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Abstract

We usethe geometricBeltrami framework to incorpo-
rateandexplain someof theknowninvariantflowse.g. the
equi-affine invariant flow. It is also demonstratedthat the
new conceptsput forward in this framework enableus to
constructnew invariant flowsfor the casewhere the codi-
mensionis greaterthanonee.g. for color imagesandvideo.

1 Intr oduction

Invarianceis an important issue in computervision.
Many worksdealtwith thisquestionin thecontext of scale-
space[21, 10] andin thecontext of therecognitionof planar
curves(Refs. [3, 16, 13, 12, 1, 6, 7, 14] and[8, 4, 5] may
serve aspointersto thesubject.)

We demandthatour treatmentof the imagedependson
therelevantdataandis independentof irrelevantone. The
relevantdatais theshapeof theimage.Theshapedepends
on the intrinsic geometryof the imagesurface,that is, its
metric, andon the extrinsic geometryi.e. the embedding.
It shouldnot dependon the way one choosesto describe
theshape.In otherwords,a geometricalobjectshouldnot
dependon the coordinatesystemin which it is described.
It shouldbe invariantunderreparameterization.We show
below thattheBeltramiflow is invariantunderthereparam-
eterizationof theimagemanifold.Therequirementof repa-
rameterizationinvariancesinglesout the pre-factorof the
Euler-Lagrangeequationsin our gradientdescentscheme.
This is aninvarianceundera passivecoordinatechange.

Otherpossibilityof interestis invarianceunderactiveco-
ordinatetransformations.We considerheretheaffine trans-
formationsfor higherdimensionalandcodimensionalim-
ages. Thesetransformationsact on the embeddingspace.
Weconstructanequi-affineinvariantflow for hypersurfaces
andshow possiblewaysto extend the affine invarianceto
embeddingwith codimension��� . In particularwe intro-
duceanaffine color invariantflow.

2 The Beltrami framework

Let us briefly review the Beltrami framework for non-
lineardiffusionin computervision [18, 9].

We representan image and other local featuresas an
embeddingmapsof a Riemannianmanifold in a higher
dimensionalspace. The simplestexample is a gray-level
imagewhich is representedas a 2D surfaceembeddedin
IR
�
. We denotethe mapby �����
	 IR

�
. Where � is

a two-dimensionalsurface,andwe denotethe local coor-
dinateson it by �
����������� . The map � is given in general
by �
�����
�������������������
��������������� � ��������������� . In our example
we representit as follows ����� �!���������"�!������� � �# ��������������� . We chooseon this surfacea Riemannianstruc-
ture,namely, a metric. Themetric is a positivedefiniteand
a symmetric2-tensorthatmaybedefinedthroughthelocal
distancemeasurements:$&% � �"' ��� � $ � � � �)("* ' �+� $ � � $ � ��( ' ��� � $ � � � �-,
We usebelow theEinsteinsummationconventionin which
theaboveequationreads

$&% �.�/'10-2 $ � 0 $ � 2 whererepeated
indicesaresummedover. Wedenotetheinverseof themet-
ric by ' 0-2 .
2.1 Polyakov Action: A measure on the spaceof

embeddingmaps

Denoteby �3�4�5'&� theimagemanifoldandits metricand
by �367��89� the space-featuremanifold andits metric, then
the functional :<; �>= attachesa real numberto a map �?��@	A6 ::B; �DC���' 0-2 �E8 CGF =H� I $&JLK3M �DC�� M �NFPO+QP8 CGF
where

$&J
is a volume element and

K3MNR � MNS O Q �' 0-2UT 0 R T 2 S . This functional, for VW� * and 8 CGF �YX CGF ,
wasfirst proposedby Polyakov [15] in the context of high
energy physics,andthetheoryknown asstring theory.



Usingstandardmethodsin thecalculusof variations(see
[17]), theEuler-Lagrangeequationswith respectto theem-
beddingZ (assumingEuclideanembeddingspace)are:[ �*]\ ' 8^C`_ X1:X-� _ � �\ ' T 0 � \ 'U' 0-2 T 2 �>C5� ,
The extension for non-Euclideanembedding space is
treatedin [18, 9, 19, 20]. Since �`'10-21� is positive definite,'ba"c&d�e��f'10-2g� �ih for all � 0 . This factoris thesimplestone
thatdoesn’t changetheminimizationsolutionwhile giving
areparameterizationinvariantexpression.Theoperatorthat
is actingon � C is the naturalgeneralizationof the Lapla-
cianfrom flat spacesto manifoldsandis calledthesecond
order differential parameterof Beltrami [11], or for short
Beltrami operator, andwewill denoteit by jLQ .

The non-linear diffusion or scale-spaceequation
emergesasa gradientdescentminimization:� Ck � TTUl � C � [ �* \ ' 8 C`_ X1:X-� _ �mjLQ�� C
3 PassiveTransformations

3.1 ImageManif old Reparameterization

In orderto prove reparametrizationinvariance,we need
to understandhow the metric transformsundercoordinate
change. This is easyto figure out sincedistanceson the
imagedo not dependon thecoordinatesystem.Therefore,
denoteby n and on the old and new coordinatessystems,
thenwenoticethat$^% � �/' 0-2 $ � 0 $ � 2 �po' 0-2 $ o� 0 $ o� 2 (1)

from which wededuceo'10-2q�/'-rPs $ � r$ o� 0 $ � s$ o� 2 (2)

We introducenow somenotationsthat will help us be-
low. Defineatotally antisymmetricsymbolasfollowst C3ufCfv�wxwxw C
y �z� [ � �5{E| C u~} wxwxw } C y�� (3)

where
% ��� � � ,�,�, �����P� is the numberof basic permutations

neededto bring �
� � � ,�,�, �
�-� to the form � � � * � ,�,�, $ � . Al-
though

%
is not well defined(therearemany wayswith dif-

ferentnumberof basicpermutationsto do that) its parity is
invariant. t C u C v wxwxw C y � h if any of theindicesappearstwice.

It is convenientto usethissymbolto giveanexplicit ex-
pressionfor thedeterminantof a matrix. Takea matrix� �!����

� �� � � � ,�,�, � � �� �� � �� ,�,�, � � �...
...

. . .
...� �� � �� ,�,�, � ��
����� , (4)

Thedeterminantis definedasfollows:c&d�e � � t C u wxwxw C y � C3u� � C
v� ,�,�, � C y� � t C u wxwxw C y � �C3u � �Cfv ,�,�, � �C
y �
(5)

wheresummationis assumedon indicesthatappeartwice.
Takethedeterminantof a 2x2 matrix for examplec&d�e�� � �� � ��� � � � ���� � t CGF � C � � F �� t ��� � �� � �� ( t �5� � �� � �� ( t ��� � � � � �� ( t ��� � � � � ��� � �� � �� [ � � � � �� , (6)

It canbeeasilyprovedthatt C u C v5�x�x� C
� � C3u� u � C
v� v������ � C �� � �"c&d�e�� � � t � u � v wxwxw � � , (7)

Theobjectto considerin a coordinatechangeis thema-
trix whoseelementsare T � 0��1T o� 2 . TheJacobianis thede-
terminantof this matrix:� �7c&d�e�� T � 0 �1T o� 2 ��� t 0 u 0 v wxwxw 0 y T ���T o� 0 u T ���T o� 0 v ,�,�, T � �T o� 0 y

(8)
UsingtheidentityEq. (7) we gett 0 u 0 v�wxwxw 0 y T � 2 uT o� 0 u T � 2 vT o� 0 v ,�,�, T � 2 yT o� 0 y � � t 2 u 2 v5wxwxw 2 y , (9)

Thedeterminant' transformsasfollows:o' � t 0 u 0 v�wxwxw 0 y o' � 0 u o' � 0 v ,�,�, o'1��0 y� t 0 u 0 v�wxwxw 0 y '-r u s u $ � r u$ o� � $ � s u$ o� 0 u ,�,�, '-r y s y $ � r y$ o� � $ � s y$ o� 0 y� � t s u s v wxwxw s y ' r u s u $ � r u$ o� � ,�,�, ' r y s y $ � r y$ o� �� � ' t r u r v wxwxw r y $ � r u$ o� � $ � r v$ o� � ,�,�, $ � r y$ o� � ��� � � ��' , (10)

Thederivativestransformasa vectoroT 0�� $ � 0$ o� 2 T 2 , (11)

Puttingeverythingtogether, wefindoj Q # C � �\ o' oT 09��� o'�o' 0-2 oT 2 # C �� �� \ ' T ���T o� 0 T � � � � \ ' T o� 0T �9� T o� 2T � r ' � r T � sT on 2 T s # C �� �\ ' T 09� \ ']' 0-2 T 2 # C ���mj Q # C (12)

whereweusedthefact thatTT � � � � TT o� � T o� �T � r � h �
andwherefor color image��� � � * ��� .



3.2 EmbeddingSpaceReparameterization

Next we seethat a passive transformationof the em-
beddingspace,i.e. a reparameterizationthereof,leavesthe
Polyakov actioninvariant.

Denote o8 CGF a78 CGF � o� � � ����� � o�D��� , (13)

Since8 CGF is a metricit transformsundera coordinatetrans-
formationasfollows:o8 CGF � T ���T o� C T � _T o� F 8 � _ (14)

Wealsoneedthefact thatT 0 o�DC�� T 0 � � T o� CT � � , (15)

ThenthePolyakov actionis invariant:<; '10-2&� o� C � o8 C F =H� I $U¡ ' 0-2 T 0 o� C T 2 o� F o8 CGF� I $g¡ ' 0-2 T 0 � � T o� CT � � T 0 �¢_ T o� FT � _ T �D£T o� C T � {T o� F 8 £ {� :<; '10-2&��� C ��8 C F = (16)

where
$U¡ � $ ��� $ ��� \ ' is theareaelement.

4 Affine Invariance: General consideration

A genericaffine transformationin ¤ -dimensionalspace
is ¥

affine ; � C =H� o� C � � CF � F (§¦ C
where

� CF is anon-singularconstantmatrixand ¦ C is acon-
stantshift vector [2]. Denotean infinitesimal transforma-
tion of the imagealongthe diffusion (scale)parameterby¥ k ; � C = andtheaffine transformationby

¥
affine ; � C = . Affine

invarianceis a commutationrelationbetweenthe transfor-
mations: ¥ k ; ¥ affine ; � C =H� ¥ affine ; ¥ k ; � C =¨= , (17)

It meansthatin theinvariantflow thefollowing is trueT k o� C �ª©T k � C � (18)

andit impliesvia theBeltramiframework thatj�«Q � CF � F �¬j�«Q o� C � ©jLQ�� C � � CF jLQ�� F , (19)

It is clearnow thatthecondition�`' 0-2 �)����o' 0-2 �
is sufficient to insureinvariancewith respectto affine trans-
formations.Note thateachoneof the metric’s elementsis
affine invariant,not only thedeterminant.

5 Codimension­¯®
5.1 The Curve Affine Flow

We constructan affine invariantmetric. Let thecoordi-
natesof ° ± � be � C �)� � � * andthecurve is parameterized
by � . theline elementis$^% � �/'��
��� $ � �-, (20)

Theorem
Thefollowing expression:² � t CGF � C³ � F³-³ (21)

is equi-affine invariant.
Proof:

Denotethetransformedcoordinatesof ° ± � by tildeo� C � � CF � F � (22)

wherec&d�e � � � . Theno² � t CGF o� C³ o� F³-³ � t CGF � C � � �³ � F _ � _³-³� c´d�e � t � _ � �³ � _³-³ � ² (23)

wherewe usedEq. (22) in thesecondequality, theidentity
Eq. (7) in the third andthe fact that c&d�e � � � for equi-
affine transformationin thelastequality. Q.E.D

Under a reparameterizationof the curve �p	 µ���
��� it
transformsasµ² � t C F � C ¶³ � F ¶³ ¶³b��� T �T µ� � � t CGF � C³ � F³-³ �z� T �T µ� � � ² , (24)

Define 'b� ² ��· � (25)

thenobviously ' is invariantunderequi-affine transforma-
tion andtransformsas µ'b�z� T �T µ� � � '9� (26)

underreparameterizationof the curve. It follows that ' is
anequi-affine invariantmetricfor thecurve. Consequently
theBeltramiflow is equi-affine invariant
Theorem

Theflow� Ck � j Q � C � �\ ' T ³ \ '1'�¸ � T ³ � C� �\ ' T ³ �\ ' T ³ � C �7� C{5{ (27)

is equi-affine invariant:o� Ck � � CF j Q � F (28)



Proof: o� Ck �¬j «Q o� F �mj Q � CF � F � � CF j Q � F (29)

Q.E.D
Explicitly we get¹� k � �' � C{5{ [ � T { '^�* ' � � C{ � ¡ ¹¥ (§º ¹» � (30)

wherewe usethereparameterizationfreedomto work with
theEuclideanarclength.In this parameterization

¹� { � ¹¥
the tangentvectorand

¹� {�{ ��¼ ¹» where
»

is the normal
and ¼ is thecurvature.Since

¹� {�{ �½¼ ¹» for theEuclidean
arclengthandsince'b�¬¼9��· � weget º �7¼¾�5· � . The

¹¥
term

affect theparameterizationof thecurvebut notits shapeand
canbeignored.

5.2 The SurfaceAffine Flow

Following the generalconsiderations,in Section4, we
constructan affine invariant metric for the flow of a sur-
face in ° ± � . The coordinatesof the embeddingspaceare� C ��� � � * ��� . The Riemanniansurfaceis parameterized
by thelocal coordinates� � ��� � .
Theorem

Theexpression² 0-2�� * t C F � � C³ u � F³ v � �0-2 � t�¿�ÀUt CGF � � C¿ � FÀ � �0-2 (31)

is equi-affine invariant.
Proof:

Theproof is similar to theonewe gave for affine curve
evolution:o² 0-2 � t CGF � o� C³ u o� F³ v o� �0-2 � t CGF � � C _ � _³ u � F Á � Á³ v � �� �D�0-2� c&d�e � t CGF � �DC³ u � F³ v � �0-2 � ² 0-2 (32)

wherewe usedEq. (22) in thesecondequality, theidentity
Eq. (7) in the third andthe fact that c´d�e � � � for equi-
affine transformationin thelastequality. Q.E.D

A metricshouldalsotransformin a specificwayundera
changein the reparameterization�"	Âµ���
��� . Denoteby

²
thedeterminantof

² 0-2 then

²
and

² 0-2 transformasfollowsµ² 0-2 � T ��ÃT µ� 0 T ��ÄT µ� 2 t ¿�À T ��ÅT µ� ¿ T ��ÆT µ� À t C F � �DCÅ � FÆ � �Ã-Ä� T ��ÃT µ� 0 T ��ÄT µ� 2 � t Å�Æ t CGF � � CÅ � FÆ � �Ã-Ä � � T ��ÃT µ� 0 T ��ÄT µ� 2 µ² Ã-Äµ² � ��Ç ²
(33)

It is clearthat '10-2È� ² 0-2 � ² �5· Ç satisfiesboththeequi-affine
andthemetrictransformationrules.It followsthattheBel-
tramiflow is equi-affine invariant.

5.3 Hypersurfacesin ° ± �^É �
We construct,along the samelines, an affine invariant

metric for higherdimensionalhypersurfacesi.e. manifolds
with codimension1.The notationsaresimilar to the two-
dimensionalcase.Let � C �<� � � ,�,�, ��¤ ( � bethecoordi-
natesof ° ± �^É � , and � � � ,�,�, ��� � thelocal coordinatesof the¤ -dimensionalRiemannianmanifoldembeddedin ° ± �^É � .
Theorem

Theline element'10-2q� ² 0-2 � ² �5· |x�^É � � , where² 0-2L� t Ä u Ä v5wxwxw Ä � t C3uÊC
v5wxwxw C � C ��Ë u � C3uÄ u � C
vÄ v ����� � C �Ä � � C ��Ë u0-2 (34)

is equi-affine invariant.
Proof: o² 0-2�� t Ä u Ä v�wxwxw Ä � t C3uÊC
v5wxwxw C � C ��Ë u o� C3uÄ u o� C
vÄ v ����� o� C ��Ë u0-2� t Ä u Ä v�wxwxw Ä � t C~ufC
v5wxwxw C ��Ë u � C3uF�u � F�uÄ u � C
vF�v � F�vÄ v������ � C ��Ë uF ��Ë u � F ��Ë u0-2� c&d�e � t Ä u Ä v wxwxw Ä � t C3u`C
v5wxwxw C � C ��Ë u � C uÄ u � C vÄ v ����� � C
��Ë u0-2� ² 0-2 (35)

wherewe usedEq. (22) in thesecondequality, theidentity
Eq. (7) in the third andthe fact that c&d�e � � � for equi-
affine transformationin thelastequality. Q.E.D

6 Codimension ÌÍ®
Theresultsin the Section5 arewell known [12]. They

wererephrasedin alanguagethatfacilitatesgeneralizations.
Severalexamplesfor suchpossiblegeneralizationsfollow.

6.1 curves

Letusanalyzefirst theequi-affineflow of acurveembed-
dedin ° ± � . TheCartesianCoordinatesare � C �.� � � * ��� .
Thecurve is parameterizedby � . TheSerret-Frenetstruc-
tureequationsareTT % �� ¹¥ ¹» ¹¦ �� � �� h ¼ h[ ¼ h Îh [ Î h �� �� ¹¥ ¹» ¹¦ �� (36)

where
¹¥
,
¹»

and
¹¦ are the tangent,normal andbinormal

unit vectorsrespectively. They form a right handframeat
point � on thecurve. ¼ is thecurvatureof thecurve and Î
is its torsion.
Theorem

Theflow ¹� k �z� ¼Î � �+· � ¹» (37)

is equi-affine invariant.
Proof:



Clearlythefollowing expression'��
���Ï�z� t CGF � � C³ � F³-³ � �³-³-³ � �5· � (38)

is anequi-affine invariantmetric.
Since

¹� { � ¹¥ and
¹� {�{ � ¹¥ { �¬¼ ¹» it followsthat¹� {�{5{ �m¼ { ¹» ( ¼ ¹» { � [ ¼ � ¹¥ ( ¼ { ¹» ( ¼ Î ¹¦N,

Usingthis identitywe find'9� % �)�
Ð-� ¹� {4Ñ ¹� {5{ � � ¹� {�{5{�Ò �5· � �ÔÓ3¼ � Î´Õ �5· � (39)

where
%

is theEuclideanarclength.
TheBeltramiflow, basedon this metric,is obviously an

equi-affine invariantflow. Its explicit form is¹� k � �' ¹� {5{ [ � T { '&�* ' � ¹� { � ��3¼ � Î � �5· � ¼ ¹» [ ' {* ' � ¹¥ , (40)

Theassertionfollowsfrom thefact thatthe
¹¥

termchanges
only the parameterizationbut not the shapeof the curve.
Q.E.D

Thegeneralizationto a n-dimensionalcurve is straight-
forward.Theequi-affine invariantmetric is'�� % �<�Í� t C3u`C
v5wxwxw C � T � C uT % T � � C vT % � ����� T � � C
�T % � � Ö��× ��Ë uÙØ , (41)

6.2 Surfaces

For codimensiongreaterthen1 we proceedby a caseby
caseanalysis. Considerfirst the caseof two-dimensional
surfaceembeddedin ° ± Ç . Define² 0-2L� t Å�Æ t Ã-Ä t C3u`C
v�C
Ú�C Ö � C3uÅ � C vÆ � C ÚÃ 0 � C ÖÄ 2 , (42)

Obviously

² 0-2 is equi-affine invariant. Under
reparametrization

² 0-2 and its determinant

²
transform

as µ² 0-2 � � � t Å�Æ t Ã-Ä t C3u`C
v�C
Ú~C Ö � C3uÅ � C vÆ � C ÚÃ 0 � C ÖÄ 2µ² � ��Û ² , (43)

It is easyto show that '10-2@� ² 0-2 � ² �+· � transformsprop-
erly undera changeof local coordinatesandis equi-affine
invariant.

Next we considerthe embeddingof a two-dimensional
surfacein ° ±.Ü which is of specialinterestsincethis is the
representationof a colored image in the Beltrami frame-
work. In this casewe can constructthe following equi-
affine invariantexpression² 0-2�� t Å�Æ t�Ý5Þ�t � Ã t�ß Ä t C~ufC
v�C
Ú�C Ö C
à � C uÅ � C
vÆ � C
ÚÝ � � C ÖÞ3ß � CfàÃ-Ä 0-2 (44)

Since µ² 0-2 � � Ç T ��ÄT µ� 0 T ��ÃT µ� 2 ² Ä�Ã (45)

obviously, thedeterminant

² �"c&d�e�� ² 0-2 � transformsas µ² �� �~á ² and '10-2q� ² 0-2 � ² ��· Ü (46)

transformsasa metrictensor.
Notethatthecoordinatesof theembeddingspacearei.e.�~n¾��â´� R � S � ¦ � . The flow that we presentis invariantun-

dershifts trivially, andalsounderthefull five-dimensional
group :�ãä�~åU��° ±4� , thegroupof å Ñ å matriceswith determi-
nant � � . This meansthat theflow is invariantundercom-
binedtransformationsof thespatialandthecolorspaces!

6.3 Volumetric data

Volumetricmedicalimagesandmoviesareexamplesof
three-dimensionalmanifoldsembeddedin a higherdimen-
sionalspatial-featurespace.Equi-affineinvariantmetricfor
a three-dimensionalmanifoldembeddedin ° ± Ü is definedin
termsof² 0-2 � t Å u Å Ú Å à t Å v Å Ö Å�æ t C u C v C Ú C Ö C à � C3uÅ u � C
vÅ v � C
ÚÅ Ú Å Ö � C ÖÅ à 0 � C
àÅ�æ 2 ,
Theinvariantmetric is '10-2�� ² 0-2 � ² �5· Ç . Color movie is an
examplefor three-dimensionalmanifold embeddedin ° ± Û .
Onceagaintheinvariantmetric is '10-2q� ² 0-2 � ² �5· Ç , where² 0-2 � t Å u Å v Å Ú t Å Ö Å à Å�æ t C3uÊC
v�C
Ú~C Ö C
à�C æ� C3uÅ u � C
vÅ v � CfÚÅ Ú � C ÖÅ Ö Ã � C àÅ à Ã � C æÅ à 0-2 ,
7 Concluding Remarks

We studied here the questionof non-linear diffusion
flows which are invariantundergroupsof transformation.
The Beltrami viewpoint, which separatesbetweenthe im-
agemanifold andthe embeddingspace,makesit easierto
notice the differencebetweenpassive and active transfor-
mations.We analysetheconditionson the metric in order
to constructaninvariantflow. We areableto generalizere-
sultsfrom codimension1 to highercodimensionandin par-
ticular to constructan equi-affine invariant flow for color
images.Theflow is invariantunderspatialandillumination
transformationsat thesametime.

References

[1] L. Alvarez,F. Guichard,P. L. Lions, andJ. M. Morel,
“Axioms andfundamentalequationsof imageprocess-
ing,” Arch. RationalMechanics123, 1993.

[2] W. Blaschke, Vorlesungenüber Differentialgeometrie
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