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Abstract. This paper addresses the problem of enhancement of noisy
scalar and vector fields, when they are known to be constrained to a
manifold. As an example, we address selective smoothing of orientation
using the geometric Beltrami framework. The orientation vector field is
represented accordingly as the embedding of a two dimensional surface in
the spatial-feature manifold. Orientation diffusion is treated as a canoni-
cal example where the feature (orientation in this case) space is the unit
circle S*. Applications to color analysis are discussed and numerical ex-
periments demonstrate again the power of this framework for non-trivial
geometries in image processing.

1 Introduction

Feature enhancement is part of algorithms that play a major role in many image
analysis and processing applications. These applications include texture process-
ing in a transform space, disparity and depth estimation in stereo vision, robust
computation of derivatives, optical flow and orientation vector fields in color
processing. We are witnessing the emergence of a variety of methods for feature
denoising that generalize the traditional image denoising. Here, we show how
harmonic map methods, defined via the Beltrami framework, can be used to
perform adaptive feature and shape denoising.

We concentrate on the example of direction diffusion that gives us informa-
tion on the preferred direction at every pixel. This example is useful in applica-
tions like texture and color analysis and can be generalized to motion analysis. It
incorporates all the problems and characteristics of more involved feature spaces.

The input to the denoising process is a vector field on the image. The values
of this vector field are in the unit circle S1. The given vector field is noisy and
we wish to denoise it under the assumption that, for the class of images we are
interested in, this vector field is piecewise smooth, see [2] for our analysis of
higher dimensional spheres S™.

Two approaches for this problem are known: Perona was the first to addresses
directly this issue [6], he uses a single parameter 6 as an internal coordinate in
S1. Next, Tang, Sapiro and Casseles [14,15] embedded the unit circle S* in R?
(the sphere S? in IR?) and work with the external coordinates, see also [16] for
a related effort. The first approach is problematic because of the periodicity of



S1. Averaging small angles around zero such as § = € and § = 27 — € leads
to the erroneous conclusion that the average angle is § = m. Perona solved
this problem by exponentiating the angle such that V = €. This is actually
the embedding of S in € which is isometric to IR?. This method is specific
to two-dimensional embedding space where complex numbers can be used. The
problem in using only one internal coordinate manifests itself In the numerical
implementation of the PDE through the braking of rotation invariance. In the
second approach we have to make sure that we stay always in S along the flow.
This problem is known as the projection problem. It is solved in the continuum
by adding a projection term. Chan and Shen [1] also use external coordinates
with a projection term but suggest to use a Total Variation (TV) measure [8]
in order to better preserve discontinuities in the vector field. This works well
for the case where the codimension is one, like a circle. Yet it is difficult to
generalize to higher codimensions like the sphere. Moreover, the flow of the
external coordinates is difficult to control numerically since errors should be
projected on S and no well-defined projection exist.

We propose a solution to these problems and introduce an adaptive smooth-
ing process, that preserves orientation discontinuities. The proposed solutions
work for all dimensions and codimensions, and overcome possible parameteriza-
tion singularities by introducing several internal coordinates on different patches
(charts) such that the union of the patches is S™. Adaptive smoothness is
achieved by the description of the vector field as a two-dimensional surface em-
bedded in three- and four-dimensional spatial-feature manifold for the S and
S? cases respectively. We treat here the S* case only due to space limitations.

The problem is formulated, in the Beltrami framework [12, 3] in terms of the
embedding map

Y :(X,9) > (M,h)

where X' is the two-dimensional image manifold, and M, in the following ex-
amples is R™ x S! with n = 2 (n = 4) for gray-level (color) images. The key
point is the choice of local coordinate systems for both manifolds. Note the
difference w.r.t. [14,15, 1] where the image metric is flat. At the same time we
should verify that the geometric filter does not depend on the specific choice of
coordinates we make.

Once a local coordinate system is chosen for the embedding space and the
optimization is done directly in these coordinates the updated quantities lie
always in M! Other examples of enhancement by the Beltrami framework of
non-flat feature spaces, like the color perceptual space and the derivatives vector

field, can be found in [13, 10].

2 The Beltrami framework

Let us briefly review the Beltrami geometric framework for non-linear diffusion
in computer vision [12].



2.1 Representation and Riemannian Structure

We represent an image and other local features as an embedding map of a Rie-
mannian manifold in a higher dimensional space. The simplest example is the
image itself which is represented as a 2D surface embedded in IR®. We denote
the map by ¥ : ¥ — IR®. Where ¥ is a two-dimensional surface, and we de-
note the local coordinates on it by (z!,z?). The map Y is given in general
by (Y1(z!,2?),Y?%(z, 2%),Y3(2!, 2?)). We choose on this surface a Riemannian
structure, namely, a metric. The metric is a positive definite and a symmetric
2-tensor that may be defined through the local distance measurements

ds® = gll(dzl)z + 2!]1211-’-'3111132 + 922(‘1132)2- (1)

We use below the Einstein summation convention in which the above equation
reads ds? = g,,dz"dz” where repeated indices are summed over. We denote the
inverse of the metric by g#¥.

2.2 Image metric selection: The induced metric

A reasonable assumption is that distances we measure in the embedding spatial-
feature space, such as distances between pixels and difference between grey-
levels, correspond directly to distances measured on the image manifold. This is
the assumption of isometric embedding under which we can calculate the image
metric in terms of the embedding maps Y* and the embedding space metric h;;.
It follows directly from the fact that the length of infinitesimal distances on the
manifold can be calculated in the manifold and in the embedding space with
the same result. Formally, ds? = g,,dz"dz” = hideide. By the chain rule,
dy?t = auYid:c", we get ds? = Juvdztdz” = hijB#YiB,,Yid:c"dz”. From which
we have
Guv = hijB,LY’(?,,YJ. (2)
Intuitively, we would like our filters to use the support of the image surface
rather than the image domain. The reason is that edges can be considered as
‘high cliffs’ in the image surface, and a Gaussian filter defined over the image
domain would smooth uniformly everywhere and will not be sensitive to the
edges. While, a Gaussian filter defined over the image manifold, would smooth
along the walls of the edges and preserve these high cliffs of the image surface.
As an example let us take the gray-level image as a two-dimensional image
manifold embedded in the three dimensional Euclidean space IR®. The embed-
ding maps are

(Yi(z', 2?) = 2, Y?(z', 2%) = 22, Y3 (2!, 2%) = I(2?, 2?)). (3)

We choose to parameterize the image manifold by the canonical coordinate sys-
tem z! = z and z? = y. The embedding, by abuse of notation, is (z,y, I(z, y)).
The induced metric g;1 element is calculated as follows

911 = hij0p1 Y 0, Y7 = 6,0, Y0, Y7 = 0,20, 240, y0ry+0, 10,1 = 1+12. (4)

Other elements are calculated in the same manner.



2.3 A measure on the space of embedding maps

Denote by (X, g) the image manifold, and its metric and by (M, h) the space-
feature manifold and its metric. Then the functional S[-,-,-] attaches a real
number toamapY : ¥ - M

S[IY*, g, hij] = /dv<vyi, VY7, hij, (5)

where dV = dz'dz?---dz™,/g is a volume element and the scalar product {, ),
is defined with respect to the image metric i.e. (VY!, VY?), = ¢#¥9,Y'8,Y2.
This functional is known in high-energy physics as the Polyakov action [5]. Note
that the image metric and the feature coordinates i.e. intensity, color, orientation
etc. are independent variables. The minimization of the functional with respect
to the image metric can be solved analytically in the two-dimensional case (see
for example [11]). The minimizer is the induced metric. If we choose, a-priory, the
image metric induced from the metric of the embedding spatial-feature space M,
then the Polyakov action is reduced to an area (volume) of the image manifold.
Using standard methods in the calculus of variations (see [11]), the Euler-
Lagrange equations with respect to the embedding are
1 ;68 1 : : :
g g = OB BY) £ VY, 9V, (6)
Since (gpv) is positive definite, g = det(g,,) > 0 for all #*. This factor is the
simplest one that does not change the minimization solution while giving a geo-

metric (reparameterization invariant) expression. The operator that is acting on
Y% in the first term is the natural generalization of the Laplacian from flat spaces
to manifolds and is called the second order differential parameter of Beltrami [4],
or for short Beltrami operator, and is denoted by A,. The second term involves
the Levi-Civita connection whose coeflicients are given in terms of the metric of
the embedding space

1.
k= §h“ (0jhax + Orhji — Orhjx) . (7)

This is the term that guarantees that the image surface flows in a non-Euclidean
manifold and not in IR™.

A map that satisfies the Euler-Lagrange equations —ﬁh“f%

harmoniec map. The one- and two-dimensional examples are a geodesic curve
on a manifold and a minimal surface.

=01is a

The non-linear diffusion or scale-space equation emerges as the gradient de-
scent minimization flow
1 ;48

o . ) ) )
Y= — =kt =AY 4 T (VYT VY H),. (8)

=% T2 &Y

This flow evolves a given surface towards a minimal surface, and in general it
changes continuously a map towards a harmonic map.



There are few major differences between this flow and those suggested in [6,
14,1]. Notably, the metric that is used in those papers is flat while we use the
induced metric that combines the information about the geometry of the signal
and that of the feature manifold.

3 Beltrami S! direction diffusion

We are interested in attaching a unit vector field to an image. More precisely
we would like to construct a non-linear diffusion process that will enhance a
given noisy vector field of this form while preserving the unit magnitude of each
vector.

3.1 The embedding space geometry

hemispheric coordinate system Denote the vector field by two components
(U, V)T such that U2+ V2 = 1. This description is actually an extrinsic descrip-
tion. The unit circle S is a one-dimensional curve and one parameter should
suffice as an internal description. Since S is a simply connected and compact
manifold without boundaries, we need at least two coordinate systems to cover
all the points of S such that the transition function between the two patches
is infinitely differentiable at all points that belong to the intersection of the
two patches. We define the two patches as follows: The coordinate system on

S* — {(£1,0)} is U, with the induced metric

1

ds§s = dU? +dV? = dU” + (d(v1 - U?))* = —3

dU?. (9)

The coordinate system on S — {(0,41)} is V with the induced metric

1

dsfs = dU® +dV? = (d(v1- V)’ +dV? = ;—5

dv2. (10)

It is clear the the transformations V(U) = +/1 — U? and U(V) are differen-
tiable anywhere on the intersection S* — {(+1,0), (0,+1)}.

The embedding is of the two-dimensional image manifold in the three-dimensional
space IR? x S'. The canonical embedding for the first patch is
(Yi(z,y) = 2, Y?(z,y) = 4, Y3(z,y) = U(z,y)), and for the second patch is

(Yl(m,y) = z,Yz(z,y) = y,Ys(m,y) =V(z,y)). (11)

stereographic coordinate system Another possibility is to use the stereo-
graphic coordinate system. The stereographic transformation gives the values
of Y as functions of the points on the north (south) hemispheres of the hy-
persphere. Explicitly, for S? it is given (after shifting the indices by two for a



coherent notation with the next sections) as ¥ = l_U;4. Inverting these relations
we find 5 -
2Y -14+(Y
3 — , U4 — + ( ) , (12)
14 (Y3)2 14 (Y3)2
and the induced metric is
4
hij = — 57 0is

(1+(¥2)?)?
Due to space limitations we defer further analysis on the stereographic coordinate
system. Below we analyze the hemispheric coordinate system.

3.2 The S! Beltrami operator

The line element on the image manifold is

1

ds® = dsk, + ds, = dz® +dy? + T du?, (13)
and by the chain rule
ds® = (14 A(U)U2)dz? + 2A(U)U,Uydzdy + (1 + A(U)Uyz)dyz, (14)

where A(U) = ﬁ, and similarly for V.
The induced metric is therefore

oy (15 AQ2 AW, 15
i AU, 1+AWU)UZ )
and the Beltrami operator acting on U is AU = ﬁ@u(\/ﬁg"”ayU), where

g =1+ A(U)(U2Z + U}) is the determinant of (g,,), and (¢**) is the inverse
matrix of (g, ).

3.3 The Levi-Civita connection

Since the embedding space is non-Euclidean we have to calculate the Levi-Civita
connection. Remember that the metric of the embedding space is

10 0
(hij)=10 1 0 |. (16)
0 0 A(D)

The Levi-Civita connection coeflicients are given by the fundamental theorem
of Riemannian geometry in the following formula F;k = %h‘l (05 hux + Oxhji — Oihjg),
where the derivatives are taken with respect to Y* for : = 1,2, 3.

The only non-vanishing term is I's; that reads I's; = Uhas.

The second term in the EL equations in this case reads Uhss||VU||2. We can

rewrite this expression as
1
h33||VU||Z:2—§(1+9), (17)

where we used the induced metric identity Eq. (2).



3.4 The flow and the switches

The Beltrami flow is
Yy =AY 4+ T} (Y, Y2, Y3)(VYY, VY k), (18)

for ¢ = 3, and similarly for the other coordinate charts. Gathering together all
the pieces we finally get the Beltrami flow

~1 ~1
U :AQUJFU"’T .V :AgV+VgT. (19)

In the implementation we compute the diffusion for U and V simultaneously
and take the values (U, sign(V)y/1 — U?) for the range U% < V2, and the values
(sign(U)v/1 — V2,V) for the range V2 < UZ.

4 Color diffusion

There are many coordinate systems and models of color space which try to be
closer to human color perception. One of the popular coordinate systems is the
HSV system [9]. In this system, color is characterized by the Hue, Saturation
and Value. The Saturation and Value take their value in IRy, while the Hue is
an angle that parameterizes S*.

In order to denoise and enhance color images by a non-linear diffusion process
which is adapted to human perception we use here the HSV system. We need to
have special treatment of the Hue coordinate in the lines of Section 3.

Let us represent the image as a mapping Y : ¥ — IR* x S where X is the
two-dimensional image surface and IR* x S! is parameterized by the coordinates
(z,y, H,S,V). As mentioned above, a diffusion process in this coordinate system
is problematic. We define therefore two coordinates

U=cosH ; W =sinH

and continue in a similar way to Section 3. The metric of IR* x S! on the patch
where U parameterizes S* and W(U) is non-singular is

10 0 00
01 0 00

hi;=|0 0 AW) 0 o], (20)
00 0 10
00 0 01

where A(U) = 1/(1 - U?).

The induced metric is therefore
ds® = dz® + dy® + A(U)dU? + dS* + dV?

= dz® + dy? + A(U)(Updz + Uydy)® + (Sydz + Sydy)? + (Vpdz + V,dy)?
= (1+ A(U)U2 + S2 + V2)dz*+



2AU)ULUy + 5.8y + Vo Vy)dedy + (1 + A(U)UZ + S2 + V) )dy®. (21)

Similar expressions are obtained on the other dual patch.
The only non-vanishing Levi-Civita connection’s coefficient is I's; = Uhas.
The resulting flow is

Uy = A,U 42U —U(g' + ¢%%)

Wi = A,W 4+ 2W — W (gt + ¢%%)

Sy = 4,8

Vi = A,V. (22)

Note that the switch between U and W should be applied not only to the U and
W equations but also to the S and V evolution equations where, at each point,
one needs to work with the metric that is defined on one of the patches.

5 Experimental results

Fig. 1. Two vector fields before (left) and after (right) the flow on S*.

Our first example deals with the gradient direction flow via the Beltrami
framework. Figure 1 shows a vector field before and after the application of the
flow for a given evolution time. The normalized gradient vector field extracted
from an image is presented before and after the flow and show the way the field
flows into a new smooth orientation transactions field.

Next, we explore a popular model that captures some of our color perception.
The HSV (hue, saturation, value) model proposed in [9] is often used as a ‘user
oriented’ color model, rather than the RGB ‘machine-oriented’ model.

Figure 2 shows the classical representation of the HSV color space, in which
the hue is measured as an angle, while the value (sometimes referred to as bright-
ness) and the color saturation are mapped onto finite non-periodic intervals. This
model lands itself into a filter that operates on the spatial z,y coordinates, the
value and saturation coordinates, and the hue periodic variable. Our image is

now embedded in R* x S.



Fig.2. The HSV color model captures human color perception better than the RGB
model which is the common way our machines represent colors. The original image
(left), the noisy image (middle) and the filtered image (right) demonstrate the effect of
the flow as a denoising filter in the HSV color space. For further examples follow the
links at http : //www.cs.technion.ac.il/ ~ ron/pub.html

6 Concluding remarks

There are two important issues in the process of denoising a constrained feature
field. The first is to make the process compatible with the constraint in such a
way that the latter is never violated along the flow. The second is the type of
regularization which is applied in order to preserve significant discontinuities of
the feature field while removing noise.

These two issues are treated in this paper via the Beltrami framework. First
a Riemannian structure, i.e. a metric, is introduced on the feature manifold
and several local coordinate systems are chosen to describe intrinsically the
constrained feature manifold. The diffusion process acts on these coordinates and
the compatibility with the constraint is achieved through the intrinsic nature
of the coordinate system. The difficulty in working on a non-Euclidean space
transforms itself to the need to locally choose the best coordinate system to
work with.

A preservation of significant discontinuities is dealt with by using the induced
metric and the corresponding Laplace-Beltrami operator acting on feature coor-
dinates only. This operation is in fact a projection of the mean curvature normal
vector on the feature direction(s). This projection slows down the diffusion pro-
cess along significant (supported) discontinuities, i.e. edges.

The result of this algorithm is an adaptive smoothing process for a con-
strained feature space in every dimension and codimension. As examples we
showed how our geometric model coupled with a proper choice of charts han-
dles the orientation diffusion problem. This is a new application of the Beltrami
framework proposed in [11]. We tested our model on vector fields restricted to
the unit circle S, and hybrid spaces like the HSV color space. The integration
of the spatial coordinates with the color coordinates yield a selective smoothing
filter for images in which some of the coordinates are restricted to a circle.
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