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Abstract

Challengingobjectdetectionand segmentationtaskscan be facilitated by the availability of a ref-
erenceobject. However, accountingor possibletransformationdetweenthe differentobjectviews, as
partof the sggmentationprocessremainsdif cult. Recentstatisticalmethodsaddresshis problemby
usingcomprehensk training data. Othertechniquesanonly accommodatsimilarity transformations.
We suggest novel variationalapproacho prior-basedsegmentationusingasinglereferencenbject,that
accountdor planarprojectie transformationGeneralizinghe Chan-\éselevel setframework, we intro-
duceanovel shape-similarityneasur@andembedheprojectve homograpl betweertheprior shapeand
theimageto segmentwithin aregion-basedegmentatiorfunctional. The proposedilgorithmdetectghe
objectof interest,extractsits boundariesandconcurrentlycarriesout the registrationto the prior shape.
We demonstrat@rior-basedsegmentatioron avariety of imagesandverify theaccurag of therecovered

transformatiorparameters.



1 Intr oduction

The coupledtasksof segmentatiorandobjectdetectionareessentiafor the extractionof semanticcontent
fromimages.Priorknowvledgeontheshapeof interesicansigni cantly facilitatethesegprocessegarticularly
whenthe objectboundariesare not well de ned. However the integration of shapeinformationinto the
sgmentatiorprocesss non-trivial. The maindif culty is the needto accountfor possibletransformations
betweerthe prior shapeandthe shapebeingsegmented.

This problemwasstudiedextensvely via templatematchingtechniquessee[17, 21, 22, 26, 40, 41, 44]
andreferencesherein.Whendealingwith contoursregistrationvia templatematchingis equialentto the
Hough Transform[37]. Shapeis then commonlyrepresentedn a parametricway and the dimensionof
the representatiogrows with the compleity of the shapeandits degreesof freedom. Templatematching
andHoughtransformareknown to yield dif cult globaloptimizationproblemswhenthe dimensioris high,
thusincorporationof projectve transformationss dif cult to accomplishMoreover, thesemethodsequire
a substantiaket of correspondingoints (or features),suchthat the matchedimagesmusthave identical
texture,see [23] andreferenceherein.

A differentapproachfocuseson landmarkbasedanalysis,in which a training shapeset, sampledand
aligned,is assumedIn particular the Active ShapeModel [8] andActive AppearancéModel [7], thatuse
Principal ComponentAnalysis (PCA) of landmarksto modelshapevariability, gainedpopularityfor their
simplicity andef ciency. However, thesemethodsaresemi-automaticrequireprior shapeanalysisandare
parameterizatiodependent.

Variationalmethodssolve segmentationproblemsby meansof enegy minimization, integrating top-
down andbottom-upinformation,see[1] andreferencesherein. Speci cally, the level-setframenork [31]
for curve evolution hasbeensuccessfullyappliedto extract complex objectboundariesallowing an auto-

maticchangan thetopology Priorbasedsagmentatiormethodsncorporatea representationf areference



shapewithin theenegy functional. Thus,therecoreredobjectboundaryshouldresemblehe expectedcon-
tour, in additionto beingconstrainedy length, smoothnessnd compatibility with the imagegray levels
andgradients.

In orderto introduceprior shapeknowledgeanda given group of transformationsn the level-setfor-
mulation, a shapedissimilarity measureshouldbe provided. Several works, for example[12, 13, 35, 39,
usethedistancefunctionasthe level-setandthe squaredifferencebetweenevel-setsasthe shapedissimi-
larity measure A symmetricandunbiasednodi cation of this shapedistance(calledpseudadistancehas
beenrecentlysuggestedby Cremersand Soatto[10]. However, thesesimilarity measuresnly accountfor
isometrictransformationgndscaling,sincemoregenerakransformationgsuchasnon-isotropicscalingor
perspectiity) do notpresere the characteristicef distancgunctions.

The statisticalmethodology{4, 9, 19, 24, 25, 35, 39] accountsfor transformationgdeyond similarity
andfor smallnon-rigiddeformationdy usinga comprehense training set. It characterizethe probability
distribution of the shapesandthenmeasureshe similarity betweerthe evolving objectboundary(or level-
setfunction)andrepresentatiesof thetrainingdata.lt is importantto notethatthereis no distinctionin this
methodbetweertransformation-baseahddeformation-baseshapevariation. The modesof variationhave
to accountfor both. Moreover, the performancelepend®n the sizeandcoverageof thetrainingset.

None of the existing methodsaccountdor projective transformationdetweenthe prior shapeandthe
shapeof interest. The inability to dealwith projectve transformationss signi cant. In the presenceof
projectvity, neithersimilarity nor (even) the af ne modelprovide reasonable@pproximationfor the trans-
formationbetweerthe prior shapeandthe shapeto segment.Figs. 1b-cshav the bestregistrationof a prior
contourof the objectshavn in Fig. 1ato a givenimage,assumingsimilarity andaf ne transformationse-
spectvely. The apparentmismatchinhibits the segmentationprocessandprohibitsaccuratereconstruction
of the missingparts. In contrast,the registrationexamplein Fig. 1d demonstrateshat planarprojective

transformations a goodapproximatioreventhoughthe elephanshapecontouris roughly planar



We suggest novel variationalapproacho prior-basedsegmentationthatexplicitly accountdor planar
projectve transformationusinga singlereferenceobject. The sgmentationprocesss carriedout concur
rently with theregistrationof the prior shapeo the shapeof interest.The outcomesf thealgorithminclude
the detectionof the objectof interestand correctextractionof its boundaries.The planarprojective trans-
formationbetweerthe two objectviews is accuratelyrecoveredaswell. Neitherpoint correspondenceor
directmethodqd20] areused thuscolor or texture compatibility betweerthe prior andthe sgmentedmage
is needlessThisis accomplishedby introducinga novel shape-similaritymeasurethatadmitsawide range
of transformationsheyondsimilarity, andusingit to generalizéhe Chan-\éselevel-setframewvork [3]. The
proposedegion-basedegmentatiorfunctionalincludesanexplicit expressiorof theprojectve homograph
betweerthe prior shapeandthe shapeto segment.

Employing the parameterization-freshapedescription,enabledby the level-setformulation, we gain
a signi cant adwantageover landmark-base@nd templatematchingtechniqueghat represenshapesy
collectionsof pointsor features.The suggestedlistancefunction betweerthe level-setrepresentationef
thematchedshapess well de ned andis notdependnshapesampling.Moreover, transformationgapplied
onthedomainsof the level-setfunctions,transformthe representedhapesorrespondingly This resultsin
an elggant and powerful mathematicaformulationto align the prior andthe evolving shape,minimizing
their dissimilarity measurawvith respecto the transformatiorparametersThe gracefulmeige of theimage
datawith thatof the projectiely registeredprior is the essencef the proposectontritution.

Thesuggestedlgorithmis demonstratedn realandsyntheticexamplesjn the presencef perspectie
distortion. The successfusggmentatiorresultsandthereliableestimationof the transformatiorparameters
suggesthis methodasa promisingtool for varioussegmentatiorandregistrationapplications.

Thepaperis organizedasfollows. In section2 we review thelevel-setframavork of ChanandVese[3],
andoutline our prior shapemodel,in particularthe novel shapesimilarity measureln section3 we brie y

summarizethe prior-basedsegmentationschemethat was presentedn [34]. It hasan intuitive geomet-
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Figurel: Registration,by the proposednethod,of the contourof the objectshavn in (a) imageusing: (b)
Similarity model(4 transformatiorparameters)(c) Af ne model(6 transformatiorparameters)(d) Planar
projectve homograpk (8 transformatiorparameters)Notethemismatchn (b) and(c) despitetherelatively
smallchangen the cameraview. Ragistrationresultsof (b) and(c) arethe bestpossiblewith similarity and
af ne transformations.Thehave beenobtainedafteranextensve searchof therespectre parametespaces.
Thecorrespondingransformatiorparametersaredisplayedn thelasttwo rows of Table3.

ric interpretationand a relatively simple mathematicaformulation. This method,however, only handles
perspectiity (a six-parametetransformation)andis applicableto the limited classof starshapedbjects.
Neverthelessijt providesthe conceptuabasisfor the methoddevelopedin this paper Next, we general-
ize the algorithmto eight-parameteprojectvity modelandremove the restrictionto starshapedobjects.
Fundamentatonceptgrom two-view geometrythatarenecessaryo accomplisithis generalizatiorarepre-
sentedn sectiond4. The embeddingf the transformatiormodelwithin the variationalframewnork, andthe
minimizationof the resultingfunctional,areconsideredn section5. Experimentaresultsare providedin

sectionb.



2 Variational Framework

2.1 Chan-Vesetwo-phasemodel

Mumford and Shah[29] proposedio segmentan input imagef: ! R, with respectto a sggmenting

boundaryC anda pieceavise smoothapproximatiorof theinputimageu, by minimizing thefunctional:

Z Z

EWC)= 5 (F uwdk+ o Ir s o 1)

where and arepositive scalars.Hereafterx = (x;y). A reducedform of this functionalis simply a
restrictionof u to a pieceavise constan@approximatiorof f , suchthateachconnectecomponent ;, where
[i i= and ;\ ;=,,hasaconstangraylevel valueu;. Thisleadsto theminimumpartitionproblem,

wherethe functionaltakesthefollowing reducedorm:

1x 4
E(uC)= 3 (f w)’dx+ jCj (2)

In the level-setformulationfor curve evolution [31], a segmentingboundaryC in animageplane R2,
is the zerolevel-setof a 3D function ,C = fx 2 | (x) = 0g. ChanandVese[3], inspiredby the
segmentatiormodelof Mumford andShah(1), suggestedio sggmentaninputimagef usingtheHeaviside
function of the evolving level-setfunctionH ( ) asanindicatorfor objectand backgroundegionsin the
image. Contourlength hasbeenalso expressedn a region-basedmanner For the two-phasecasethe

resultanfunctionaltakesthefollowing form:

Z
Ecv=(f u)?HO)+(F u)*@ H()+ jr H(C )jdx; ®3)



The scalarsu, andu arealternatelyupdatedwith the evolution of the level-setfunction. They take the

averagegraylevel valuesof theinputimagein theregionsindicatedby Oand < 0.

R R
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Note that the integration limits of the reformulatedfunctional (3) are now well-de ned andknown. The
gradientdescentquationfor theevolutionof  is derivedusingthe EulerLagrangesquationdor the func-
tional (3):

@: i _ 2 2 .
g= () dv g uye( vy 5)

As in [3], a smoothapproximationof the Heaviside functionH , ratherthana stepfunction, is used. In

particular

H()-= %(1+ Earctan(—)) (6)

anditsdervatve ( )= dH( )=d is

5 (7)

Figs.2a-billustrateH and nearzero.Thus,theevolutionarychangeof ,accordingo (5)is notrestricted

to its zerolevel-set.

2.2 Prior shapemodel

Theenegy functional(3) canbe extendedby addinga prior shapeaerm[11]:

E(;U+;U):ECV(;U+;U)+ Eshape( ); 0: (8)

Theinclusionof this shapeermwithin theenegy functionalleadsto threerelatedquestions:
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Figure2: Smoothapproximatiorof theHeavisidefunctionH (a)andits dervative (b). Adaptedfrom [3].

1. Whatshouldbetherepresentationf the prior shape?
2. Whatshouldbethe similarity measurdetweerthe prior shapeandthe evolving segmentedshape?
3. Whatis the groupof transformationshatcanbe accommodatetly the above similarity measure?

The currentwork provides a comprehensie andinnovative solutionto thesequestions.Let =  R? be
the referencamageframe. The representationf the prior shapewithin the enegy functional(8) is a 3D

function ~: R thatembedghe contourC of theknown shape:

C=1fx27j7(x)= 0g; (9)

Positve andthe negative valuesof ~ correspondo objectandbackgroundegionsin ~ respectrely. We
suggestwo alternatve representationsf ~, thatarediscusse@ndcomparedn thesubsequergectionsThe
formulationof ~leadsto a de nition of a dissimilarity measurewith respecto the evolving segmentation.

It is aweightedsumof the non-overlappingpositve andnegative regionsof and ™

Z
Eame( )= H( () H() dx (10)



This extensionto thefunctionaladdsthefollowing termto the evolution equation(5):

() H(C) H(O) (11)

Thus,ateachtimestep, will bemodi ed in imageregionswherethereis inconsisteng betweertheobject-
backgroundareasndicatedby H ( ) andH (7). Thechangein isweightedby , whichis illustratedin

Fig. 2b for severalvaluesof . Theshape-ternis further extendedto incorporatepossibletransformations
betweenthe prior shapeand the shapeof interest. This is approachedy applyinga 3D transformation
TR3! R3to ™

Z
Eshape( 5 Tp) = H( (x) H(Tp((x) " ox (12)

Thereformulatedenepgy functionalbecomes:

Z
E()= f(f uw)H(O)+(F u)*(@ H()+ rHQON+ [H() H(T(M%gdx (13)

Theextendedgradientdescenequationfor the evaluationof is:

[
= ()@ u) (f u)+ dv J:—J + H(O) H@O) - (14)

®®

Note thatwe do not enforcethe evolving level-setfunction to resembleT,( 7). Insteadwe demandsimi-
larity of theregionswithin therespectie contours.Thus, is notnecessarilyadistancegunction. Therefore
T, canbe usedto accommodatéor planar projectivetransformationsetweerthe prior contourC andthe
evolving segmentingcontourC.

In section3 we examinethe six-parametemodelthat wasintroducedin [34]. It is basedon a unique

representationf the prior shape™, which simpli es its perspectie mappingto the shapeof interest. The



eight-parametemodel,presentedhn sectiond, generalizeshe framavork to projectvity.

3 Perspectvity

3.1 Coneofrays

Considera setof rays,de ned by anobjectin 3D spaceanda cameracenter An imageis obtainedby the
intersectionof theserayswith a plane. This setis usuallyreferredto asa coneof rays althoughit is nota
conein theclassicalsensg18]. Now, supposehatthis coneof raysis intersectedy two planesasshavn
in Fig. 3. Then,thereexistsa perspectie transformatiorH mappingoneimageontothe other This means
that the imagesobtainedby the samecameracentermay be mappedto one anotherby a planeprojectve
transformatiorj14, 15, 18].

Letf andf °betheimageplanesof two camerashaving thesamecameracenteywith projectionmatrices
M andM °respectiely. For simplicity, the coordinatesystemof the rst camerais choserto coincidewith
theworld coordinatesystemsothatM = K[ j 0], whereK isthe3 3 cameracalibrationmatrix and
| is theidentity matrix. The projectionmatrix of the secondcameras M °= K R j 0], whereK %is the
calibrationmatrix andR is therelative rotationbetweerthe coordinatesystemsf the cameras.

Considertwo imagepointsp 2 f andp® 2 f°of a 3D world point P. Let x, x°and X be their
correspondindhomogeneousoordinates.Thus,x = K[1 j0]X, x°= KJ R j 0]X andthe mapping
betweenx andx®is x°® = KRK 'x = Hx, with H = K®RK 1. This relationcanbe simpli ed by
working with anormalizedcoordinatesystenmt. WhenK andK °only differ by theirfocallength,K X 1 =
diag(k; k; 1) wherek is theratio of thefocal lengths.

Thetransformation®f zoomandcamerarotationcanbe expressedasa movementof the imageplane

linternalcameracalibrationis beyond the scopeof this work. Thereforewe will presenthe internalcameraparametersn
termsof pixels, assumingsquarepixels. Moreover, the origin of coordinatesn the imageplaneis setat the cameras principal
point. Thetermnormalizedcoodinatesystenis adoptedrom [15].
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Figure3: The coneof rays. An imageis de ned by the intersectionof this setof rayswith a plane. A ray
betweernthe cameracenterCC anda 3D world point P intersectghe planein theimagepointsp 2 f and
p?2 f ° Therelationbetweerall suchimagepointsis a perspectie mapping:p°= H p. Adaptedfrom [18].

while maintainingthecameracenterx ed. Notethattheseareparticularcase®f perspectivity Handlingdis-
placementd®etweerthecentersof thecameragwithout parallax)requiresextensionof thegeometrianodel.
Thesestepsare consideredn following subsectionsWe proceedo introducea prior shaperepresentation

derivedfrom the coneof rays.

3.2 Generalizedcone

A generalizeccon€ or a conicalsurface,is a ruled surfacegeneratedy a moving line (the generatorthat
passeshrougha x ed point (the vertex) andcontinuallyintersectsa x ed planarcurve (the directrix) [6].
Let P, = (Xy;Yy; Zvertex) denotethe conevertex, andlet p, = (Xy;Yy) bethe projectionof the vertex on
the directrix plane. We set,without lossof generality X, = x, andY, = y,. Now, considera directrix,
C = p(s) = (x(s);y(s)) whichis aclosedcontour parameterizetdy arc-lengths, of anobjectshapen the

planeZ = Zpyane = 0. Thegeneralizedonesurfaceis de ned by:

r;s)= (X rps)+rp) = (1 r)Zpane + I Zvertex (15)

2The conceptof generalizeccone (or cylinder) in computervision hasbeenintroducedto model 3D objects[2, 2§]. Its
geometricapropertieshave beenintensvely investigated,se€[16, 32] andreferencesherein.
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Figure4: (a) A generalizecconeis slicedby threeplanes,atZ = 0:3,Z = 0OandZ = 0:3. (b) The
resultingintersections(c) A generalizeaoneis intersectedy aninclinedplane:ax + by+ cz+ d = 0. (d)
Theresultingcontour

wherer variessmoothlyfrom 1, that correspondgo the vertex, via 0, the directrix, to somecorvenient
negative value.

Whenthevertex of thegeneralizedoneis locatedat the cameracenter thede nition of thegeneralized
conecoincideswith thatof the coneof rays,presentedn subsectiord. It follows thatby planarslicing of
thegeneralizeadtone,onecangenerataewn imageviews asthoughthey hadbeentakenwith a cameraunder
the perspectie modef. Note, however thatthe constructionof the generalizeccone(15), impliesthatthe

rst imageplaneis perpendiculato the principal axis. Extensionof the allowabletransformatiorbetween
correspondingmagepointsx®andx to translationis possibleif the objectcontouris planarandparallelto

the rst imageplane.

3.3 Formulation of the transformation

We will now considerthe representatioof the transformationl,( ™) of the prior shapein the enepgy func-
tional. Therecovery of the transformatiorparametersgiven the prior contourandthe curve generatedy
the zero-crossin@f the estimatedevel-setfunction,is describedsubsequently

Following subsectior2.2, ~“embedshe prior contouraccordingo (15). For simplicity, thevertex height

3Thereis, however, oneexceptionto this analogy Theintersectiorof aconeanda planeis eithera closedcurve, anopencurve
or apoint. In projective geometryterminology the lattertwo correspondo projectionof ®nite pointsin the ®rstimageplaneto
in®nity. We do not considerideal pointsandplanesat in®nity. Phrasingt explicitly, our only concernis the mappingof a given
closedcurwe to anotherclosedcurve.

12



Zertex » Which correspondso thefocal length,will besetto 1. The prior contourC is the cones directrix.
In orderto minimize the enegy functional (13), one hasto apply a gradientdescenprocesghat calls

for the evaluationof  simultaneouslywith the recovery of the transformationT, of the function ~. We

demonstratehis for transformationd’, thatconsistof translationandrotationof the generalizecdtone,and

correspondo scaling translationyotationandperspectie distortionin theimage.

3.3.1 Scalingand generaltranslation

Assumerst thatthe focal lengthis changed.This approximatelycorrespondso translationof the image
planealongthe optical axis. In the image,the effect is scaling. Figs. 4a-billustrate this notion: asthe
planarsectionof thegeneralizeatoneis closerto its vertex, the cross-sectioshapds smaller Equivalently,
the generalizecconecanbe displacedn the directionof the Z axis, while the intersectingplaneremains
stationaryatZ = 0. Formally, in thiscase, (") = T+ t,.

To accountalsofor translationin theimage,we displacethe generalizedtoneby t = (t4;ty;t,)". The

correspondinghapeermin the enegy functionalis then

Z
Eshape( ) = (H()(%y) H(T(X+ iy + ty) + t;))%dx:

3.3.2 Rotation and compoundmotion

Considera tilted planarcut of the generalizeccone,asshawvn in Figs. 4c-d. The resultingcontouris per
spectvely deformedasa functionof theinclinationof theintersectingplaneandits proximity to the vertex
of the cone. Equialently onemay rotatethe generalizedtconearoundits vertex, andzero-crosgo getthe
sameperspectie transformation.

We denoteby , and the Eulerrotationanglesaroundthe Z,Y and X axesrespecttrely, in that

orderof rotation. They determingherelative orientationbetweerthe rst andthesecondameracoordinate

13



systemsTherotationmatrixR 2 R® 3 operatingonavector(x; y; z)" takestheform [43]

3

2
cc cs s
RZESSC CSSsSsSs+ccC scC (16)

CsCcC+tss css ss cc

wheres is shorthandor sin( ) andc for cos( ). Generakrotationandtranslationof thegeneralizedtone

by R andt is expresseds(x%y% Tp( 7)) = R(x;y; ) + t. Explicitly,

X = ccx+csy s +t, (17)
yo = (ssc cs)x+(sss+cc)y+sc+ty
2 = (csc+ss)x+(css sc)y+cc +t,

wherez = ~andz®= T,("). Thegradientdescenequation®f thetransformatiorparameterarepresented

in [34].

3.4 The six-parameteralgorithm

We summarizehe six-parametealgorithmfor imagesegmentationandrecovery of the transformatiorbe-
tweenthe currentandprior objectinstancesassuminghe following setup.

The input consistsof two imagesf andf ° of the sameobject, taken with the samecamerabut under
differentviewing conditions.TheboundaryC of theobjectin f is known. Theimagef °hasto besegmented.
The world planeis assumedo be parallelto the rst imageplanef , andf is assumedo be at distancel

from the cameracenter The secondmageplanef °is tilted andshiftedrelative to the rst one.

1. GiventhecontourC, constructageneralizectone =, using(15) with Zyerex = 1.

14
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Figure5: (a) Prior image (mannequinhead). (b) The imageto be sggmented. The mannequinheadis
rotated translatecandpartly occluded.Theinitial contouris shavn. (c) Successfuseggmentatiorusingthe
six-parametealgorithm. (d) The generalizedonebasedon the prior contourof (a). Only the positive part
of the coneis shavn. (e) The nal stateof the level-setfunction . (f) Validation: The dark shapeis the
prior silhouette transformedaccordingto the recoveredtransformatiorparametersShown redis the nal

contour asin (c).

2. Choosesomeinitial level-setfunction , for examplea right circular cone. Its zero-level setis the

initial sggmentingcontour
3. Setinitial values(e.g.zero)for , , ,t4,t, andt,.
4. Computethe averagegray levelsof the currentobjectandbackgroundegions,u. andu , using(4).

5. Translatgby t) andthenrotate(by R) the prior shaperepresentatior, usingthe coordinateransfor

mation(17) with the currentestimateof thetransformatiorparameters.

6. Update usingthegradientdescenequation(14).
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7. Updatethetransformatiorparameters, , ,ty,t, andt, usingthedervativesof thecostfunctional

(13) with respecto eachparameter

8. Repeasteps4-7 until cornvergence.

Thealgorithmis exempli ed in Fig. 5. The prior imageis shavn in Fig. 5a;its segmentations known.
Fig. 5b shavs a new instanceof the mannequirhead,rotatedandtranslatedwith respecto the reference
pose.Thehatcreatessigni cant occlusion.Note thatthe headis placedon a plasticbaseof a similar grey-
level. Theinitial sgmentingcontour obtainedoy zero-crossinghe initial level-setfunction (right circular
cone)is shavn. Successfusggmentationusingthe six-parametealgorithmis shavn in Fig. 5¢. Note the
precisetracing of the pro le andthe recovery of the occludedcrown, despitethe perspectie distortion.
Fig. 5d is the generalizecconethatrepresentshe prior shape(a). The nal stateof the level-setfunction

is presentedn Fig. 5e. Notethat andT,(~) resemblen termsof their Heaviside functions- thatis
by their zero-crossing$the nal contour),but not in their entire shapes.Sincethe actualtransformation
wasnot measuredthe recoveredtransformatiorparametergrecon rmed in Fig. 5f by comparingthe nal

segmentingcontourwith the prior shapetransformedaccordingio therecoreredparameters.

4 From six to eight parameters

4.1 Planar projective homography

To generalizethe admissiblegeometricrelationbetweentwo correspondinghapecontourswe review the
conceptof planar projectivehomaraphy The equivalenceof geometricprojectvity andalgebraichomog-
rapty is supportedby the theoremsof Desagues[36]. Planarprojectve homograph (projectvity) is a
mappingH : P> | P? suchthatthe pointsp; arecollinearif andonly if H(p;) arecollinear(projectiity

presereslines)[18, 36).
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Figure6: The homograpk inducedby a plane. The ray thatintersectghe rst imageplaneat a point p
meetstheworld plane atapointP. ThepointP is projectedto a point p®in thesecondmageplane.The
mappingfrom p to p°is the homograply, denotedby H, inducedby the plane . lllustratedafter [18]. In
this researchthe correspondingointsp andp® areon correspondinglanarcontours.

The relation betweencorrespondingriews of pointson a plane (world plane)in a 3D space,asis
illustratedin Fig. 6, canbe modeledby a planarhomograpk inducedby the plane. An explicit expression
for theinducedhomograpk canbederivedasfollows: Let p andp®betwo views of aworld pointP 2, in
two camerdramesf andf °respectiely. Letx, x°andX betheir correspondindqijomogeneousoordinates.
Asin subsectior8.1,M andM Carethe projectionmatricesof therespectie cameraswhereM = K[1 j0].
However, sincethecameragienerallydo nothave acommoncenterM °= K R j t ], wheret is therelative
translationbetweerthecamerasThus,x = K[l jO]X andx®= KR j t ]X.

Let n betheunit normalvectorto theplane , andletd > 0 denotethedistanceof from the optical

centerof the rst cameraThelineartransformatiorfrom x to x°canbe expressecs
0_— 0 1 T 1y, — .
x°=K R+atn K *x=Hx: (18)

Usingthe sameassumptionssin subsectior8.1,we setk andK °to theidentity matrix | . Thus,theplanar

17



homograpl matrix takestheform

H=R+$tnT: (19)

A detailedderivationcanbefoundin [15, 18,27]. ThematrixH is determinedy thetranslatiorandrotation
betweerthetwo camerag R; t g, andby thestructurgparametersn; dg of theworld plane . Notethatonly
theratio t=d canbe recoreredfrom H. We proceedto shaov how the structureof the homograpk canbe

usedto recover therelationbetweerthe cameradramesandthusbetweertherespectre shapecontours.

4.2 Implicit recovery of the homography

A nonsingulathomograpl betweertwo planes and Cis determinedup to a scalefactor)by four pairs

of correspondingointsp2 andp®2 © with notriplet of pointsin eitherplanebeingcollinear Consider

thehomograpl matrixH, 2 3
hll hlZ h13
H=8 hy hp hyf 2R7 (20)
ha1  hs  has

andletx = (x;y; 1) andx®= (x%y? 1) bethehomogeneouspresentationsf the pointsp andp®, suchthat
x%= Hx. Theeightunknavnsof H (theratiosof its nine entries)canbe recoseredby solving at leastfour

pairsof equation®f theform:

0_ h11X + hyy + his | 0 ha1X + hooy + hog
ha1X + haoy + hgs’ h31X + hay + hgs

(21)

Classicapproachesgecover H by solvinganover-determinedetof equationdike (21). Thetranslationrand
rotation (R;t) betweenthe imageplanes,andthe scenestructure(n; d), arerecoreredby decomposition
of theknown homograply matrix (see[15, 18, 27] andreferencesherein).In contrastour novel approach

calculateghe homograpl directly in its explicit form (19). Ratherthanrelying on point correspondence,

18



we matchtwo correspondingontoursof the shapeof interestusingcalculusof variations.Note thatsince
therecovery of thehomograpl andthe sggmentatiorprocessaresimultaneousonly thereferenceshapds
known in advance. The prior shapeis registeredto the shapebeingsegmentedas part of its detectionand

extraction.

4.3 Explicit recovery of the homography

We now usethe explicit formulationof the homograpk (19) to reformulateequation(21). Consider rst
the specialcasein which the world planeandthe rst imageplanecoincide,andd is setto 1. In this case,
the normal to the world plane,n is (0;0; 1). Substitutingd andn in (19), we obtain the entriesof the
homograplg matrixH: hi3 = Riz+ ty, hos = Ras + ty, has = Ras + t; andhy = R; otherwise.
Generallythe world planeis not perpendiculato the opticalaxisof the rst camerathusn 6 (0;0;1).
As before,we represent usingthe coordinatesystemof the rst camera.The unit vectorn is obtainedby
rst rotatingthevector(0; 0; 1) by anangle aroundthey-axisandthenby anangle aroundthe x-axis.

Hencen = ( sin ;sin cos ;cos cos ). SubstitutingrR, t andn in (19), we obtainthe component®f
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thehomograpl matrixH:

hiy = cos cos  “sin

hj, = cos sin + %sin cos

his = sin + %cos cos
h,y = sin sin cos Ccos sin tHysin
h, = sin sin sin +cos cos + Zsin cos (22)

h,s = sin cos + ¥cos cos
hs3; = cos sin cos + sin sin tEzsin
hy = cos sin sin  sin sin + sin cos

hss = cos cos + %cos cos

Substitutingthe entriesof H in (21), onecanexplicitly relateshapepointsbetweerthetwo views. We will
usethe calculusof variationsto relatethe shapecontoursandrecover the translation rotationandstructure

parameters.

5 Objective Functional

5.1 Representationof the prior shape

Thegeneralizedtonerepresentationf the prior shapediscussedn section3, is inadequatevhenthe shape
contouris seenfrom two differentview pointsandthe world planeis in generalposition. Furthermore,
zero-crossinghetransformedyeneralizedoneH (Ty( 7)), asdescribedn 3.3.2,requiresT,( ~) to besingle-
valued.Thisrestrictsthegroupof admissibleshapecontoursandtherangeof allowabletransformationsWe

thereforegpresentanalternatve representationf the prior shapeahatcanbeappliedto generaplanarshapes.

Considempriorimagef : ! R* with labeledobjectandbackgroundegions . and respectiely.
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Theprior shapds representetly afunction ~2 R3 :

1 f(xy)2 .

xy) = (23)

"W JAVY o]

0 f(xy)?2

LetTp : (TO6Y)xy) T (TAx%y9; X% y9 denotetheprojective transformationthatmapsa point (X; y)
andits ~valueto a(projectively) equivalentpoint(x® y9, with ~{x%y% = ~(x;y). Thus,thebinaryfunction
~Ax%y9 is obtainedrom ~(x; y) by coordinatetransformation.

Expressiongor x°andy®areobtainedby substitutingheexplicit entriesfor the homograpk matrix (22)

in (21). For example,when = O0andd = 1theexpressionsre:

0 _ CCX+tCcsSy s +ty
(csc+ss)x+t(css sc)y+tcc +t,

o_ (ssc cs)x+(sss+cc)y+sc+ty

24
(csc+ss)x+(css sc)y+tcc +t, 24)

The representatiori23) of the shapeprior is simplerthanthat usingthe generalizeccone(section3), but
leadsto complex expressiongor thetransformectoordinatex®andy®. For example,the coordinategjiven
in Egs.24 arethequotientsof thecorrespondingxpressionsn (17). In theproposedlgorithm,ateachtime
steponere-evaluategshehomograpk matrix entries(22), basedntheestimatedransformatiorparameters.
The coordinatetransformationT, is appliedto the representatiori~ of the prior shape. The transformed

representatioif,( 7(X; y); X; y) is substitutedn the gradientdescenequatiorfor ~ (14).

5.2 Recovery of the transformation

In orderto evolve thelevel setfunction accordingo (14), onehasto simultaneouslyecover the transfor

mationTy( ™ x; y) of the prior level-setfunction. The transformatiorparameter¢ , , ,ty=d ty=d, t,=d
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and ) areevaluatedvia thegradientdescenequationbtainedoy minimizing theenegy functional(13)
with respecto eachof them. The generalgradientdescentequationfor eachof the transformatiorparame-

ters(denotedhereby ) is of theform:

z ~
=2 mO) HO HE) T o 25)
where
@ (7). @) @&, @G LK @() @&,k @& (26)
e - @ oe'@ee @ e @e

The partial derivatives @ ,(7)=@ and @,(~)=@ are computednumerically using the nite difference
method. The derivatives @&X=@ and @%=@ with respectto eachtransformatiornparameter have been

derivedanalytically Fromtheimplicit functiontheorenwe obtain
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Finally, theequationgor %0 , %0 ,%o ,%0 areevaluatedby differentiatingthe expressions(24) for x°andy®

with respecto x andy.
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5.3 The eight-parameteralgorithm
5.3.1 Algorithm

We summarizethe proposedalgorithmassuminghe following setup. The inputsaretwo imagesf andf ©
of the sameobject,takenwith identicalcamerasbut from differentviewing positions.The sggmentatiorof
thereferenceobjectin f is known andits contouris assumedo be approximatelyplanar The segmented

referencenbjectis usedto constructhe prior shaperepresentation” accordingo (23).

1. Choosesomeinitial level-setfunction , for examplea right circular cone. Its zerolevel-setis the

initial segmentingcontour

2. Setinitial values(e.g. zero)for the transformatiorparameters, , , ty, ty,t;, and . If dis

unknawn, setd = 1.

3. Computethe averagegray level valuesof the currentobjectandbackgroundpixels,u, andu , us-

ing (4).

4. Apply acoordinatdransformatiorio the prior shapaepresentation (substitutg22)in (21)) with the

currentestimateof thetransformatiorparameters.
5. Update usingthegradientdescentquation(14).
6. Updatethetransformatiorparameters, , ,ty,t, andt,, and asexplainedin 5.3.2.

7. Repeasteps3-6 until corvergence.

Thesagymentatiorandregistrationstepsareinterleaved,thusrealizingthe power of theprior-basedsegmenta-
tion approachNotethatthealgorithmdirectly recoversthetransformatiorparameterghusthecumbersome

taskof decomposinghe homograpl matrix is avoided[15, 18, 27].
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5.3.2 Optimization

Global optimizationproblemsare commonin computervision. Here,the costfunctional (13) may have
several local minima with respectto the parametersandthe evolving level setfunction . Direct update
of the parameteryia their the derivatives (25) mayleadto an undesiredocal minimum, asexempli ed in
Fig. 7.

It is known [38] thattheglobalminimumof agenerafunction(or functional)abore acontinuousiomain
cannotbe found in nite time. Neverthelessglobal optimizationstratgies can be successfullyapplied
to well-behaed functions. In step6 of the algorithm, the transformationparametersre determinedby
multidimensionalminimization, usingthe Nelde~Meaddownhill simplex algorithm[30] followed by the
gradientbasedQuasi-Nevton method[5]. Thedirectsearchmethodof NelderMeadis basedon evaluating
afunctionat theverticesof a simplex, theniteratively shrinkingthe simplex asbetterpointsarefound until
somedesiredboundis obtained. The nine eight-dimensionalerticesare randomlyinitialized within the
limits of the parametersThe outcomeof the NelderMeadalgorithmis usedasthe startingpoint for Quasi-
Newton minimizationemploying thepartialdervatives(25)for ne tuningof thesearctresults. Thesimplex
algorithmworks,in ourexamplesmoderatelywell. In mostcasestheglobally minimal cost(corresponding
to shapeoverlap)wasidenticalto theresultof quasi-Nevton searchfrom the zerostartingpoint. The Quasi-
Newton algorithmhasa quadraticrate of corvergence but whenappliedby itself nds thelocal minimum
in thevicinity of its initial point.

Thestability of theresultingshapewith respecto smallerrorsin theminimizing transformatiorparame-
terswasexaminednumericallyon severalimagesandtransformatiorexamples.Thevalueof theshapdaerm
in thefunctionalis takenasa measurdor the shapevariation. It wasfoundthatthe minimizing shapevaries
smoothlywith thechangean thetransformatiorparametersTheresultsdiffer slightly from imageto image.

In Fig. 8 we depictthe resultsof varying one parametewhile keepingthe seven others x edin the ground
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(@) (b)

Figure7: A local minimum. (a) A wrong segmentingcontour(red), dravn on the input image. (b) The
samecontour dravn on theincorrectlytransformedrior shape.To avoid corvergenceto anincorrectlocal
minimum, we usethe Nelde~Mead downhill simplex algorithm followed by the gradientbasedQuasi-
Newton minimization.

truth. The degreeof stability is de ned by the Hessianof the shapeerm at thatpoint. Few parametersire
moresensitve to suchavariation. For abetterunderstandingf thestability the correlationgor higherorder

derwvatives)shouldbe calculated.Thisis undercurrentstudy

6 Experimental Results

The algorithmdevelopedin this paperis capableof prior-basedsegmentatiorandshaperegistrationin the
presencef perspectie distortion.We demonstratés operationon a variety of examples.In eachexample,
we shav the inputimage(theimageto seggment),andthe referencamage,from which the prior-shapewas
obtained.In additionto the prior-basedsegmentatiorresults,we illustratethe mismatchbetweenthe input
imageandthe referencamage,andverify the transformatiorparametergstimatedy the algorithm. In all
theexperimentsve setdt = 0:1, = 1andd = 1. Thecontribtutionsof eachtermin the gradientdescent
equationof (14)arenormalizedto [ 1;1], thus and aresetto 1. Modifying the weightof the prior

termis doneby normalizingthetermto[ ; ]Jwith > 0. Exampledor suchmodi cationsareshavn in
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Figure8: The shapedissimilarity measurgEq. 12) asa function of eachof the transformatiorparameters
while keepingthe sevenothers x edin thegroundtruth.

Fig. 11f-i. In all the examinedexamplesthe numberof iteration$ neededor corvergencewasbetweerb0
and100. Thereadels alsoreferredo thewebpagg33] which containsvideoclipsthatvisuallydemonstrate
the convergenceof the sggmentatiomprocessefor theexamplesshowvn in Fig. 10, Fig. 11 andFig. 14.

We start by presentingtwo syntheticexamples(Fig. 9 and Fig. 10) that allow comparisonwith the
groundtruth, and proceedto shav segmentationof variousreal images. The rst example (Fig. 9 and
Tablel) demonstratesuccessfusegmentatiorandregistrationfor awide rangeof projectie transformations
betweera prior shapeshowvn in Fig. 9aandits differentappearancegresentedn Figs.9b-e. Therecovered
transformatiorparametersre comparedwith the true onesin Table1. Without the prior shapeterm, the
nal contour(red) may eitherincorrectlyseggmentthe white objects(asin Fig 9f) or the blackunconnected
object(asin Fig 99g), dependingn theinitial contour Whenthe prior shapeermis over-stressedthe nal
segmentingcontourignorestheactualimagedata(Fig 9h). This gure alsodisplaysthesigni cant mismatch

betweerthe prior shapeandthe shapeto segment.

“Repetitionsof steps3-6 in the eightparametealgorithm.
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(@) (b) () (d)

(e) (f) (9) (h)

Figure9: (a) Prior shape(b)-(e) Successfusegmentatiorresultsusingthe prior shape Notethe signi cant
perspectie distortionsof the shapethat simulatequite wide cameraview point changeswith respecto (a).
A comparisonof the recoreredparametersvith the true onesis shovn in Table 1. (f)-(g) Segmentation
withoutprior shapegerm. The nal contourmayeitherincorrectlysegmentthewhite objects(f) or the black
disconnecteabject(g), dependingntheinitial contour (h) Theprior shapdermis over-stressedThe nal
segmentingcontourignoresthe actualimagedata. Thisimagealsodemonstratethe misalignmenbetween
theprior shapgred)andtheinputimage.

Considernext the syntheticreferenceimage shavn in Fig. 10a, that containsseveral componentsof
differentsizesand gray levels. The prior shapewas obtainedby thresholding. The imageto segmentis
shavn in Fig. 10b,togethemwith theinitial contour Theinputimageis a noisy?, transformedandcorrupted
versionof the imagein Fig. 10a. Successfusggmentationis demonstratedn Fig. 10c. The recovered
transformationparametersre validatedby comparisorto the true transformationparametersn Table 2.
The misalignmentbetweenthe imageto sggmentandthe referencamageis shavn in Fig. 10d. Without
usingtheprior shapetheinputimageis dif cult to segment,seeFig. 10e.

Realimagesare usedin all otherexamples,Figs. 11-14. Considerthe two views of the toy elephant

shavn in Figs.11a-b As seenin Fig. 11c, the sgmentingcontourpreciselytracksthe outline of the ele-

5Zero-mearGaussiamoisewith STD equalto 14%of the grey-level dynamicrange.
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| Transformatiorparameter | | | t | ty | t, | |

TrueFig 9b 0:200 0:200 15.00° -5.00| 5.00| 0.100| O:10¢° 0:200
RecweredFig 9b 0:212 0:214 1445 -5.09| 4.66| 0.098| 0:1223 0:269
TrueFig 9c 0:200 0:100 20.0° | -10.00| 10.00| -0.050| 0:500° 0:500
RecweredFig 9¢c 0:197 | 0104 | 2068 | -9.82| 9.91|-0.040| 0472 | 0:49%
TrueFig 9d 0:300 0:300 50.0° | -10.00| 10.00| 0.100| O0:70C0° 0:700
RecweredFig 9d 0:302 | 0300 | 4974 | 1019| 10.00| 0.111| 0718 | 0:678
TrueFig 9e 0:300 0:300 60.00° | -10.00| 15.00| 0.300| 0:30C0° 0:700
RecweredFig 9e 0:299 0:309 60:21° | -10.16| 14.96| 0.309| 0:287° 0:701°

Tablel: Comparisorof therecoveredandtruetransformatiorparameterdpr the examplesshavn in Fig. 9

(@) (b) (©) (d) (€)

Figure10: (a) A referencamage, containingseseral component®f differentsizesandgray levels. The
prior shapewasobtainedby thresholding.(b) The inputimage:a noisy, transformedandcorruptedversion
of (a), with theinitial contour(red). (c) Correctsggmentationred). (d) The unregisteredprior shape(red)
dravn ontheinputimage.Thereferenceprior) imageandtheimageto segmentareclearlymisaligned.(e)
Segmentationred)without usingthe prior shape.

phant,andrecoversthe missingpart of its trunk. This segmentingcontouris the zerolevel-setof the nal
evolving function shawn in Fig. 11d. The accurag of the recoveredtransformations visually veri ed
in Fig. 11e. To demonstratehe in uence of the prior shapeweight on the nal segmentationwe have
conductedseveral experimentswith variousvaluesof , shovn in Figs. 11f-i. In Fig. 11f, the prior term
is over-stresseq 1) thusthe datais ignoredandthe transformatiorbetweenthe prior andthe image
to sggmentis not recovered. Note the signi cant misalignmenbetweerthe prior shapegred) andtheinput
image. Fig. 11g shavs segmentationwithout prior ( = 0). Whenthe weight of the shapeterm is low,
asdemonstratedh Fig. 11h( = 0:5) andin Fig. 11i ( = 0:8), the nal segmentingcontouroccupies

the gap betweerthe objectboundariesandthe transformedorior. Furtherstressinghe contourlengthterm
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( > 1) aresultsimilarto Fig. 11gis obtained We comparedhehomograpl matrixgeneratedrom thees-
timatedtransformatiorparametersvith thatobtainedusing13 manuallyselectectorrespondingpoint pairs,
seeTable 3. The comparisorhasbeendonefor the implicit homograpl parametershat were recovered
directly (row 2) andthosethat were computedfrom the explicit homograpl matrix entriesaccordingto
Eq. 22 (row 3). The valuesof the parametersecoveredassumingsimilarity transformationFig. 1a) and

afne transformatior(Fig. 1b) arereportedn rows 4-5.

| Transformatiorparameter | | e [ty [tz | | |
Truevalues 0:07% | 0:07% | 7:.5° | -10.0| 10.0| -0.1 | 0:07% | 0:1%°
RecweredValues 0:.069 | 0:079 | 7:4° | -10.0]/ 9.6 |-0.1| 0:086 | 0:14°

Table2: Comparisorof therecoveredandtruetransformatiorparameterdpr theexampleshavnin Fig. 10.

‘ Homograply matrixentry ‘ h]_]_ ‘ h12 ‘ h13 ‘ h21 ‘ h22 ‘ h23 ‘ h31 ‘ h32 ‘
Pointcorrespondence 0.91]0.28| 3.2 | -0.31| 0.71| 34.05| -0.0003| 0.0019
Proposedlgorithm,implicit homograpk | 0.92 | 0.27 | 2.88 | -0.29 | 0.70| 32.7 | -0.0003| 0.0017
Proposedhlgorithm,explicit homograpk | 0.92| 0.27 | 2.80 | -0.30| 0.70| 33.35| -0.0003| 0.0018
Similarity approximation 0.88/0.37/181|-0.37/0.88355 |0 0
Af ne approximation 0.92]/0.30| 0.09|-0.37]0.78|31.01| 0 0

Table3: Comparisorof thehomograpk matrix entriesobtainedusingthe proposedlgorithmandvia manu-
ally selectedcorrespondingoint pairs,for Fig. 11. Thelasttwo rows of thetabledisplaythetransformation
parameter®btainedassumingsimilarity andaf ne transformationsespectrely. Thesevaluescorrespond
to theregistrationresultsshavn in Fig. 1b-c. Note, thatnotall the similarity parameterareindependent.

Fig. 12 demonstratesuccessfuprior-basedsegmentationand registrationof the scissorsdespitethe
holesandthe speculare ection. This is a challengingexample,sincethe overlap betweenthe reference
imageandtheimageto segmentis small,andlocalizedin theover-exposedpartof theimage.In Figs.13c,qg,
the bottle-openelis accuratelysggmentedregardlessof the signi cant projectie distortion and the over
exposureat the bottom-rightpart of the opener Note the differencein the grey-level distribution between
thetwo views. Figs.13h-ishaw registrationof the prior contourto thegivenimage,assumingsimilarity and
afne transformationsespectrely. The similarity andaf ne approximationsecover therotationin theim-
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ageplane,but fail to capturethe perspectie deformation.The apparentmismatchinhibits the segmentation
processandprohibitsaccurateeconstructiorof the missingparts.

Finally, Figs.14a-barea dayandnight satelliteviews of Europerespectiely. Theimageswereadapted
from NASA:earthobservatoryasa.ge. Successfusggmentationis demonstratedh Fig. 14c. The coast
line of the continentandthe islandsare preciselyextracted,despitethe spatialbrightnessvariations. The
accurag of the recoreredtransformations visually veri ed in Fig. 14d. Note the signi cant mismatch,
Fig. 14e,betweerthe two views. Without usingthe prior shape seggmentationof Fig. 14bis dif cult. As

seenin Fig. 14f, partsof Scandingia andthe eastermAdriatic shoreareincorrectlysegmented.

7 Discussion

Givenanimageanda prior shape sggmentationandregistrationcanbe viewed astwo aspectf a single
underlyingproblem.Theessencef themethodproposedn this papelis concurrenseggmentatiorandregis-

tration,asmutually supportingprocessewiithin auni ed variationalframevork. Thekeys to the successs

theintroductionof a shapesimilarity measurghatenablegheincorporationof the homograpl formulation
within theobjectie functional.Explicit encodingof ageometridransformatiorwith suchahigh descriptve

power allowedto breakaway from the commonstatisticalrepresentationf transformationsn prior-based
segymentation.

Theability to preciselyextractthe actualobjectcontourbasedn theimagedataandits expectedshape
is critical in mary applications.A robotmanipulatorguidedby the segmentatiorof Fig. 11g,for example,
might breakthe elephantrunk or attemptto piercethroughits speculare ections, mistalenly interpreted
asholes.In this sensesegmentatiorthatis basedn Fig. 11cis preferable.

The Chan-\ésetwo-phasesggmentatiormodel,currentlyemployedin our schemerequiresthe average

A similar sgmentatiorresult(no prior), shawing similar dif®culties,appearedn [3], Fig. 11.
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grey-levels of the foregroundand backgroundio be distinct. Neverthelessas seenin the bottle opener
scissorsand Europeexamples(Figs. 12-14), the use of the shapeprior allows to substantiallyrelax the
homogeneityrequirements. The suggestednethodis modularin the sensethat the underlyinglevel-set
segmentatiormodelcanbeupgradedFor example,it will bepossibleéo accommodatelutteredoackground
by usingthe Vese-Chamulti-phasesegmentatiormodel[42].

Expressinghe planarprojectve transformationwithin the enegy functional (13) in termsof relatve
camera-objeatnotion (R, t) andplanestructure(n, d) ratherthanvia thehomograpk matrixis a consider
ableshortcuttowardtherecovery of theseparametersThe cumbersoméaskof decomposinghe homogra-
phy matrix[15, 18, 27] is avoided.Also, notethatreferencemagesareoftentakenin controlledconditions.
If the prior imageplaneis perpendiculato the opticalaxis,the searchfor the eighthomograpl parameters
canbe reducedto six by settingthe structureparameterg , ) to zero,thussimplifying the registration
procedureFor non-calibratedcamerashehomograpk canbefully recoveredin its implicit form (recovery
of hy1:::hg insteadof , etc.). Thenonly eight parametersrerecoseredandthe needfor decoupling
betweertheinternalandexternalcameraparametersloesnot arise. The mathematicaformulationfor the
recovery of the (implicit) homograpl parameterss obtainedoy substitutinghe expressiong21) directlyin
(26)for = hy;:::hz. Thehomograpl parametersecoveredusingthis formulationareshovn in Table3,
secondow.

In principle,the planarprojectve transformatiormodelrequiresthe obsered contourpointsof the 3D
objectto be coplanarandto take partin the prior shapeoutline aswell. In practice,this assumptiorcan
be relaxed for moderatetransformations.As seenin the satelliteimage example (Fig. 14), an excellent
resultis obtainedeventhoughthe coastlineof Europeis clearlynon-planarThe elephanexample(Fig. 11)
demonstratesuccessfuhpplicationof thesuggestethethoddespitetheevidentviolation of theassumption.
A comprehense solutionfor general3D objectswould requireto extendthetransformatiormodelbeyond

planarprojective homograpls, a subjectfor furtherstudy
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In active contourmethodghatdo notemploy a prior shapethe selectionof theinitial contourmight be
crucialfor correctsggmentatioranddesignatiorof segmentsasobjector backgroundFigs.9f-g demonstrate
possiblesggmentatiorresultsobtainedwithout a shapeprior, thatareinitialization dependentPrior shape
knowledgefacilitatesthe detectionof the desiredobject,reducingthe in uence of theinitialization on the

nal result,asdemonstrated the successfusggmentatiorresultsin Figs.9b-e.

Thesuggestedpproacttanbe extendedto dealwith non-rigid objectsin two ways. If the non-rigidity
canbe modeledin parametricform, asin the caseof articulatedobjects,the additionalparametergould
be incorporatedvithin the transformatiormodel. Otherwise ,onemay integratethe proposedmethodwith
a statisticalschemebasedon a training set, e.g., Roussorand Paragios[35]. This would allow to capture
the non-rigidity via the statisticalcomponentandthe projectve transformatiorusingthe approactthatwe
suggest.

Thesuccessfusggmentatiorresultsandthereliableestimatiorof thetransformatiorparametergncour
agefutureresearchPotentialapplicationsncludeperspectie-invariantsearchin imagedatabasesggistra-

tion andstructurerecovery in stereamaging,andobjecttrackingin videosequences.
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(@) (b) (c)

(d) (e) ()

(9) (h) (i)

Figurell: (a) A referencamage(elephant)from which the prior shapevasobtained.(b) Theinputimage.
The initial contourusedfor the segmentationprocessis shavn (red). (c) Successfuseggmentation: the
nal contouris shavn (red). (d) The nal form of the evolving level-setfunction . (e) Veri cation of the
estimatedransformatiorparametersThe nal contourasin (c), dravn ontheprojectively transformedrior
shapeaccordingto the recoveredhomograpk. (f)-(i) The suggesteanethodis demonstratedor several
valuesof prior shapeweight ( ). (f) The prior shapeis over-stressed 1) thusthe datais ignored
andthe transformatiorbetweenthe prior andthe imageto segmentis not recovered. Note the signi cant
misalignmenbetweertheprior contour(red)andtheinputimage.(g) = 0. Theprior shapeloesnoteffect
thesggmentatiorresult. (h)-(i) Low shapgermweight( < 1). The nal segmentingcontouroccupieshe
gap betweerthe objectboundariesandthe transformedorior contour Furtherstressinghe contourlength
will yield resultsimilarto (g). (h) = 0:5()) = 0:8.
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(@) (b) (c)

(d) (e) (f)

Figurel2: (a) A referencamage(scissors)from which the prior shapewvasobtained.(b) Theinputimage,
taken from a differentviewpoint and with missingpartsdueto over-exposure. (c) Successfuseggmenta-
tion. The missingcontourpartsareaccuratelycompleted.(d) Veri cation of the estimatedransformation
parameters:The nal contourasin (c), dravn on the projectively transformedprior shapeaccordingto
the recoreredhomograpk. (e) The misalignmentetweenthe prior shape(red) andthe input image. (f)
Segmentationred) without usingthe prior shape.
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(@) (b) (c)

(d) (e) 0]

(9) (h) (i)

Figure13: (a) A referencamage(bottle opener),from which the prior shapewasobtained.(b) Theinput
image,takenfrom a differentviewpoint andwith over-exposure.(c) Successfusegmentation.The missing
contourpartsareaccurately}completed(d) Veri cation of theestimatedransformatiorparametersThe nal
contourasin (c), dravn onthe projectvely transformedrior shapeaccordingo therecoreredhomograpi.
(e) The misalignmentbetweenthe prior shape(red) andthe input image. (f) Segmentation(red) without
usingthe prior shape.(g) Successfusggmentatiorwith wider cameraview, usingthe referencamage(a).
(h)-(i) Registrationof the prior contourto the givenimageusing(h) similarity approximatiorand(i) af ne
approximation.Note the apparentnismatch. The similarity andthe af ne approximationsannotcapture
the perspectie distortion.
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(@) (b) (©)

(d) (e) (f)

Figure14: (a) A referenceémageof Europe,from which the prior shapewas obtained. (b) Input image:
A satelliteimage of Europeat night. The referenceand prior image were adaptedirom earthobserva-
tory.nasa.ge. (c) Successfusggmentation:the nal contour(red) accuratelytracesthe coastlines. (d)

Veri cation of the estimatedransformatiorparametersThe nal contourasin (c), dravn on the projec-
tively transformedprior shapeaccordingto the recoreredhomograpl. (e) The misalignmentbetweenhe

prior shapgred)andtheinputimage.(f) Segmentation(red)without usingthe prior shape.Thedarkareas
in Scandingia andin the eastermdriatic shoreareincorrectlyseggmented.
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