. 5 (left) is a

blurred and noisy version of the Einstein image. The blur kernel was a pill-b ox of radius

4; the noisedensity was 0.11. Fig. 5 (right) is the outcomeof the suggestedmethod. The

parameterswere � = 0:5; � = 0:5; � = 0:1. The superiority of the proposedmethod, with

respect to the sequential one(Fig. 2), is clear.

In all the examplesin this section, the convergencetoleranceof " 1 = 10� 4 was reached
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Figure 5: Deblurring in the presenceof salt and pepper noise. Left: Sourceimage,blurred
with a pill-b ox kernel of radius 4, and contaminated by noiseof density 0.11. Right: Recov-
ered image,using the suggestedalgorithm.

with 3-5 external iterations (over n). The number of internal iterations (over l) was set to

5. The constant � (Eq. 4) was set to 10� 4.

The examplespresented in Fig. 6 demonstrate the performanceof the algorithm at a

variety of noiselevels. The imagesin the left column wereall blurred by a pill-b ox kernel of

radius 3. The noisedensitieswere,from top to bottom, 0.01,0.1and 0.3. The corresponding

recovered imagesare shown in the right column. In all three cases� = 0:5 and � = 0:1,

while � = 0:05; 0; 1 and 0:5 for the three casesrespectively. Clearly, the imagesmoothness

weight � should be increasedwith noiselevel.

Recovery of motion blur in the presenceof salt and pepper noise is demonstrated in

Fig. 7. The 256� 256 cameraman imagewas blurred by a motion blur kernel of length=8,

oriented at an angle � = 25o with respect to the horizon. The blurred image was further

contaminated by salt and pepper noiseof density 0.1 (top-left). The outcomeof the method

suggestedin this paper (with � = 0:6; � = 0:01; � = 0:1) is shown top-right. The inadequacy

of the sequential strategy, of median �ltering followed by the Total variation (TV) deconvo-

lution [38] is demonstratedin the bottom row. The left imagein that row is the outcomeof
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Figure 6: Left column: The Lena image, blurred with a pill-b ox kernel of radius 3, and
contaminated by salt and pepper noise. The noisedensitiesare (top to bottom) 0.01, 0.1
and 0.3. Right column: The corresponding recovered images.
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Figure 7: The caseof motion blur. Top-left: Blurred andnoisyimage. Top-right: Restoration
using the proposedmethod. Bottom-left: The outcome of 3 � 3 median �ltering followed
by TV [38] restoration. Bottom-right: The outcome of 5 � 5 median �ltering followed by
TV [38] restoration.

3 � 3 median �ltering followed by the TV restoration. The right image in the bottom row

was obtained in a similar way, but with a 5 � 5 median �lter.

Finally, the suggestedalgorithm was tested in the presenceof a random impulsive noise.

In this case,shown in Fig. 8 the image was blurred by pill box kernel of radius 3 and the

noisy pixels were set to random values in the range [0,1]. It is clear that the suggested

algorithm performswell, sincethe outliers model is adequateand is even more generalthan

the salt-and-pepper case.In this examplethe noisedensity level was0:1 and the parameters

set was � = 0:5; � = 0:1; � = 0:1 as in the 10%noisecasein Fig. 6.
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Figure 8: Deblurring in the presenceof random impulsive noise. Left: Sourceimage,blurred
with a pill-b ox kernel and contaminated by random impulse noise of 0.1 density. Right:
Recovered image,using the suggestedalgorithm.

6 Comparison to Other Metho ds

The suggestedmethod of imagedeconvolution in the presenceof salt and pepper noisewas

testedagainst two other approaches. In the �rst experiment, the imagewasdenoisedby the

Mumford-Shahfunctional (6) and then restoredby the TV method of Vogeland Oman [38].

Fig. 9 top-left is the observed imageblurred by a pill-b ox kernel of radius 3 with 0.1 noise

density. Top-right imageis the outcomeof the denoisingprocedure(� = 0:9; � = 0:5; � = 0:1)

and bottom-left is the restored image with weighted factor of 10� 4. The recovered image

usingthe suggestedmethod is shown bottom-right. It canbe noticed that the noisethat had

not beenentirely removed in the �rst stage,wasampli�ed in the deconvolution process.On

the contrary, the uni�ed approach performs both tasks simultaneously and thereforeyields

better recovery.

We also comparedour method to a uni�ed functional with L 1 regularization instead of
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Figure 9: Deblurring in two stages.Top-left: Sourceimage,blurred with a pill-b ox kernel of
radius 3, and contaminated by noiseof density 0.1. Top-right: Denoisedimageby Mumford-
Shahmethod Bottom-left: TV Deconvolution of the denoisedimageBottom-right: Recovered
imageusing the suggestedalgorithm

the Mumford-Shah terms. The following cost functional was optimized

F (f ) =
Z




p
(f � h � g)2 + � dx + �

Z




p
jr f j2 + t dx:

The resultsarepresented in Fig. 10. In this case,the original imagewasblurred by a pill-b ox

of radius 3 with 0.3 noisedensity. Top-left is the outcome of the functional with � = 0:1

and t = 10� 10. Top-right is the recovered imageusing the suggestedmethod. The bottom

row is a magni�cation of the top one. It can be seenthat the suggestedalgorithm produces

a cleanerimage.
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Figure 10: Left column: Restoration using the L 1 regularization. Right column: Restoration
using the proposedmethod.

Probableexplanation to this di�erence reliesin the regularizerrobustnessproperty. The

Mumford-Shah terms are basically derived from a function which is more robust than the

L1 norm and that is why the noise is better removed. Fig. 11 illustrates the Geman and

McClure robust function with several 
 values (dashedline) versusthe L 1 function (solid

line) which is clearly lessrobust. Additional support to this observation can be found by

Aubert et al. [4]. They have recently shown that the Gemanand McClure robust smoothing

function embeddedin a supervisedclassi�cation functional, yields better results than other

convex smoothing functions.

In the last examplewe comparethe special caseof the denoisingproblem (with no blur

process)to the method of Nikolova [29]. Here the salt-and-pepper noisedensity was 0.02.
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Figure 11: Gemanand McClure vs. L 1 robust functions

The imageson the left column in Fig. 12 are the outcomeof the algorithm of [29] with L 1

norm for both the �delit y and regularization with a weight factor of 0:01. The recovered

imagein the suggestedmethod in shown on the right column (� = 0:5; � = 0:5; � = 0:3). It

can be noticed that the suggestedalgorithm performs better due to the robustnessto the

impulsive noise.

7 Discussion

We presented a method for image deblurring in the presenceof impulsive noise and in

particular salt and pepper noise. Our uni�ed approach to deblurring and outliers removal is

novel and unique. Experimental resultsdemonstratethe superiority of the suggestedmethod

with respect to sequential approaches,in which noiseremoval and imagedeconvolution are

separatesteps.

The algorithm is fast, robust and stable. Computation time for 256� 256imagesis about

3 minutes, using interpreted MATLAB on a 2GHz PC. The robustnessof the algorithm is

demonstratedby the fact that similar parameterscan be usedin the processingof di�eren t

imagesin the samenoise level. Furthermore, note the fast numerical convergencein our
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Figure 12: Left column: Restorationusingthe L 1 regularization [29]. Right column: Restora-
tion using the proposedmethod.

experiments.

In the variational approach, image deblurring in the presenceof noise is expressedas

a functional minimization problem. The functional consistsof a data �delit y term and a

regularization term, that stabilizes the inherent ill-p osednessof the image deconvolution

problem. The data �delit y term used in this study is the modi�ed L 1 norm. It is more

robust than the common L 2 norm for imagescontaminated by outliers, and yet it is still

di�eren tiable and convex.

Elements from the Mumford-Shahsegmentation functional, in the �-con vergenceformu-

lation, served as the regularization term. They re
ect the profound piecewise-smooth image

model, and in addition, guarantees the existenceof minimizers to the problem. Exploring
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these terms from the robust statistics point of view, shows that this regularization is an

extendedline processderived from the Gemanand McClure robust function. This has the

theoretical and mathematical advantagesin which the functional is robust to grossgradients

(noise) and in the sametime prefers organizedor smooth edges. Investigating the total

variation, the alternative edge-preservingstabilizer, supports this relation - the L 1 norm in

the total variation approach is lessrobust to outliers then the Gemanand McClure function

(Figs. 10,12). Another advantage of the proposedregularization terms is that they do not

induce nonlinearity beyond that of the �delit y term.

The relations which had been shown between the regularizing terms and the Geman

and McClure function have a major signi�cance in parametersselection. The parameter �

re
ects the smoothnessof the recoveredimage. This parameteris increasedwith noiselevel.

The parameters� and � are related as � =4� = � 
 while 
 represents the robustnesslevel of

the Gemanand McClure function whereL 1 servesas a reference(Fig. 11). The parameter


 should also be increasedwith noise level, so if for example � and � are �xed, then � is

increasedwith noiselevel and 
 increasesas well (seeparametersof Fig. 6).

Finally, an additional advantageof this method is the production of the auxiliary function

v, that is an approximated edgemap corresponding to the image. For example, Fig. 13

shows the v-maps obtained during the processingof the blurred and noisy Lena (pill-b ox

blur, Fig. 6) and Cameraman (motion-blur, Fig. 7) images.
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Figure 13: Approximated edgemaps obtained as a by-product of the restoration process.
Left: The v-function that corresponds to the deblurring of the Lena image with a pill-b ox
kernel and noisedensity 0.1. Right: The v-function that corresponds to the deconvolution
of the Cameraman imagewith motion-blur and noisedensity 0.1.

App endix

Theorem. The operator A(v) de�ned as

A(v)f = h(� x; � y) �
�

h(x; y) � f (x; y)
C(x; y)

�
� 2� Div(v2r f (x; y)) (25)

with

C(x; y) =
q

(h � ~f � g)2 + � 2 (26)

is self adjoint and positive de�nite.

Note that ~f in C(x; y) refersto f (x; y) in the previous iteration.

Proof. Let A(v) = A I + A I I , where

A I f = h(� x; � y) �
�

h(x; y) � f (x; y)
C(x; y)

�
(27)
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and

A I I f = � 2� Div(v2r u) :

Let u; v 2 H be arbitrary real functions in Hilbert space.H is a continuouslinear operator,

and < �; � > denotesthe inner product. The adjoint operator H � is onewhich satis�es

< u; H � v > = < Hu; v > (28)

or
Z

uH � vdx =
Z

(Hu)vdx: (29)

H is referredas self adjoint operator in the caseof H = H � .

Let Hu = h(x) � u(x), then

< H � u; v > = < u; Hv > =
Z

u � (h � v)dx =
Z

[h(� x) � u(x)] � v(x)dx:

henceH � u(x) = h(� x) � u(x).

In the samemanner, for M u = M (x)u(x),

< M � u; v > = < u; M v > =
Z

u(x) � [M (x)v(x)] dx =
Z

[M (x)u(x)] � v(x)dx

henceM � u(x) = M (x)u(x), which is a self-adjoint operator.

Equation (27) could then be rewritten as

A I f = H � MH f : (30)
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SinceM (x) = 1=C(x) is a real positive function, it could be decomposedas M (x) = D(x) �

D(x) where D(x) = 1=
p

C(x). Together with the fact that multiplication operator M is

self adjoint, Eq. (30) could be replacedby

A I = H � D � DH:

Recall that

(AB CD) � = D � C � B � A � ;

thus

A I � = (H � D � DH)� = H � D � DH = A I ;

verifying that A I is a self adjoint operator. Now,

< g; A I g > =
Z

gH � D � DHg dx =
Z

g(DH) � DHg dx = (31)

< g; (DH) � DHg > = < DHg; DHg > =
Z

jDHgj2 dx > 0

for all functions g that are not identically zero,which provesthat A I is positive de�nite.

For the secondpart of the operator,

< g; A I I f > = � 2�
Z



g

�
r �

�
v2r f

��
dx :

Recall that for a scalar function g and a vector �eld � ,

gr � � = r � (g� ) � r g � �; (32)
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thus

< g; A I I f > = � 2�
Z



r � (gv2r f )dx + 2�

Z



r g � v2r f dx:

Applying the divergencetheorem,

< g; A I I f > = � 2�
Z

@


�
gv2r f

�
� dn + 2�

Z



r g � v2r f dx (33)

Using the Neumannboundary condition, the �rst term vanishes,hence

< g; A I I f > = 2�
Z



r g � v2r f dx = 2�

Z



r f � v2r gdx (34)

Substituting Eq. (32) in (34) and using the divergencetheoremwe obtain

< g; A I I f > = 2�
Z

@


�
gv2r f

�
� dn � 2�

Z



f r �

�
v2r g

�
dx

Applying again the Neumann boundary condition the �rst term vanishesand we observe

that

< g; A I I f > = � 2�
Z



r �

�
v2r g

�
f dx = < A I I g; f >

which provesthat the operator A I I is self adjoint. We proceedto show that A I I is positive

de�nite:

< g; A I I g > = � 2�
Z



gr �

�
v2r g

�

Applying Eq. (32) and using the divergencetheoremyields

< g; A I I g > = � 2�
Z

@


�
gv2r g

�
� dn + 2�

Z



r g �

�
v2r g

�
dx
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The �rst term vanishesdue to the Neumannboundary condition, thus

< g; A I I g > = 2�
Z



v2 jr gj2 dx > 0

we concludethat A I I is positive de�nite. Sinceboth A I and A I I are selfadjoint and positive

de�nite, their sum A(v) is alsoself adjoint and positive de�nite.
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