
11 d`vxd - aygnd ircnl dwibel

htyn .HFOL-a dxizq dpnn gikedl xyt` m"n` dwitq dpi` T f` zilqxaipe` dxez T m` :cpxaxd htynn dpwqn
.HFOL-a zihphqiqpew dpi` T f` dwitq dpi` T m`y dprhl lewy `lnd zenlyd

zeivphqpi`d zveawn HPC-a dxizq wiqdl xyt` dwitq dpi`e zilqxaipe` T m` ,cpxaxd htyn itl :dpwqnl xaqd
xyt` m` wx dwitq dpi` efk T okl .(HPC ly zenlyd htyn mr cgi cpxaxd htynn raep df) T ixai` ly zexebqd

.∀xA → A {t/x} dnikqd zxfra dpnn dxizq wiqdl

HFOL ly zenlyd htyn zgked (jynd)

.ϕ ly lcen epi`y T ly lcen yi f` T 0
HF OL

ϕ-e L dtya T ∪ {ϕ} ,weqt ϕ ,miweqt ly dveaw T m` :migiken ep`
.`HFOL mewna ` meyxp ef dgkeda :oeniq

miiwzn zagxend L′ dtya mb .L′ dycgd dtyl `xwpe d1, d2, . . . ,miycg mireaw (ℵ0) seqpi` dtyl siqep :oey`x crv
.z`f gikedl :libxz .T 0

HF OL
ϕ

:ze`ad zepekzd izy mr L′ dtya miweqt ly T ′ dxezl T z` aigxp :ipy crv

.T ′ ∪ {ψ} ` ϕ f` ψ /∈ T ′ m`e T ′ 0 ϕ xnelk ,T ′ 0
HF OL

ϕ-y jk L′ dtya zilniqwn dxez `id T ′ .1

.ψ {t/x} ∈ T ′-y jk t q"y yi f` ∃xψ ∈ T ′ m` :oiwpd i`pz z` zniiwn T ′ .2

zexez zxcq divwecpi`a xicbpe ψ1, ψ2, . . . dxcqa L′ ly miweqtd lk z` xcqp - iaihwecpi` ote`a dyriz dagxdd
:`ad ote`a Ti−1-n lawzz Ti .Ti 0 ϕ-e xzeid lkl miweqt ipy ztqed i"r Ti-n lawzn Ti+1 ,i lkly jk T0, T1, . . .

.Ti = Ti−1 f` Ti−1 ∪ {ψi} ` ϕ m` .1

.Ti = Ti−1 ∪ {ψi} f` ∃xA dxevdn dpi` ψi-e Ti ∪ {ψi} 0 ϕ m` .2

ztqed i"r T -n zlawzn Ti−1 ik dfk yi) Ti−1-a riten epi`y dj ycg reaw xgap Ti−1∪{ψi} 0 ϕ-e ψi = ∃xA m` .3
.Ti = Ti−1 ∪{ψi, A {dj/x}} xicbpe (miycg mireaw likdl mileki el` mitqep miweqt wxe miweqt ly iteq xtqn

dlilya gipp .iyilyd dxwnd xear ok m` gikep .zil`ieeixh miiwzn df mipey`xd mixwnd ipya .Ti 0 ϕ-y gikep
-y xacd yexit ,driap qgi `HF OL-e A {dj/x} `HF OL ∃xA-y oeeik .Ti−1 ∪ {∃xA,A {dj/x}} ` ϕ xnelk ,Ti ` ϕ-y
llka riten epi`y dpzyn y idi .Ti−1 ` A {dj/x} → ϕ lawp HFOL ly divweccd htyn itl .Ti−1 ∪ {A {dj/x}} ` ϕ
ly dgked jk lawpe y-a dj z` dgkeda mewn lka silgp .(ziteq dgkedd ik dfk yi) Ti−1-n A {dj/x} → ϕ ly dgkeda
x-e ϕ-a e` A-a riten epi` y m` la` Ti−1 ` ∀y (A {y/x} → ϕ)-y dllkdd llk itl lawp dfn .Ti−1 ` A {y/x} → ϕ
epi` x m` la` .Ti−1 ` ∀x (A → ϕ) okle `

HF OL
∀y (A {y/x} → ϕ) → ∀x (A → ϕ) (libxzk gked) f` ϕ-a iyteg epi`

Ti−1 ` ψi → ϕ xnelk ,Ti−1 ` ∃xA → ϕ lawp okl .HFOL ly dneiqw` ∀x (A → ϕ) → (∃xA → ϕ) f` ϕ-a iyteg riten
.Ti 0 ϕ df dxwna mb okl .ixewnd oezpl dxizqa Ti ∪ {ψi} ` ϕ okle

gippe ∃xA ∈ T ′ gipp ,oiwpd zpekz iabl .miweqtd aiygza enk T ′ ly dpey`xd dpekzd zgked .T ′ =
∞⋃

i=0

Ti dzr gwip

.A {dj/x} ∈ Tk ⊆ T ′-y jk dj dfi` yi okle ψk ∈ Tk f` ψk ∈ T ′-y oeeik .∃xA = ψk

weica xcben) T ′ i"r dxyend cpxaxd dpan didi M dpand .(T ly lcen mb `edy) T ′-l M lcen dpap :iyily crv
enk divwpetd ipniqe mireawd ly yexitd ,L′ ly mixebqd mvrd zeny sqe` didi D :(cpxaxd htyn ly dgkeda enk
eiykr migiken divwecpi`a .I [p] = {〈t1, . . . , tn〉 ∈ Dn|T ′ ` p (t1, . . . , tn)} ,inewn-n qgi oniq p m` :cpxaxd dpan lka

:ψ ∈ T ′ m"n` M ² ψ miiwzn ψ weqt lkly

.dxcbddn raep df miineh` miweqtl •
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.miweqtd aiygza enk dgkedd ¬ψ, (ψ1 ∨ ψ2) , (ψ1 ∧ ψ2) , (ψ1 → ψ2) ly dxwnl •
.oiwpd i`pzne divwecpi`d zgpdn ziciin raep ϕ = ∃xA-y dxwnd •

.(libxzk gikedl) iciin zegt dtih ote`a oiwpd i`pzne divwecpi`d zgpdn raep mb ϕ = ∀xA-y dxwnd •

.M 2 ϕ f` ϕ /∈ T ′-y oeeik

miidpel mlewq htyn - dpwqn

.dipn-oa lcen yi T -l f` oey`x xcqn dwibela dwitq dxez T m`

.dipn-oa lcen zwtqn zenlyd htyn ly dgkedd f`e HFOL-a zihphqiqpew `id f` dwitq T m` :dgked

lcen R ik) dwitq T .miiynnd mixtqna mipekpd miweqtd lk zveaw T idze σ = 〈0, 1, +,−, ∗, <,=〉 gwip :dpwqn
.(R-n dpey `linn) dipn-oa lcen dl yi okle (dly

:mlewq qwecxt

zeniiwy gikedl ozip ZF-a la` (zihphqiqpew ZF-y dgpda) dipn-oa lcen yi (zihneiqw`d zeveawd zxez) ZF-l
.dipn zepa opi`y zeveaw

lkl dni`znd divwpet `edy hwiiae`dy oeeikn dpana dipn za dpi` dveawd .izin` qwecxt `l df dyrnl :xaqd
ok` ef dveaw dpanl uegn okle ,dpanl uegn zniiw ok efd diivwpetd la` .dpana `vnp epi` ,irah xtqn dveawa xai`

.dipn za

:zeihwtnewd htyn - zenlyd htynn ztqep dpwqn

.dwitq `id T ly ziteq ziwlg dveaw lk m"n` dwitq `id T dxez

:dpwqn

lcen N ik ,dwitq T .miirahd mixtqna L (σ) ly miweqtd lk zveaw T idze σPA = 〈0, S, +,×,=, <〉 ok m` gwip
.mixg` milcen mb dl yi j` ,dly

:ze`ad zeneiqw`d z` T -l siqep ,(∞) w ,ycg reaw σPA-l siqep .1 = s(0), 2 = s(s(0)), ... :oeniq :dgked
mpi` 0, S, +,×, =, < ly milibxd miyexitd mr miirahd mixtqnd .Tw-a zlawznd dxezd z` onqpe 0 < w, 1 < w, . . .
k idie ziteq dveaw Γ ⊆ Tw idz ,ok`e .zeihwtnewd htyn itl dwitq `id Tw z`f lka la` Tw ly lcen zeidl mileki
miyexitd mr miirahd mixtqnd z` Γ ly lcen xeza gwip .ziteq Γ-y llba dfk yi) k < w-y jk ilniqwnd xtqnd
dnvr Tw-l okle lcen yi Tw ly ziteq ziwlg dveaw lkly o`kn .w ly yexitd didi k+1-e 0, S, +,×, =, < ly milibxd

.miirahd mixtqnd lkn (< ly oaena) lecb `edy xtqn ea didi la` zixewnd T ly lcen mb `ed df lcen .lcen yi

.ihxcphq `l lcen `xwp xg` lcen lke T ly ihxcphqd lcend `xwp N :dxcbd
dxeva miihxcphq `l miilpeivx mixtqn epnn dpape Tw ly ihxcphq `l lcen M =< D, I > m`y al miyp :dxrd
ebdpy zepekz yi 1/I[w]-l ,xnelk .ihxcphq iaeig ilpeivx xtqn lkn dpeyd ,qt`n dpey xtqn didi 1/I[w] ixd ,dlibxd
eyry dnl carica weciv zpzepd ,"zihxcphq `l dfilp`"k meik reciy dn ly qiqad edf ."miilniqihipitpi`"l qgiil

.(dfilp`a mihtyn zgkedl xiykn mb meik zynynd) mdixage uipaiil ,oeheip
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oeieey mr oey`x xcqn dwibel

.oeieey l`k eil` miqgiizne ,= inewn-ec qgi oniq da yiy dty `id oeieey mr oey`x xcqn dty :dxcbd

.dty dhna (zedf) oeieey oiivi '-e zilnxetd dtya oeieeyd oniq didi = ,oeieey mr oey`x xcqn dwibel lr oeica :dxrd

efk dty xear dpan M = 〈D, I〉 m` :zedfd qgi cinz eyexity cgein qgi oniq `ed = ,oeieey mr oey`x xcqn dwibela
.ilnxep dpan `xwp oeieey mr zetyl dfk dpanl .I [=] ' {〈a, a〉 |a ∈ D} f`

:dxcbd

.ϕ ly ilnxep lcen-t mb `ed T ly ilnxep lcen-t lk m` T `t
FOL= ϕ

.ϕ ly ilnxep lcen-v mb `ed T ly ilnxep lcen-v lk m` T `v
FOL= ϕ

Eq (L) - L dty ly oeieeyd zeneiqw`

∀x.x = x .1

∀x∀y.x = y → y = x .2

∀x∀y∀z.x = y ∧ y = z → x = z .3

f` L ly inewn-n divwpet oniq f m` .4

∀x1 . . . ∀xn∀y1 . . . ∀yn.x1 = y1 ∧ . . . ∧ xn = yn → f (x1, . . . , xn) = f (y1, . . . , yn)

f` L ly inewn-n qgi oniq p m` .5

∀x1 . . . ∀xn∀y1 . . . ∀yn.x1 = y1 ∧ . . . ∧ xn = yn → (p (x1, . . . , xn) → p (y1, . . . , yn))

M = 〈D, I〉 lcen lkl mi`zp .T ∪Eq (L) `v
FOL ϕ m"n` T `v

FOL= ϕ ike T ∪Eq (L) `t
FOL ϕ m"n` T `t

FOL= ϕ ik d`xp
:xnelk ,∼= I[=] idi :d`ad dxeva (jynda xaqeiy oaena) el lewyd ilnxep dpan Eq (L) ly

a ∼ b ⇔ 〈a, b〉 ∈ I [=]

.zeliwyd zewlgn zveaw xnelk ,∼ ly dpnd zveaw xeza xcbei D′ .(Eq (L) ly lcen M-y llba) zeliwy qgi `ed ∼
.a ly zeliwyd zwlgn z` [[a]]-a onqp

D′ ' {[[a]] | a ∈ D}
f ′I [[[a1]], . . . , [[an]]] ' [[f I [a1, . . . , an]]]

〈[[a1]], . . . , [[an]]〉 ∈ p′I ⇔ 〈a1, . . . , an〉 ∈ pI

.5-e 4 zeneiqw` llba (mibviina ielz `l) ahid xcben df

.11 'qn lebxz e`x - jyndl
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