Complex Diffusion Processes for Image Filtering
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Abstract. This paper is concerned with the search for a general frame-
work that naturally unifies smoothing and enhancement processes. We
present a generalization of linear and nonlinear scale space in the com-
plex domain, by combining the diffusion equation with the simplified
schrodinger equation. A fundamental solution for the linear complex case
is developed. A preliminary analysis of the complex diffusion is made,
showing that the generalized diffusion has properties of both forward and
inverse diffusion. An important observation, supported theoretically and
numerically, is that the imaginary part can be regarded as an edge de-
tector (smoothed second derivative) after rescaling by time, when the
complex diffusion coefficient approaches the real azis. Based on this ob-
servation, a nonlinear complex process for ramp preserving denoising s
developed.
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1 Introduction

The scale-space approach is by now a well established multi-resolution technique
for image structure analysis (see [5],[1],[4]). Originally, the Gaussian represen-
tation introduced a scale dimension by convolving the original image with a
Gaussian of a standard deviation ¢ = +/2t. This is analogous to solving the
linear diffusion equation

It = CV2I, I|t:0 = I(), O0<ce R, (].)

with a constant diffusion coefficient ¢ = 1.

Perona and Malik (P-M) [3] proposed a nonlinear adaptive diffusion process,
where diffusion takes place with a variable diffusion coefficient in order to reduce
the smoothing effect near edges. The P-M nonlinear diffusion equation is of the
form:

I; =V - (e(|VI|))VI), e(-) >0 (2)

where c is a decreasing function of the gradient.



Our aim is to see if the linear and nonlinear scale-spaces can be viewed as
special cases of a more general theory of complex diffusion-type processes.

Complex diffusion-type processes are encountered i.e. in quantum physics
and in electro-optics. Let us briefly review these flows. Note that although these
flows have a diffusion structure, because of the complex coefficient, they retain
wave propagation properties.

The time dependent Schrédinger equation is the fundamental equation of
quantum mechanics. In the simplest case for a particle without spin in an external

field it has the form R
oy  h
=LA@ 3)

where 9 = 9(t, z) is the wave function of a quantum particle, m is the mass of
the particle, 7 is Planck’s constant, V(x) is the external field potential, A is the
Laplacian and ¢ = v/—1. With an initial condition

¢|t:0 = ¢0(93) )

requiring that 1 (t,-) € Lo for each fixed ¢, the solution is

ih

¢(t7 ) = eiﬁtHw(] ) (4)
where the exponent is a shorthand for the corresponding power series, and the
higher order terms are defined recursively by H"¥ = H(H"~'¥). The operator

hZ
H=-—A+V(), (5)

called the Schridinger operator, is interpreted as the energy operator of the
particle under consideration. The first term is the kinetic energy and the second
is the potential energy. The duality relations that exist between the Schrédinger
equation and diffusion theory have been studied elsewhere [2]. Another important
complex partial differential equation is the complex Ginzburg-Landau equation
(CGL). It is a nonlinear complex diffusion-type equation related to amplitude
of traveling wave systems. It appears in the theory of phase transitions and
instability waves, having the (1D, lowest order case) form of

ug = (1 +iv)ugy + Ru — (1 + Z'/J,)|U|2u ’ (6)

where u(z,t) is a complex amplitude envelope, R a finite wave length insta-
bility measure, and v and p are strength measures of the linear and nonlinear
dispersions, respectively.

In both cases a non-linearity is introduced by adding a potential term while
the kinetic energy stays linear. In this study we employ the equation with zero
potential (no external field) but with non-linear “kinetic energy”. To better un-
derstand the complex flow, we study in Section 2 the linear case and derive the
fundamental solution. We show that for small imaginary part the flow is approx-
imately a linear real diffusion for the real part while the imaginary part behaves



like a second derivative of the real part. Indeed as expected, the imaginary part
is directly related to the localized phase and zero crossings of the image, and
this is one of the important properties obtained by generalizing the diffusion
approach to the complex case. The non-linear case is studied in Section 3 and
the intuition gained from the linear case is used in order to construct a special
non-linear complex diffusion scheme which preserves ramps. The advantage over
higher order PDE’s and over the P-M algorithm is demonstrated in one- and
two-dimensional examples.

2 Linear Complex Diffusion

2.1 Problem Definition

We consider the following initial value problem:

I =cl,,, t>0, z€R (7)
I(w;O)ZIOEH& C,IGC.

This equation is a generalization of two equations: the linear diffusion equation
(1) for ¢ € R and the simplified Sherédinger equation, ie. ¢ € T and V(z) = 0.
When ¢ € R there are two cases: for ¢ > 0 the process is a well posed forward
diffusion, whereas for ¢ < 0 an ill posed unstable inverse diffusion process is
obtained.

2.2 Fundamental Solution

We seek the complex fundamental solution h(z;t) that satisfies the relation:
I(z;t) = Iy * h(z;t) (8)

where * denotes convolution. We rewrite the complex diffusion coefficient as
¢ = re?, and, since there does not exist a stable fundamental solution of the
inverse diffusion process, restrict ourselves to a positive real value of ¢, that is
6 € (=%, %). Replacing the real time variable ¢ by a complex time 7 = ct, we get
I, = I, I(x;0) = Iy. This is the linear diffusion equation with the Gaussian
function being its fundamental solution. Reverting back to ¢, we get:

K
2y/te

where K € C is a constant calculated according to the initial conditions. For
¢ € R we have K = 1. Separating the real and imaginary exponents we get:

h(z;t) =

efz2/(4tc)’ (9)

h(.%‘; t) — K;j:f e—z2 cos 0/(4tr)ez':c2 sin 0 /(4tr)
= K Ag, (z;t)et®),
e 12 1 —2?/207(t)

where A = Veos 8’ ga'(x’ t) = \/ﬁo’(t)e ’




and
22 siné

afa) = 2200 a(t)z,/%. (10)

Satisfying the initial condition I(x;0) = Iy requires

h(z;t — 0) = o(x).

Since .
lim g, (z; t)e™*®) = §(),
t—0

we should require K = 1/A (indeed we see that K = 1 for the case of positive
real ¢ (6 = 0) ). The fundamental solution is therefore:

h(z;t) = g, (x; t)eia(m), (11)

with the Gaussian’s standard deviation o and exponent function o) as defined
in (10).

2.3 Approximate Solution for Small Theta

We will now show that as § — 0 the imaginary part can be regarded as a
smoothed second derivative of the initial signal, factored by # and the time
t. Generalizing the solution to any dimension with Cartesian coordinates x =
(21,22,..xn) € RV, I(x;t) € CN and denoting that in this coordinate system
g, (x;t) = Hiv 9o (233 t), we show that:

lim ImT@ = tAgs * Io, (12)
where I'm(-) denotes the imaginary value and & = limg_,o0 = /2t. For conve-
nience we use here a unit complex diffusion coefficient ¢ = e?. We use the fol-
lowing approximations for small theta: cosf = 1 + O(6?) and sinf = 6 + O(6?).
Introducing an operator H which is similar to the Schrédinger operator we can
write equation (7) (in any dimension) as:

I;=HI,  where H=cA, I|i—o=1I. (13)
The solution is .
I =€, (14)

and is the equivalent of (8), (11). Using the above approximations we get:

0
I(x,t) = ety = e tA ],
~ e(l—i—zO)tAIO — etAethIO

r e (1 +i0tA) ) = (1 +i0tA)gs 1.
Note that we used here the identity e?4X = gz * X that can be proved using

the uniqueness of the solution of the diffusion equation or by using the Fourier
transform for derivatives ¢'(z) + iw.



A thorough analysis of the approximation error with respect to time and 6
will be presented elsewhere. We should comment that part of the error depends
on the higher order derivatives (4th and higher) of the signal, but, as these
derivatives are decaying exponentially by the Gaussian convolution, this error
diminishes quickly with time. Numerical experiments show that for § = 7/30
the peak error is ~ 0.1% for the real part and 3 — 5% for the imaginary part
(depending on the signal). Though the peak value error of the imaginary part
seems large, the zero crossing location remains essentially accurate.

Some further insight into the behavior of the small theta approximation can
be gained by separating real and imaginary parts of the signal and diffusion
coefficient in to a set of two equations. Assigning I = Ig +il1, ¢ = cr + icr, we
get

{IRt = crlIRss — C1l1ge s IR|i=0 = Io (15)
Ity = cilrgy + crllge 5 11li=0 =0,

where cg = cosf , ¢; = sinf. Assuming that the relation Ir,, > 0I;,, holds, we
can omit the right term of the first equation to get the small theta approximation:

{ IRt ~ IRzz

16
IIt %Ila:w_'_oIRz:c ( )

One can see that the real value part Ig is controlled by a linear forward diffu-
sion equation, whereas the imaginary part Iy is affected by both the real and
imaginary equations. We can regard the imaginary part as

Ity = 0IR,, + ("a smoothing process”).

2.4 Examples

We present examples of 1D and 2D signal processing with complex diffusion
processes characterized by small and large values of 6. In Figs. (1) and (2) a unit
step is processed with small and large 6 (35, 1;—5 respectively). In Figs. (3) and
(4) the cameraman image is processed with same 6 values. The edge detection
(smoothed second derivative) qualitative properties are clearly apparent in the
imaginary part for the small 8 value, whereas the real value depicts the properties
of ordinary Gaussian scale-space. For large # however, the imaginary part feeds
back into the real part significantly, creating wave-like structures. In addition,
the signal exceeds the original maximum and minimum values, violating the

”"Maximum-minimum” principal.

3 Nonlinear Complex Diffusion

Nonlinear complex processes can be derived from the above mentioned proper-
ties of the linear complex diffusion for purposes of signal and image denoising or
enhancement. We suggest an example of a nonlinear process for ramp edges de-
noising purposes (different from the widely used step edges denoising methods).
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Fig. 1. Complex diffusion of a small theta applied to a step signal (§ = 7/30). Left -
real values, right - imaginary values. Each frame depicts from top to bottom: original
step, diffused signal after times: 0.025, 0.25, 2.5, 25.
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Fig. 2. Complex diffusion of a large theta applied to a step signal (# = 147 /30). Top -
real values, bottom - imaginary values. Each frame depicts from top to bottom: original
step, diffused signal after times: 0.025, 0.25, 2.5, 25.

We define the following 1D unit ramp:

0,2<0
Rz)y=<qz,0<z<1 (17)
1,z2>1

We are looking for a general nonlinear diffusion equation

0
Iy =5 (c()L) (18)

that preserves smoothed ramps R(z) * f(x), where f(z) is a smoothing kernel.
Following the same logic that utilized a gradient measure in order to slow the
diffusion near step edges, we search for a suitable differential operator D for ramp



Fig. 3. Complex diffusion of the cameraman image for small theta (6 = 7/30). Left -
real values, right - imaginary values (factored by 20). Each frame (from top to bottom):
original, image after times: 0.025, 0.25, 2.5, 25.



Fig. . Complex diffusion of the cameraman image for large theta (§ = 147 /30). Left -
real values, right - imaginary values (factored by 20). Each frame (from top to bottom):
original, image after times: 0.025, 0.25, 2.5, 25.



edges. Eq. (18) with a diffusion coefficient ¢(|DI|) which is a decreasing function
of |DI| can be regarded as a ramp preserving process. We begin by examining the
gradient, as a possible candidate, concluding that it is not a suitable measure for
two reasons: The gradient does not detect the ramp main features - namely its
endpoints; Moreover, it has a nearly uniform value across the whole smoothed
ramp, causing a nonlinear gradient-dependent diffusion to slow the diffusion
process in that region, thus not being able to properly reduce noise within a
ramp (creating staircasing effects). The second derivative (Laplacian in multiple
dimensions) is a suitable choice: It has a high magnitude near the endpoints
and low magnitude everywhere else - and thus enables the nonlinear diffusion
process to reduce noise within a ramp. Note that a ramp can be regarded as an
integration of two steps with opposite signs, and therefore it makes sense to take
a second derivative as a simple ramp detector (compared to a first derivative for
a step detector).
We formulate c¢(s) as a decreasing function of s:

c(s) = T where ¢(s) = ¢(Iz)- (19)
Using the ¢ of (19) in (18) we get:
o I, 1+ 12, — 20,10,
I = — = zT I,.. 20
YT 1412, a+1z,) ™ (20)

There are two main problems in this scheme. The first and more important
one is the fact that noise has very large (theoretically unbounded) second deriva-
tives. Secondly, a numerical problem arises as third derivatives should be com-
puted, with large numerical support and noisier derivative estimations. These
two problems are solved by using the nonlinear complex diffusion.

Following the results of the linear complex diffusion (Eq. 12) we estimate by
the imaginary value of the signal divided by 6, the smoothed second derivative
multiplied by the time ¢.

Whereas for small ¢ this terms vanish, allowing stronger diffusion to reduce
the noise, with time its influence increases preserving the ramp features of the
signal. We should comment that these second derivative estimations are more
biased than in the linear case, as we have a nonlinear process.

The equation for the multidimensional process is

I, =V - (ec(Im(I))VI),
16
e(Im(1)) = —— o (21)
1+ 9

where is a threshold parameter. The phase angle § should be small (f << 1).
Since the imaginary part is normalized by 6, the process is not affected much by
changing the value of # as long as it stays small.

We implement this flow with forward Euler scheme with central difference
approximation for the spatial derivatives and backward time derivative. Care



10

should be exercised when choosing the time step. The fundamental solution in-
cludes a Gaussian with variance o2 = citsre- Implementing Gaussian convolution
of time 7 by incremental time steps where 02 = 27 requires the time step bound
to be: Ar < 0.25h2 (in 2 dimensions, where h is the spatial step). ere we have
T = c(f; o and hence in the general case we require: At < 0.25h2¥, and for our
case where r=1, h=1: At < 0.25cos#.

This means that when 6 approaches 7/2 it is very inefficient to implement
complex diffusion with incremental time-steps. For small @ there is essentially
no difference than real diffusion (works also in the nonlinear case).

In Figs. 5, 6 and 7 we show an example of a noisy ramp denoised by the P-M
process in comparison to the above process (with # = 5). One can notice that
the known P-M’s staircasing effect does not happen in our nonlinear complex
scheme. In Fig. 8 the process is applied to an apple image that contains both

sharp (step) and gradual (ramp) edges.

Conclusion

The fundamental solution for the linear complex diffusion indicates that there
T T

exists a stable process for 6 € (=7, 7). In the case of small # two observations are
relevant to the application of the complex diffusion process in image processing:
The real function equation is effectively decoupled from the imaginary one, and
behaves like a real linear diffusion process; The imaginary part is approximately
a smoothed second derivative of the real part. Therefore, we can regard the
Gaussian and Laplacian ”pyramids” (scale-spaces) as results of a single complex
diffusion equation.

Although the nonlinear scheme remains to be better analyzed and under-
stood, a ramp preserving denoising process was demonstrated as an example of

possible applications of complex diffusion schemes.
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Fig. . riginal (top) and noisy (bottom) ramp signal.
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Fig. . erona-Mali nonlinear diffusion of a ramp edge ( = 01). Left - signal, right
- value of . Each frame from top to bottom is for the signal after time: 0.25, 1, 2.5.

0005
3

I o
° ~0.00s]

oo0s
i

I of
0 -0.005

S A N ) I )
o V\/\/\/\/\[\J\/\/\j\/\/w
o
T wwm s s & % w w
; VW\/
o5
o
R L ]
H/v
o
o
R I L ]

Fig. . onlinear complex diffusion of a ramp edge (¢
values, right - imaginary values, bottom - real value
bottom is for the signal after time: 0.25, 1, 2.5.
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w/30, = 007). Left - real
. Each frame from top to
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Fig. . onlinear diffusion of an apple image: Right ro - complex nonlinear scheme
(6 = /30, = 2) real part, middle ro - imaginary part, left ro - erona-Mali
( = 3). In each ro , frames from top to bottom: original image, image corrupted by

hite aussian noise, image after times: 0.25, 2.5. ne can see that the apple is better
denoised in the complex scheme, here staircasing effects appear in the -M process.
The map (step edges), on the other hand, is better preserved by the -M process.
Trying to increase the -M threshold in order to avoid staircasing causes the hole
apple to get diffused ith the bac ground. Another observation is that the complex
scheme denoises faster (due to its implicit time dependency).



