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PART C: DEPENDENCE
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16 Martingales

16a Basic definitions

16al Definition. (a) A filtration on a probability space (€2, F, P) is an
increasing sequence of sub-o-fields: 7y C F; C --- C F;

(b) An adapted (to the given filtration) process is a sequence (Xg, X1, ...)
of random variables such that for each k, X, is Fj-measurable.

A filtered probability space is a probability space endowed with a filtra-
tion.
Assume for now that € is (finite or) countable (the discrete framework).

16a2 Definition. An adapted process (X,,), such that Vn E|X,| < oo is
(a) a martingale, if Vn E (X, }]: ) =X, as;
(b) a supermartingale, if Vn E (X, ‘f ) < X, as;
(c) a submartingale, if Vn E( il ‘.7-" > X, a.s.

We generalize it to arbitrary €2 as follows.!

16a3 Definition. An adapted process (X )n such that Vn E|X,| < oo is
(a) a martingale, if Vn VY € Loo(F,) E ((Xnp1 — X,)Y) = 0;
(b) a supermartingale, if Vn VY € LT (F, ( ) E((Xnp — X,)Y) <0;
(¢) a submartingale, if Vn VY € L (F,) E (X4 — X,)Y) > 0.

1See also Sect. [Td
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Equivalently: E ((X,1x — X,)Y) = 0 (or < 0, or > 0). Indeed, Y €
Loo(Fpn) C Loo(Frsn); E ((Xn+2—Xn)Y) =E ((Xn+2—Xn+1)Y) +E ((Xn+1—
X,)Y) =0 (and so on).

In particular, Y = 1 gives E X, = E X, (a necessary condition).

Assume again the discrete framework.

Every X € L; leads to a martingale M, = E(X’]:n). “Accumulating
data”, “revising prediction”. .. Locally it is the general form of a martingale;
globally — not.

Here is an explanation of the terms “supermartingale” and “submartin-
gale”. Let (X,))_, be adapted; introduce a martingale M, = E(Xy|F,);
then:

if (X,,) is a martingale then X,, = M,;

if (X,,) is a supermartingale then X,, > M,,;

if (X,,) is a submartingale then X, < M,,.

Conditional Jensen inequality gives: if (M) is a martingale and f is
convex (“sublinear”) then (f(}M,)) is a submartingale.

16a4 Example. The one-dimensional simple random walk (.S,,) is a martin-
gale; (S2) is a submartingale.

Functions on a tree. ..

Proof of 6al. Denote by M, the total mass of A-monsters at time n, then
(M,)n is a martingale (F, being the whole past...) since by - -+ (—a1) -

ﬁ = 0. Thus, EM,,,, = EMy, = A; we note that M,, ., takes on two

values only, 0 and A + B. O

16b Gambling strategy, martingale transform, stop-

ping
16b1 Definition. (a) A previsible (with respect to the given filtration) pro-
cess is a sequence (C1,Cy,...) of random variables such that for each k, Cy

is Fi_j-measurable.!
(b) Given a previsible process (C,,), and adapted process (X,,), (on the
same filtered probability space), we define an adaped process C' @ X by

(CeX)y=0,
(CeX),=(CeX),1+Co(X,, —X,1).

'In discrete time it look strange, but in continuous time it does not. ..
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Thus,

(CeX),=C1(X1—Xo)+Co(Xa—X1)+ -+ Cp(X), — Xpo1) =
=-C1Xo— (Co—C) Xy —-- = (C, — Cpm1) X1 + C X,

16b2 Proposition. Let (M,), be a martingale, (C,,),, previsible, and C,,(M,,—
M,,_1) € Ly for all n. Then C' e M is a martingale.

Proof. Y € Loo(F,) then E (((CoM),p1—(CoM),)Y) = E (Cpyr (M1 —
Mn)Y), and it vanishes if C,1Y € L.; otherwise apply it to Y, = Y -
1/ #(Cny1) and note that supy [Crp1(Mpy1 — My)Yi| < |Crhga(Mygr —
MY < [Coi¥ lloe - | Mot — Mol O

A sufficient condition: Vn C,, € L.
An important special case:

1 forn<m,

(CT)n = 1n§T = {

0 forn>rT,

where 7 is a stopping time as defined below.

16b3 Definition. A stopping time is a map 7 : Q2 — {0,1,2,...} U {oo}
such that {7 < n} € F, for all n.

Note that
{C,=0t={r<n}={r<n—-1}e F,1.

In terms of a tree, it is just a subtree. ..
The corresponding martingale transform is the stopped process,

(CT.X)n: T/\'I’L_XO'

16b4 Corollary. If (M,), is a martingale and 7 a stopping time then the
stopped process (M, n,)n is also a martingale.

Proof of 6bl. The process M defined by M, = S? — n is a martingale
(think, why). On the other hand, T is a stopping time (think, why). Thus,
the stopped process Mrn, is a martingale. Therefore E Mry,, = 0, that is,
E Sz, =E(T An). We get E(T An) < 100 for all n, and therefore T' < oo
a.s., ET < 100; thus St is well-defined, S7,, — St a.s., and the bounded
convergence theorem gives E 5%, — E .S = 100; therefore ET = 100. O

By the way, E St = 0; IP’(ST = —10) =0.5= IP’(ST = 10).

By the way, sup,, |S,| = oo a.s. Kolmogorov’s 0-1 law gives inf,, S,, = —oco
and sup,, S,, = 00 a.s.

However, do not think that E M, must vanish! Think about 7 = min{n :

S, = +10}.
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16c Positive martingales

Let (M,), be a positive martingale, that is, M, > 0 a.s. for every n.
Given 0 < a < b < 0o, we define stopping times

oy =inf{n >0: M, <a}, 7 =inf{n>oy: M, >0},
oo =inf{n >mn : M, <a}, 7 =inf{n>oy: M, > b},

and so on. (As usual, inf() = co.) Now we define the (random) number of
upcrossings:

U=sup{k:m <oco}; U:Q2—1{0,1,2,...} U{co}.

16¢c1 Proposition (Dubins’s inequality).
ank
P(U>k) < (g) for k=0,1,2, ...

Proof. 1t is sufficient to prove that ]P(Tk < oo) < ap ( o < oo). We have

b
E Mgk/\n = E Mrk/\n 7

E My an = E(M,, ;0 <n)+E (M,; 0, >n);

N / N /

=E My <aP (0 <n)
E M pn =E (M, ;17 <n)+E(M,; 7 >n);
—— ~~ d

—E M, >BP (1, <n)

aIP’(ok Sn) >EMy—E(M,;or >n) >
ZbP(Tk Sn)+IE(Mn;7'k>n)—IE(Mn;cr,rC >n);

~~

=E (Mn;0k§n<7'k)20

take n — oo. O
The same holds for supermartingales.

16¢c2 Theorem. Every positive martingale converges a.s. to an integrable
random variable.

Proof. By Dubins’s inequality, the martingale (M,,), cannot cross (a,b) in-
finitely many times. Almost surely, for all rational a < b, it crosses (a,b)
finitely many times, which excludes the case lim inf M,, < a < b < limsup M,,.
It means that liminf M,, = limsup M,, a.s. Integrability of the limit follows
from Fatou lemma. H
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We turn to branching. Let (Z,,), be the simple branching process intro-
duced in Sect. 6c.

Given F,, we have %Znﬂ ~ Binom(Z,,p), thus E(Znﬂ}fn) = 2pZ,,
which shows that M, = @Zn is a (positive) martingale. By 062, M, —

My as., EM, <1.

Proof of 6¢1. Case p < 0.5: we have sup, @Zn < oo, that is, 7, =
O((Zp)"), a.s., which ultimately excludes the case Z, > 1; extinction.
Case p = 0.5: Z, — M, a.s.; we have to prove that M, = 0 a.s.

Assuming the contrary we take k > 0 such that P (Moo = k;) > 0, then

1z,=k = o=
1z, -k, Z1=k — Inioo=k;
P(Z,=k) —P(My=k);
P(Zy =k, Zny1=k) > P(Ms =k);
P(Zni1=k|Zn=k) — 1,

that is, the distribution Binom(k,0.5) is concentrated at 0.5k, — a contra-
diction. 0

More detailed information on the branching process can be obtained using
the generating functions

fu(0) = E6% .
We have fo(0) = 0; f1(0) = pt*+1—p; E(6%+|Z, = k) = (f1(F))* (think,
why); thus f,.1(0) =E (fl(ﬁ))Z" = fa (fl(e)), that is,

fo=fio---ofi (n times).

Iterations for f,(0) =P (Z, = 0) converge (draw a picture!) to the first root
of the equation f;(f) = 6. Taking into account that fi(1) = 1 we solve the
equation easily: 6 = (1 —p)/p. We get
1—
P(Z, =0) %Tp:P(Moozo).
In order to prove 6¢2 it remains to prove that E M, = 1. It is sufficient
to prove that M,, — M, in Ly, or in L, or just convergence of M, in Ly (to
whatever).

16c3 Lemma. If a martingale (M,,), satisfies EM? < oo for all n then
random variables! M, ; — M, are mutually orthogonal.

1So-called martingale differences.
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Proof. We have E ((M,11 — M,)Y) = 0 for all Y € L. (F,) and therefore
(by approximation) for all Y € Lo(F,); apply it to Y = My, — M, for
k <n. O

ThUS, ||Mn+k - Mn||2 = ||Mn+k - Mn+k—1||2 +oot ||Mn+1 - Mn||2; con-
vergence of (M,), in Ly is equivalent to convergence of Y || M, 1 — M,|?
that is, to sup,, || M,||* < oo. Here is the conclusion.

16c4 Proposition. A positive! martingale bounded in L, converges both
in Ly and almost surely.

In order to prove 6¢2 it remains to prove that (M,), is bounded in L.
We have
Var Z; = 4p(1 — p);
Var (Zn+1 ‘ = k) = kVarZ; = 4p(1 — p)k;
Var (Znﬂ } Zn) =4p(1 —p)Z,;

1 ap(L—p)2p)"
((2p)rt1)2 (2p)n+z
Var My41 = E Var (M1 | M, ) + VarE (M1 | M,);

Var M, 1 — Var M,, = E Var (M1 | M, ) = ...

Var (M1 | M,) = Var (Zni1 | Z,) =

But why P(M. = 0) = P(Z, — 0)? (“>” is evident.) Is the event
1<2Z,= 0((2p)") negligible for p > 0.57

First, IP’(MOO = O‘fn) = (IP’(MOO = O))Z" (independent subtrees. . . ).

Second, IP’(MOO = O‘fn) — 1pr —0 a.s., as we'll see in

Thus, on the event 1 < Z,, = 0((2p)") we have (IP’(MOO = 0))2” — 1,
therefore P (Moo = 0) = 1 in contradiction to E M, = 1.

The proof of 6¢2 is thus finished (except for one claim postponed to
“Conditioning”).

(In fact, P(Ms =0) =1 if and only if E (X In X) = co...)

17 Conditioning

17a What is the problem
The elementary definition
P(ANB)

P(A|B) = P (5)

IThe same holds for non-positive martingales, as we’ll see in [7cdl
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works if and only if P (B) # 0. However, in many cases a limiting procedure
gives us a useful result when P (B ) = 0.

17al Example. Let (5,,), be the simple one-dimensional random walk and
B = {V¥n S, > —10} (a zero-probability event). We introduce B,, = {S; >
—10,...,S, > —10}, observe that B, | B and let IP’(A‘B) = limnIP’(A}Bn)
for “simple” A. In fact, we get a Markov chain with the transition proba-
bility prr—1 = 2:%20, Pkkt1l = 2111210' However, the formula ]P’(A‘B) =
lim, P (A ’ Bn) should not be used for all A; otherwise, trying A = B, we get
a paradox: IP’(B ’ B) = 0.

Similarly we may define the self-avoiding random walk on Z? (assuming
convergence); in fact, no one knows the joint distribution of the first two
moves (even roughly)!

Sometimes different “reasonable” sequences B, | B lead to different re-
sults, which is known as Borel’s paradox or Borel-Kolmogorov paradox. For
example,

lim P(X <1| —e<Y <e)# lim P(X <1| —¢|X| <Y <e[X]).
e—0+ e—0+
Also, meridians (lines of longitude) and parallels (circles of latitude) on a
sphere.
Sometimes conditioning is really impossible.

17a2 Example. Let (S,,), be the simple one-dimensional random walk and
B ={S,, — +0o0} (a zero-probability event). We note that B = {S,, —Sjp —
+oo}, “therefore” B is independent of Si, . .., Sio; conditionally, given B, the
walk behaves as usual, and we get the paradox, P (B } B ) = 0, once again.

17a3 Example. Let X ~ U(0,1) and B = {X € Q}. We consider ¢*™¥;
by symmetry, all rational points “must” get equal probabilities, which is
impossible.

The conditional density formula

_ fxy(z,y)
fY|X:m<y) - fX (SL’)

works well whenever the joint distribution of X, Y is absolutely continuous.
Neither this formula, nor the similar discrete formula

IP’(X:a:,Y:y)
P(X =x)

P(Y=y|X =2)=
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covers the (practically important) case of discrete Y but absolutely contin-
uous X.! A still more complicated case is, conditioning of Y on X = ¢(Y)
when Y is absolutely continuous and ¢ is not one-to-one (especially when ¢
behaves like the Weierstrass function).

Bad news: we have no conditioning theory that covers under a single um-
brella all “good” cases listed above. Good news (for those who do not fear
of measure theory): we have a conditioning theory that covers conditioning
of Y on X for an arbitrary joint distribution of random variables (or ran-
dom vectors) X,Y, and this theory includes both the discrete case and the
absolutely continuous case.

17b Discrete case

Let Q be (at most) countable, F = 2% and F; C F a sub-o-field. Clearly,
F1 = o0(X) for some X : Q — R (X just indexes the equivalence classes with
some real numbers). Here is the elementary conditioning:

_ ) = P(ANX'(2)  Zueanx-1wPW) — oy
P(A|X =z) = TSI E R s— = Pu(4) = f(2),
P(A|F)=P(A|X)=f(X): Q—R;

ZweAmxfl(x)Y(w)P(w) _ _ oy
SS— —/Ydng—g( )
E(Y|F)=E(Y|X)=g(X): Q—R;

E(Y|X=2)=

each conditional measure P, is a probability measure on €2, concentrated
on X~ 1(x); the map © — P, depends on the choice of X, but the map
Px : w v Px(,) does not. Similarly, regression functions f and g depend on
the choice of X, but the random variables f(X) and ¢g(X) do not. The con-
ditional probability is a special case of the conditional expectation: ¥ = 14.
Convergence of the series is ensured if Y is integrable (except for negligible
x, if any).

Note that E(Y‘}") =Y and IP’(A‘]—") = 14. On the other extreme,
E(Y[{0,9}) =EY (a constant function), and P(A|{0,Q}) =P(A).

The total probability formula and total expectation formula

E(P(4]7)) =PB(4).
E(E(Y|F))=EY

1See [TeTh
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boil down to the decomposition of measure,
P=> P(X==z)-P,=) plw)Pxw =EPx,

the latter expectation being taken in the linear space of signed measures. .. !

The function a — E (Y —a)?) = a®*~2aEY +E (Y2) reaches its minimum
at a = EY (assuming Y € Ly, which evidently holds for Y = 1,4). That is,
EY is the orthogonal projection of Y to the one-dimensional space of con-
stants, in Ly(€2, F, P). The same holds in each Ly(P,), thus, the regression
function g minimizes E (Y — g(X))? = E(E((Y — g(X))Q}X)). That is,
E (Y |F1) is the orthogonal projection of Y to Ly (Q, Fy, P) C Ly(€, F, P).

17c Conditional expectation

We turn to the general case: (€2, F, P) is an arbitrary probability space, and
F1 C F a sub-o-field. We assume that all null sets belong to F and also to
Fi.

The Hilbert space Lo(F;) = Lo(Q, Fi, P) is a subspace of Ly(F) =
Ly(Q2, F, P). We consider the orthogonal projection Lo(F) — Lo(F;) and
denote it Y — E(Y’}—l). Note that E(Y}]ﬂ) is an equivalence class. Or-
thogonality means that (Y — E (Y ‘ ]—"1),X> = 0, that is,

E(X-E(Y|F))=E(XY) foral X € Ly(F);
this property characterizes E ( Y ‘ fl) among Lo(F7). In particular,
E(E(Y] 7)) =E(Y),
the total expectation formula (not a characterization, of course). Moreover,
(17cl) E(E(Y|F);B) =E(Y;B) forall B€ F;

also a characterization, since indicators and their linear combinations are
dense in L. A projection operator is always linear:

E(aX|F) = aE(X|F),
E(X+Y|F)=E(X|F)+E(Y|F),
if X, > X in Ly then E(X,|F)—E(X|F)in L.
But the subspace Lo(F7) is special:
leGLQ(fl) then XJFELQ(fl).

IRecall Sect. 15c.
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It follows easily that the projection is positive:
if X > 0a.s. then E(X’]—“l) >0 a.s.

Thus, the projection operator is continuous (of norm 1) also in the L; norm
(apply the total expectation formula to X and X ), and therefore extends
to L1(Q, F, P) by continuity. It is still positive.

The “tower property”

E(X|F)=E(E(X|F)|F)as. fFCFCF
holds in Ly for a simple geometric reason, and extends to L; by continuity.

17c2 Example. Let Y ~ U(0,1) and X = f(Y),

3y for 0 <y <1/3,
fly) =< 15(1—y) for1/3<y<2/3,
0.5 for 2/3 <y < 1.
Then E(Y | X) = g(X),
r/3 for 0 < z < 0.5,
g(z) = ¢5/6 for z = 0.5,

(2—2)/3 for05<z<l1.

17¢3 Exercise. Do it twice. Namely, (a) check it via ([CZcTl); (b) derive it
by minimization.

MORE ON MARTINGALES

Now we may use Definition (rather than [[Gad) in full generality.

A martingale bounded in Ly converges in Ly (recall Lemma and
the paragraph after it), M, — M, in Ly. We have M., = M} — M2 and
M, = E(Moo }}—n) = E(Mg; ‘.7:”) —E(M;O }]:n), the difference between two
Lo-bounded positive martingales. Proposition [6c4l is thus generalized.

17c4 Proposition. A martingale bounded in Ly converges both in Ly, and
almost surely.
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17d A convergence theorem

In the end of Sect. [[6d, when proving P (1 < Z, = o((2p)")) = 0, we used the
relation P (A‘]—"n) — 14 as. (for A € F). This relation is proved below.
Recall Lemma 13b5: if F,, T F4 then U, F, is dense in F.

17d1 Lemma. If F,, T F then U, Ly(F,) is dense in Lo(Fy).

Proof. First, U, Ly(F,) contains 14 for all A € U,,F,,. Second, the closure of
UnLo(F,) contains 14 for all A € F,. Third, linear combinations of these
14 are dense in Ly(F). O

It follows that E (X | F,) — X in Ly forall X € Ly(F), and E (X |F,) —
E(X‘}"OO) in Ly for all X € Ly = Ly(F). But this is a martingale, and the
difference of two positive martingales (since X = X+ — X7): [[6cdl ensures
a.s. convergence, and we get the following.

17d2 Theorem. Let (2, F, P) be a probability space and F; C Fo C -+ C
Fo C F sub-o-fields such that F,, T Fu. Then

E(X‘fn) — X as.and in Ly for all X € Ly(F);
E(X‘]:n) HE(X‘}—OO) a.s. and in Ly for all X € Ly(F);
]P(A‘fn) — 14 a8 and in Ly forall A e F;
P(A|F,) - P(A|Fx) as. andin L, forall A€ F.

17e Conditional measures

Let (Q,F, P) be a probability space, and F; C F a sub-o-field. The condi-
tional probability
P(A|F) =E(14]F)

satisies

0<P(A|F) <1 as,

P(A WA Y. |F) =P(4]|F)+P(4]F)+... as,
VB € F; P(B|F) = 1p;
E(B(A]F)) =P(4),

which, however, does not mean that we can define conditional measures just

by P.(A) =P(A|F)(w).
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In the discrete case (at most countable 2) we may get rid of all negligible
points (if any) and define P,,(A) =P (A|F;)(w), getting

Pw(AltUAQH'J):Pw(Al)*FPw(AQ)*F X
VB e F, P,B)=1p(w); especially, P,(Q) =1;

VAeF / P,(A) P(dw) = P(A) (m this sense, / P, P(dw) = P) .

It is a disintegration of P into probability measures P, localized on corre-
sponding parts of the partition.
In general it does not go. ..

17el Definition. Let (2, F, P) be a probability space and F; C F a sub-
o-field. A regular conditional probability (given Fi) is a family (P,),ecq of
probability measures P, on (€2, F) such that for every A € F the function
w — P, (A) belongs to the equivalence class IP’(A}]—H).

Only the equivalence class of the map w — P,, matters; but the excep-
tional set should not depend on A.
Generally, a regular conditional probability need not exist (see [7e3).

17e2 Theorem. For (Q2, ) = (R, B) a regular conditional probability exists
and is unique (up to equivalence).

Note that (a) P is an arbitrary Borel probability measure on R; (b) F
is the Borel o-field; P-null sets are not added; (¢) F; C F is an arbitrary
o-field.

17e3 Example. There exists' Z C [0, 1] of interior Lebesgue measure 0 and
exterior Lebesgue measure 1. We take Q = [0,1], F = {(ANZ) W (B\
Z): A,/ B € B}, Fi = B, and define a probability measure P on (2, F) by
P((ANZ)w(B\ Z)) = 0.5mes A+ 0.5mes B.

If (P,). is a regular conditional probability, then for almost every? = €
[0, 1] the measure P, must be equal to 0, (the atom at z), since P, is con-
centrated on every rational interval containing z. Thus P,(Z) = 1(x) a.s.,
which contradicts to its measurability w.r.t. Fj.

17e4 Exercise. Show that P (Z}fl) = 0.5 a.s.

1 Using the choice axiom, of course.
2W.r.t. Lebesgue measure.
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PROOF OF THEOREM [I7EZ

The uniqueness part of Theorem [[7eZ] is easy: almost every x satisfy
P.(I) = P.(I) for all rational intervals /, which implies P, = P).
The existence part needs more effort.

17e5 Definition. A measurable space is a pair (€2, F) of a set (2 and a o-field
F on it.

Do not confuse “measure space” and “measurable space”! A probability
measure on a measurable space turns it into a probability space.

Elements of F are called measurable sets. A map between two measurable
spaces is called measurable, if the inverse image of every measurable set is
measurable. Two measurable spaces are called isomorphic, if there exists an
isomorphism between them, that is, a measurable bijection with measurable
inverse.

The disjoint union of two measurable spaces is a measurable space, (2, F) =
(Q/"/’T/) o (Q”"/’T/’),

A measurable part of a measurable space is itself a measurable space (and
the original measurable space becomes the disjoint union).

An embedding of one measurable space into another is, by definition, an
isomorphism between the former and a part of the latter.

The following technical definition is introduced temporarily, for this proof
only.

17e6 Definition. A measurable space (2, F) is good, if a regular conditional
probability exists for every probability measure on (€2, F) and every sub-

o-field of F.

Existence of regular conditional probability on (R, B) becomes the claim
that (R, B) is good. It follows from the three lemmas below (since a measur-
able space isomorphic to a good one is good).

17e7 Lemma. The Cantor set (with its Borel o-field) is a good measurable
space.

17e8 Lemma. The real line (with its Borel o-field) is embeddable (as a
measurable space) into the Cantor set (with its Borel o-field).

17¢9 Lemma. A part of a good measurable space is a good measurable
space. That is, if (2, F) = (¥, F") w (", F") is good then (£, F’) is good.

Given (Q,F) = (, F) W (2", F") and two sub-o-fields, F; C F' on
and F; C F" on Q" we get the corresponding sub-o-field F; C F on
(namely, F; = {AWB:Ae F|,BecF}).
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Proof of[T7e94 Given a probability measure P on (', F’), we extend it to
a probability measure on (2, F) (P(Q") = 0, necessarily). Further, given
a sub-o-field F| C F’, we choose some sub-o-field F; C F” (no matter
which one) and get the corresponding sub-o-field F; C F on 2 such that
Ly(Q, F1) = Ly(Q, F) and therefore E(-|Fy) =E(-|F}).

We take a regular conditional probability (P, ),ecq for F; and restrict it
to (P.,)weqr. We have P,(€) = 1 for almost all w € ', since P,(2) =
P(Y|F1)(w) = 1o(w) = 1. Thus we may treat P, as a probability measure

n (¥, F'), getting a regular conditional probability for F7. O

Proof of[T7e§ First, R is isomorphic to (0,1) (as a topological space, the
more so, as a measurable space).
Second, we embed (0, 1) into the Cantor set via binary digits. O

Proof of [I7e’} The Borel o-field of the Cantor set is generated by the count-
able algebra A of clopen (that is, both closed and open) sets. Every finitely
additive set function on this algebra is automatically o-additive, due to com-
pactness: if A = Ay W Ay W ... then Ay = () for all k£ large enough. By
Caratheodory theorem, every finitely additive set function on this algebra
extends to a measure.

We define P, by
P,(A)=P(A|F)(w) forall A€ A,

choosing a function in each equivalence class (countably many choices) and
extend P, to a probability measure. Additivity holds a.s. (countably many
equalities!) and is easily ensured everywhere.

Let B € F; we have to prove that IP’(B’]—"I) = P,(B) a.s. (denoting the
function w — P,(...) by P,(...)). Given ¢ > 0 we take A,,,C,, € A and
A,C € Fsuch that A, | A, C,, 1 C, AC B C Cand P(C)— P(A) <
e (“sandwich”). Then we have P,(A,) = P(An}fl) a.s., thus P,(A) =
P ( A}]—"l) a.s. (monotone convergence); the same for C'; and so,

P(A|F) = P.(A) < P(B) < P.(C)=P(C|F),
P(A|F) <P(B|F) <P(C|F);

P.(B)—P(B|F)| <P(C|F1) —P(A|F);

P(C|F) —P(A|F))=P(C) —P(A) <¢;

we take g,, — 0 and get |P,(B)—IP’(B}]—"1)| < inf, (P (C., ’f1)—P(Aan ’}—1)) =
[

0 a.s.
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Theorem is thus proved.

The same holds for R and many other spaces.!

The requirement that the function w — P, (A) belongs to the equivalence
class P(A } Fi) can be reformulated using (IZc)):
/ P,(A)P(dw)=P(ANB) forallBe F;, Ae F.
B

Or, equivalently,

(17¢10) P.(B) = 15(w) for all B € F,
(17el1) / P,(A) P(dw) = P(A) forall Ae F.
Q
Indeed, ([7eIl) implies [, P,(A) = [, P.(AN B) P(dw).

Proof of Theorem 7.1. Theorem (the existence part), applied to
(Q,F,P) = (R? By, ) and F; generated by the first coordinate, gives

p(A) = [ Puy() uldady).

Measurability of P, , w.r.t. 1 means that P, , = P,. Property ([['ZeIl]) means
that P, is concentrated on {z} x R. Thus, P, ,(A) = P,(A) = p(A,). The
first projection of y is v. O

17e12 Exercise. Prove uniqueness of (p;).er up to a v-negligible set.

17e13 Exercise. Disintegrate the joint distribution p of the random vari-
ables X,Y of Example Namely, guess the measures p, and check the

equality p(A4) = [ p,(A

17e14 Exercise. Disintegrate a measure that has a density (w.r.t. the 2-di-
mensional Lebesgue measure). Namely, guess the measures u, and check the

equality ((A) = [ pa(A

17e15 Exercise. Derive formulas for conditioning of a discrete random vari-
able Y : 2 — Z on a continuous random variable X : {2 — R that has a
density fx.

In fact, for all Polish spaces.
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CONDITIONAL MEASURES AND CONDITIONAL EXPECTATIONS

17e16 Proposition. Let (2, F, P) be a probability space, F; C F a
sub-o-field, (P,)weq a regular conditional probability (given Fi), and Y €
Li(Q,F,P). Then the function w — [Y dP, belongs to the equivalence
class E(Y‘fl).

Proof. The relation holds for indicators, and (by linearity) for their linear
combinations. Let it hold for each Y,,, and 0 <Y, T Y pointwise (not just
a.s.), and Y € Li(Q, F, P); it is sufficient to prove that the relation holds
for Y. We have Y,, — Y in L, therefore E(Yn}]:l) — E(Y‘fl) in L;. On
the other hand, [V, dP, 1 [Y dPR, € [0,00] for each w by the monotone
convergence theorem; the rest is easy. O

It is tempting to extend I (- ’]:1) to all Y such that [|Y]dP, < oo for
almost all w (even if [ |Y|dP = co). Then, however, strange things happen.
For example, it may be that E(Y |F;) >0 a.s., but E(Y |5) <0 as.!

If X is Fj-measurable then P, is concentrated on X ~!(X (w)) for almost
every w. That is, X (w') = X(w) for P,-almost all w'.

“Taking out what is known”:

E(XY|F)=XE(Y|F) for X € Lo(F1), Y € L1(F).

Conditional versions of many inequalities follow immediately from exis-
tence of regular conditional probability. Conditional Markov inequality:

E(Y]#)
X

P(Y > X|F) < as. for X € L{(F), Y € L{(F).

Conditional Jensen’s inequality:
E(h(Y)|F1) = h(E(Y]F))

for convex h(-), provided that E(|X||F;) < oo a.s. Choosing h(z) = |z[P
with p € (1,00) and taking the (unconditional) expectation we get

I (Y[l < 1Yl

Conditional Cauchy-Schwartz inequality:

E(YZ|F) < E(Y2]|F)\E(22| 7).

And so on.

'A counterexample (sketch): P(X =nY =n+1) =P(X =n+1,Y =n) =
0.5p™(1 —p) for n =10,1,2,...; then E(aY’X :x) = %az forx =1,2,...; we take
ap > 1 and get E(ay ’X) > aX a.s., but also E(aX‘Y) >aY as.
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