
9 'qn lebxz - aygnd ircnl dwibel

cpxaxd ipane mipan

.g◦(v[x:=b]) = (g◦v)[x:=g(b)] miiwzn b ∈ D lkl f` ,D′-l D-n divwpet g idz :1 dnl

.(g ◦ (v[x:=b]))[y] = g(v[x:=b][y]) =
{

g(b) x = y
g(v[y]) zxg`

= (g ◦ v)[x:=g(b)][y] :dgked

n wx zllekd dxehpbiq zlra oey`x xcqn dty dpezp :(ogann dl`y) 1 libxz
.p1, . . . , pn miinewn cg qgi ipniq

:`ad ote`a D lr ∼M qgi xicbp ,L xear M = 〈D, I〉 dpan ozpida (`)

b ∈ I[pi] ⇔ a ∈ I[pi] : 1 ≤ i ≤ n lkl xy`k a ∼M b

2n xzeid lkl lra zeliwy qgi `ed ∼M ,L xear M dpan lkly d`xd
.zeliwy zewlgn

2n xzeid lkl lra lcen-t dxear miiw m"n` dwitq-t `id L dtya A dgqep (a)
.mixai`

:dgked

.dpan M idi (`)

,a ∈ D lkl f` .pred(a) = {pi | a ∈ I[pi], 1 ≤ i ≤ n} xicbp
a ∼M b d`xp .|P({p1, . . . , pn})| = 2n la` .pred(a) ⊆ P({p1, . . . , pn})
jaey oexwr itle zeliwy qgi `ed a ∼M b okle pred(a) = pred(b) m"n`

.2n xzeid lkl `ed ely zeliwy zewlgnd xtqn mipeid

:f` a ∼M b gipp •

pi ∈ pred(a) ⇔ a ∈ I[pi] ⇔ b ∈ I[pi] ⇔ pi ∈ pred(b)

:f` pred(a) = pred(b) gipp •

a ∈ I[pi] ⇔ pi ∈ pred(a) ⇔ pi ∈ pred(b) ⇔ b ∈ I[pi]

ly lcen-t `ed hxta .mixai` 2n xzeid lkl lra A-l lcen-t M, v idi ⇒ (a)
.dwitq-t `id okle A

:d`ad dxeva M∼ = 〈D∼, I∼〉 xicbp M dpan lkl ⇐
.g = λd ∈ D.[d]∼M idz

(∼M ly zeliwyd zewlgn zveaw) D∼ = {g(d) | d ∈ D} •
d ∈ I[pi] m"n` g(d) ∈ I∼[pi] •

jk d, d′ ∈ D lkly xnelk ,ahid zxcben I[pi]-y gikedl yi ,al eniy
g(d) = g(d′) :dgked .d′ ∈ I[pi] m"n` d ∈ I[pi] miiwzn g(d) = g(d′)-y

.d′ ∈ I[pi] m"n` d ∈ I[pi] dxcbd itl okl d ∼M d′ okl



m"n` M,v |= A miiwzn M-a v dnyd lkly A lr divwecpi`a gikep
:M∼, g ◦ v |= A

:A = pi(t) idi •
M,v |= pi(t) ⇔ v[t] ∈ I[pi] ⇔ g(v[t]) ∈ I∼[pi] ⇔
(g ◦ v)[t] ∈ I∼[pi] ⇔ M∼, g ◦ v |= pi(t)

cal e`xd :mixyw •
M,v |= ∀xB :A = ∀xB •

M,v[x:=d] |= B ,d ∈ D lkl m"n`

M∼, g ◦ (v[x:=d]) |= B ,d ∈ D lkl (∗)m"n`

M∼, (g ◦ v)[x:=g(d)] |= B ,d ∈ D lkl (∗∗)m"n`

M∼, (g ◦ v)[x:=d′] |= B ,d′ ∈ D∼ lkl (∗∗∗)m"n`
M∼, g ◦ v |= ∀xB m"n`

.lr divwpet `id g (∗ ∗ ∗) ,1 dnl (∗∗) ,divwecpi`d zgpd itl (∗)
cal e`xd :A = ∃xB •

lcen-t M∼, (g◦v) dprhd itl f` ,A ly lcen-t M, v idi ,dwitq-t A m`
.mixai` 2n xzeid lkl yi M∼-a '` sirq itl .A ly

.ze`ad zeprhd z` zicbp `nbec ici lr jxtd e` gked :2 libxz

.miinewn-cg qgi ipniq md p1, p2, p3 xy`k {p1, p2, p3} dxehpbiqa dty L1 idz .1
:zniiwnd ,L1-a miznk `ll A dgqep zniiw

.mixai` 5 zegtl lra dpan lr qqean A ly lcen-t lk

qqean B ly lcen-v lk :zniiwnd ,mcewd sirqdn L1 dtya B dgqep zniiw .2
.mixai` 5 zegtl lra dpan lr

:dgked

A = p1(x) ∧ p2(x) ∧ p3(x) ∧ idz .1
p1(y) ∧ p2(y) ∧ ¬p3(y) ∧
p1(z) ∧ ¬p2(z) ∧ p3(z) ∧
p1(u) ∧ ¬p2(u) ∧ ¬p3(u) ∧
¬p1(w) ∧ p2(w) ∧ p3(w)

.|D| ≥ 5 l"v ,A ly lcen-t M = 〈D, I〉, v idi
.'eke ,M,v |= p3(x) ,M,v |= p2(x) ,M,v |= p1(x) miiwzn dgqepd dpan itl
miiwy miiwzn A dgqepa l, m mipey miiyteg mipzyn ipy lkly al miyp
okl .M,v 6|= pi(m) xnelk .(jtdl e`) M,v |= ¬pi(m)-e M,v |= pi(l) jk i
zzl zaiig v dnydd xnelk .v[l] 6= v[m] okl .v[m] 6∈ I[pi]-e v[l] ∈ I[pi]

.dgqepa miiytegd mipzyndn cg` lkl mipey mixai`

.|D| ≥ 5 l"v ,A ly lcen-v M = 〈D, I〉 idi .B = ∃x∃y∃z∃w∃uA .2
itl okl M,v′ |= A-y jk v′ dnyd zniiw okl ,M,v |= B-y jk dnyd v idz

.|D| ≥ 5 ,1 sirq



dpi`y mireawe divpet ipniq `ll oelina dwitq dgqep zniiw jxtd/gked :3 libxz
.iteqpi` dpan s`a dwitq

gwip ,M = 〈D, I〉 dpan lkl .z`fk A zniiwy dlilya gipp :dkxtd
M∗ = 〈D∗, I∗〉 ycg dpan xicbp .a ∈ D idi .AN∩D = ∅ xy`k AN = {ai | i ∈ N}

.D∗ = D ∪AN :d`ad dxeva
.〈g(b1), . . . , g(bn)〉 ∈ I[p] ⇔ 〈b1, . . . , bn〉 ∈ I∗[p] ,p qgi oniq lkl

.g(b) =
{

b b ∈ D
a zxg`

ici lr zxcben g : D∗ → D xy`k

.M∗, v |= A ⇔ M, g ◦ v |= A miiwzn A dgqep lkle M∗-a v dnyd lkl :xfr zprh
:A dpan lr divwecpi`a dgked

-nebx`d okl ,divwpet ipniqe mireaw oi` dtya - al eniy) .A = p(x1, . . . , xn) •
(mipzyn gxkda md qgi oniql mihp

M∗, v |= p(x1, . . . , xn) ⇔
〈v[x1], . . . , v[xn]〉 ∈ I∗[p] ⇔
〈g(v[x1]), . . . , g(v[xn])〉 ∈ I[p] ⇔
〈(g ◦ v)[x1], . . . , (g ◦ v)[xn]〉 ∈ I[p] ⇔
M, g ◦ v |= p(x1, . . . , xn)

.cal e`xd - mixyw •

m"n` M∗, v |= ∀xB gipp - A = ∀xB •
(∗)m"n` M∗, v[x:=d∗] |= B ,d∗ ∈ D∗ lkl

(∗∗)m"n` M, g ◦ (v[x:=d∗]) |= B ,d∗ ∈ D∗ lkl
(∗∗∗)m"n` M, (g ◦ v)[x:=g(d∗)] |= B ,d∗ ∈ D∗ lkl

m"n` M, (g ◦ v)[x:=d] |= B ,d ∈ D lkl
M, g ◦ v |= ∀xB

.lr divwpet `id g (***) ,1 dnl - (**) ,divwecpi`d zgpd itl - (*)

.M,v |= A-y jk dnyd v-e dpan M = 〈D, I〉 idi
M∗ z` dpap .M, g◦v |= A okle (g◦v)[x] = g(v[x]) = v[x] okl D-a `ed v ly geehd
.M∗, v |= A zprh itl okle .M∗-a dnyd mb `id v okle D ⊆ D∗ .dlrnl x`eznk

.dl`ya yxcpk dgqep zniiw `l okl .dgpdl dxizqa iteqpi` M∗ la`



L lr cpxaxd agxn .zegtl cg` reaw da yiy σ dxehpbiq mr dty L idz :dxcbd
.(xebq mvr my - q"y) L ly mixebqd mvrd zeny zveaw `ed (H(L))

:eay M = 〈H(L), I〉 dpan `ed reaw mr L dty xear cpxaxd dpan :dxcbd

I[c] = c •

f` L ly inewn-n divwpet oniq f m` •

I[f ] = λx1 ∈ H(L), . . . , xn ∈ H(L).f(x1, . . . , xn)

-xtxhpi`d z` `ed cpxaxd dpan xear xegal yiy cigid xacdy al eniy
miniiwn t1, . . . , tn q"y dfi` p inewn-n qgi oniq lkl xnelk qgi ipniq ly divh

.〈t1, . . . , tn〉 ∈ I[p]

f` .dpana dnyd v ,L dty xear cpxaxd dpan M = 〈H(L), I〉 idi :4 libxz
.M,v |= ϕ{s/x} miiwzn s (xebq mvr my) q"y lkl m"n` M,v |= ∀xϕ

:dgked

.ϕ-a x mewna davdl iyteg s okl ,q"y s idi .M,v |= ∀xϕ gipp (⇐)
davdd htyn itl okl (v ly hp`ixee-x) M,v[x:=v[s]] |= ϕ raep dgpddn
lkl oekp dfy al eniy .(ϕ-a x mewna davdl iyteg s) M,v |= ϕ{s/x}

.cpxaxd dpan wx `le M dpan

.s q"y lkl M,v |= ϕ{s/x} gipp (⇒)
:M cpxaxd dpan xear d`ad dprhd z` epgked d`vxda

M,v |= ϕ ⇔ M,v |= ϕ{v[x]/x}

x ,q"y s-y oeeikn .M,v′ |= ϕ{s/x} mn` M,v′ |= ϕ f` ,v′ = v[x:=s] idz
.M,v |= ϕ{s/x} mn` M,v′ |= ϕ{s/x} okle ϕ{s/x} ly iyteg dpzyn eppi`
v′ lkl M,v′ |= ϕ-y raep dgpddn .M,v |= ϕ{s/x} mn` M,v′ |= ϕ xnelk

.M,v |= ∀xϕ okle v ly hp`ix`e-x


