
Prior -basedSegmentationand ShapeRegistration
in the Presenceof PerspectiveDistortion

TammyRiklin-Raviv NahumKiryati Nir Socheny

Schoolof ElectricalEngineering
yDepartmentof AppliedMathematics

Tel Aviv University
Tel Aviv 69978,Israel

Abstract

Challengingobjectdetectionandsegmentationtaskscanbe facilitatedby the availability of a ref-

erenceobject. However, accountingfor possibletransformationsbetweenthedifferentobjectviews, as

part of the segmentationprocess,remainsdif�cult. Recentstatisticalmethodsaddressthis problemby

usingcomprehensive trainingdata.Othertechniquescanonly accommodatesimilarity transformations.

Wesuggestanovel variationalapproachto prior-basedsegmentation,usingasinglereferenceobject,that

accountsfor planarprojective transformation.GeneralizingtheChan-Veselevel setframework, weintro-

duceanovel shape-similaritymeasureandembedtheprojectivehomography betweentheprior shapeand

theimageto segmentwithin a region-basedsegmentationfunctional.Theproposedalgorithmdetectsthe

objectof interest,extractsits boundaries,andconcurrentlycarriesout theregistrationto theprior shape.

Wedemonstrateprior-basedsegmentationonavarietyof imagesandverify theaccuracy of therecovered

transformationparameters.
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1 Intr oduction

Thecoupledtasksof segmentationandobjectdetectionareessentialfor theextractionof semanticcontent

from images.Priorknowledgeontheshapeof interestcansigni�cantly facilitatetheseprocesses,particularly

when the objectboundariesarenot well de�ned. However the integrationof shapeinformation into the

segmentationprocessis non-trivial. Themaindif�culty is theneedto accountfor possibletransformations

betweentheprior shapeandtheshapebeingsegmented.

This problemwasstudiedextensively via templatematchingtechniques,see[17, 21, 22, 26, 40, 41, 44]

andreferencestherein.Whendealingwith contours,registrationvia templatematchingis equivalentto the

HoughTransform[37]. Shapeis thencommonlyrepresentedin a parametricway and the dimensionof

the representationgrows with thecomplexity of theshapeandits degreesof freedom.Templatematching

andHoughtransformareknown to yield dif�cult globaloptimizationproblemswhenthedimensionis high,

thusincorporationof projective transformationsis dif�cult to accomplish.Moreover, thesemethodsrequire

a substantialsetof correspondingpoints (or features),suchthat the matchedimagesmusthave identical

texture,see [23] andreferencetherein.

A differentapproachfocuseson landmarkbasedanalysis,in which a training shapeset,sampledand

aligned,is assumed.In particular, theActive ShapeModel [8] andActive AppearanceModel [7], thatuse

PrincipalComponentAnalysis(PCA) of landmarksto modelshapevariability, gainedpopularityfor their

simplicity andef�ciency. However, thesemethodsaresemi-automatic,requireprior shapeanalysisandare

parameterizationdependent.

Variationalmethodssolve segmentationproblemsby meansof energy minimization, integrating top-

down andbottom-upinformation,see[1] andreferencestherein.Speci�cally, the level-setframework [31]

for curve evolution hasbeensuccessfullyappliedto extract complex objectboundaries,allowing an auto-

maticchangein thetopology. Prior-basedsegmentationmethodsincorporatea representationof a reference
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shapewithin theenergy functional.Thus,therecoveredobjectboundaryshouldresembletheexpectedcon-

tour, in additionto beingconstrainedby length,smoothnessandcompatibility with the imagegray levels

andgradients.

In orderto introduceprior shapeknowledgeanda given groupof transformationsin the level-setfor-

mulation,a shapedissimilarity measureshouldbe provided. Several works, for example[12, 13, 35, 39],

usethedistancefunctionasthe level-setandthesquaredifferencebetweenlevel-setsastheshapedissimi-

larity measure.A symmetricandunbiasedmodi�cation of this shapedistance(calledpseudodistance)has

beenrecentlysuggestedby CremersandSoatto[10]. However, thesesimilarity measuresonly accountfor

isometrictransformationsandscaling,sincemoregeneraltransformations(suchasnon-isotropicscalingor

perspectivity) donotpreserve thecharacteristicsof distancefunctions.

The statisticalmethodology[4, 9, 19, 24, 25, 35, 39] accountsfor transformationsbeyond similarity

andfor smallnon-rigiddeformationsby usinga comprehensive trainingset.It characterizestheprobability

distribution of theshapesandthenmeasuresthesimilarity betweentheevolving objectboundary(or level-

setfunction)andrepresentativesof thetrainingdata.It is importantto notethatthereis nodistinctionin this

methodbetweentransformation-basedanddeformation-basedshapevariation.Themodesof variationhave

to accountfor both.Moreover, theperformancedependson thesizeandcoverageof thetrainingset.

Noneof the existing methodsaccountsfor projective transformationsbetweenthe prior shapeandthe

shapeof interest. The inability to dealwith projective transformationsis signi�cant. In the presenceof

projectivity, neithersimilarity nor (even) the af�ne modelprovide reasonableapproximationfor the trans-

formationbetweentheprior shapeandtheshapeto segment.Figs.1b-cshow thebestregistrationof a prior

contourof theobjectshown in Fig. 1ato a given image,assumingsimilarity andaf�ne transformationsre-

spectively. Theapparentmismatchinhibits thesegmentationprocessandprohibitsaccuratereconstruction

of the missingparts. In contrast,the registrationexamplein Fig. 1d demonstratesthat planarprojective

transformationis agoodapproximationeventhoughtheelephantshapecontouris roughlyplanar.
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We suggesta novel variationalapproachto prior-basedsegmentation,thatexplicitly accountsfor planar

projective transformation,usinga singlereferenceobject. Thesegmentationprocessis carriedout concur-

rentlywith theregistrationof theprior shapeto theshapeof interest.Theoutcomesof thealgorithminclude

thedetectionof theobjectof interestandcorrectextractionof its boundaries.Theplanarprojective trans-

formationbetweenthetwo objectviews is accuratelyrecoveredaswell. Neitherpoint correspondencenor

directmethods[20] areused,thuscoloror texturecompatibilitybetweentheprior andthesegmentedimage

is needless.This is accomplishedby introducinganovel shape-similaritymeasure,thatadmitsawide range

of transformations,beyondsimilarity, andusingit to generalizetheChan-Veselevel-setframework [3]. The

proposedregion-basedsegmentationfunctionalincludesanexplicit expressionof theprojectivehomography

betweentheprior shapeandtheshapeto segment.

Employing the parameterization-freeshapedescription,enabledby the level-setformulation,we gain

a signi�cant advantageover landmark-basedand templatematchingtechniquesthat representshapesby

collectionsof pointsor features.The suggesteddistancefunction betweenthe level-setrepresentationsof

thematchedshapesis well de�nedandis notdependonshapessampling.Moreover, transformationsapplied

on thedomainsof thelevel-setfunctions,transformtherepresentedshapescorrespondingly. This resultsin

an elegant andpowerful mathematicalformulation to align the prior and the evolving shape,minimizing

their dissimilaritymeasurewith respectto thetransformationparameters.Thegracefulmergeof theimage

datawith thatof theprojectively registeredprior is theessenceof theproposedcontribution.

Thesuggestedalgorithmis demonstratedon realandsyntheticexamples,in thepresenceof perspective

distortion.Thesuccessfulsegmentationresultsandthereliableestimationof thetransformationparameters

suggestthismethodasapromisingtool for varioussegmentationandregistrationapplications.

Thepaperis organizedasfollows. In section2 wereview thelevel-setframework of ChanandVese[3],

andoutlineour prior shapemodel,in particularthenovel shapesimilarity measure.In section3 we brie�y

summarizethe prior-basedsegmentationschemethat was presentedin [34]. It hasan intuitive geomet-
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(a) (b) (c) (d)

Figure1: Registration,by theproposedmethod,of thecontourof theobjectshown in (a) imageusing: (b)
Similarity model(4 transformationparameters).(c) Af�ne model(6 transformationparameters).(d) Planar
projectivehomography (8 transformationparameters).Notethemismatchin (b) and(c) despitetherelatively
smallchangein thecameraview. Registrationresultsof (b) and(c) arethebestpossiblewith similarity and
af�ne transformations.They havebeenobtainedafteranextensivesearchof therespectiveparameterspaces.
Thecorrespondingtransformationparametersaredisplayedin thelasttwo rowsof Table3.

ric interpretationanda relatively simplemathematicalformulation. This method,however, only handles

perspectivity (a six-parametertransformation),andis applicableto the limited classof star-shapedobjects.

Nevertheless,it provides the conceptualbasisfor the methoddevelopedin this paper. Next, we general-

ize the algorithmto eight-parameterprojectivity modelandremove the restrictionto star-shapedobjects.

Fundamentalconceptsfrom two-view geometrythatarenecessaryto accomplishthisgeneralizationarepre-

sentedin section4. Theembeddingof thetransformationmodelwithin thevariationalframework, andthe

minimizationof the resultingfunctional,areconsideredin section5. Experimentalresultsareprovided in

section6.
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2 Variational Framework

2.1 Chan-Vesetwo-phasemodel

Mumford and Shah[29] proposedto segmentan input imagef : 
 ! R, with respectto a segmenting

boundaryC andapiecewisesmoothapproximationof theinput imageu, by minimizing thefunctional:

E(u; C) =
1
2

Z



(f � u)2dx + �

1
2

Z


 � C
jr uj2dx + � jCj ; (1)

where� and� arepositive scalars.Hereafterx = (x; y). A reducedform of this functional is simply a

restrictionof u to a piecewiseconstantapproximationof f , suchthateachconnectedcomponent
 i , where

[ i 
 i = 
 and
 i \ 
 j = ; , hasaconstantgraylevel valueui . This leadsto theminimumpartitionproblem,

wherethefunctionaltakesthefollowing reducedform:

E(u; C) =
1
2

X

i

Z


 i

(f � ui )2dx + � jCj (2)

In thelevel-setformulationfor curve evolution [31], a segmentingboundaryC in animageplane
 � R2,

is the zero level-setof a 3D function � , C = f x 2 
 j � (x) = 0g. ChanandVese[3], inspiredby the

segmentationmodelof Mumford andShah(1), suggestedto segmentaninput imagef usingtheHeaviside

function of the evolving level-setfunction H (� ) asan indicatorfor objectandbackgroundregionsin the

image. Contour length hasbeenalso expressedin a region-basedmanner. For the two-phasecasethe

resultantfunctionaltakesthefollowing form:

ECV =
Z



(f � u+ )2H (� ) + (f � u� )2 (1 � H (� )) + � jr H (� )jdx; (3)
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The scalarsu+ andu� arealternatelyupdatedwith the evolution of the level-setfunction. They take the

averagegraylevel valuesof theinput imagein theregionsindicatedby � � 0 and� < 0.

u+ =

R
f (x)H (� )dx
R

H (� )dx
u� =

R
f (x) (1 � H (� )) dx
R

(1 � H (� ))dx
(4)

Note that the integration limits of the reformulatedfunctional (3) arenow well-de�ned andknown. The

gradientdescentequationfor theevolution of � is derivedusingtheEuler-Lagrangeequationsfor thefunc-

tional (3):

@�
@t

= � (� )
�
� div

�
r �
jr � j

�
� (f � u+ )2 + (f � u� )2

�
: (5)

As in [3], a smoothapproximationof the Heaviside function H � , ratherthana stepfunction, is used. In

particular,

H � (� ) =
1
2

(1 +
2
�

arctan(
�
�

)) (6)

andits derivative � � (� ) = dH(� )=d� is

� � (� ) =
1
�

�
� 2 + � 2

: (7)

Figs.2a-billustrateH � and� � nearzero.Thus,theevolutionarychangeof � , accordingto (5) is notrestricted

to its zerolevel-set.

2.2 Prior shapemodel

Theenergy functional(3) canbeextendedby addingaprior shapeterm[11]:

E(�; u+ ; u� ) = ECV (�; u+ ; u� ) + �E shape(� ); � � 0: (8)

Theinclusionof thisshapetermwithin theenergy functionalleadsto threerelatedquestions:
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(a) (b)

Figure2: Smoothapproximationof theHeavisidefunctionH � (a)andits derivative� � (b). Adaptedfrom [3].

1. Whatshouldbetherepresentationof theprior shape?

2. Whatshouldbethesimilarity measurebetweentheprior shapeandtheevolving segmentedshape?

3. Whatis thegroupof transformationsthatcanbeaccommodatedby theabovesimilarity measure?

The currentwork providesa comprehensive and innovative solution to thesequestions.Let ~
 � R2 be

the referenceimageframe. The representationof the prior shapewithin the energy functional(8) is a 3D

function ~� : ~
 ! R thatembedsthecontour ~C of theknown shape:

~C = f x 2 ~
 j ~� (x) = 0g; (9)

Positive andthe negative valuesof ~� correspondto objectandbackgroundregionsin ~
 respectively. We

suggesttwo alternativerepresentationsof ~� , thatarediscussedandcomparedin thesubsequentsections.The

formulationof ~� leadsto a de�nition of a dissimilaritymeasurewith respectto theevolving segmentation.

It is aweightedsumof thenon-overlappingpositiveandnegative regionsof � and ~� :

Eshape(� ) =
Z




�
H � (� (x)) � H � ( ~� (x))

� 2
dx (10)
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Thisextensionto thefunctionaladdsthefollowing termto theevolutionequation(5):

� � (� )
�

H � (� ) � H � ( ~� )
�

(11)

Thus,ateachtimestep,� will bemodi�ed in imageregionswherethereis inconsistency betweentheobject-

backgroundareasindicatedby H � (� ) andH � ( ~� ). Thechangein � is weightedby � � , which is illustratedin

Fig. 2b for several valuesof � . Theshape-termis furtherextendedto incorporatepossibletransformations

betweenthe prior shapeand the shapeof interest. This is approachedby applying a 3D transformation

Tp: R3 ! R3 to ~� :

Eshape(�; Tp) =
Z




�
H � (� (x)) � H � (Tp( ~� (x)))

� 2
dx (12)

Thereformulatedenergy functionalbecomes:

E(� ) =
Z



f (f � u+ )2H � (� ) + (f � u� )2 (1 � H � (� )) + � jr H � (� )j + � [H � (� ) � H � (Tp( ~� ))]2gdx (13)

Theextendedgradientdescentequationfor theevaluationof � is:

@�
@t

= � � (� )
�
(f � u� )2 � (f � u+ )2 + � div

�
r �
jr � j

�
+ �

�
H � (� ) � H � (Tp( ~� )

�i
: (14)

Notethatwe do not enforcetheevolving level-setfunction� to resembleTp( ~� ). Instead,we demandsimi-

larity of theregionswithin therespectivecontours.Thus,� is notnecessarilyadistancefunction.Therefore

Tp canbeusedto accommodatefor planar projectivetransformationsbetweentheprior contour ~C andthe

evolving segmentingcontourC.

In section3 we examinethe six-parametermodelthat wasintroducedin [34]. It is basedon a unique

representationof the prior shape~� , which simpli�es its perspective mappingto the shapeof interest.The
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eight-parametermodel,presentedin section4, generalizestheframework to projectivity.

3 Perspectivity

3.1 Coneof rays

Considera setof rays,de�ned by anobjectin 3D spaceanda cameracenter. An imageis obtainedby the

intersectionof theserayswith a plane.This setis usuallyreferredto asa coneof rays, althoughit is not a

conein theclassicalsense[18]. Now, supposethat this coneof raysis intersectedby two planes,asshown

in Fig. 3. Then,thereexistsa perspective transformationH mappingoneimageontotheother. This means

that the imagesobtainedby the samecameracentermay be mappedto oneanotherby a planeprojective

transformation[14, 15, 18].

Let f andf 0betheimageplanesof two cameras,having thesamecameracenter, with projectionmatrices

M andM 0 respectively. For simplicity, thecoordinatesystemof the�rst camerais chosento coincidewith

theworld coordinatesystem,so thatM = K [ I j 0 ], whereK is the3 � 3 cameracalibrationmatrix and

I is the identity matrix. Theprojectionmatrix of thesecondcamerais M 0 = K 0[ R j 0 ], whereK 0 is the

calibrationmatrixandR is therelative rotationbetweenthecoordinatesystemsof thecameras.

Considertwo imagepoints p 2 f and p0 2 f 0 of a 3D world point P. Let x, x0 and X be their

correspondinghomogeneouscoordinates.Thus,x = K [ I j 0 ]X , x 0 = K 0[ R j 0 ]X andthe mapping

betweenx and x0 is x0 = K 0RK � 1x = H x, with H = K 0RK � 1. This relation can be simpli�ed by

workingwith anormalizedcoordinatesystem1. WhenK andK 0only differ by their focal length,K 0K � 1 =

diag(k; k; 1) wherek is theratioof thefocal lengths.

The transformationsof zoomandcamerarotationcanbeexpressedasa movementof the imageplane

1Internalcameracalibrationis beyond the scopeof this work. Therefore,we will presentthe internalcameraparametersin
termsof pixels,assumingsquarepixels. Moreover, theorigin of coordinatesin the imageplaneis setat thecamera's principal
point. Thetermnormalizedcoordinatesystemis adoptedfrom [15].
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Figure3: Theconeof rays. An imageis de�ned by the intersectionof this setof rayswith a plane.A ray
betweenthecameracenterCC anda 3D world point P intersectstheplanein the imagepointsp 2 f and
p0 2 f 0. Therelationbetweenall suchimagepointsis aperspectivemapping:p0 = H p. Adaptedfrom [18].

while maintainingthecameracenter�x ed.Notethattheseareparticularcasesof perspectivity. Handlingdis-

placementsbetweenthecentersof thecameras(withoutparallax)requiresextensionof thegeometricmodel.

Thesestepsareconsideredin following subsections.We proceedto introducea prior shaperepresentation

derivedfrom theconeof rays.

3.2 Generalizedcone

A generalizedcone2 or a conicalsurface,is a ruledsurfacegeneratedby a moving line (thegenerator)that

passesthrougha �x ed point (the vertex) andcontinuallyintersectsa �x ed planarcurve (the directrix) [6].

Let Pv = (X v; Yv; Zver tex ) denotetheconevertex, andlet pv = (xv; yv) be theprojectionof thevertex on

the directrix plane. We set,without lossof generality, X v = xv andYv = yv. Now, considera directrix,

C = p(s) = (x(s); y(s)) which is a closedcontour, parameterizedby arc-lengths, of anobjectshapein the

planeZ = Zplane = 0. Thegeneralizedconesurfaceis de�ned by:

~� (r; s) = ~� ((1 � r )p(s) + rpv) = (1 � r )Zplane + rZver tex (15)

2The conceptof generalizedcone(or cylinder) in computervision hasbeenintroducedto model 3D objects[2, 28]. Its
geometricalpropertieshave beenintensively investigated,see[16, 32] andreferencestherein.
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(a) (b) (c) (d)

Figure4: (a) A generalizedconeis slicedby threeplanes,at Z = 0:3, Z = 0 andZ = � 0:3. (b) The
resultingintersections.(c) A generalizedconeis intersectedby aninclinedplane:ax + by+ cz+ d = 0. (d)
Theresultingcontour.

wherer variessmoothlyfrom 1, that correspondsto the vertex, via 0, the directrix, to someconvenient

negativevalue.

Whenthevertex of thegeneralizedconeis locatedat thecameracenter, thede�nition of thegeneralized

conecoincideswith thatof theconeof rays,presentedin subsection4. It follows thatby planarslicing of

thegeneralizedcone,onecangeneratenew imageviewsasthoughthey hadbeentakenwith acameraunder

theperspective model3. Note,however that theconstructionof thegeneralizedcone(15), implies that the

�rst imageplaneis perpendicularto theprincipalaxis. Extensionof theallowabletransformationbetween

correspondingimagepointsx0 andx to translationis possibleif theobjectcontouris planarandparallelto

the�rst imageplane.

3.3 Formulation of the transformation

We will now considertherepresentationof the transformationTp( ~� ) of theprior shapein theenergy func-

tional. The recovery of the transformationparameters,given theprior contourandthecurve generatedby

thezero-crossingof theestimatedlevel-setfunction,is describedsubsequently.

Following subsection2.2, ~� embedstheprior contouraccordingto (15). For simplicity, thevertex height

3Thereis, however, oneexceptionto thisanalogy. Theintersectionof aconeandaplaneis eitheraclosedcurve,anopencurve
or a point. In projective geometryterminology, the latter two correspondto projectionof ®nite pointsin the®rst imageplaneto
in®nity. We do not consideridealpointsandplanesat in®nity. Phrasingit explicitly, our only concernis themappingof a given
closedcurve to anotherclosedcurve.
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Zver tex , whichcorrespondsto thefocal length,will besetto 1. Theprior contour ~C is thecone'sdirectrix.

In orderto minimize the energy functional(13), onehasto apply a gradientdescentprocessthat calls

for the evaluationof � simultaneouslywith the recovery of the transformationTp of the function ~� . We

demonstratethis for transformationsTp thatconsistof translationandrotationof thegeneralizedcone,and

correspondto scaling,translation,rotationandperspectivedistortionin theimage.

3.3.1 Scalingand generaltranslation

Assume�rst that the focal lengthis changed.This approximatelycorrespondsto translationof the image

planealong the optical axis. In the image,the effect is scaling. Figs. 4a-b illustrate this notion: as the

planarsectionof thegeneralizedconeis closerto its vertex, thecross-sectionshapeis smaller. Equivalently,

the generalizedconecanbe displacedin the directionof the Z axis, while the intersectingplaneremains

stationaryatZ = 0. Formally, in thiscase,Tp( ~� ) = ~� + tz.

To accountalsofor translationin the image,we displacethegeneralizedconeby t = (t x ; ty; tz)T . The

correspondingshapetermin theenergy functionalis then

Eshape(� ) =
Z



(H (� )(x; y) � H ( ~� (x + tx ; y + ty) + tz))2dx:

3.3.2 Rotation and compoundmotion

Considera tilted planarcut of the generalizedcone,asshown in Figs.4c-d. The resultingcontouris per-

spectively deformed,asa functionof theinclinationof theintersectingplaneandits proximity to thevertex

of thecone. Equivalently, onemayrotatethegeneralizedconearoundits vertex, andzero-crossto get the

sameperspective transformation.

We denoteby 
 , � and � the Euler rotationanglesaroundthe Z ,Y andX axes respectively, in that

orderof rotation.They determinetherelativeorientationbetweenthe�rst andthesecondcameracoordinate
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systems.TherotationmatrixR 2 R3� 3 operatingonavector(x; y; z)T takestheform [43]

R =

2

6
6
6
6
6
6
4

c� c
 c� s
 � s�

s� s� c
 � c� s
 s� s� s
 + c� c
 s� c�

c� s� c
 + s� s
 c� s� s
 � s� s
 c� c�

3

7
7
7
7
7
7
5

(16)

wheres� is shorthandfor sin(� ) andc� for cos(� ). Generalrotationandtranslationof thegeneralizedcone

by R andt is expressedas(x0; y0; Tp( ~� )) = R(x; y; ~� ) + t . Explicitly,

x0 = c� c
 x + c� s
 y � s� + tx (17)

y0 = (s� s� c
 � c� s
 ) x+ (s� s� s
 + c� c
 ) y+ s� c� + ty

z0 = (c� s� c
 + s� s
 ) x+ (c� s� s
 � s� c
 ) y+ c� c� + tz

wherez = ~� andz0 = Tp( ~� ). Thegradientdescentequationsof thetransformationparametersarepresented

in [34].

3.4 The six-parameteralgorithm

We summarizethesix-parameteralgorithmfor imagesegmentationandrecovery of thetransformationbe-

tweenthecurrentandprior objectinstances,assumingthefollowing setup.

The input consistsof two imagesf andf 0 of the sameobject,taken with the samecamera,but under

differentviewing conditions.Theboundary~C of theobjectin f is known. Theimagef 0hasto besegmented.

The world planeis assumedto be parallelto the �rst imageplanef , andf is assumedto be at distance1

from thecameracenter. Thesecondimageplanef 0 is tilted andshiftedrelative to the�rst one.

1. Giventhecontour ~C, constructageneralizedcone~� , using(15)with Zver tex = 1.
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(a) (b) (c)

(d) (e) (f)

Figure 5: (a) Prior image(mannequinhead). (b) The imageto be segmented. The mannequinheadis
rotated,translatedandpartly occluded.Theinitial contouris shown. (c) Successfulsegmentationusingthe
six-parameteralgorithm. (d) Thegeneralizedconebasedon theprior contourof (a). Only thepositive part
of the coneis shown. (e) The �nal stateof the level-setfunction � . (f) Validation: The dark shapeis the
prior silhouette,transformedaccordingto the recoveredtransformationparameters.Shown red is the �nal
contour, asin (c).

2. Choosesomeinitial level-setfunction � , for examplea right circular cone. Its zero-level set is the

initial segmentingcontour.

3. Setinitial values(e.g.zero)for � , � , 
 , tx , ty andtz.

4. Computetheaveragegraylevelsof thecurrentobjectandbackgroundregions,u+ andu� , using(4).

5. Translate(by t ) andthenrotate(by R) theprior shaperepresentation~� , usingthecoordinatetransfor-

mation(17)with thecurrentestimateof thetransformationparameters.

6. Update� usingthegradientdescentequation(14).
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7. Updatethetransformationparameters� , � , 
 , t x , ty andtz usingthederivativesof thecostfunctional

(13)with respectto eachparameter.

8. Repeatsteps4-7until convergence.

Thealgorithmis exempli�ed in Fig. 5. Theprior imageis shown in Fig. 5a; its segmentationis known.

Fig. 5b shows a new instanceof the mannequinhead,rotatedandtranslatedwith respectto the reference

pose.Thehatcreatessigni�cant occlusion.Notethattheheadis placedon a plasticbaseof a similar grey-

level. Theinitial segmentingcontour, obtainedby zero-crossingthe initial level-setfunction(right circular

cone)is shown. Successfulsegmentationusingthesix-parameteralgorithmis shown in Fig. 5c. Note the

precisetracing of the pro�le and the recovery of the occludedcrown, despitethe perspective distortion.

Fig. 5d is the generalizedconethat representsthe prior shape(a). The �nal stateof the level-setfunction

� is presentedin Fig. 5e. Note that � andTp( ~� ) resemblein termsof their Heaviside functions- that is

by their zero-crossings(the �nal contour),but not in their entireshapes.Sincethe actualtransformation

wasnot measured,therecoveredtransformationparametersarecon�rmed in Fig. 5f by comparingthe�nal

segmentingcontourwith theprior shape,transformedaccordingto therecoveredparameters.

4 From six to eight parameters

4.1 Planar projectivehomography

To generalizethe admissiblegeometricrelationbetweentwo correspondingshapecontourswe review the

conceptof planar projectivehomography. Theequivalenceof geometricprojectivity andalgebraichomog-

raphy is supportedby the theoremsof Desargues[36]. Planarprojective homography (projectivity) is a

mappingH : P2 ! P2 suchthat thepointspi arecollinearif andonly if H (pi ) arecollinear(projectivity

preserveslines)[18, 36].
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Figure6: The homography inducedby a plane. The ray that intersectsthe �rst imageplaneat a point p
meetstheworld plane� at a point P. Thepoint P is projectedto a point p0 in thesecondimageplane.The
mappingfrom p to p0 is thehomography, denotedby H , inducedby theplane� . Illustratedafter [18]. In
this research,thecorrespondingpointsp andp0areoncorrespondingplanarcontours.

The relationbetweencorrespondingviews of pointson a plane� (world plane)in a 3D space,as is

illustratedin Fig. 6, canbemodeledby a planarhomography inducedby theplane.An explicit expression

for theinducedhomography canbederivedasfollows: Let p andp0betwo viewsof aworld pointP 2 � , in

two cameraframesf andf 0 respectively. Let x, x0andX betheircorrespondinghomogeneouscoordinates.

As in subsection3.1,M andM 0aretheprojectionmatricesof therespectivecameras,whereM = K [ I j 0 ].

However, sincethecamerasgenerallydonothaveacommoncenter, M 0 = K 0[ R j t ], wheret is therelative

translationbetweenthecameras.Thus,x = K [ I j 0 ]X andx 0 = K 0[ R j t ]X .

Let n betheunit normalvectorto theplane� , andlet d > 0 denotethedistanceof � from theoptical

centerof the�rst camera.Thelineartransformationfrom x to x 0canbeexpressedas

x0 = K 0

�
R +

1
d

tn T

�
K � 1x = H x : (18)

Usingthesameassumptionsasin subsection3.1,wesetK andK 0 to theidentitymatrix I . Thus,theplanar
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homography matrix takestheform

H = R +
1
d

tn T : (19)

A detailedderivationcanbefoundin [15, 18,27]. ThematrixH is determinedby thetranslationandrotation

betweenthetwo camerasf R; t g, andby thestructureparametersf n; dg of theworld plane� . Notethatonly

the ratio t =d canbe recoveredfrom H . We proceedto show how the structureof the homography canbe

usedto recover therelationbetweenthecameraframesandthusbetweentherespectiveshapecontours.

4.2 Implicit recovery of the homography

A nonsingularhomography betweentwo planes� and� 0 is determined(up to a scalefactor)by four pairs

of correspondingpointsp 2 � andp0 2 � 0, with no triplet of pointsin eitherplanebeingcollinear. Consider

thehomography matrixH ,

H =

2

6
6
6
6
6
6
4

h11 h12 h13

h21 h22 h23

h31 h32 h33

3

7
7
7
7
7
7
5

2 R3� 3 (20)

andlet x = (x; y; 1) andx0 = (x0; y0; 1) bethehomogeneousrepresentationsof thepointsp andp0, suchthat

x0 = H x. Theeightunknownsof H (theratiosof its nineentries)canberecoveredby solvingat leastfour

pairsof equationsof theform:

x0 =
h11x + h12y + h13

h31x + h32y + h33
; y0 =

h21x + h22y + h23

h31x + h32y + h33
(21)

Classicapproachesrecover H by solvinganover-determinedsetof equationslike (21). Thetranslationand

rotation(R; t ) betweenthe imageplanes,andthe scenestructure(n; d), arerecoveredby decomposition

of theknown homography matrix (see[15, 18,27] andreferencestherein).In contrast,our novel approach

calculatesthehomography directly in its explicit form (19). Ratherthanrelying on point correspondence,
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we matchtwo correspondingcontoursof theshapeof interestusingcalculusof variations.Note thatsince

therecovery of thehomography andthesegmentationprocessaresimultaneous,only thereferenceshapeis

known in advance.Theprior shapeis registeredto theshapebeingsegmentedaspartof its detectionand

extraction.

4.3 Explicit recovery of the homography

We now usethe explicit formulationof the homography (19) to reformulateequation(21). Consider�rst

thespecialcasein which theworld planeandthe �rst imageplanecoincide,andd is setto 1. In this case,

the normal to the world plane,n is (0; 0; 1). Substitutingd and n in (19), we obtain the entriesof the

homography matrixH : h13 = R13 + tx , h23 = R23 + ty, h33 = R33 + tz andhij = Rij otherwise.

Generally, theworld planeis not perpendicularto theopticalaxisof the�rst camera,thusn 6= (0; 0; 1).

As before,we representn usingthecoordinatesystemof the�rst camera.Theunit vectorn is obtainedby

�rst rotatingthevector(0; 0; 1) by anangle� aroundthey-axisandthenby anangle aroundthex-axis.

Hence,n = (� sin� ; sin cos� ; cos cos� ). SubstitutingR, t andn in (19),we obtainthecomponentsof

19



thehomography matrixH :

h11 = cos� cos
 � tx
d sin�

h12 = cos� sin
 + tx
d sin cos�

h13 = � sin� + tx
d cos cos�

h21 = sin� sin� cos
 � cos� sin
 � ty

d sin�

h22 = sin� sin� sin
 + cos� cos
 + ty

d sin cos�

h23 = sin� cos� + ty

d cos cos�

h31 = cos� sin� cos
 + sin� sin
 � tz
d sin�

h32 = cos� sin� sin
 � sin� sin
 + tz
d sin cos�

h33 = cos� cos� + tz
d cos cos�

(22)

Substitutingtheentriesof H in (21),onecanexplicitly relateshapepointsbetweenthetwo views. We will

usethecalculusof variationsto relatetheshapecontoursandrecover thetranslation,rotationandstructure

parameters.

5 ObjectiveFunctional

5.1 Representationof the prior shape

Thegeneralizedconerepresentationof theprior shape,discussedin section3, is inadequatewhentheshape

contouris seenfrom two different view pointsand the world planeis in generalposition. Furthermore,

zero-crossingthetransformedgeneralizedconeH (Tp( ~� )) , asdescribedin 3.3.2,requiresTp( ~� ) to besingle-

valued.Thisrestrictsthegroupof admissibleshapecontoursandtherangeof allowabletransformations.We

thereforepresentanalternativerepresentationof theprior shapethatcanbeappliedto generalplanarshapes.

Consideraprior imagef : 
 ! R+ with labeledobjectandbackgroundregions
 + and
 � respectively.
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Theprior shapeis representedby a function ~� 2 R3 :

~� (x; y) =

8
>><

>>:

1 f (x; y) 2 
 +

0 f (x; y) 2 
 �

(23)

Let Tp : ( ~� (x; y); x; y) ! ( ~� 0(x0; y0); x0; y0) denotetheprojective transformation,thatmapsapoint (x; y)

andits ~� valuetoa(projectively)equivalentpoint(x0; y0), with ~� 0(x0; y0) = ~� (x; y). Thus,thebinaryfunction

~� 0(x0; y0) is obtainedfrom ~� (x; y) by coordinatetransformation.

Expressionsfor x0andy0areobtainedby substitutingtheexplicit entriesfor thehomography matrix (22)

in (21). For example,when� =  = 0 andd = 1 theexpressionsare:

x0 =
c� c
 x+ c� s
 y� s� + tx

(c� s� c
 + s� s
 ) x+ (c� s� s
 � s� c
 ) y+ c� c� + tz

y0 =
(s� s� c
 � c� s
 ) x+ (s� s� s
 + c� c
 ) y+ s� c� + ty

(c� s� c
 + s� s
 ) x+ (c� s� s
 � s� c
 ) y+ c� c� + tz
(24)

The representation(23) of the shapeprior is simpler thanthat usingthe generalizedcone(section3), but

leadsto complex expressionsfor thetransformedcoordinatesx0 andy0. For example,thecoordinatesgiven

in Eqs.24arethequotientsof thecorrespondingexpressionsin (17). In theproposedalgorithm,ateachtime

steponere-evaluatesthehomography matrixentries(22),basedontheestimatedtransformationparameters.

The coordinatetransformationTp is appliedto the representation~� of the prior shape. The transformed

representationTp( ~� (x; y); x; y) is substitutedin thegradientdescentequationfor � (14).

5.2 Recovery of the transformation

In orderto evolve thelevel setfunction� accordingto (14),onehasto simultaneouslyrecover thetransfor-

mationTp( ~� ; x; y) of theprior level-setfunction. Thetransformationparameters(� , � , 
 , t x=d, ty=d, tz=d,
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 and� ) areevaluatedvia thegradientdescentequationsobtainedby minimizing theenergy functional(13)

with respectto eachof them.Thegeneralgradientdescentequationfor eachof thetransformationparame-

ters(denotedhereby � ) is of theform:

@�
@t

= 2�
Z



� � (Tp( ~� ))

�
H � (� ) � H � (TP ( ~� ))

� @TP ( ~�; � )
@�

dx (25)

where

@TP ( ~�; � )
@�

=
@TP ( ~� )

@x

�
@x
@x0

@x0

@�
+

@x
@y0

@y0

@�

�
+

@TP ( ~� )
@y

�
@y
@x0

@x0

@�
+

@y
@y0

@y0

@�

�
(26)

The partial derivatives @Tp( ~� )=@x and @Tp( ~� )=@y are computednumericallyusing the �nite difference

method. The derivatives@x0=@� and@y0=@� with respectto eachtransformationparameter� have been

derivedanalytically. Fromtheimplicit functiontheoremweobtain

@x
@x0

=
@y0

@y
@y0

@y
@x0

@x � @y0

@x
@x0

@y

@x
@y0

=
@x0

@y
@y0

@x
@x0

@y � @y0

@y
@x0

@x

@y
@x0

=
@y0

@x
@y0

@x
@x0

@y � @x0

@x
@y0

@y

@y
@y0

=
@x0

@x
@y0

@y
@x0

@x � @y0

@x
@x0

@y

(27)

Finally, theequationsfor @x0

@x , @x0

@y ,@y0

@x ,@y0

@y areevaluatedby differentiatingtheexpressions(24) for x0andy0

with respectto x andy.
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5.3 The eight-parameteralgorithm

5.3.1 Algorithm

We summarizetheproposedalgorithmassumingthe following setup.The inputsaretwo imagesf andf 0

of thesameobject,takenwith identicalcameras,but from differentviewing positions.Thesegmentationof

the referenceobjectin f is known andits contouris assumedto beapproximatelyplanar. Thesegmented

referenceobjectis usedto constructtheprior shaperepresentation~� accordingto (23).

1. Choosesomeinitial level-setfunction � , for examplea right circular cone. Its zero level-setis the

initial segmentingcontour.

2. Set initial values(e.g. zero) for the transformationparameters� , � , 
 , t x , ty,tz,� and  . If d is

unknown, setd = 1.

3. Computethe averagegray level valuesof the currentobjectandbackgroundpixels, u+ andu� , us-

ing (4).

4. Apply acoordinatetransformationto theprior shaperepresentation~� (substitute(22) in (21))with the

currentestimateof thetransformationparameters.

5. Update� usingthegradientdescentequation(14).

6. Updatethetransformationparameters� , � , 
 , t x , ty andtz,  and� asexplainedin 5.3.2.

7. Repeatsteps3-6until convergence.

Thesegmentationandregistrationstepsareinterleaved,thusrealizingthepowerof theprior-basedsegmenta-

tion approach.Notethatthealgorithmdirectlyrecoversthetransformationparameters,thusthecumbersome

taskof decomposingthehomography matrix is avoided[15, 18,27].
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5.3.2 Optimization

Global optimizationproblemsarecommonin computervision. Here, the cost functional (13) may have

several local minima with respectto the parametersandthe evolving level set function � . Direct update

of theparametersvia their thederivatives(25) may leadto anundesiredlocal minimum,asexempli�ed in

Fig. 7.

It is known [38] thattheglobalminimumof ageneralfunction(or functional)aboveacontinuousdomain

cannotbe found in �nite time. Nevertheless,global optimizationstrategies can be successfullyapplied

to well-behaved functions. In step6 of the algorithm, the transformationparametersare determinedby

multidimensionalminimization,usingthe Nelder–Meaddownhill simplex algorithm[30] followed by the

gradientbasedQuasi-Newton method[5]. Thedirectsearchmethodof Nelder-Meadis basedon evaluating

a functionat theverticesof a simplex, theniteratively shrinkingthesimplex asbetterpointsarefounduntil

somedesiredboundis obtained. The nine eight-dimensionalverticesarerandomlyinitialized within the

limits of theparameters.Theoutcomeof theNelder-Meadalgorithmis usedasthestartingpoint for Quasi-

Newtonminimizationemploying thepartialderivatives(25)for �ne tuningof thesearchresults.Thesimplex

algorithmworks,in ourexamples,moderatelywell. In mostcases,thegloballyminimalcost(corresponding

to shapeoverlap)wasidenticalto theresultof quasi-Newtonsearchfrom thezerostartingpoint. TheQuasi-

Newton algorithmhasa quadraticrateof convergence,but whenappliedby itself �nds the local minimum

in thevicinity of its initial point.

Thestabilityof theresultingshapewith respectto smallerrorsin theminimizingtransformationparame-

terswasexaminednumericallyonseveralimagesandtransformationexamples.Thevalueof theshapeterm

in thefunctionalis takenasameasurefor theshapevariation.It wasfoundthattheminimizingshapevaries

smoothlywith thechangein thetransformationparameters.Theresultsdiffer slightly from imageto image.

In Fig. 8 we depicttheresultsof varyingoneparameterwhile keepingthesevenothers�x edin theground
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(a) (b)

Figure7: A local minimum. (a) A wrong segmentingcontour(red), drawn on the input image. (b) The
samecontour, drawn on theincorrectlytransformedprior shape.To avoid convergenceto anincorrectlocal
minimum, we usethe Nelder–Meaddownhill simplex algorithm followed by the gradientbasedQuasi-
Newtonminimization.

truth. Thedegreeof stability is de�ned by theHessianof theshapetermat thatpoint. Few parametersare

moresensitive to suchavariation.For abetterunderstandingof thestability thecorrelations(or higherorder

derivatives)shouldbecalculated.This is undercurrentstudy.

6 Experimental Results

Thealgorithmdevelopedin this paperis capableof prior-basedsegmentationandshaperegistrationin the

presenceof perspective distortion.Wedemonstrateits operationonavarietyof examples.In eachexample,

we show theinput image(theimageto segment),andthereferenceimage,from which theprior-shapewas

obtained.In additionto theprior-basedsegmentationresults,we illustratethemismatchbetweenthe input

imageandthereferenceimage,andverify thetransformationparametersestimatedby thealgorithm. In all

theexperimentswe setdt = 0:1, � = 1 andd = 1. Thecontributionsof eachtermin thegradientdescent

equationof � (14) arenormalizedto [� 1; 1], thus� and� aresetto 1. Modifying the weightof the prior

termis doneby normalizingthetermto [� �; � ] with � > 0. Examplesfor suchmodi�cationsareshown in
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Figure8: Theshapedissimilaritymeasure(Eq. 12) asa functionof eachof the transformationparameters
while keepingthesevenothers�x edin thegroundtruth.

Fig. 11f-i. In all theexaminedexamplesthenumberof iterations4 neededfor convergencewasbetween50

and100.Thereaderis alsoreferredto thewebpage[33] whichcontainsvideoclipsthatvisuallydemonstrate

theconvergenceof thesegmentationprocessesfor theexamplesshown in Fig. 10,Fig. 11andFig. 14.

We start by presentingtwo syntheticexamples(Fig. 9 and Fig. 10) that allow comparisonwith the

groundtruth, and proceedto show segmentationof variousreal images. The �rst example(Fig. 9 and

Table1)demonstratessuccessfulsegmentationandregistrationfor awiderangeof projectivetransformations

betweenaprior shape,shown in Fig.9aandits differentappearances,presentedin Figs.9b-e.Therecovered

transformationparametersarecomparedwith the true onesin Table1. Without the prior shapeterm, the

�nal contour(red)mayeitherincorrectlysegmentthewhite objects(asin Fig 9f) or theblackunconnected

object(asin Fig 9g),dependingon theinitial contour. Whentheprior shapetermis over-stressed,the�nal

segmentingcontourignorestheactualimagedata(Fig 9h). This�gure alsodisplaysthesigni�cant mismatch

betweentheprior shapeandtheshapeto segment.

4Repetitionsof steps3-6 in theeightparameteralgorithm.

26



(a) (b) (c) (d)

(e) (f) (g) (h)

Figure9: (a) Prior shape.(b)-(e)Successfulsegmentationresultsusingtheprior shape.Notethesigni�cant
perspective distortionsof theshapethatsimulatequitewide cameraview point changeswith respectto (a).
A comparisonof the recoveredparameterswith the true onesis shown in Table1. (f)-(g) Segmentation
withoutprior shapeterm.The�nal contourmayeitherincorrectlysegmentthewhiteobjects(f) or theblack
disconnectedobject(g), dependingontheinitial contour. (h) Theprior shapetermis over-stressed.The�nal
segmentingcontourignorestheactualimagedata.This imagealsodemonstratesthemisalignmentbetween
theprior shape(red)andtheinput image.

Considernext the syntheticreferenceimageshown in Fig. 10a, that containsseveral componentsof

differentsizesandgray levels. The prior shapewasobtainedby thresholding.The imageto segmentis

shown in Fig. 10b,togetherwith theinitial contour. Theinput imageis a noisy5, transformedandcorrupted

versionof the imagein Fig. 10a. Successfulsegmentationis demonstratedin Fig. 10c. The recovered

transformationparametersarevalidatedby comparisonto the true transformationparametersin Table2.

The misalignmentbetweenthe imageto segmentandthe referenceimageis shown in Fig. 10d. Without

usingtheprior shape,theinput imageis dif�cult to segment,seeFig. 10e.

Real imagesareusedin all otherexamples,Figs. 11-14. Considerthe two views of the toy elephant

shown in Figs.11a-b. As seenin Fig. 11c, the segmentingcontourpreciselytracksthe outline of the ele-

5Zero-meanGaussiannoisewith STDequalto 14%of thegrey-level dynamicrange.
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Transformationparameter � � 
 tx ty tz  �
TrueFig 9b 0:2000 � 0:2000 � 15:000 -5.00 5.00 0.100 0:1000 � 0:2000

RecoveredFig 9b 0:2120 � 0:2140 � 14:450 -5.09 4.66 0.098 0:1230 � 0:2690

TrueFig 9c 0:2000 0:1000 20:000 -10.00 10.00 -0.050 � 0:5000 � 0:5000

RecoveredFig 9c 0:1970 0:1040 20:680 -9.82 9.91 -0.040 � 0:4720 � 0:4950

TrueFig 9d � 0:3000 � 0:3000 � 50:000 -10.00 10.00 0.100 0:7000 0:7000

RecoveredFig 9d � 0:3020 � 0:3000 � 49:740 � 10:19 10.00 0.111 0:7180 0:6780

TrueFig 9e � 0:3000 � 0:3000 60:000 -10.00 15.00 0.300 � 0:3000 0:7000

RecoveredFig 9e � 0:2990 � 0:3090 60:210 -10.16 14.96 0.309 � 0:2810 0:7010

Table1: Comparisonof therecoveredandtruetransformationparameters,for theexamplesshown in Fig. 9

(a) (b) (c) (d) (e)

Figure10: (a) A referenceimage,containingseveral componentsof differentsizesandgray levels. The
prior shapewasobtainedby thresholding.(b) Theinput image:a noisy, transformedandcorruptedversion
of (a), with the initial contour(red). (c) Correctsegmentation(red). (d) Theunregisteredprior shape(red)
drawn on theinput image.Thereference(prior) imageandtheimageto segmentareclearlymisaligned.(e)
Segmentation(red)withoutusingtheprior shape.

phant,andrecoversthemissingpartof its trunk. This segmentingcontouris thezerolevel-setof the �nal

evolving function � shown in Fig. 11d. The accuracy of the recoveredtransformationis visually veri�ed

in Fig. 11e. To demonstratethe in�uence of the prior shapeweight on the �nal segmentation,we have

conductedseveral experimentswith variousvaluesof � , shown in Figs.11f-i. In Fig. 11f, the prior term

is over-stressed(� � 1) thusthe datais ignoredandthe transformationbetweenthe prior andthe image

to segmentis not recovered.Notethesigni�cant misalignmentbetweentheprior shape(red)andthe input

image. Fig. 11g shows segmentationwithout prior (� = 0). Whenthe weight of the shapeterm is low,

asdemonstratedin Fig. 11h (� = 0:5) and in Fig. 11i (� = 0:8), the �nal segmentingcontouroccupies

thegapbetweentheobjectboundariesandthetransformedprior. Furtherstressingthecontourlengthterm
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(� > 1) aresultsimilar to Fig. 11gis obtained.Wecomparedthehomography matrixgeneratedfrom thees-

timatedtransformationparameterswith thatobtainedusing13manuallyselectedcorrespondingpointpairs,

seeTable3. The comparisonhasbeendonefor the implicit homography parametersthat wererecovered

directly (row 2) andthosethat werecomputedfrom the explicit homography matrix entriesaccordingto

Eq. 22 (row 3). The valuesof the parametersrecoveredassumingsimilarity transformation(Fig. 1a) and

af�ne transformation(Fig. 1b)arereportedin rows4-5.

Transformationparameter � � 
 tx ty tz  �
Truevalues 0:0750 0:0750 7:50 -10.0 10.0 -0.1 0:0750 0:150

RecoveredValues 0:0690 0:0750 7:40 -10.0 9.6 -0.1 0:0860 0:140

Table2: Comparisonof therecoveredandtruetransformationparameters,for theexampleshown in Fig. 10.

Homography matrixentry h11 h12 h13 h21 h22 h23 h31 h32

Pointcorrespondence 0.91 0.28 3.2 -0.31 0.71 34.05 -0.0003 0.0019
Proposedalgorithm,implicit homography 0.92 0.27 2.88 -0.29 0.70 32.7 -0.0003 0.0017
Proposedalgorithm,explicit homography 0.92 0.27 2.80 -0.30 0.70 33.35 -0.0003 0.0018
Similarity approximation 0.88 0.37 1.81 -0.37 0.88 35.5 0 0
Af�ne approximation 0.92 0.30 0.09 -0.37 0.78 31.01 0 0

Table3: Comparisonof thehomography matrixentriesobtainedusingtheproposedalgorithmandvia manu-
ally selectedcorrespondingpointpairs,for Fig. 11. Thelasttwo rowsof thetabledisplaythetransformation
parametersobtainedassumingsimilarity andaf�ne transformationsrespectively. Thesevaluescorrespond
to theregistrationresultsshown in Fig. 1b-c.Note,thatnotall thesimilarity parametersareindependent.

Fig. 12 demonstratessuccessfulprior-basedsegmentationand registrationof the scissorsdespitethe

holesandthe specularre�ection. This is a challengingexample,sincethe overlapbetweenthe reference

imageandtheimageto segmentis small,andlocalizedin theover-exposedpartof theimage.In Figs.13c,g,

the bottle-openeris accuratelysegmentedregardlessof the signi�cant projective distortionand the over-

exposureat the bottom-rightpart of the opener. Note the differencein the grey-level distribution between

thetwo views. Figs.13h-ishow registrationof theprior contourto thegivenimage,assumingsimilarity and

af�ne transformationsrespectively. Thesimilarity andaf�ne approximationsrecover therotationin theim-
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ageplane,but fail to capturetheperspective deformation.Theapparentmismatchinhibits thesegmentation

processandprohibitsaccuratereconstructionof themissingparts.

Finally, Figs.14a-barea dayandnight satelliteviews of Europerespectively. Theimageswereadapted

from NASA:earthobservatory.nasa.gov. Successfulsegmentationis demonstratedin Fig. 14c. The coast

line of the continentandthe islandsarepreciselyextracted,despitethe spatialbrightnessvariations. The

accuracy of the recoveredtransformationis visually veri�ed in Fig. 14d. Note the signi�cant mismatch,

Fig. 14e,betweenthe two views. Without usingthe prior shape,segmentationof Fig. 14b is dif�cult. As

seenin Fig. 14f, partsof Scandinavia andtheeasternAdriatic shoreareincorrectlysegmented6.

7 Discussion

Givenan imageanda prior shape,segmentationandregistrationcanbeviewedastwo aspectsof a single

underlyingproblem.Theessenceof themethodproposedin thispaperis concurrentsegmentationandregis-

tration,asmutuallysupportingprocesseswithin a uni�ed variationalframework. Thekeys to thesuccessis

theintroductionof ashapesimilarity measurethatenablestheincorporationof thehomography formulation

within theobjectivefunctional.Explicit encodingof ageometrictransformationwith suchahighdescriptive

power allowedto breakaway from thecommonstatisticalrepresentationof transformationsin prior-based

segmentation.

Theability to preciselyextracttheactualobjectcontourbasedon theimagedataandits expectedshape

is critical in many applications.A robotmanipulatorguidedby thesegmentationof Fig. 11g,for example,

might breaktheelephanttrunk or attemptto piercethroughits specularre�ections,mistakenly interpreted

asholes.In thissense,segmentationthatis basedonFig. 11cis preferable.

TheChan-Vesetwo-phasesegmentationmodel,currentlyemployedin our scheme,requirestheaverage

6A similar segmentationresult(noprior), showing similardif®culties,appearedin [3], Fig. 11.

30



grey-levels of the foregroundand backgroundto be distinct. Nevertheless,as seenin the bottle opener,

scissorsand Europeexamples(Figs. 12-14), the useof the shapeprior allows to substantiallyrelax the

homogeneityrequirements.The suggestedmethodis modular in the sensethat the underlyinglevel-set

segmentationmodelcanbeupgraded.For example,it will bepossibleto accommodateclutteredbackground

by usingtheVese-Chanmulti-phasesegmentationmodel[42].

Expressingthe planar-projective transformationwithin the energy functional (13) in termsof relative

camera-objectmotion(R, t ) andplanestructure(n, d) ratherthanvia thehomography matrix is a consider-

ableshortcuttowardtherecovery of theseparameters.Thecumbersometaskof decomposingthehomogra-

phy matrix [15, 18,27] is avoided.Also, notethatreferenceimagesareoftentakenin controlledconditions.

If theprior imageplaneis perpendicularto theopticalaxis,thesearchfor theeighthomography parameters

canbe reducedto six by settingthe structureparameters( , � ) to zero,thussimplifying the registration

procedure.For non-calibratedcamerasthehomography canbefully recoveredin its implicit form (recovery

of h11 : : : h32 insteadof � , � etc.). Thenonly eightparametersarerecoveredandthe needfor decoupling

betweenthe internalandexternalcameraparametersdoesnot arise.Themathematicalformulationfor the

recoveryof the(implicit) homography parametersis obtainedby substitutingtheexpressions(21)directly in

(26) for � = h11 : : : h32. Thehomography parametersrecoveredusingthis formulationareshown in Table3,

secondrow.

In principle, theplanarprojective transformationmodelrequirestheobservedcontourpointsof the3D

object to be coplanarandto take part in the prior shapeoutline aswell. In practice,this assumptioncan

be relaxed for moderatetransformations.As seenin the satelliteimageexample(Fig. 14), an excellent

resultis obtainedeventhoughthecoastlineof Europeis clearlynon-planar. Theelephantexample(Fig. 11)

demonstratessuccessfulapplicationof thesuggestedmethoddespitetheevidentviolationof theassumption.

A comprehensive solutionfor general3D objectswould requireto extendthetransformationmodelbeyond

planarprojectivehomography, asubjectfor furtherstudy.

31



In active contourmethodsthatdo not employ a prior shape,theselectionof theinitial contourmight be

crucialfor correctsegmentationanddesignationof segmentsasobjector background.Figs.9f-gdemonstrate

possiblesegmentationresultsobtainedwithout a shapeprior, thatareinitialization dependent.Prior shape

knowledgefacilitatesthedetectionof thedesiredobject,reducingthe in�uence of the initialization on the

�nal result,asdemonstratedin thesuccessfulsegmentationresultsin Figs.9b-e.

Thesuggestedapproachcanbeextendedto dealwith non-rigidobjectsin two ways. If thenon-rigidity

canbe modeledin parametricform, as in the caseof articulatedobjects,the additionalparameterscould

be incorporatedwithin the transformationmodel. Otherwise,onemay integratetheproposedmethodwith

a statisticalschemebasedon a trainingset,e.g.,RoussonandParagios[35]. This would allow to capture

thenon-rigidity via thestatisticalcomponent,andtheprojective transformationusingtheapproachthatwe

suggest.

Thesuccessfulsegmentationresultsandthereliableestimationof thetransformationparametersencour-

agefutureresearch.Potentialapplicationsincludeperspective-invariantsearchin imagedatabases,registra-

tion andstructurerecovery in stereoimaging,andobjecttrackingin videosequences.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure11: (a)A referenceimage(elephant),from which theprior shapewasobtained.(b) Theinput image.
The initial contourusedfor the segmentationprocessis shown (red). (c) Successfulsegmentation: the
�nal contouris shown (red). (d) The �nal form of theevolving level-setfunction � . (e) Veri�cation of the
estimatedtransformationparameters:The�nal contourasin (c), drawn ontheprojectively transformedprior
shapeaccordingto the recoveredhomography. (f)-(i) The suggestedmethodis demonstratedfor several
valuesof prior shapeweight (� ). (f) The prior shapeis over-stressed(� � 1) thus the datais ignored
andthe transformationbetweenthe prior andthe imageto segmentis not recovered. Note the signi�cant
misalignmentbetweentheprior contour(red)andtheinput image.(g) � = 0. Theprior shapedoesnoteffect
thesegmentationresult. (h)-(i) Low shapetermweight(� < 1). The�nal segmentingcontouroccupiesthe
gapbetweentheobjectboundariesandthe transformedprior contour. Furtherstressingthecontourlength
will yield resultsimilar to (g). (h) � = 0:5 (i) � = 0:8.
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(a) (b) (c)

(d) (e) (f)

Figure12: (a) A referenceimage(scissors),from which theprior shapewasobtained.(b) Theinput image,
taken from a differentviewpoint andwith missingpartsdue to over-exposure. (c) Successfulsegmenta-
tion. Themissingcontourpartsareaccuratelycompleted.(d) Veri�cation of theestimatedtransformation
parameters:The �nal contouras in (c), drawn on the projectively transformedprior shapeaccordingto
the recoveredhomography. (e) The misalignmentbetweenthe prior shape(red) andthe input image. (f)
Segmentation(red)withoutusingtheprior shape.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure13: (a) A referenceimage(bottleopener),from which theprior shapewasobtained.(b) The input
image,takenfrom a differentviewpoint andwith over-exposure.(c) Successfulsegmentation.Themissing
contourpartsareaccuratelycompleted.(d)Veri�cation of theestimatedtransformationparameters:The�nal
contourasin (c), drawn ontheprojectively transformedprior shapeaccordingto therecoveredhomography.
(e) The misalignmentbetweenthe prior shape(red) andthe input image. (f) Segmentation(red) without
usingtheprior shape.(g) Successfulsegmentationwith wider cameraview, usingthereferenceimage(a).
(h)-(i) Registrationof theprior contourto thegivenimageusing(h) similarity approximationand(i) af�ne
approximation.Note the apparentmismatch.The similarity andthe af�ne approximationscannotcapture
theperspectivedistortion.
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(a) (b) (c)

(d) (e) (f)

Figure14: (a) A referenceimageof Europe,from which the prior shapewasobtained. (b) Input image:
A satellite imageof Europeat night. The referenceand prior imagewere adaptedfrom earthobserva-
tory.nasa.gov. (c) Successfulsegmentation:the �nal contour(red) accuratelytracesthe coastlines. (d)
Veri�cation of the estimatedtransformationparameters:The �nal contourasin (c), drawn on the projec-
tively transformedprior shapeaccordingto the recoveredhomography. (e) Themisalignmentbetweenthe
prior shape(red)andtheinput image.(f) Segmentation(red)without usingtheprior shape.Thedarkareas
in Scandinavia andin theeasternAdriatic shoreareincorrectlysegmented.
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