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Abstract

We usethe geometricBeltrami framavork to incorpo-
rate and explain someof theknowninvariant flowse.g. the
equi-afineinvariant flow. It is also demonstatedthat the
new conceptsput forward in this framevork enableus to
constructnew invariant flowsfor the casewheee the codi-
mensioris greaterthanonee.g. for colorimagesandvideo.

1 Intr oduction

Invarianceis an important issue in computer vision.
Many worksdealtwith this questionin thecontet of scale-
spacq21, 10] andin thecontext of therecognitionof planar
cunes(Refs. [3, 16,13, 12,1, 6, 7, 14] and|[8, 4, 5] may
sene aspointersto thesubject.)

We demandhatour treatmenibf theimagedependn
the relevantdataandis independenof irrelevantone. The
relevantdatais the shapeof theimage. The shapedepends
on the intrinsic geometryof the imagesurface thatis, its
metric, and on the extrinsic geometryi.e. the embedding.
It shouldnot dependon the way one choosedo describe
the shape.In otherwords,a geometricabbjectshouldnot
dependon the coordinatesystemin which it is described.
It shouldbe invariantunderreparameterizationWe shav
below thatthe Beltramiflow is invariantunderthereparam-
eterizatiorof theimagemanifold. Therequiremenbf repa-
rameterizatiorinvariancesinglesout the pre-factorof the
EulerLagrangeequationsn our gradientdescentscheme.
Thisis aninvarianceundera passivecoordinatechange.

Otherpossibilityof interestis invarianceunderactiveco-
ordinatetransformationsWe considemheretheaffine trans-
formationsfor higher dimensionaland codimensionaim-
ages. Thesetransformationsact on the embeddingspace
We constructanequi-afineinvariantflow for hypersurfaces
andshawv possiblewaysto extend the affine invarianceto
embeddingwith codimension> 1. In particularwe intro-
duceanaffine color invariantflow.

2 The Beltrami framework

Let us briefly review the Beltrami framewvork for non-
lineardiffusionin computervision[18, 9].

We representan image and other local featuresas an
embeddingmaps of a Riemannianmanifold in a higher
dimensionalspace. The simplestexampleis a gray-level
imagewhich is representeds a 2D surfaceembeddedn
IR®. We denotethe mapby X : £ — IR3. WhereX is
a two-dimensionakurface,and we denotethe local coor
dinateson it by (o!,0?). ThemapX is givenin general
by (X(ct,0?), X%(cl,0?), X3(c?, 0%)). In ourexample
we represenit asfollows (X! = ¢!, X% = 0%, X3 =
I(c', 0?)). We chooseon this surfacea Riemanniarstruc-
ture,namely a metric. The metricis a positive definiteand
asymmetric2-tensortthatmaybe definedthroughthelocal
distancemeasurements:

ds® = g11(dot)? + 2g12dot do? + g22(do?)?.

We usebelow the Einsteinsummationcorventionin which
theabove equatiorreadsds? = g, do*do” whererepeated
indicesaresummedver. We denotetheinverseof themet-
ric by g#¥.

2.1 Polyakov Action: A measuk on the spaceof
embeddingmaps

Denoteby (X, g) theimagemanifold andits metricand
by (M, h) the space-featurenanifold andits metric, then
the functional S[X] attachesa real numberto a map X :
X M:

S[X*, 9w, hij] = / dV (VX' VXI),hi

where dV is a volume elementand (VR,VG), =
g"¥8,R0,G. This functional,for m = 2 andh;; = &;,
wasfirst proposedoy Polyakao [15] in the context of high
enegy physics,andthetheoryknown asstring theory,



Usingstandardnethodsn thecalculusof variations(see
[17]), the EulerLagrangeequationswith respecto theem-
bedding(assumingeuclidearembeddingpacere:

1 4658 1 v i

fh S ﬁaﬂ(ﬁg 0,X").
The extension for non-Euclideanembedding space is
treatedin [18, 9, 19, 20]. Since(g,. ) is positive definite,
g = det(gu,) > 0 forall o#. Thisfactoris thesimplestone
thatdoesnt changethe minimizationsolutionwhile giving
areparameterizatioimvariantexpression.Theoperatothat
is actingon X* is the naturalgeneralizatiorof the Lapla-
cianfrom flat spacego manifoldsandis calledthe second
order differential parameterof Beltrami [11], or for short
Beltrami opemtor, andwe will denoteit by A,.

The non-linear diffusion or scale-spaceequation
emegesasa gradientdescentinimization:
0 i 1 éS

Xi— —xt—__— pit = A X!
¢ oot 2,/g &X I

3 Passivelransformations

3.1 Image Manifold Reparameterization

In orderto prove reparametrizatioimvariance we need
to understandhow the metric transformsundercoordinate
change. This is easyto figure out sincedistanceson the
imagedo not dependon the coordinatesystem.Therefore,
denoteby z and z the old and newv coordinatessystems,
thenwe noticethat

ds® = gy dotdo” = G, d5"dG" (1)
from which we deduce
do? do?
i do” >
9u g'yédo_“ dov ( )

We introducenow somenotationsthat will help us be-
low. Defineatotally antisymmetricsymbolasfollows

€iyin..ig — (_1)5(1:1’."’1:‘1) (3)

where s(34, ..., %4) IS the numberof basic permutations
neededto bring (71, ...%4) to the form (1,2,...d). Al-
thoughs is not well defined(therearemary wayswith dif-
ferentnumberof basicpermutationgo dothat)its parityis
invariant.e;, ;,...;, = 0 if ary of theindicesappeardwice.

It is convenientto usethis symbolto give anexplicit ex-
pressiorfor the determinanbf a matrix. Takea matrix

Al A . Al

Al AZ ... Al
A= |2 TP T 4)

AL A2 ... Al

Thedeterminants definedasfollows:

det A = €, 1, AV A7 .. A = Al A7 .. AL

")

wheresummatioris assumean indicesthatappeatwice.
Takethe determinanbf a 2x2 matrix for example

Al Al i A
det <A% A%) = Ei]'AlA]z
= 611A%A% —|— €12A%A§ —|— €21A%A% —|— GzzAiAg

= A}A% — AfA%. (6)
It canbe easilyprovedthat
€igigein Apy A2 - Air = det(A)ep,pypn- (7)

Theobjectto considerin a coordinatechangeis the ma-
trix whoseelementsaredo# /06¥. The Jacobiaris the de-
terminantof this matrix:

o oy 001 007 Aol
J = det(0c" /05" ) = etrtzk 560 9am " Do
(8)
Usingtheidentity Eq. (7) we get
do¥r dov2 dovd
B1fta...pbd — ViV3z...V4
¢ FETW ey Errial - ©

Thedeterminang transformsasfollows:

g = ¢frbe ngllthILz . 'gdud
gt do"t do do7e dgte
= € g7151%(ﬁ7g;dijwm
ot o
= Jf‘sl(sz-"(;dg’)'l(sl da'l .. -9’7de da’d
do "t do2 do7d
- Jg€'71'72-.-’)'d da_]_ da_z e da_d = (Jz)g' (10)
Thedervativestransformasavector
~ dot
Puttingeverythingtogetherwe find
I 1 -~ ~_.
A = —0,(1/§§"* 0, I
1 6 " 60
- - 7 7 By
B ﬁ ”(\/ngaup) = AT (12)
wherewe usedthefactthat
i a 8P 0
doc>" ~ 85 for

andwherefor colorimage: = 1, 2, 3.



3.2 Embedding SpaceReparameterization

Next we seethat a passve transformationof the em-
beddingspacej.e. areparameterizatiothereof,leavesthe
Polyakor actioninvariant.

Denote B B B
hij = hij(Xt, -0, X7). (13)
Sinceh;; is ametricit transformsundera coordinatetrans-
formationasfollows:

- Xk Xt
7T 9xigxi a4
We alsoneedthe factthat
.y X
1 k

Thenthe Polyakor actionis invariant

STaps X\ ] = / dag" 8, %9, X ;

Xt AX7 X" X*
_ ny k i
N / dag" 0u X" 5k On X BXT 5% 0%
= S[gy.uaXlah'ij] (16)

TS

whereda = do'do?, /g is theareaelement.

4 Affine Invariance: General consideration
A genericaffine transformatiornin n-dimensionakpace
is
Tofiinel X'l = X* = 45X + B*

WhereA;'- is anon-singulaconstanmatrix andB? is acon-

stantshift vector[2]. Denotean infinitesimal transforma-
tion of the imagealongthe diffusion (scale)parameteby

T;[X*] andtheaffine transformatiorby T, inel X *]. Affine

invarianceis a commutatiorrelationbetweerthe transfor

mations:

ﬂ[Taffine[Xi] = TaffinelTt [X°]). (17)
It meanghatin theinvariantflow thefollowing is true
8, Xt = 0, X1, (18)
andit impliesvia the Beltramiframevork that
AGAEXT = AR = A Xi = ALA,XT. (19)
It is clearnow thatthe condition

(9uv) = (Guv)

is sufficientto insureinvariancewith respecto affine trans-
formations. Note that eachone of the metric’s elementds
affine invariant,not only the determinant.

5 Codimension=1
5.1 The Curve Affine Flow

We constructan affine invariantmetric. Let the coordi-
natesof IR?* be X* i = 1,2 andthe curwe is parameterized
by ¢. theline elements

ds* = g(o)do?. (20)

Theorem
Thefollowing expression:

f=ei X, X3, (21)

is equi-afine invariant.
Proof:
Denotethetransformectoordinatesf IR? by tilde

Xt = ALXT, (22)
wheredet A = 1. Then
o= XX, = A X5AX],
= detAep XEX! = 7f (23)
wherewe usedEq. (22) in the secondequality theidentity
Eq. (7) in the third andthe fact thatdet A = 1 for equi-
affine transformatiorin thelastequality Q.E.D

Under a reparameterizatioof the curne ¢ — (o) it
transformsas

. L do . dc
— e XtXxI — 3_. . vivi — 3 g
f - el]Xa'Xa-a- (36') el]XaXa'a- (36') f (24)
Define
g=f" (25)

thenobviously g is invariantunderequi-afine transforma-
tion andtransformsas

. 00,
9= (3_5') g, (26)

underreparameterizatioof the curve. It followsthatg is
anequi-afine invariantmetricfor the curve. Consequently
the Beltramiflow is equi-afine invariant

Theorem
Theflow
) ) 1 )
X: = A,X'=—0,99 10,X"
t 19 1\/5 \/—
= —0,——0,X"=Xt, 27
NV (27)

is equi-afine invariant:

X; = ALA X7 (28)



Proof:
= D;X7 = AgALXT = ASA X7 (29)
Q.E.D
Explicitly we get
L1 ) L
%= lxi (@ -‘j) Xi=aT+bN,  (30)
g 29

wherewe usethe reparameterizatiofreedomto work with
the Euclideanarclength.In this parameterlzatmd(s =T
thetangentvectorandX” = kN whereN is the normal
andx isthecurmture.SinceXH = kN for the Euclidean
arclengthandsinceg = «2/3 wegetb = x!/3. TheT term
affecttheparameterizatioof thecurve but notits shapeand
canbeignored.

5.2 The Surface Affine Flow

Following the generalconsiderationsin Section4, we
constructan affine invariant metric for the flow of a sur
facein IR®. The coordinatesof the embeddingspaceare
Xt i = 1,2,3. The Riemanniarsurfaceis parameterized
by thelocal coordinates !, o2.
Theorem

Theexpression

fuv = 26 X2 X1 XE, = %, XX X, (31)
is equi-afine invariant.
Proof:

The proof is similar to the onewe gave for affine curve

evolution:

r _ vi vi vk _ iyl j
fpu - e’l:ij:;-lXa.szu - E":]'kA’;Xa'lA"Zn
— i i wk _
= det Aei]'kX;an_sz, — fp.u

m Ak yn
o? An Xp.u
(32)

wherewe usedEq. (22) in the secondequality theidentity
Eq. (7) in the third andthe fact thatdet A = 1 for equi-
affine transformatiorin thelastequality Q.E.D

A metricshouldalsotransformin a specificway undera
changein thereparameterization — &(c). Denoteby f
thedeterminanof f,, thenf and f,, transformasfollows

N do* da* ,,00° Oo®
_ 0¢p i
fw = aauae sor percr e Xi X,
do* do? _ . i v vk do* do*
T T L S T i
Fo= Jf (33)

It is clearthatg,, = f../f'/* satisfieoththeequi-afine
andthe metrictransformatiorrules.lIt followsthatthe Bel-
tramiflow is equi-afineinvariant.

5.3 Hypersurfacesin R™*!

We construct,along the samelines, an affine invariant
metric for higherdimensionahypersurfacese. manifolds
with codimensionl.The notationsare similar to the two-
dimensionakase.Let X* i = 1,...,n + 1 bethecoordi-
natesof R®™*, ando?, ..., o™ thelocal coordinatef the
n-dimensionaRiemanniammanifoldembeddedn R™**.
Theorem

Theline elementg,, = f,.,/f'/("+2), where

f;w — €p1pz...pn6i1i2minin+1lelX:; "'X:):LLX;Z;LH (34)
is equi-afine invariant.
Proof:

f’“l — Eplpz...pﬂ€i1iz---inin+1lel X;Z . X1ﬂ+1

. P1P2Pn . .. 11 Y1 A2 Y2 .. 1n+1 Jn41

= € fmz...tﬂﬂAleplA]:ngz A +1X

— P1P2.-Pn .. . L. ) ) in

= det Ae*P? 61112___1n1ﬂ+1Xp11Xp2 - X okt

= fu (35)

wherewe usedEq. (22) in the secondequality theidentity
Eq. (7) in the third andthe fact thatdet A = 1 for equi-
affine transformatiorin thelastequality Q.E.D

6 Codimension> 1

Theresultsin the Section5 arewell known [12]. They
wererephraseth alanguagehatfacilitatesgeneralizations.
Severalexamplesfor suchpossiblegeneralizationollow.

6.1 curves

Letusanalyzdirsttheequi-afineflow of acurve embed-
dedin IR3. The CartesiarCoordinatesare X* i = 1,2, 3.
Thecurwe is parameterizedby o. The Serret-Frenestruc-
tureequationsare

o (T 0 & 0\ [T
6_ N = —K 0 T N (36)
S\ B 0 —7 0 B

whereT, N and B arethe tangent,normal and binormal
unit vectorsrespectiely. They form a right handframeat
pointc onthecurwe. « is the curvatureof the curve andr
is its torsion.
Theorem
Theflow

X, = (5)1/31\7' (37)
is equi-afine invariant.
Proof:



Clearlythefollowing expression

)13 (38)

ooo

g(U) = (Gi]'le X] Xk

isan eqw -afine mvanantmetrlc
SlnceX =T andX” = T = kN it followsthat

Xsss = K's]\_f + K,Ns = —Kzf—F K,_gﬁ—F K)TE.
Usingthis identity we find
- o o 1/3
g(s) = ((X_; X Xss) - XSH) = (nzr)l/s (39)
wheres is the Euclideanarclength.
TheBeltramiflow, basedon this metric,is obviously an

equi-afineinvariantflow. Its explicit form is

9s9) = 1 -
X, = ———xN—- 2=
2g2 (KzT)l/sK’ 2g2

—

X; = fss -

Q|-

Theassertiorfollows from thefactthatthe T' term changes
only the parameterizatiorbut not the shapeof the curve.
Q.E.D

The generalizatiorto a n-dimensionaturve is straight-
forward. The equi-afine invariantmetricis

8X* §°Xi:  grXie\ "OHD
g(S) - (eh’iz...in 9s 652 co 9s™ ) . (41)

6.2 Surfaces

For codimensiorgreaterthenl we proceedby a caseby
caseanalysis. Considerfirst the caseof two-dimensional
surfaceembeddedn IR*. Define

Juv = eabe’\pfilizisi‘lX”XZZX;\LX:,‘; (42)
Obviously f., is equi-afine invariant. Under

reparametrizationf,,,, and its determinantf transform
as

f _ J2€ab€)\p€. L XhX‘LzXls XM

124 - 11%2%3%4 Ap“tpv

Ff o= JoF. (43)

It is easyto shaw thatg,, = f. /f/® transformsprop-
erly undera changeof local coordinatesaandis equi-afine
invariant.

Next we considerthe embeddingof a two-dimensional
surfacein IR which is of specialinterestsincethis is the
representatiorof a coloredimagein the Beltrami frame-
work. In this casewe can constructthe following equi-
affine invariantexpression

fy.u — eabeceed/\ejpe ..... le Xszzs X14 X1.5

1112232425 Appv

(44)

Since
do? o>

fp.u = J46 v 95 pr (45)
ohviously, thedeterminanyf = det( fy.) transformsasf =
J10f and

Guv = fp.u/fz/5 (46)

transformsasa metrictensor

Notethatthecoordinate®f theembeddingpacearei.e.
(z,y, R, G, B). Theflow thatwe presentis invariantun-
der shiftstrivially, andalsounderthe full five-dimensional
groupSL(5,R), thegroupof 5 x 5 matriceswith determi-
nant= 1. This meanghattheflow is invariantundercom-
binedtransformationsf the spatialandthe color spaces!

6.3 Volumetric data

Volumetricmedicalimagesand maovies are examplesof
three-dimensionahanifoldsembeddedn a higherdimen-
sionalspatial-featurespace Equi-afineinvariantmetricfor
athree-dimensionahanifoldembeddedn IR® is definedin
termsof

fl“’ = ell1llsll5€llzll4aa (51'17:21'331"1":.'5‘XZ1 Xlz X;z(“ X;:FX;zV
Theinvariantmetricis g,, = fu./f*/*. Color movie is an
examplefor three-dimensionahanifold embeddedn IRS.
Onceagaintheinvariantmetricis g, = fu,/f'/*, where
fur = €M% 1 isisisio
XXX XX X

7 Concluding Remarks

We studied here the questionof non-linear diffusion
flows which are invariantundergroupsof transformation.
The Beltrami viewpoint, which separatebetweenthe im-
agemanifold andthe embeddingspace makesit easierto
notice the differencebetweenpassie and active transfor
mations. We analysethe conditionson the metric in order
to constructaninvariantflow. We areableto generalizee-
sultsfrom codimensiori to highercodimensiorandin par
ticular to constructan equi-afine invariant flow for color
images.Theflow is invariantunderspatialandillumination
transformationst the sametime.
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