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Abstract

This paper studies gradient-based schemes for image denoising and deblurring prob-
lems based on the discretized total variation (TV) minimization model with con-
straints. We derive a fast algorithm for the constrained TV-based image deburring
problem. To achieve this task we combine an acceleration of the well known dual
approach to the denoising problem with a novel monotone version of a fast iterative
shrinkage/thresholding algorithm (FISTA) we have recently introduced. The result-
ing gradient-based algorithm shares a remarkable simplicity together with a proven
global rate of convergence which is significantly better than currently known gradient
projections-based methods. Our results are applicable to both the anisotropic and
isotropic discretized TV functionals. Initial numerical results demonstrate the viabil-
ity and efficiency of the proposed algorithms on image deblurring problems with box
constraints.

1 Introduction

In this paper we propose fast gradient-based algorithms for the constrained total variation
(TV) based image denoising and deblurring problems. The total variation model has been
introduced by Rudin-Osher and Fatemi (ROF) in [24] as a regularization approach capable
of handling properly edges and removing noise in a given image. This model has proven to be
successful in a wide range of applications in image processing. The discrete penalized version
of the TV-based deburring model consists of solving an unconstrained convex minimization
problem of the form,

m}inHA(X) —b|* + 2\|Ix||7v, (1.1)
where || - || is a norm in some given vector space, b is the observed noisy data, A is a linear
map representing some blurring operator, || - |7y is a discrete TV (semi)-norm, and x is
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the desired unknown image to be recovered (see Section 2 for more precise details). The
regularization parameter A > 0 provides a tradeoff between fidelity to measurements and
noise sensitivity. When A is the identity operator, the problem is called denoising.

Recently, intensive research has focused on developing efficient methods to solve problem
(1.1). In particular, a main focus has been on the simpler denoising problem, with resulting
algorithms that often cannot be readily extended to handle the more difficult deblurring
problem, and a-fortriori when the problem also includes constraints.

One of the key difficulties in the TV-based image deblurring problem is the presence
of the nonsmooth TV norm in its objective. Another difficulty is the inherent very large
scale nature of the optimization problem. This renders the task of building fast and simple
numerical methods difficult, and hence the continued motivation and research efforts for
building adequate methods. The design of fast methods are usually based on sophisticated
methods and often require heavy computations, such as solution of huge scale linear systems
as well as high memory requirements. On the other hand, simpler methods relying on
less demanding computational efforts, such as matrix-vector multiplications, and requiring
lower memory requirements are more suitable and attractive to tackle large scale image
processing problems. However, these simple algorithms which are usually based on first
order information, often exhibit very slow convergence rate. Thus, a natural objective is
to search and devise schemes that remain simple, but can exhibit much faster performance.
This is the main objective of this paper where we present very simple and fast algorithms
for constrained TV-based image denoising and deblurring problems.

The literature on numerical methods for solving (1.1) abounds and include for example
methods based on: PDE and fixed point techniques, smoothing approximation methods,
primal-dual Newton-based methods, dual methods, primal-dual active set methods, interior
point algorithms and second-order cone programming, see for instance, ([7, 5, 6, 8, 13, 15,
24, 27|, and references therein. This list is surely not exhaustive and is just given as an
indicator of the intense research activities in the field.

One method of particular interest to this paper is the dual approach introduced by Cham-
bolle [5, 6] who developed a globally convergent gradient-based algorithm for the denoising
problem and which was shown to be faster than primal-based schemes. This dual-based
method of [5] is the starting point of this paper for the constrained denoising problem. To
tackle the more involved constrained TV-based deblurring problem, the latter approach is
combined with another method which is based on our recent study [1]. In that paper we
introduced what we called a fast iterative shrinkage/thresholding algorithm (FISTA), for
minimizing the sum of two convex functions

min{ F'(x) = f(x) + g(x)}, (1.2)

where f is smooth and ¢ is nonsmooth. One of the particular characteristics of FISTA is
that it uses in each iteration information on the two previous iterates which are combined
in a very special way. In [1] we proved that this scheme exhibits a global convergence rate
O(1/k?), where k is the iteration counter, and which is significantly faster than standard
gradient-based methods such as iterative shrinkage thresholding algorithms (ISTA), see e.g.,
3, 10] and references therein. The scheme developed in [1] relies on an extension of a gradient
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projection method which is not so well known and was invented by Nesterov in 1983 [20] for
minimizing smooth convex functions. For the class of smooth problems Nesterov also showed
that this rate of convergence is ”optimal”!

Very recently, in [19], Nesterov has also independently studied a multistep accelerated
gradient-based method for solving the convex nonsmooth problem (1.2). This algorithm
is quite different and much more involved than FISTA, yet it also achieved the same fast
convergence rate, see [1, 19] for more details. Finally, it is also interesting to note that
recently a different a two-step algorithm, called TwIST, was introduced and studied in [3].
The numerical results in [3] demonstrate the potential advantages of TwIST as compared to

other one-step methods.

Contributions

In this paper we propose very simple and fast gradient-based methods for TV-based
denoising and deblurring problems. Our contributions are threefold. First we consider the
dual-based approach of Chambolle [5, 6] extended to constrained problems and we introduce
a fast gradient projection (FGP) method which is shown to accelerate the algorithm of [6].
Second, we introduce and analyze a monotone version of FISTA, called MFISTA, which is
applied to the TV-based deblurring problem and is shown to exhibit fast theoretical and
practical rate of convergence. Finally, our approach is quite general and can handle bound
constraints as well as tackle both the isotropic and anisotropic TV functions. Our initial
numerical experiments confirm the predicted underlying theoretical results and even beyond,
showing that the proposed framework leads to algorithms that can perform well and are
significantly faster in comparison to currently known gradient projections-based methods. A
MATLAB implementation and documentation of the FGP and MFISTA methods for image
denoising and deblurring problems are available at

http://iew3.technion.ac.il/ becka/papers/tv_fista.zip

Outline of the paper

In the next section we introduce the necessary notation and the TV-based regularization
models. Section 3 develops the mathematical framework for gradient-based schemes and
presents FISTA of [1]. In Section 4 we develop and analyze dual-based algorithms for the
constrained denoising problem and introduce a fast gradient projection scheme. Building
on these results, in Section 5 we tackle the constrained deblurring by introducing a novel
monotone version of FISTA which is as simple as FISTA and is proven to preserve its
fast global convergence rate, see the appendix for the proof. Finally, Section 6 describes
initial numerical results for constrained TV-based deblurring problems which demonstrate
the efficiency, competitiveness and viability of the proposed methods.

Notations The vector space E stands for a finite dimensional Euclidean space with inner
product (-,-) and norm || - || = (-,-)*/2, so that its norm is self dual || - ||, = || - ||. Often, we
will apply our results with E = R™*" so that the inner product is given by (x,y) = Tr(xy”)
and the norm of the matrix x € R™*" is the Frobenius norm ||x|| = ||x||r = /Tr(xxT).

Loosely saying, "optimal” here means that for every method that exploits only function and gradient
evaluation, it is always possible to find a ”worst case” problem instance for which the rate of convergence of
the method is indeed of the order of 1/k2.



Furthermore, we will also use some standard definitions/notations from convex analysis
which can be found in [23].

2 The Discrete Total Variation Regularization Model

This short section introduces the necessary notations and material for the problems studied
in this paper. We consider images that are defined on rectangle domains. Let b € R™*" be
an observed noisy image, x € R™*" the true (original) image to be recovered, A an affine
map representing a blurring operator, and w € R™*™ a corresponding additive unknown
noise satisfying the relation:

b= A(x)+w. (2.1)

The problem of finding an x from the above relation is the basic discrete linear inverse
problem which has been extensively studied in various signal/image recovery problems in
the literature via regularization methods, see e.g., [4, 11, 26]. Here we are concerned with
TV-based regularization, which, given A and b seeks to recover x by solving the convex
nonsmooth minimization problem

min{ [ A(x) - b||? +2ATV(x)}, (A > 0), (2.2)

where TV (+) stands for the discrete total variation semi-norm ||x||7y given in the introduction
(cf. (1.1)). The identity map will be denoted by Z and with A = Z problem (2.2) reduces
to the denoising problem.

Two popular choices for the discrete TV are the isotropic TV defined by (see [5]),

x ER™™ TVi(x) = Y Y V(i — v )2 + (e — Tige)’

S i — Tiga ] + Z;L:_ll | T j — T 1]

and the [;-based, anisotropic TV defined by

x €R™", TV (x) = Y7 00 ey — vy

+ 27;_11 |$i,n — Titln + Z;L:_ll |xm7j - xm,j+1|>

+ @i j — @i jal}

where in the above formulas we assumed the (standard) reflexive boundary conditions:
Tmt1j — Tmy =0, Vjand x;p41 — 2 = 0, Vi.

The algorithms developed in this paper can be applied to both the isotropic and anisotropic
TV. Since the derivations and results for the isotropic and [;-based cases are very similar,
to avoid repetition, all of our derivations will consider the isotropic TV (TV;), and the
corresponding results for the [1-based TV will be shortly outlined.

In this paper we also consider the more general constrained TV-based deblurring problem:

meig | A(x) — b||% + 2ATV(x), (2.3)

4



where C' is a convex closed set. The unconstrained case corresponds to C' = R™*". Note
that the previous cited works and algorithms in the introduction do not handle constrained
TV-based deblurring problems (although some of them can be modified to incorporate
constraints). We will be especially interested in the case C' = B, where By, is the
n—dimensional cube given by

B, ={x:1<uz; <u, Vij}.

Bound constraints of course model the situation in which all pixels have lower and upper
bounds (such as 0 and 255 or 0 and 1). We do not restrict the lower and upper bounds to
be finite. For example, we might choose [ = 0,u = oo which corresponds to nonnegativity
constraints.

3 Gradient-Based Algorithms

3.1 The General Optimization Model

For the purpose of our analysis, we consider the following useful nonsmooth convex opti-
mization model:

(P) min{F(x) = f(x) + g(x) : x € E} (3.1)
with the following assumptions:

e g:E — (—00,+00] is a proper closed convex function.

e f:[E — R is continuously differentiable with Lipschitz continuous gradient L(f):
IVf(x) = V)l < L(f)lx =yl for every x,y € E,

where || - || denotes the standard Euclidean norm and L(f) > 0 is the Lipschitz constant
of Vf.
e Problem (P) is solvable, i.e., X, := argmin F' # (), and for x* € X, we set F, := F(x*).

Problem (P) is rich enough to cover basic generic optimization problems. In particular
the standard smooth convex constrained minimization problem:

min{f(x): x € C} (3.2)

is obtained by choosing g(x) = d¢(x), with C' C E some closed convex set and ¢ be-
ing the indicator function on C. Likewise, with f(x) = 0, the general nonsmooth convex
minimization problem is obtained.

The proposed model naturally includes the problem formulations of the constrained TV-
based denoising and deblurring which correspond to the choice

f(x) = [|A(x) = b[* and g(x) = 2ATV(x) + de(x),
and with the special choice A = 7 to recover the denoising case.

For a recent account of other fundamental problems that can be cast as (P), and arising
in various engineering applications, as well as corresponding relevant algorithms, we refer
the reader to the recent comprehensive study of [9] and the literature therein.
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3.2 Preliminaries: The Proximal Map

A common approach for solving problems of the form (3.1) is via simple fixed point itera-
tions which naturally emerge from writing down the optimality condition for problem (3.1),
see Section 3.3 below. A key player within this approach is the proximal map of Moreau
[18] associated to a convex function. We recall its definition and some of its fundamental
properties. Given a proper closed convex function ¢ : E — (—o0, +00] and any scalar ¢ > 0,
the proximal map associated to g is defined by

pros,(9)(x) = argin {g<u> b x|r2} | (3.3)

The proximal map associated with a closed proper convex function g enjoys and implies
several important properties. The next result records two such important properties, for a
proof see [18, Proposition 7).

Lemma 3.1. Let g : E — (—00,400] be a closed proper convex function, and for any t > 0,
let

() = iﬂf{g(u) " %Hu—xH?}, (3.4)

Then,
(a) The infimum in (3.4) is attained at the unique point prox,(g)(x). As a consequence, the
map (I +tdg)~t is single valued from E into itself and

(I +tdg) ' (x) = proz,(g9)(x), Vx € E. (3.5)
(b) The function g, is continuously differentiable on E with a 1/t-Lipschitz gradient given by
1
Vaila) = S (I — proz,(g)(x)), ¥x € E.

(¢) In particular, if g = 0c, the indicator of a closed conver set C C E, then prox,(g) =
(I +t06c)~t = Pg, the Euclidean projection operator on C, and

g¢(x) = [|Pe(x) — x||*.

3.3 The Basic Gradient-Based Model Algorithms

Writing down the optimality condition for problem (3.1), fix any scalar ¢ > 0, then x* solves
the convex minimization problem (3.1) if and only if the following equivalent statements
hold:

0 € tVf(x")+tdg(x"),
0 € tVf(x")—x"+x"+tdg(x"),
(I +19g)(x*) € (I —-tVf)(X),
x* = (I+tdg) ' (I —tVf)(x*), (3.6)

where (3.6) follows from Lemma 3.1 (a). The equation (3.6) above naturally calls for the
fixed point iterative scheme:

Xg € E, X = (I + tkag)_l(l — thf)(Xk_l), (tk > O) (37)
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The scheme (3.7) is nothing else but a special case of the so-called backward-forward splitting
method introduced by Passty [21, see model (BF) in p. 384] for solving the inclusion (3.6).
From Lemma 3.1(a), (3.7) can be re-written as

xp = prox, (g)(Xe—1 — txVf(xr-1))
) 1
= argmin {g(x) + Th Ix — (%1 — thf(xk_l))Hz} . (3.8)
This iterative scheme includes as special cases the following well known important algo-
rithms:

e Gradient Projection Method When g(x) = d¢(x), (3.8) reduces to the gradient
projection algorithm, for solving a smooth constrained minimization problem, see e.g.,
2].

X = PC (Xk—l - thf(Xk_l)) . (39)

e Proximal Minimization Algorithm When f(x) = 0, the problem consists of a non-
smooth convex minimization problem, and (3.8) reduces to the proximal minimization
algorithm of Martinet [17],

1
Xy = argmin {g(x) + EHX — xk_1||2} : (3.10)
T k

e ISTA — Iterative Shrinkage/Thresholding Algorithm When ¢(x) = ||x]|1, the
scheme (3.8) reduces to

X = T)\tk (Xk—l — thf(Xk_l)) (311)
where 7, : E — E is the shrinkage operator defined by
T o(x)i = (|2 — a)4sgn (z:), (3.12)

which thanks to separability, is easily obtained by computing the proximal map in (3.8)
of the one dimensional function |x|. In the special case f(x) = ||Ax — b]|?, the popular
Iterative-Skrinkage-Thresholding Algorithm (ISTA) is recovered, see e.g., [9, 10] and
references therein.

In the rest of this paper, even though our analysis will handle general convex nonsmooth
regularizers and constraints, we will still refer to the corresponding method described by
(3.7) or equivalently by (3.8), as ISTA.

A typical condition ensuring the convergence of the sequence x;, produced by the gradient
projection algorithm and ISTA is to require t € (0,2/L(f)). For an extensive background,
as well as extension, refinements and more general convergence results, see [12, Chapter 12]
and [9], and references therein. The three algorithms just outlined above are known to be
slow. In fact, they all share the same sublinear rate of convergence in function values, that is,
the function values F'(xj) converge to F, at a rate of O(1/k), see e.g., 22, 1]. Specifically, if
the stepsizes are all chosen as the constant 1/L, where L is an upper bound on the Lipschitz
constant of f, then for every k > 1,

L||xo — x*||?
2k
We show next that this nonasymptotic rate of convergence can be significantly improved.

F(x;) — F. < . VXt e X,
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3.4 A Fast Iterative Shrinkage Thresholding Algorithm: FISTA

As just seen above, when g(x) = dc(x), the iteration scheme (3.8) consists of minimizing
a smooth convex function over the convex set C' via the gradient projection method. In
this smooth setting, in 1983 Nesterov [20] introduced a method that achieves a rate of
convergence of O(1/k?), and which clearly is a significant improvement over the theoretical
sublinear rate of convergence of the classical gradient projection method. The method is as
simple as the gradient projection method and requires only one gradient evaluation at each
step. Motivated by the latter, in our recent work [1], we were able to extend Nesterov’s
method to handle the more general convex nonsmooth minimization model (P), and which
is now recalled below. For convenience, and ease of comparison with [1], in the rest of this
paper we use the following short hand notation for the proximal map. For any L > 0,

X — <y— %Vf(y)) 2 +9(X)}-

pr(y) = prox, . (9) (y - %Vf (y)) = argmin {g

x€E
(3.13)
FISTA
Input: An upper bound L > L(f) on the Lipschitz constant L(f) of V.
Step 0. Take y; =xo € E, t; = 1.
Step k. (k> 1) Compute
xp = pr(yr), (3.14)

1+ /144t (3.15)
2 ’ '

k1 =
tp — 1

k+1

v = ot (A0 s (3.16)

Each iterate of FISTA depends on the previous two iterates and not only on the last
iterate as in ISTA. In addition, the operator py, is employed on a very special linear com-
bination of the two previous iterates {xy_1,Xx}. Note that FISTA is as simple as ISTA
and shares the same computational demand of ISTA, namely the computation of p.(-), the
remaining additional steps being computationally negligible. Thus, despite the presence of
the nonsmooth term ¢, and as proven in [1], the rate of convergence of function values of
FISTA to the optimal function value is of the order O(1/k?) as opposed to the slower O(1/k)
rate of convergence of ISTA. We recall here the precise convergence result for FISTA.

Theorem 3.1 ([1, Theorem 4.1]). Let {xy} be generated by FISTA. Then for any k > 1

27, ]2
Fx) — F(x) < 2Ho =X

S ThriE vx* e X,.

In the smooth case, i.e., with g(x) = d¢(x) this result recovers the fast gradient projection
method of [20] devised for smooth convex constrained minimization, which is exactly FISTA
with (3.14) replaced by

x, = Po <Yk - %Vf(}’k)) :
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For future reference, in the sequel, this method will be called Fast Projected Gradient (FGP).

Remark 3.1. For simplicity, we have presented FISTA with a fixed step size based on
a known Lipschitz constant L(f). However, the algorithm can be easily modified with a
variable step size to handle the case when the Lipschitz constant is not known, and is shown
to preserve its rate of convergence, see [1] for details.

4 Total Variation-Based Denoising

4.1 The Dual Approach

We consider the TV-based denoising problem with constraints which consists of solving
miél |x — b||F + 20TV (x), (4.1)
b S

where the nonsmooth regularizer functionals TV is either the isotropic TV or anisotropic
TV,,, and C' is a closed convex subset of E = R™*" see Section 2. The derivations and
results for the isotropic and [-based cases are very similar. To avoid repetition, all of our
derivations will consider the isotropic TV function (TV;), although the results for the I;-
based TV function will also be presented.

One of the intrinsic difficulties in problem (4.1) is the nonsmoothness of the TV func-
tion. To overcome this difficulty, Chambolle [5] suggested to consider a dual approach, and
proposed a gradient-based algorithm for solving the resulting dual problem, which in the
unconstrained case was shown to be a convex quadratic program (maximization of a concave
quadratic function subject to linear constraints). Here we follow his approach and construct
a dual of the constrained problem. Some notation is in order:

e P is the set of matrix-pairs (p, q) where p € R(™=Y*" and q € R™*("~Y that satisfy

ptdd <1, di=1...m—1j=1..n-1
|pi,n| <1, 2=1,....m—1,
lgm,il < 1, j=1,...,n—1.

e The linear operation £ : R(m=Dxn y Rmx(n=1) _, Rmxn i5 defined by the formula

L(P,q)ij =Dij+Gj—Pi-1j —Cj-1, t=1,....mj=1...,n,

where we assume that po; = pm,; = ¢o = ¢n = 0 for every ¢ = 1,...,m and
g=1.../n.

e The operator £1 : R™*m — R(m=1xn » Rmx(n=1) which is adjoint to £ is given by
L' (x) = (p,q),
where p € R("D*" and q € R™*(™=1) are the matrices defined by

Pij = Tij—Tit15, t=1l....m—-17=1...n,

qu = xi,j_xi,j—i-la izl,...,m,jzl,...,n—l.



e Pc is the orthogonal projection operator on the set C'. Thus, for example, if C' = By,
then Pg, , is explicitly given by

[ Ti; < [
Pp, (%) =< i 1<z <u,
u Tij > U.

Equipped with the necessary notation, we are now ready to derive a dual problem of
(4.1) and state the relation between the primal and dual optimal solutions. This was done
in the unconstrained case in [5], and is easily extended to the constrained case via standard
Lagrangian duality. For completeness we include a proof.

Proposition 4.1. Let (p,q) € P be the optimal solution of the problem

S {h(p,q) = —[[Ho(b = AL(p,@))[|7 + Ib = AL(p, ) |7}, (4.2)

where
He(x) =x — Po(x)  for every x € R™*". (4.3)

Then the optimal solution of (4.1) with TV = TV} is given by
x = Po(b - A(p, ). (1.4)
Proof: First note that the relations

Vaz+y? = max{plx + poy : pl +p2 <1},

P1,p
lz| = mgX{px.\pl <1}

hold true. Hence, we can write

TVI(X) = nax T(X7p7q>7

(p,@)€P

where
T(x,p,a) = Y5, Z] [P — i) + q,-,j(x,-,j — Tijt1)]
+ Zz 1 Di, n(fz n — LTitl, n) + Z] 1 9m,j (fm,] fm,j—&-l)-

With this notation we have
T(x,p,q) = Te(L(p, q)" ).
The problem (4.1) therefore becomes

b 22T (L )b,
r}{lelg(gr}lagp{l|x I + 20T (L(p, q) %) }

Since the objective function is convex in x and concave in p,q, we can exchange the
order of the minimum and maximum (see for example [23, Corollary 37.3.2]) and get

max min {||x — b[|2 + 2ATr(L(p,q) )},
max min {x — b} + 2Te(£(p. @)")}
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which can be rewritten as

max_min {x — (b= \L(p, @))% — [Ib = AL(p, @)lI% + [b]2} (4.5)

(p,q)€P xC

The optimal solution of the inner minimization problem is
x = Fo(b — AL(p,q)), (4.6)

where we recall that Pc(-) is the orthogonal projection operator onto the set C. Plugging
the above expression for x back into (4.5), and omitting constant terms, we obtain that the
dual problem is the same as

max {IIPc(b = AL(p,q)) — (b — AL(P,q))[[F — b= AL(p,q)||%},

which is equivalent to (4.2) with H as defined in (4.3). O

Note that in the unconstrained case C' = R™*" problem (4.2) is equivalent to the dual
problem derived in [5].

Remark 4.1. The only difference in the dual problem corresponding to the case TV = TV,
(in comparison to the case TV = TV;), is that the minimization in the dual problem is not
done over the set P, but rather over the set P; which consists of all pairs of matrices (p, q)
where p € R("Dx" and q € R™* (=1 gsatisfying

yoo,m—1,7=1,....n,

1
a=1,....mj3=1...,n—1.

To be able to employ gradient type methods on the dual problem (4.2), it is important
to note that the objective function of (4.2) is continuously differentiable, a property which
thanks to Lemma 3.1 is established in the following result.

Lemma 4.1. The objective function h of (4.2) is continuously differentiable and its gradient
s given by

Proof: Consider the function s : R™*" — R defined by
s(x) = | He(%)|7,
with He being defined in (4.3). Then, the dual function in (4.2) reads:
h(p,q) = —s(b — AL(p,q)) + [[b — AL(p, q)l[}.

Invoking Lemma 3.1(c), one has that s(-) continuously differentiable and its gradient is given
by
Vs(x) = 2(x — Po(x)).
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Therefore,

Vh(p,q) = V (—s(b—AL(p,q))+|[b—AL(p,q)})
= )\ETVs(b —M(p,q)) — 2)\£T(b —A(p,q))
= 22LT(b = A\L(p,q)) — 2ALT Po(b — AL(p,q)) — 2ALT (b — A\L(p,q))
= —20LTPs(b—\L(p,q)).

|

Combining Proposition 4.1 and Lemma 4.1, we conclude that the dual problem (4.2) is a
continuously differentiable convex minimization problem with a very simple constraint set.
It allows us to consider simple first order gradient-based methods discussed earlier. In the
next section we consider the two gradient-based methods GP and FGP when applied to the
dual problem (4.2).

4.2 A Fast Denoising Method

Our objective is to solve the dual problem (4.2) whose gradient is given in Lemma 4.1. We
first describe a gradient projection method for the denoising problem. We then apply the
corresponding faster method FGP which has been discussed in Section 3.4.

Recall that the norm of a matrix x € R™*" is the Frobenius norm and for the pair
(p,q) € Rm=1xn 5 Rm*(=1) "the norm is

I(p, @)l = \/lIpll% + llallZ-

To invoke any of the two methods (ISTA,FISTA) discussed in the previous section, we
need to compute an upper bound on the Lipschitz constant of the gradient objective function
of (4.2). This is done in the next lemma.

Lemma 4.2. Let L(h) be the Lipschitz constant of the gradient of the objective function h
gwen in (4.2). Then,
L(h) < 16X%, (4.8)

Proof: For every two pairs of matrices (p1,qy), (P2, q2) where p; € R("™D>X" and q; €
R™* (=1 for § = 1,2, we have

4.7
IVh(p1, a1) — Vh(pa, @) = 2X|L7 {Pe[b — AL(py, )]} — L7 {Pelb — Me(pa, a)]} |
< LTI Pelb — AL(p1,a1)] — Polb — AL(ps, qo)]|
(%)
< 2)‘2||£TH ’ ||£(p17(h) — ﬁ(p%‘h)”
< 2VLT) L] - Py ) — (Pay )|

2)‘2||£TH2 : H(pluql) - (P27Q2)||;
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where the transition (*) follows from the non-expensiveness property of the orthogonal pro-

jection operator ([12]). Now,

m—1 n m n—1
L7 = D0 (@i — 2iery)” + D) @iy — wijn)?
i=1 j=1 i=1 j=1
m—1 n m n—1
S 2 Z($Z2] +xz2+1,j)+2z (x’l2j +xz2j+l)
=1 j=1 =1 j5=1
2
< 8D T
i=1 j=1
where the last transition follows from the fact that for every i =1,....mand j =1,...,n

the term xfj appears at most 4 times at the summation. Therefore,
127 ()|l < VB|Ix]l,

implying that ||£7]| < /8 and hence L(h) < 2X2||£7|]? < 16)\2.0

Plugging the expressions for the objective function and gradient along with the upper
bound on the Lipschitz constant (4.8) into the gradient projection method described in

Section 3, we obtain the following algorithm for the constrained denoising problem:

Algorithm GP (b, \, N)

Input:

b - observed image.

A - regularization parameter.

N - Number of iterations.

Output:

x* - An optimal solution of (4.1) (up to a tolerance).

Step 0. Take (po,qo) = (O(m_l)xn,OmX(n_l)).
Step k. (k=1,2,...,N) Compute

1
(Prsqk) = Pp |(Pr-1, Ak—1) + ﬁET (Polb — AL(Pr-1,qk-1)]) | ,

Set x* = Polb — A\L(pw, qn)]

The projection onto the set P can be simply computed. For a pair (p,q), the projection
Pp(p, q) is given by Pp(p,q) = (r,s) where r € R™D*" and s € R™* 1 are given by

DPij _ 1 s
— g =1,...m—1,7=1,...n—1
rij _ { max{l, /—p?j—"_qizj} ) ) ) ) ) )
Pin ) — _
eSS E RPN 1=1,....m—1

and
=1,...om—1,5=1,....,n—1,

=1,...,n—1

qmj

qij
2 2
s’ij — maX{L pij—l—qij} .
max{Llgm, 1}/

13



In the unconstrained case (C' = R™*"™), the algorithm is the same as the method proposed
by Chambolle [6] which, as explained in [6], seems to practically perform better than a slightly
different gradient-based method originally proposed by the same author in [5].

Remark 4.2. When TV = TV,, the dual problem is defined over the set P; as given in

Remark 4.1. Therefore, the only difference in the gradient projection algorithm will be in

the projection step. For a pair (p,q), the projection Pp, (p,q) is given by Pp,(p,q) = (r,s)

where the components of r € R(™=D*" and s € R™*(=1 are given by

_ Dij
max{1, |p;;|}

qij

Tij —
Y max{1,|q;|}

and s;; =

Now, as shown in Section 3.4, we can use the fast gradient projection (FGP) on the dual
problem, which warrant the better theoretical rate of convergence O(1/k?), as opposed to
the GP method which is only of the order O(1/k). When applied to the dual problem (4.2),
the algorithm reads explicitly as follows.

Algorithm FGP (b, \, N)

Input:

b - observed image.

A - regularization parameter.

N - Number of iterations.

Output:

x* - An optimal solution of (4.1) (up to a tolerance).

Step 0. Take (rlasl) = (panO) = (O(m—l)xna Omx(n—l))atl =L
Step k. (k=1,...,N) Compute

8A

1+ /144t (4.10)
2 ’ '

(pk, qk) = Pp [(rk, Sk) + i[,T (Pc[b — )\,C(I‘k, Sk)]) s (49)

k1 =

(Tht1,8k41) = (P k) + ( u ) (Pk — Pr—1, 9k — Qk—1)- (4.11)

Tht1

Set x* = Pclb — AL(pw, qn)]

4.3 Numerical Examples I

We have tested the two methods GP and FGP on numerous examples and in all examples we
noticed that FGP is much faster than GP. Here we give two examples. In the first example
we took the 256 x 256 cameraman test image whose pixels were scaled to be between to be
between 0 and 1. We then added to each pixel noise which is normally distributed with zero
mean and standard deviation 0.1. The main problem (4.1) was then solved with A = 0.1
with both GP and FGP methods. The first 30 function values of the two methods can be
seen in Figure 1. Clearly FGP outperforms GP in this example.

14
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Figure 1: Function values at the first 30 iterations of GP and FGP employed on a 256 x 256
denoising problem

To better understand the advantage of FGP over GP, we also explored the accuracy
obtained by the two methods. To do so, we have taken a small 10 x 10 image (which was
actually the left up corner of the cameraman test image) and like in the previous example
we added to the image normally distributed white noise with standard deviation 0.1. The
parameter A was again chosen as 0.1. Since the problem is small we were able to find an
exact solution using SeDuMi [25]. Figure 2 shows the the difference F'(x;) — F (in log scale)
for k=1,...,100.

:
---GpP
——FGP

~~ o
-~ -
- -
- -
- -
- -

fx )T,

increase

. . . .
0 20 40 60 80 100

Figure 2: Accuracy of FGP compared with GP

Clearly, FGP reaches greater accuracies than those obtain by GP. After 100 iterations
FGP reached an accuracy of 10~ while GP reached an accuracy of only 10~2°. Moreover, the
function value reached by GP at iteration 100 was already obtained by GP after 25 iterations.
Later on, in Section 5.1 we will see further evidence for the fast rate of convergence of FGP.
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Figure 3: Left: the original moon image. Right: the noisy moon image

Another interesting phenomena can be seen at iterations 81 and 82 and is marked on the
figure. As opposed to the GP method, FGP is not a monotone method. This does not have
an influence on the convergence of the sequence and we see that in most iterations there is a
decrease in the function value. However, later on we will see that this phenomena can have
a severe impact on the convergence of a related two-steps method for the image deblurring
problem.

We end this section with a visual and representative demonstration of the capabilities of
the FGP algorithm. Consider the 537 x 358 moon test image? whose pixels are scaled to be
between zero and one. A white Gaussian noise with standard deviation 0.08 was added to
the image. The original and noisy images are given in Figure 3.

The PSNR? of the noisy image is 17.24 dB. We employed 20 iterations of the FGP method
with regularization parameter A = 0.07. The resulting denoised image is given in Figure 4.
The PSNR of the denoised image is 29.93dB.

5 Total Variation-Based Deblurring

Consider now the constrained TV-based deblurring optimization model introduced in Section
2:
min |A(x) — b||% + 2ATV(x), (5.1)
xXE

where x € R™*™ is the original image to be restored, A : R™*" — R™*" is a linear trans-
formation representing some blurring operator, b is the noisy and blurred image, and A > 0
is a regularization parameter. Obviously problem (5.1) is within the setting of the general

2Part of the image processing toolbox of MATLAB.
3peak signal-to-noise ratio.
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Figure 4: Denoised moon image with FGP.

model (3.1) with
f(x) = |AX) = b|?>, g(x) = 2ATV(x) + 6¢(x), and E = R™",

Deblurring is of course more challenging than denoising. Indeed, to construct an equiv-
alent smooth optimization problem for (5.1) via its dual along the approach of Section 4.1,
it is easy to realize that one would need to invert the operator A’ A, which is clearly an
ill-posed problem, i.e., such an approach is not viable. This is in sharp contrast to the denois-
ing problem, where a smooth dual problem was constructed, and was the basis of efficient
solution methods. To avoid this difficulty, we treat the TV deblurring problem (5.1) in two
steps through the denoising problem. More precisely, first denote the optimal solution of the
constrained denoising problem (4.1) with observed image b, regularization parameter A and
feasible set C' by D¢ (b, A). Then, with this notation pr(Y) (cf. 3.13), can be simply written
as:

p(Y) = Dc (Y — %AT(A(Y) —b), %) .

We re-emphasize the fact that the TV-based regularization problem for deblurring re-
quires at each iteration the solution of a denoising problem of the form (4.1) in addition to
the gradient step. Thus, each iteration involves the solution of a subproblem that should be
solved using an iterative method such as GP or FGP as described in Section 3. Note that
this is in contrast to the situation with the simpler [; regularization problem where ISTA
or FISTA require only the computation of a gradient step and a shrinkage, which in that
case is an explicit operation, see (3.11) and (3.12). Finally, it interesting to note that for
anisotropic TV the denoising problem can also be solved by using parametric maximal flow
algorithm, see [16] for details.
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5.1 FISTA Revisited: A Monotone Version

As opposed to ISTA, FISTA is not a monotone algorithm, that is, the function values
are not guaranteed to be nonincreasing. Monotonicity seems to be a desirable property of
minimization algorithms, but it is not required in the original proof of convergence of FISTA
[1]. Moreover, we observed in the numerical simulations in [1] that the algorithm is ”almost
monotone”, that is, except for very few iterations the algorithm exhibits a monotonicity

property.

In our case, where the denoising subproblems are not solved exactly, monotonicity be-
comes an important issue. It might happen that due to the inexact computations of the
denoising subproblems, the algorithm might become extremely non-monotone and in fact
can even diverge! This is illustrated in the following numerical example.

Example 5.1. Consider a 64 x 64 image that was cut from the cameraman test image
(whose pixels are scaled to be between 0 and 1). The image goes through a Gaussian blur of
size 9 x 9 and standard deviation 4 (applied by the MATLAB functions imfilter and fspecial)
followed by a an additive zero-mean white Gaussian noise with standard deviation 1072. We
first chose the regularization parameter A to be 1072 and ran the FISTA method applied
to (5.1) in which the denoising subproblems are solved using FGP with N (number of FGP
iterations) taking the values 5, 10,20. We noticed that the the three runs result with virtually
the same function values, leading to the conclusion that in this example the FGP method
reaches a "good enough” solution after only 5 iterations so that there is no need to make
additional inner iterations.

On the other hand, if we consider the same deblurring problem with a larger A, specifically,
A = 0.01, the situation is completely different. The three graphs corresponding to N =
5,10, 20 are presented in Figure 5. In the left image the denoising subproblems are solved
using FGP and in the right image the denoising subproblems are solved using GP. Clearly
FISTA in combination with either GP or FGP diverges when N = 5, although it seems that
the combination FISTA/GP is worse than FISTA/FGP. For N = 10 FISTA/FGP seems
to converge to a value which is a bit higher than the one obtained by the same method
with N = 20 and FISTA/GP with N = 10 is still very much erratic and does not seem to
converge.

From the previous example we can conclude that (1) FISTA can diverge when the sub-
problems are not solved exactly and (2) the combination FISTA/FGP seems to be better
than FISTA/GP. The latter conclusion is another numerical evidence (in addition to the
results of Section 4.3) to the superiority of FGP over GP. The first conclusion motivates us
to explore and introduce a monotone version of FISTA. The monotone version of FISTA we
proposed is as follows, and the algorithm is termed MFISTA (for monotone FISTA).
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Figure 5: Function values of the first 100 iterations of FISTA. The denoising subproblems
are solved using FGP (left image) or GP (right image) with NV = 5,10, 20.

MFISTA

Input: L > L(f) - An upper bound on the Lipschitz constant of Vf.
Step 0. Take y; =xo € E, t; = 1.

Step k. (k> 1) Compute

Zp = pL(yk)>
1+ /144t
th1 = e (5.2)
xp = argmin{F(x): X =2z, Xp_1} (5.3)
t tr — 1
Yi+1 = X+ <—k) (Zk — Xk) + < k ) (Xk — Xk—l)- (5,4)
Trt1 Trt1

MFISTA requires in addition to the computation of the proximal map, the computation
of a single function evaluation: F'(zy) (the second function value F'(x;_1) was already com-
puted in the previous iterate). FISTA, on the other hand, does not require this additional
function evaluation although a typical implementation of FISTA will comprise a function
evaluation F'(x;) in order to monitor the progress of the algorithm (although, again, this is
not mandatory).

It turns out that this modification does not affect the theoretical rate of convergence.

Indeed, the convergence rate result for MFISTA will remain the same as the convergence
rate result for FISTA:

Theorem 5.1. Let {x;} be generated by MFISTA. Then for any k > 1

F(Xk) o F(X*) < 2L(f)HX0 - X*H2

< (172 , VX' e X,.
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Figure 6: Function values of the first 100 iterations of MFISTA. The denoising subproblems
are solved using either FGP (left image) or GP (right image) with NV = 5,10, 20.

The proof of this theorem requires modifications in the proof of FISTA given in [1]. This
is developed in the Appendix.

Coming back to Example 5.1, we ran MFISTA on the exact same problem and the results
are shown in Figure 6. Clearly the monotone version of FISTA seems much more robust and
stable. Therefore, we suggest using MFISTA instead of FISTA.

6 Numerical Examples 11

The purpose of this section is to demonstrate the effectiveness, simplicity and potential of
MFISTA on TV-based deblurring problems. We compare it to the classical ISTA and to the
recent algorithm TwIST (and its monotone version MTwIST) of [3] which, like MFISTA, is
an algorithm that is also based on information of the two previous iterations. Clearly, there
exists many other deblurring algorithms which are not discussed or/and compared here. A
more thorough computational study and comparison is beyond the scope of this work and is
left for future research. To facilitate such comparison, and as indicated in the introduction,
a MATLAB code is available at

http://iew3.technion.ac.il/“becka/papers/tv_fista.zip

Here, our purpose is on showing that MFISTA can often reach fast rate of convergence
even beyond the theoretical rate we have established, and as such MFISTA appears as a
promising algorithmic framework for image restoration problems. Both ISTA and MFISTA
were implemented with a fixed step size %, where L is the Lipschitz constant.

All the images in this section were scaled so that their pixels will be in the range between
0 and 1.
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6.1 Comparison of ISTA, MFISTA and TwIST

Consider the 256 x 256 Lena test image that goes through a 9 x 9 gaussian blur with
standard deviation 4 followed by an additive normally distributed noise with mean zero and
standard deviation 1073. The regularization parameter was chosen to be A = 10~*. This
regularization parameter was hand tuned to give the best SNR improvement. We emphasize
that although the quality of the obtained image (e.g., in terms of SNR improvement) depends
on the choice A, the rate of convergence of the method does not depend on the choice of
regularization parameter. We use ISTA, MFISTA and MTWIST of [3] with 100 iterations
on the blurred and noisy image, and we obtain the three reconstructions given in Figure 7.
The reconstruction of TWIST is better (that is, sharper) than the one provided by ISTA,
and the reconstruction of MFISTA is better than the outcomes of both ISTA and MTWIST
(sharper and with less ringing affects). This is also reflected in the objective function values
after which are 0.606 (ISTA), 0.502 (MTWIST) and 0.466(MFISTA) and in the PSNR values
given in the following table:

Method | PSNR (dB) | CPU times (sec.)
ISTA 26.73 21.32
MTWIST 27.82 21.40
MFISTA 29.13 21.37

The table above also summarizes the CPU times of each of the three methods implemented
in MATLAB on a Pentuim 4, 1.8 Ghz. Clearly, the computational time is more or less the
same for all of these methods. The reason for this is that the dominant computation at each
iteration of the three methods is the evaluation of one function value?, one gradient and one
denoising step.

It is also interesting to note that MTWIST which is the monotone version of TWIST was
employed here since for deblurring problems which are highly ill-conditioned, the original
TWIST converges very slowly. The parameters for the MTWIST method were chosen as
suggested in Section 6 of [3] for extremely ill-conditioned problems.

The function values of the first 100 iterations are presented in Figure 8. MTWIST was
better in the first 12 iterations, however MFISTA reaches lower functions values starting
from iteration number 13.

Figure 9 shows the evolution of the SNR improvement (ISNR) by MFISTA, MTWIST
and ISTA. Clearly, MFISTA converges faster than ISTA and and MTWIST.

We have also compared the methods on a simple test image extracted from the function
blur from the ”regularization toolbox” [14]. The image goes through the same blur operator
as in the previous example followed by an additive normally distributed noise with standard
deviation 2 - 1072 which is 20 times larger than the standard deviation used in the “Lena”
image. This results with the blurred and noisy image shown in Figure 10 (PSNR value of
23.43 dB).

We use ISTA, MFISTA and MTWIST of [3] with 100 iterations on the blurred and noisy
image, and we obtain the three reconstructions given in Figure 11. The function value

4Although ISTA does not explicitly require the computation of the function value at each iteration, in
our implementation this function value is evaluated at each step in order to monitor the progress of the
algorithm.
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Blurred and Noisy ISTA(Fi90 = 0.606)

MTWIST(Figo = 0.502) MFISTA (Fio0 = 0.466)

Figure 7: The blurred and noisy Lena (top left image) along with the three reconstructions
of ISTA (top right), TWIST (bottom left) and MFISTA (bottom right)
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Figure 8: Function values of ISTA, MTWIST and MFISTA for the first 100 iterations
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Figure 9: Evolution of the SNR improvement (ISNR) produced by ISTA, MTWIST and
MFISTA for the first 100 iterations
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Original Blurred and Noisy

Figure 10: Left: the original image. Right: the blured and noisy image

MFISTA reaches is 14.89 which is lower than the function values obtained by ISTA and
MTWIST (15.107 and 14.943 respectively). The PSNR value of the MFISTA reconstruction
is 29.73 dB which is higher than the PSNR values of ISTA and MTWIST (26.26 dB and

27.67 dB respectively). Figure 11 also demonstrates the relatively rapid evolution of the
SNR improvement made MFISTA in comparison to MTWIST and ISTA.

6.2 The Importance of Bound Constraints

In this example we demonstrate the importance of incorporating constraints in the main
deblurring problem (5.1). Of course, bound constraints can be imposed only if such infor-
mation on the original image is available. We will show that bound constraints on the pixels
can have a strong effect on the quality of the reconstruction. The constraints have a visible
effect if the image has relatively a lot of extreme pixels (that is, black and white). To illus-
trate the importance of constraints, we consider the 256 x 256 image "text” from the image
processing toolbox of MATLAB. This image is very extreme in the sense that it contains
only black and white pixels. The image was blurred using the same blurring operation as in
the previous example followed by a normally distributed noise with mean zero and standard
deviation 0.02. The regularization parameter was chosen to be 4 - 107*. The original and
the blurred and noisy images are the top images in Figure 12. The bottom left image is the
output of MFISTA without constraints (C' = R?56*2%6) while the bottom right image is the
output of MFISTA after 100 iterations with 0, 1 bound constraints. That is,

C=By1={xeR™» :0<z;<1i,j=1,...,256}.
Obviously the problem with bound constraints gives rise to a better quality deblurred

image. In particular, the black zone in the left image is not as smooth as the black zone in

24



ISTA (Fy0 = 15.107) MTWIST (Fygo = 14.943)

FISTA (Figo = 14.890) ISNR

= = =ISTA
6F | =TWIST
= FISTA

-
-
-
-

. . . .
0 20 40 60 80 100

Figure 11: The reconstructions of ISTA (top left), TWIST (top right) and MFISTA (bottom
left) along with the ISNR improvement of each method (bottom right)
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the right image. Moreover, the PSNR of the left image is 18.06 dB while the PSNR of the
right image is 20.27 dB.

7 Summary

We introduced new gradient-based schemes for the constrained total variation based image
denoising and deblurring problems. Our framework is general enough to cover other types
of nonsmooth regularizers. The proposed schemes keep the simplicity of first order meth-
ods, and within a dedicated analysis which relies on combining a dual approach with a fast
gradient projection scheme, we have introduced monotone schemes that can be applied to
TV-based deblurring problems and are proven to exhibit fast theoretical rate of convergence.
Our initial numerical results confirm the predicted underlying theoretical results and demon-
strate that within our framework one can devise algorithms that can perform significantly
faster than some of currently known state of art gradient projected based methods. To fa-
cilitate such comparison, we have contributed a MATLAB code of the developed schemes.
Further research within the proposed class of algorithms including other classes of regular-
izers and a thorough experimental/computational study remain to be investigated in the
future.

A Appendix — Rate of Convergence of MFISTA

The problem setting is as defined in Section 3.1. That is, I’ = f+ ¢ where f is a continuously
differentiable function whose gradient satisfies a Lipschitz condition with constant L and ¢
is a proper closed function. To establish the rate of convergence of MFISTA, we follow the
analysis developed in [1]. For that, we need the following notation. For any L > 0, consider
the quadratic approximation model for F(-) defined by,

L
Qux,y) = fy) + {x =y, V) + ZlIx = yI* + g(x). (A1)
We now recall the following result from [1, Lemma 2.3].

Lemma A.1. Lety € E and L > 0 be such that

F(pr(y)) < Qpr(y),y)- (A.2)

Then for any x € dom g,

F(x) = Flpe(y)) > 5lpe(y) — I + Ly —x,pi(y) — ¥).

Note that by for L > L(f) the condition (A.2) is always satisfied.

Now, the rate of convergence of MFISTA claimed in Theorem 5.1 will be established if we
can prove a recursion inequality like the one derived for FISTA in [1, Lemma 4.1]. Indeed,
with such a recursion at hand, the rate of convergence of MFISTA will follow mutatis-
mutandis as derived for FISTA in [1, Theorem 4.1]. The next result established the required
recursion.
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Figure 12: Top: original (left) and blurred (right) text image. Bottom: the left image is the
output of MFISTA with 100 iterations without constraints. The right image is the output
of MFISTA after 100 iteration with 0,1 bound constraints
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Lemma A.2. The sequences {Xx, Vi, Zxr} generated by MFISTA satisfy:
2L [(tiow — tipves ] 2 e = ugl?,
where vy, = F(xy) — F(x*) and ug := tyzp — (t — 1)xp_1 — x*.

Proof. First, we apply Lemma A.1 at the points (x := x; € dom g,y := yx41) and likewise
at the points (x := x* € dom g,y := yx+1) to get:
207N (F(xy,) = F(241))
2L (F(x) — Flzgen)

|2kt — Yirrl? + 2(Zrs1 — Yoot Yarr — Xi)

>
> ||Zk+1 - Yk+1||2 + 2<Zk+1 — Yi+1, Ye+1 — X*>>

where by the algorithm’s definition we used zg.1 = pr(yr+1) € dom g. Multiplying the first
inequality above by (f;41 — 1) and adding it to the second inequality we then get:

207 ((thsr— 1) vk —ts1 (F(2431) = F(X*)) 2= tosi | Zrs1—Yir1 [P 42(Zhr1 = Vi1, 11— (berr —1)xp—%7).
Now, by step (5.3) of MFISTA, we have F(xj+1) < F(zg+1). Therefore,
—trr1Vks1 = —tep1 (F(Xpp1) — F(X7)) > ~t1 (F(Zr1) — F(x7))
and hence together with the last inequality we obtain:
2L ((thr—D)ok—thprves1) > tipa 2o =Y [P +2(ze 1 —Yern, e Ve — (te —1)xp—x").

Multiplying the last inequality by ¢j+1, and using the relation ¢} = t;_, — t;11 which holds
thanks to (5.2) we obtain,

2L (tEon— 1 V1) > ([tr1 (Zrar = Vi) 1242t kg1 (Zrar = Yirrs b Vi — (ben — 1) X —X5).

Now applying the usual Pythagoras relation: ||b—a|*+2(b—a,a—c) = ||b—c|* — ||a — c||?
to the right-handside of the last inequality with

a =t 1 Yes1, 0= thip1Zpy1, €= (tpy1 — 1)xp + X7,
we thus obtain:
2L (o=t vrs) > [tk 2z —(th = D)X =X = a1y ne — (B —1)x =% (A3)

Now, recalling the definition of y;.; given by (5.4) in MFISTA,

Vo = Xe+ (tt—") (2 — x4) + <tk - 1) (%k — Xe_1)

k+1 k+1

one get tpi1yrr1 = (tke1 — 1)xg + trz — (tx — 1)X,_1, and hence with uy := ¢,z — (tx —
1)xg—1 — x*, the desired result follows from (A.3). O
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