
7 'qn libxz oexzt
¬A ∨ ¬B → ¬(A ∧B) (`) 1

num. Rule Assumptions
1 A ∧B Ass. 1
2 A 1, (∧E) 1
3 ¬A Ass. 3
4 ¬(A ∧B) 2, 3, (¬I) 3
5 B 1, (∧E) 1
6 ¬B Ass. 6
7 ¬(A ∧B) 5, 6, (¬I) 6
8 ¬A ∨ ¬B Ass. 8
9 ¬(A ∧B) 4, 7, 8, (∨E) 8
10 ¬A ∨ ¬B → ¬(A ∧B) 9, (→ I)

A → (B → A) (a)

num. Rule Assumptions
1 B Ass. 1
2 A Ass. 1,2
3 (B → A) 2, (→ I) 2
4 A → (B → A) 3, (→ I)

A → (A ∨B) (b)

num. Rule Assumptions
1 A Ass. 1
2 A ∨B 1, (∨I) 1
3 A → (A ∨B) 2, (→ I)

((A → C) ∨ (B → C)) → (A ∧B → C) (c)

num. Rule Assumptions
1 A → C Ass. 1
2 A ∧B Ass. 2
3 A 2, (∧E) 2
4 C 1,3, (→ E) 1,2
5 A ∧B → C 4, (→ I) 1
6 B → C Ass. 6
7 B 2, (∧E) 2
8 C 6,7, (→ E) 6,2
9 A ∧B → C 8, (→ I) 6
10 (A → C) ∨ (B → C) Ass. 10
11 A ∧B → C 5,9,10, (∨E) 10
12 ((A → C) ∨ (B → C)) → 11, (→ I)

(A ∧B → C)



∀x(A → B) → (∃xA → ∃xB) (`) 2

num. Rule Assumptions
1 ∀x(A → B) Ass. 1
2 A{y/x} → B{y/x} (∗) 1, (∀E) 1
3 A{y/x} Ass. 3
4 B{y/x} 2,3, (→ E) 1,3
5 ∃xB 4, (∃I) 1,3
6 ∃xA Ass. 6
7 ∃xB (∗∗) 5,6, (∃E) 1,6
8 ∃xA → ∃xB 7, (→ I) 1
9 ∀x(A → B) → (∃xA → ∃xB) 8, (→ I)

enk .B-e A-a x mewna davdl iyteg okle ycg dpzyn y xegal yi - (∗)
.(A → B){y/x} = A{y/x} → B{y/x}-y al eniy ,ok

?llkd zlrtd zxzen dnl - (∗∗)
∀x(A → B) → (∀xA → ∀xB) (a)

num. Rule Assumptions
1 ∀x(A → B) Ass. 1
2 A{y/x} → B{y/x} (∗) 1, (∀E) 1
3 ∀xA Ass. 3
4 A{y/x} 3, (∀E) 3
5 B{y/x} 2,4, (→ E) 1,3
6 ∀xB (∗∗) 5, (∀I) 1,3
7 ∀xA → ∀xB 6, (→ I) 1
8 ∀x(A → B) → 7, (→ I)

(∀xA → ∀xB)

enk .B-e A-a x mewna davdl iyteg okle ycg dpzyn y xegal yi - (∗)
.(A → B){y/x} = A{y/x} → B{y/x}-y al eniy ,ok

?llkd zlrtd zxzen dnl - (∗∗)
¬∃xA → ∀x¬A (b)

num. Rule Assumptions
1 ¬∃xA Ass. 1
2 A{y/x} (∗) Ass. 2
3 ∃xA 2, (∃I) 2
4 ¬A{y/x} 1,3 (¬I) 1
5 ∀x¬A (∗∗) 4, (∀I) 1
6 ¬∃xA → ∀x¬A 5, (→ I)

.A-a x mewna davdl iyteg y - (∗)
?llkd z` lirtdl xzen dnl - (∗∗)



∀x¬A → ¬∃xA (c)
num. Rule Assumptions

1 ∀x¬A Ass. 1
2 ¬A{y/x} (∗) 1, (∀E) 1
3 A{y/x} Ass. 3
4 ¬∀x¬A 2,3, (¬I) 3
5 ∃xA Ass. 5
6 ¬∀x¬A 4,5, (∃E) 5
7 ¬∃xA 1,6, (¬I) 1
8 ∀x¬A → ¬∃xA 7, (→ I)

.A-a x mewna davdl iyteg y - (∗)

:dty 3
:qgi ipniq

.ipey`x x mn` x ∈ I[P ]-y `id dpeekd - P : i → o •
.x-a ynn wlgzn y mn` < x, y >∈ I[F ]-y `id dpeekd - F : i× i → o •

.y-n ohw x mn` < x, y >∈ I[L]-y `id dpeekd - L : i× i → o •
.x ly awerd `ed y mn` s(x) = y-y `id dpeekd - s : i → i :divwpet oniq

:dpxvd

ψ1 = ∀x¬F (s(x), x) - eawera ynn wlgzn epi` xtqn (`)
X" :dxrd) xtqn eze`l awerd ly mxeb zeidl leki `l xtqn ly mxeb (a)

("X-a ynn wlgzn Y " o`k yxtzn "Y ly mxeb
ψ2 = ∀x∀y[F (x, y) → ¬F (x, s(y))] -

ipey`x xtqn edyfi`a ynn wlgzn e` ipey`x `ed xtqn lk (b)
ψ3 = ∀x[P (x) ∨ ∃y[F (y, x) ∧ P (y)]] -

miphwd mixtqnd lka ynn wlgznd xtqn `evnl xyt` xtqn ozpida (c)
.ψ4 = ∀x∃y∀z[L(z, x) → F (z, y)] - oey`xd xtqndn

epnn ohw epi`y ipey`x xtqn `evnl xyt` xtqn lkl (d)
ψ5 = ∀x∃y[P (y) ∧ ¬L(y, x)] -

ψ6 = ∀x∃y[P (y) ∧ L(x, y)] - ipey`x xtqn edyfi`n ohw xtqn lk (e)
ipey`x xtqn edyfi`n ohw e` ipey`x `ed xtqn lk (f)

ψ7 = ∀x[P (x) ∨ ∃y[P (y) ∧ L(x, y)]] -

:mi`ad mixacl al miyp

,"wlgzn" ,"awer" ly libxd oaend mr miirahd mixtqnd dpana (`)
.zepekp l"pd zeprhd lk "ohw"-e "ipey`x"

.¬(x < y) → (x = y ∨ y < x) raep `l mipezpdn (a)



:xy`k M =< D, I > :zicbp `nbec .'c-'` zeprhn zraep `l 'e dprh

D = {a, b}

I[L] = ∅, I[F ] = ∅, I[P ] = {a, b}

I[s] = λx ∈ D.x

.ψ6 z` wtqn `l la` ψ1, ..., ψ4 z` wtqn M-y `ceel yi

:xy`k M =< D, I > :zicbp `nbec .'c-'` zeprhn zraep `l 'f dprh

D = {a, b, c}

I[P ] = {a, c}, I[F ] = {< a, b >}, I[L] = ∅

I[s] = λx ∈ D.c

ψ1, ..., ψ4 z` wtqn M-y `ceel yi .c `ed dpana xai` lk ly awer xnelk
.ψ7 z` wtqn `l la`

dtya dgkedd d`xiz ji` mcew meyxp .'c-'` zeprhn zibel zraep 'd dprh
:zirah

xtqn lka ynn wlgzny z xtqn miiw 'c dprh itl (∗) .irah xtqn x idi
miiwy e` ipey`x s(z)-y e` miiwzn 'b itl .s(z) xtqna opeazp .x-n ohwd

.s(z) ly mxeb `edy w ipey`x xtqn
s(z)-y okzi `l ok` ik d`xp .s(z) `ed yweand xtqnd f` ,ipey`x s(z) m`
z ly mxeb `ed s(z) (∗) itl f` .x-n ohw `ed s(z) ik dlilya gipp .x-n ohw

.'` dprhl dxizqa
.w `ed yweand xtqnd f` .s(z) ly mxeb `edy w ipey`x xtqn miiw zxg`
`ed w (∗) itl f` .x-n ohw w ik dlilya gipp .x-n ohw w-y okzii `ly d`xp

.'a-l dxizqa s(z) ly mxeb `ed j` .z ly mxeb
.x-n ohw epi`y ipey`x xtqn miiwy eplaiw mixwnd ipya

.L(y, x) mewna y < x meyxp dzrn .zirah divwecca dgked meyxp zrk



num. Rule Assumptions
1 ∀x¬F (s(x), x) Ass 1
2 ∀x∀y(F (x, y) → ¬F (x, s(y))) Ass 2
3 ∀x(P (x) ∨ ∃y(P (y) ∧ F (y, x))) Ass 3
4 ∀x∃z∀y(y < x → F (y, z)) Ass 4
5 ∃z∀y(y < x → F (y, z)) 4, (∀E) 4
6 ∀y(y < x → F (y, z)) Ass 6
7 P (s(z)) ∨ ∃y(P (y) ∧ F (y, s(z))) 3, (∀E) 3
8 P (s(z)) Ass 8 (first possibility from 7)
9 s(z) < x Ass 9 (for contradiction)
10 s(z) < x → F (s(z), z) 6,(∀E) 6
11 F (s(z), z) 9,10,(→ E) 6,9
12 ¬F (s(z), z) 1,(∀E) 1
13 ¬(s(z) < x) 11,12,(¬I) 1,6,cont. to 9 reached!
14 P (s(z)) ∧ ¬(s(z) < x) 8,13,(∧I) 1,6,8
15 ∃y(P (y) ∧ ¬(y < x)) 14, (∃I) 1,6,8
16 ∃y(P (y) ∧ F (y, s(z))) Ass 16, (second possibility from 7)
17 P (w) ∧ F (w, s(z)) Ass 17
18 P (w) 17,(∧E) 17
19 F (w, s(z)) 17,(∧E) 17
20 ∀y(F (w, y) → ¬F (w, s(y))) 2,(∀E) 2
21 F (w, z) → ¬F (w, s(z)) 20,(∀E) 2
22 w < x Ass 22, (for contradiction)
23 w < x → F (w, z) 6,(∀E) 6
24 F (w, z) 22,23,(→ E) 6,22
25 ¬F (w, s(z)) 21,24,(→ E) 2,6,22
26 ¬(w < x) 19,25,(¬I) 2,6,17,cont. to 22 reached!
27 P (w) ∧ ¬(w < x) 18,26,(∧I) 2,6,17
28 ∃y(P (y) ∧ ¬(y < x)) 27,(∃I) 2,6,17
29 ∃y(P (y) ∧ ¬(y < x)) 16,28,(∃E) 2,6,16
30 ∃y(P (y) ∧ ¬(y < x)) 7,15,29,(∨E) 1,2,3,6
31 ∃y(P (y) ∧ ¬(y < x)) 5,30,(∃E) 1,2,3,4
32 ∀x∃y(P (y) ∧ ¬(y < x)) 32,(∀I) 1,2,3,4


