Absorbing PML Boundary Layers for Wave-Like Equations

E. Turkel and A. Yefet School of Mathematical Sciences Sackler Faculty of Exact Sciences Tel Aviv University

Abstract

We consider absorbing layers that are extensions of the Berenger PML [6]. These will be constructed both for time problems and for Helmholtz-like equations. We shall consider applications to electricity & magnetism and acoustics (with a mean flow) in both physical space and in the time Fourier space (Helmholtz equation). Numerical results are presented showing the efficacy of this condition for the time dependent Maxwell equations.

1 Introduction

In recent years a number of models have been suggested to prevent reflections from artificial boundaries that surround domains. Berenger [6] proposed a PML layer for use with the time dependent Maxwell equations. Later other models were proposed both in the physical time domain and in the Fourier time domain. We compare several of these models in both the physical domain and in Fourier space. We show how to rewrite these models as a second order elliptic partial differential equation. In free space this reduces to a Helmholtz (reduced wave) equation. Hence, this boundary condition can be used when one is numerically solving the Helmholtz equation.

One can then take this boundary layer and recast it in a form more appropriate for acoustics. A change of variables then allows one to also consider a mean flow for the acoustic equations. We conclude with a discussion of a finite element code for the approximation to the Helmholtz equation. This equation is formally self-adjoint but contains complex coefficients. It is equivalent to a symmetric elliptic system of two equations with real coefficients.

2 Well-Posedness

The Maxwell equations form a symmetric hyperbolic system. For such a system one can demonstrate that the solution is well-posed. Roughly this implies that we can bound the solution at any time t in terms of the initial data, boundary conditions and forcing functions even when lower order terms (i.e. non-differentiated terms that depend on E and H) are added to the system. We stress that the definition of well-posedness allows a growth in time even an exponential growth. However, this growth is independent of the given initial and boundary conditions and also any forcing functions or lower order terms.

Some of the absorbing layers we shall discuss can not be reduced to a symmetric form for the principal part (i.e. dropping lower oder terms) of the system. This implies that the system is no longer automatically well-posed and instead each case has to be individually analyzed. Abarbanel and Gottlieb [1] have indeed shown that two dimensional Berenger PML equations are not well-posed. This implies that lower order perurbations can lead to exponential growth in time that cannot be bounded a priori. In particular the growth depends on the frequency of the initial conditions. We then have the following theorem [17] p283.

Consider the first order system ∂u ∂t = n∑ i=1 B_i(x, t) ∂u ∂x_i + C(x, t)u + F (x, t) x = (x_1, . . . , x_n) In the strip 0 ≤ x_1 ≤ 1 − ∞ < x_2, . . . , x_n < ∞ t > 0 with initial condition u(x, 0) = f(x) where the system is symmetric i.e. B^∗_i (x, t) = B_i(x, t). We consider boundary conditions sufficiently close to characteristic (see [17] for the technical details) then for any finite interval 0 ≤ t ≤ T there exists a constant K_T such that ||u(·, t)|| + ∫_t 0 ||u(·, τ)||^2_Γdτ ≤ K_T { ||f||^2 + ∫_t 0 ||g(·, τ)||^2_Γ + ||F (·, τ)||^2dτ } where Gamma is the boundary and K_T does not depend on f, g or F but can be an exponential function of T . This theorem states that the L_2 norm of the solution in space-time plus the norm of the solution on the boundary is boundary by the initial data, f, the boundary data, g, and the forcing function F. The equation contains lower order terms C(x, t)u but the bound does not depend on C. We again stress that K_T is independent of f and in particular can not depend on the frequency of the initial condition.

Nevertheless, Bourdonnaye [9] has shown that if we add the conditions that the field is divergence free and also that ΔE_{zy} =^{∂2Ez}_{∂2y} then the equations are well posed. Furthermore, if these two conditions are true for the initial conditions then they remain true for all time.

3 PML Layers

The general feature of PML layers is the construction of a layer exterior to the domain of interest that will damp all the waves that enter from the interior domain. This layer will be represented by a system of equations which are not necessarily physically realizable. Their only purpose is to prevent reflections from the outer artificial boundary. There have been many attempts in the past at what was called ”sponge layers”. These were layers that added dissipative terms to damp the outgoing waves. These methods were only moderately successful since reflections were also created by gradients within the layer. Furthermore, the properties of these layers frequently demanded knowledge about the outgoing waves especially their frequency and direction of propagation. The uniqueness of the PML layer is that the dissipation properties are essentially independent of the angle of incidence and also the frequency.

For the complete description of the dissipative properties of these layers we refer the reader to [6, 7, 1]. Here, we shall merely bring some of the highlights of the technique. We assume that one has the Maxwell equations on one side (left side) of the interface and the PML on the other side (right side) of the interface. The present analysis is based on the behavior of plane waves. This is a reasonable assumption for Cartesian coordinates as any wave can be decomposed into plane waves. The analysis is usually done for a interface between two regions with constant properties. In practice this discontinuity in properties is too demanding for numerical methods. Thus, the ”interface” is replaced by a layer in which the parameters of the PML region vary continuously. There is a judicial compromise between a thin layer which requires a rapid variation of the parameters and a thick layer which requires more grid points and hence more computer time and more storage. In practice layers of about 8 points seem to be most common.

We thus assume that for two dimensions the incoming wave has the functional form E_x = E_0 sin θe^{iω(t−αx−βy)} E_y = E_0 cos θe^{iω(t−αx−βy)} and similarly for the magnetic field. In essence this implies that we Fourier transform both the Maxwell equations and the PML equations in time and space. One demands that the wave be continuous at the interface and then calculates the reflection and transmission coefficients. One then desires that the transmitted wave decay exponentially in the PML layer independent of the angle of incidence (i.e. α and β) and also independent of the frequency ω. Frequently, one can demonstrate this not for all angles but only for angles far from tangential incidence to the interface. Abarbanel and Gottlieb [1] also extend some of this analysis to finite depth layers with variable coefficient parameters and also to finite difference schemes.

In particular we note that two sets of PML layers with related Fourier transforms have related dissipation properties. We also see that this analysis applies only to Cartesian coordinates. For general coordinates the plane wave analysis must be replaced by an appropriate system of incoming waves.

4 Time Dependent CEM

We consider a computational domain as given in figure 1. In the interior we consider the two dimensional Maxwell equations for the TE mode in free space. We normalize the time and space variables so that ϵ_0 = 1 and μ_0 = 1. We denote the magnetic component H_z by simply H. Then the TE equations are given by:

∂E_x ∂t = ∂H ∂y ∂E_y ∂t = − ∂H ∂x (4.1) ∂H ∂t = ∂E_x ∂y − ∂E_y ∂x . For the absorbing layer we shall introduce two functions σ_x, σ_y. To simplify matters we shall assume that σ_x is a function only of x and σ_y is a function only of y. We shall only consider the right and top boundaries with the extension to the other boundaries straightforward. In the top layer BC σ_x = 0 while in the right layer AB σ_y = 0 while in the corner BB_1B_2 both are non-zero.

Berenger constructed his layer by splitting H into two fields H_x and H_y. We then have four unknowns which satisfy the following system:

∂E_x ∂t + σ_yE_x = ∂H ∂y H = H_x + H_y ∂E_y ∂t + σ_xE_y = − ∂H ∂x (4.2) ∂H_x ∂t + σ^∗_xH_x = − ∂E_y ∂x ∂H_y ∂t + σ^∗_y H_y = ∂E_x ∂y

Figure 1: The PML technique

We Fourier transform in time and so replace time derivatives with multiplication by iω. We can then solve the equations to obtain (see also [19])

E_x = 1 iω + σ^∗_y ∂H ∂y (4.3a)

E_y = − 1 iω + σ^∗_x ∂H ∂x (4.3b)

H_x = − 1 iω + σ_x ∂E_y ∂x (4.3c)

H_y = 1 iω + σ_y ∂E_x ∂y (4.3d) and hence H = 1 iω + σ^∗_y ∂E_x ∂y − 1 iω + σ^∗_x ∂E_y ∂x . (4.3e)

We assume that σ_x = σ_x(x) and σ_y = σ_y(y). Let σ^∗_x = σ_x and σ^∗_y = σ_y. Define

s_x = 1 + σ_x iω , s_y = 1 + σ_y iω . (4.4)

Then we can rewrite (4.3e) as s_xs_yiωH = ∂(s_xE_x) ∂y − ∂(s_yE_y) ∂x . We shall later show, (5.3), how to write this system for the time dependent equations without splitting the fields. Substituting (4.3a) and (4.3b) into (4.3e) we get H = 1 iω + σ^∗_x ∂ ∂x ( 1 iω + σ_x ∂H ∂x ) + 1 iω + σ^∗_y ∂ ∂y ( 1 iω + σ_y ∂H ∂y ) . or ∂ ∂x ( s_y s_x ∂H ∂x ) + ∂ ∂y ( s_x s_y ∂H ∂y ) + ω^2s_xs_yH = 0. (4.5)

Note that this equation is formally a self-adjoint elliptic equation. It is not self-adjoint in the usual sense because the coefficients are complex. However, we shall show that it can be symmetrized.

We note that the justification of this equation as a boundary condition, is slightly more difficult than for the time dependent case. For the time dependent Maxwell equations we have the principle of casuality. Hence, if we can show that the waves that reach the PML layer from the interior do not reflect back into the interior we are done. However, (4.5) is an elliptic equation. Hence, the layer exerts a global effect on the solution. For the interior Helmholtz equation there are incoming and outcoming solutions. The Sommerfeld radiation condition is designed to allow only the outgoing solutions to exist. Hence, it is necessary to show that (4.5) is some sense imposes the Sommerfeld condition. We shall currently only sketch the proof in one dimension.

In one dimension the Helmholtz equation reduced to the ordinary differential equation

d^2H dx^2 + ω^2H = 0 (4.6)

This has two fundamental solutions i.e. e^{iωx} and e^{−iωx}. We wish that only the second wave exist for sufficiently large x. Imposing the Sommerfeld condition, in the far field, dH dx + iωH = 0 accomplishes this. We reduce (4.5) to one dimension. In addition for simplicity we assume that σ_x is a positive constant. We then have a layer in the far field in which

d^2H dx^2 + K^2H = 0 , K = ω − iσ_x. (4.7)

This has two fundamental solution e^{iKx} and e^{−iKx} or e^{iωx}e^{σxx} and e^{−iωx}e^{−σxx}. In a semiinfinite layer e^{σxx} is excluded. Hence, the only wave permitted is e^{−iωx}e^{−σxx}. Hence, this layer allows only the right moving wave to exist. Allowing σ_x to depend on x does not substantially change the proof (see [2] for a similar argument in a different context).

We can also write this equation as a set of two equations with real coefficients. Let H = H_R + iH_I . Then

∂ ∂x ( ω^2 + σ_xσ_y ω^2 + σ^2_x ∂H_R ∂x − ω(σ_x − σ_y) ω^2 + σ^2_x ∂H_I ∂x ) +

∂ ∂y ( ω^2 + σ_xσ_y ω^2 + σ^2_y ∂H_R ∂y + ω(σ_x − σ_y) ω^2 + σ^2_y ∂H_I ∂y ) +(ω^2 − σ_xσ_y)H_R +ω(σ_x + σ_y)H_I =0

∂ ∂x ( ω^2 + σ_xσ_y ω^2 + σ^2_x ∂H_I ∂x + ω(σ_x − σ_y) ω^2 + σ^2_x ∂H_R ∂y ) +

∂ ∂y ( ω^2 + σ_xσ_y ω^2 + σ^2_y ∂H_I ∂y − ω(σ_x − σ_y) ω^2 + σ^2_y ∂H_R ∂y ) +(ω^2 − σ_xσ_y)H_I −ω(σ_x + σ_y)H_R = 0

We express the principal part of this in matrix form as

ω^2+σ_xσ_y ω^2+σ^2_x ∂ 2 x +^{ω2+σxσy} ω^2+σ^2_y ∂ 2 y − [_{ω(σx−σy)} ω^2+σ^2_x ∂ 2 x −^{ω(σx−σy)} ω^2+σ^2_y ∂ 2 y ] ω(σ_x−σ_y ) ω^2+σ^2_x ∂ 2 x −^{ω(σx−σy )} ω^2+σ^2_y ∂ 2 y ω^2+σ_xσ_y ω^2+σ^2_x ∂ 2 x +^{ω2+σxσy} ω^2+σ^2_y ∂ 2 y ( H_R H_I )

This matrix is not symmetric. However we now rewrite this matrix in terms of (H_R, −H_I ) and then we get

ω^2+σ_xσ_y ω^2+σ^2_x ∂ 2 x +^{ω2+σxσy} ω^2+σ^2_y ∂ 2 y ω(σ_x−σ_y ) ω^2+σ^2_x ∂ 2 x −^{ω(σx−σy)} ω^2+σ^2_y ∂ 2 y ω(σ_x−σ_y ) ω^2+σ^2_x ∂ 2 x −^{ω(σx−σy )} ω^2+σ^2_y ∂ 2 y − [_{ω2+σxσy} ω^2+σ^2_x ∂ 2 x +^{ω2+σxσy} ω^2+σ^2_y ∂ 2 y ] ( H_R −H_I )

which is symmetric. The determinant of the matrix is negative definite and so the system is elliptic.

We next consider a Lorentz material model [40] for an absorbing layer. ∂E_x ∂t + σ_yE_x = ∂H ∂y − J_x ∂E_y ∂t + σ_xE_y = − ∂H ∂x − J_y ∂H ∂t + (σ_x + σ_y)H = ∂E_x ∂y − ∂E_y ∂x − K (4.8) ∂J_x ∂t = −σ_x ∂H ∂y ∂J_y ∂t = σ_y ∂H ∂x ∂K ∂t = σ_xσ_yH Abarbanel and Gottlieb [2] have noted that if we define P_x = J_x + σ_xE_x and P_y = J_y + σ_yE_y then the equations for P_x, P_y, K are ordinary differential equations rather than partial differential equations. This saves some computer time and also proves the stabilty of the modified equations. Berenger’s PML equations however can have exponential growth under perturbations [1]. Since, we will show that both models yield the same equation for H the instability of the PML equations occurs only in H_x and H_y (see [1]). However, only the total field H affects the interior solution and so this instability does not usually appear in computations. Again Fourier transforming in time and eliminating J_x, J_y, K we obtain iωE_x = s_x s_y ∂H ∂y iωE_y = − s_y s_x ∂H ∂x (4.9) iωs_xs_yH = ∂E_x ∂y − ∂E_y ∂x .

s_x, s_y as in (4.4). This is the same as the absorbing layer given in [38] and in a TE formulation [12, 28]. Combining these equations we get ∂ ∂x ( s_y s_x ∂H ∂x ) + ∂ ∂y ( s_x s_y ∂H ∂y ) + ω^2s_xs_yH = 0

which is identical to (4.5). Thus, both sets of absorbing layers formulations give identical equations, in Fourier space, for the magnetic component H_z. However E_x, E_y differ. By the uniqueness of the Fourier transform we conclude that the solution H_z of both the Berenger PML and the Lorentz model are identical.

We finally consider a third set of equations which is an extension of those suggested by Abarbanel and Gottlieb [2]. ∂E_x ∂t + 2σ_yE_x + σ_yP_y = ∂H ∂y ∂E_y ∂t + 2σ_xE_y + σ_xP_x = − ∂H ∂x ∂H ∂t − σ^′_xQ_x − σ^′_yQ_y = ∂E_x ∂y − ∂E_y ∂x (4.10) ∂P_x ∂t = σ_xE_y ∂P_y ∂t = σ_yE_x ∂Q_x ∂t = −σ_xQ_x − E_y ∂Q_y ∂t = −σ_yQ_y − E_x Fourier transforming in time we get

iωs^2_yE_x = ∂H ∂y (4.11a) iωs^2_xE_y = − ∂H ∂x (4.11b) iωH = ∂E_x ∂y − ∂E_x ∂x − σ^′_x iωs_x E_y + σ^′_y iωs_y E_x This leads to the Helmholtz equation ∂ ∂x ( 1 s^2_y ∂H ∂x ) + ∂ ∂y ( 1 s^2_x ∂H ∂y ) + + σ^′_x iωs^3_x ∂H ∂x + σ^′_y iωs^3_y ∂H ∂y + ω^2H = 0 (4.12)

Multiplying through by s_x, s_y we get s_x ∂ ∂x ( 1 s_y ∂H ∂x ) + s_y ∂ ∂y ( 1 s_x ∂H ∂y ) + + σ^′_xs_y iωs^2_x ∂H ∂x + σ^′_ys_x iωs^2_y ∂H ∂y + s_xs_yω^2H = 0

If σ_x and σ_y are constant then ∂ ∂x ( s_x s_y ∂H ∂x ) + ∂ ∂y ( s_y s_x ∂H ∂y ) + σ^′_xs_y (iω + σ_x)s_x ∂H ∂x + σ^′_ys_x (iω + σ_y)s_y ∂H ∂y +s_xs_yω^2H =0

Hence, if we consider constant coefficients σ_x and σ_y and setting σ^′_x = σ^′_y = 0 this reduces to the previous equation (4.5). However, for variable σ we get a different averaging of the σ’s across cells. Furthermore, for σ^′ ≠ 0 we get lower order terms.

5 Three Dimensions

The Berenger PML layer equations in three Cartesian dimensions are given by [7] (we set σ^∗_x = σ_x etc.) ∂E_{xy} ∂t + σ_yE_{xy} = ∂(H_{zx} + H_{zy}) ∂y ∂E_{xz} ∂t + σ_z E_{xz} = − ∂(H_{yx} + H_{yx}) ∂z ∂E_{yz} ∂t + σ_zE_{yz} = ∂(H_{xy} + H_{xz}) ∂z ∂E_{yz} ∂t + σ_xE_{yx} = − ∂(H_{zx} + H_{zy}) ∂x ∂E_{zx} ∂t + σ_xE_{zx} = ∂(H_{yz} + H_{yx}) ∂x ∂E_{zy} ∂t + σ_yE_{zy} = − ∂(H_{xy} + H_{xz}) ∂y (5.1)

∂H_{xy} ∂t + σ_yH_{xy} = − ∂(E_{zx} + E_{zy}) ∂y ∂H_{xz} ∂t + σ_zH_{xz} = ∂(E_{yx} + E_{yx}) ∂z ∂H_{yz} ∂t + σ_zH_{yz} = − ∂(E_{xy} + E_{xz}) ∂z ∂H_{yz} ∂t + σ_xH_{yx} = ∂(E_{zx} + E_{zy}) ∂x ∂H_{zx} ∂t + σ_xH_{zx} = − ∂(E_{yz} + E_{yx}) ∂x ∂H_{zy} ∂t + σ_yH_{zy} = ∂(E_{xy} + E_{xz}) ∂y Note, that if only σ_x ≠ 0 we still require 10 equations and only the split fields E_x and H_x can be eliminated. Fourier transforming in time and eliminating the split fields and assuming σ_x is a function only of x etc. we get s_ys_ziωE_x = ∂(s_z H_z) ∂y − ∂(s_yH_y) ∂z (5.2a) s_xs_ziωE_y = ∂(s_xH_x) ∂z − ∂(s_z H_z) ∂x (5.2b) s_xs_yiωE_z = ∂(s_y H_y) ∂x − ∂(s_xH_x) ∂y (5.2c) s_ys_ziωH_x = − ∂(s_z E_z) ∂y + ∂(s_yE_y) ∂z (5.2d) s_xs_ziωH_y = − ∂(s_xE_x) ∂z + ∂(s_zE_z) ∂x (5.2e) s_xs_yiωH_z = − ∂(s_y E_y) ∂x + ∂(s_xE_x) ∂y (5.2f)

Let^{dJj}_{dt} = E_j and^{dKj}_{dt} = H_j , j = 1 . . . 3. Transforming back to the physical time domain we have ∂E_x ∂t + (σ_y + σ_z)E_x + σ_yσ_zP_x =

∂(H_z + σ_zQ_z) ∂y − ∂(H_y + σ_yQ_y) ∂z ∂E_y ∂t + (σ_x + σ_z)E_y + σ_xσ_zP_y =

∂(H_x + σ_xQ_x) ∂z − ∂(H_z + σ_z Q_z) ∂x ∂E_z ∂t + (σ_x + σ_y)E_z + σ_xσ_yP_z =

∂(H_y + σ_yQ_y) ∂x − ∂(H_x + σ_xQ_x) ∂y (5.3) ∂H_x ∂t + (σ_y + σ_z)H_x + σ_yσ_z Q_x = −

∂(E_z + σ_z P_z) ∂y + ∂(E_y + σ_yP_y) ∂z ∂H_y ∂t + (σ_x + σ_z)H_y + σ_xσ_zQ_y = −

∂(E_x + σ_xP_x) ∂z + ∂(E_z + σ_zP_z) ∂x ∂H_z ∂t + (σ_x + σ_y)H_z + σ_xσ_yQ_z = −

∂(E_y + σ_yP_y) ∂x + ∂(E_x + σ_xP_x) ∂y ∂P_x ∂t = E_x ∂P_y ∂t = E_y ∂P_z ∂t = E_z ∂Q_x ∂t = H_x ∂Q_y ∂t = H_y ∂Q_z ∂t = H_z For a staggered mesh each J_i, K_i is located at the corresponding E_i, H_i location. We thus have an alternative to the Berenger PML layer. [12] and [33] have slightly different forms of these equations. This alternative has the identical Fourier transform for the physical variables and hence the same solution for the physical variables as the original Berenger layer. This formulation adds six ordinary equations to the Maxwell equations but does not split any of the physical fields.

We next rewrite this in a slightly different way by introducing

Ê_x = E_x + σ_xP_x Ê_y = E_y + σ_yP_y Ê_z = E_z + σ_zP_z Ĥ_x = H_x + σ_xQ_x Ĥ_y = H_y + σ_yQ_y Ĥ_z = H_z + σ_zQ_z

Then (5.3) becomes ∂Ê_x ∂t + (σ_y + σ_z − σ_x)Ê_x + (σ_x − σ_y)(σ_x − σ_z)P_x = ∂Ĥ_z ∂y − ∂Ĥ_y ∂z ∂Ê_y ∂t + (σ_x + σ_z − σ_y)Ê_y + (σ_y − σ_x)(σ_y − σ_z )P_y = ∂Ĥ_x ∂z − ∂Ĥ_z ∂x ∂Ê_z ∂t + (σ_x + σ_y − σ_z)Ê_z + (σ_z − σ_x)(σ_z − σ_y)P_z = ∂Ĥ_y ∂x − ∂Ĥ_x ∂y (5.4) ∂Ĥ_x ∂t + (σ_y + σ_z − σ_x)Ĥ_x + (σ_x − σ_y)(σ_x − σ_z )Q_x = − ∂Ê_z ∂y + ∂Ê_y ∂z ∂Ĥ_y ∂t + (σ_x + σ_z − σ_y)Ĥ_y + (σ_y − σ_x)(σ_y − σ_z)Q_y = − ∂Ê_x ∂z + ∂Ê_z ∂x ∂Ĥ_z ∂t + (σ_x + σ_y − σ_z)Ĥ_z + (σ_z − σ_x)(σ_z − σ_y)Q_z = − ∂Ê_y ∂x + ∂Ê_x ∂y ∂P_x ∂t = Ê_x − σ_xP_x ∂P_y ∂t = Ê_y − σ_yP_y ∂P_z ∂t = Ê_z − σ_zP_z ∂Q_x ∂t = Ĥ_x − σ_xQ_x ∂Q_y ∂t = Ĥ_y − σ_yQ_y ∂Q_z ∂t = Ĥ_z − σ_z Q_z

We again stress that (5.4) is well-posed because it is a symmetric hyperbolic system (i.e. the Maxwell equations) plus lower order terms. Hence, it is stable to all lower order perturbations. On the other hand (5.1) can have linearly growing solutions for the split fields and perturbations can have exponentially growing modes that depend on the frequency of the initial data (see [1]). In a side layer in the x direction only σ_x is different than zero. Then only P_x and Q_x appear in (5.3). Hence, we need two extra ordinary differential equations in each side layer and six ODEs in a corner. Thus, this version of the PML requires less storage in three dimensions then the original model. If one defines the quantities P̂_i = P_i − Ê_i and Q̂_i = Q_i − Ĥ_i the one gets the uniaxial layer. See [12, 13, 14, 26, 38, 39].

We briefly consider how to approximate this system by a Yee-type scheme. We locate the new variables P_i at the same location as Ê_i and similarly for Q_i and Ĥ_i. We next write explicit the finite difference scheme for Ê_x and P_x. Ên+1_x − Ên_x Δt + 0.5(σ_y + σ_z − σ_x)(Ê^{n+1}_x + Ê^n_x ) + 0.5(σ_x − σ_y)(σ_x − σ_z)(P̂^{n+1}_x + P̂^n_x ) = ∂Ĥ_z ∂y − ∂Ĥ_y ∂z

P^{n+1}_x − P^n_x Δt = 0.5(Ê^{n+1}_x + Ê^n_x ) − 0.5σ_x ∗ (P^{n+1}_x + P^n_x )

where the spatial derivatives are approximated by some difference formula. This gives us two equations for two unknowns. We solve this for Ê^{n+1}_x and P^{n+1}_x . Let

A = 1 + 0.5Δt(σ_y + σ_z − σ_x) B = 1 − 0.5Δt(σ_y + σ_z − σ_x) C = −0.5Δt D = 1 + 0.5σ_xΔt

then the discriminant is given by G = (1 + 0.5σ_yΔt)(1 + 0.5σ_zΔt). Define

F_1 = 1 − 0.5Δt(σ_y + σ_z − σ_x)Ê^n_x − 0.5(σ_x − σ_y)(σ_x − σ_z)P̂^n_x + ∂Ĥ_z ∂y − ∂Ĥ_y ∂z F_2 = 0.5Δt(Ê^n_x − σ_xP^n_x ).

Then we have

Ê^{n+1} = DF^1 − BF^2 G P^{n+1} = AF_2 − CF_1 G Similar formulas hold for the other variables.

We can also write equations (5.2a-5.2f) in vector form as s_xs_ys_ziω( E_x s_x , E_y s_y , E_z s_z ) = curl(s_xH_x, s_yH_y, s_zH_z) s_xs_ys_ziω( H_x s_x , H_y s_y , H_z s_z ) = −curl(s_xE_x, s_yE_y, s_zE_z). (5.5) Let S, R be the 3 × 3 matrices S = diag(s_x, s_y, s_z) and R = (s_ys_z, s_xs_z, s_xs_y). Then (5.5) is equivalent to iωR ⃗E = curl(S ⃗H) (5.6) iωR ⃗H = −curl(S ⃗E). We substitute the first three equations (5.2a-5.2c) in the last three equations (5.2d- 5.2f). We then clear fractions to obtain

−s_ys_xω^2H_x = − ∂ ∂y ( s_z s_x ∂H_y ∂x − s_z s_y ∂H_x ∂y ) + ∂ ∂z ( s_y s_z ∂H_x ∂z − s_y s_x ∂H_z ∂x )

−s_xs_zω^2H_y = − ∂ ∂z ( s_x s_y ∂H_z ∂y − s_x s_z ∂H_y ∂z ) + ∂ ∂x ( s_z s_x ∂H_y ∂x − s_z s_y ∂H_x ∂y )

−s_xs_yω^2H_z = − ∂ ∂x ( s_y s_z ∂H_x ∂z − s_y s_x ∂H_z ∂x ) + ∂ ∂y ( s_x s_y ∂H_z ∂y − s_x s_z ∂H_y ∂z )

In vector form we have −ω^2R ⃗H = −curl ( SR^{−1}curl(S ⃗H) ) . (5.7)

For the Lorentz material in three dimensions we introduce two diagonal 3×3 matrices D_1, D_2 in Fourier space. We then replace (4.9) (see also [28, 41]) by iωD_1 ⃗E = curl( ⃗H) iωD_2 ⃗H = −curl( ⃗E). (5.8) With this assumption we can no longer duplicate the system (5.7) as was done in two dimensions. However, the two sets are equivalent when we introduce new variables as in done in (5.11) (see [12, 35]). Substituting the first equation into the second we get −curl ( D^{−1}_1 curl( ⃗H) ) + ω^2D_2 ⃗H = 0. (5.9)

This is a three dimensional extension of (4.5). Let D_1 = D_2 = diag(d_1, d_2, d_3). Denote the x component of the curl by [curl]_x then we rewrite (5.8) in Cartesian components as d_1iω ⃗E_x = [curl( ⃗H)]_x d_2iω ⃗E_y = [curl( ⃗H)]_y d_3iω ⃗E_z = [curl( ⃗H)]_z d_1iω ⃗H_x = −[curl( ⃗E)]_x d_2iω ⃗H_y = −[curl( ⃗E)]_y d_3iω ⃗H_z = −[curl( ⃗E)]_z Set d_i =^{sj sk}_{si} as (i,j,k) cycle from 1 to 3. We recover the two dimensional case when s_z = 1. But iωs_xs_y = iω + σ_x + σ_y +^{σxσy}_{iω} . Hence, we clear fractions and transform back to the physical time domain and get ∂E_x ∂t + (σ_y + σ_z)E_x + F_x = [curl( ⃗H)]_x − J_x ∂F_x ∂t = σ_yσ_z E_x ∂J_x ∂t = −σ_x[curl( ⃗H)]_x ∂E_y ∂t + (σ_x + σ_z)E_y + F_y = [curl( ⃗H)]_y − J_y ∂F_y ∂t = σ_xσ_zE_y ∂J_y ∂t = −σ_y [curl( ⃗H)]_y ∂E_z ∂t + (σ_x + σ_y)E_z + F_z = [curl( ⃗H)]_z − J_z ∂F_z ∂t = σ_xσ_yE_y ∂J_z ∂t = −σ_z [curl( ⃗H)]_z (5.10) ∂H_x ∂t + (σ_y + σ_z)H_x + G_x = −[curl( ⃗E)]_x − K_x ∂G_x ∂t = σ_yσ_z H_x ∂K_x ∂t = σ_x[curl( ⃗E)]_x ∂H_y ∂t + (σ_x + σ_z)H_y + G_y = −[curl( ⃗E)]_y − K_y ∂G_y ∂t = σ_xσ_zH_y ∂K_y ∂t = σ_y[curl( ⃗E)]_y ∂H_z ∂t + (σ_x + σ_y)H_z + G_z = −[curl( ⃗E)]_z − K_z ∂G_z ∂t = σ_xσ_yH_z ∂K_z ∂t = σ_z [curl( ⃗E)]_z The functions F and G appear only within corners. We seem to have added 12 new functions. However, within a layer only a single σ is non-zero and so only 2 new functions are added (one J and one K). In a two dimensional corner 6 functions are needed and only in a three dimensional corner are all 12 needed.

Similar to the suggestion of Gottlieb and Abarbanel we rearrange these equation so that all the new equations are ordinary differential equations. This also has the benefit that we need only one new variable per equation rather than the two used above. Let

P̂_x = F_x + σ_xE_x + J_x P̂_y = F_y + σ_yE_y + J_y P̂_z = F_z + σ_zE_z + J_z (5.11) Q̂_x = G_x + σ_xH_x + K_x Q̂_y = G_y + σ_yH_y + K_y Q̂_z = G_z + σ_z H_z + K_z

Then (5.10) becomes ∂E_x ∂t + (σ_y + σ_z − σ_x)E_x + P̂_x = ∂H_z ∂y − ∂H_y ∂z ∂E_y ∂t + (σ_x + σ_z − σ_y)E_y + P̂_y = ∂H_x ∂z − ∂H_z ∂x ∂E_z ∂t + (σ_x + σ_y − σ_z)E_z + P̂_z = ∂H_y ∂x − ∂H_x ∂y (5.12) ∂H_x ∂t + (σ_y + σ_z − σ_x)H_x + Q̂_x = − ∂E_z ∂y + ∂E_y ∂z ∂H_y ∂t + (σ_x + σ_z − σ_y)H_y + Q̂_y = − ∂E_x ∂z + ∂E_z ∂x ∂H_z ∂t + (σ_x + σ_y − σ_z)H_z + Q̂_z = − ∂E_y ∂x + ∂E_x ∂y

∂P̂_x ∂t + σ_xP̂_x = (σ_x − σ_y)(σ_x − σ_z)E_x ∂P̂_y ∂t + σ_yP̂_y = (σ_y − σ_x)(σ_y − σ_z )E_y ∂P̂_z ∂t + σ_zP̂_z = (σ_z − σ_z)(σ_z − σ_y)E_z ∂Q̂_x ∂t + σ_xQ̂_x = (σ_x − σ_y)(σ_x − σ_z)H_x ∂Q̂_y ∂t + σ_yQ̂_y = (σ_y − σ_x)(σ_y − σ_z)H_y ∂Q̂_z ∂t + σ_zQ̂_z = (σ_z − σ_z)(σ_z − σ_y)H_z

This is the same system as derived by Ziolkowsky [41] except for the normalization of P̂_i, Q̂_i. Comparing this with (5.4) we see that the modified Berenger model, the uniaxial model and the Lorentz model are identical but with different artificial variables (see also [12, 35]). Hence, their properties are similar. In particular the uniaxial and Lorentz models are well posed mathematically and stable under lower order perturbations. The Berenger model is only weakly well-posed because of the split equations. However, this weak instability is rarely seen in practice and so all behave in a similar fashion. The differences are mainly due to changes in the numerical implementation of these conditions.

At the back end of the PML one usually specificies boundary conditions for a perfectly conducting media. One can improve this by using characteristic boundary conditions (for a nonstaggered mesh) or a accurate nonrflecting boundary condition. Under most circumstances the reflection off the back of the PML layer is less than the truncation error of the scheme. Hence, one would expect that the boundary conditions at the end of the layer are not very important [2, 23].

6 Polar Coordinates

Having reformulated the PML layer in vector form we can now find the formulation for cylinderical coordinates. We assume that the domain is periodic in θ and so there are no layers in the θ direction. So s_r = s_r(r), s_θ = 1 and s_z = s_z(z). We first write the general expression for the curl in cylinderical coordinates for any vector A. curl(s_rA_r, A_θ, s_zA_z) = ( s_z r ∂A_z ∂θ − ∂A_θ ∂z ) r̂ + ( s_r ∂A_r ∂z − s_z ∂A_z ∂r ) θ̂ + 1 r ( ∂(rA_θ) ∂r − s_r ∂A_r ∂θ ) k̂ We can express the time dependent version of (5.6) in cylinderical component form as ∂E_r ∂t + σ_zE_r = 1 r ∂(H_z + σ_z K_z) ∂θ − ∂H_θ ∂z ∂E_θ ∂t + (σ_r + σ_z)E_θ + σ_rσ_zJ_θ =

∂(H_r + σ_rK_r) ∂z − ∂(H_z + σ_z K_z) ∂r ∂E_z ∂t + σ_rE_z = 1 r ( ∂rH_θ ∂r − ∂(H_r + σ_rK_r) ∂θ ) (6.1) ∂H_r ∂t + σ_zH_r = − 1 r ∂(E_z + σ_z J_z) ∂θ + ∂E_θ ∂z ∂H_θ ∂t + (σ_r + σ_z)H_θ + σ_xσ_zK_θ = −

∂(E_r + σ_rJ_r) ∂z + ∂(E_z + σ_zJ_z) ∂r ∂H_z ∂t + σ_rH_z = − 1 r ( ∂(rE_θ) ∂r − ∂(E_r + σ_rJ_r) ∂θ )

∂J_r ∂t = E_r ∂J_θ ∂t = E_θ ∂J_z ∂t = E_z ∂K_r ∂t = H_r ∂K_θ ∂t = H_θ ∂K_z ∂t = H_z In two dimensional polar coordinates this simplifies to (TE mode) ∂E_r ∂t = 1 r ∂H_z ∂θ ∂E_θ ∂t + σ_rE_θ = − ∂H_z ∂r ∂H_z ∂t + σ_rH_z = − 1 r ( ∂(rE_θ) ∂r − ∂(E_r + σ_rJ_r) ∂θ )

∂J_r ∂t = E_r

This system has the same Fourier transform as the split field systems of Navarro et.al. [20] and Rappaport [25]. The derivation of the PML properties depended on the use of plane waves reaching the interface. For polar coordinates we replace this analysis with cylinderical waves. The metrics now contain variable coefficients which complicate the theory. One finds that there are significant reflections from this PML layer.

There have been several other extensions of the PML algorithm to cylinderical and general curvilinear coordinates, see [26, 30, 31, 18, 22]. Here we present the the development of Yang et.al. [36] for an extension of the PML layer to polar coordinates. This has the advantage that it is constructed in order to be a well posed system of equations. ∂E_r ∂t + σ_r r E_r = 1 r (∂H_{zr} + H_{zθ)} ∂θ ∂E_θ ∂t + σ^′_rE_θ = − ∂(H_{zr} + H_{zθ}) ∂r ∂H_{zr} ∂t + σ_r r H_{zr} = 1 r ∂E_r ∂θ − E_θ r (6.2) ∂H_{zθ} ∂t + σ^′_rH_{zθ} = − ∂E_θ ∂r σ^′_r represents the derivative of σ_r with respect to r. If we translate their system to the unsplit version we get ∂E_r ∂t + σ_r r E_r = 1 r ∂H_z ∂θ ∂E_θ ∂t + σ^′_rE_θ = − ∂H_z ∂r (6.3) ∂H_z ∂t + ( σ_r r + σ^′_r)H_z + σ_rσ^′_r r Q = − 1 r ( ∂(rE_θ) ∂r − ∂E_r ∂θ ) + ( σ^′_r r P_r − σ_r r P_θ) ∂Q ∂t = H_z ∂P_r ∂t = ∂E_r ∂θ − E_θ ∂P_θ ∂t = E_θ σ^′ is the derivative of σ with respect to r. In contrast to the Cartesian case one of the additional equations is a partial differential equation instead of just ordinary differential equations. This requires three extra functions which makes (6.3) more costly than the split version of Yang et.al (6.2). A different approach for general curvilinear coordinates is given in [11].

We also present the PML layer, in polar coordinates suggested by Collino and Monk [11].

∂E_r ∂t + σE_r = 1 r ∂H_z ∂θ ∂E_θ ∂t + σE_θ = − ∂H_z ∂r ∂H_z ∂t + σH_z + (σ − σ)Q = − 1 r ( ∂(rE_θ) ∂r − ∂E_r ∂θ )

∂Q ∂t + σQ = − ∂E_θ ∂r where σ = (rσ)_r.

7 Acoustics

The linearized two dimensional acoustic equations without a mean flow are given by ∂u ∂t = − 1 ρ_0 ∂p ∂x ∂v ∂t = − 1 ρ_0 ∂p ∂y (7.1) ∂p ∂t = −ρ_0c_0( ∂u ∂x + ∂v ∂y ) p is a perturbation of the pressure and u,v are components of the perturbed velocity. This is equivalent to the TE equations (4.1) under the transformation t → c_0t and E_x → −v E_y → u H → 1 ρ_0c_0 p Using either the Berenger or Ziolkowski layers and Fourier transforming in time we can translate the Helmholtz-like equation (4.5) into acoustic notation as ∂ ∂x ( s_x s_y ∂p ∂x ) + ∂ ∂y ( s_y s_x ∂p ∂y ) + k^2s_xs_yp = 0 (7.2)

where s_x = 1+^{σx}_{ik} , s_y = 1+^{σy}_{ik} . This reduces to the Helmholtz equation when σ_x = σ_y = 0.

The two dimensional version of the new Berenger PML in the x side layer under this transformation becomes ∂u ∂t + c_0σ_xu = − 1 ρ_0 ∂p ∂x ∂v ∂t = − 1 ρ_0 ∂p ∂y (7.3) ∂p ∂t + c_0σ_xp = −ρ_0c^2_0( ∂u ∂x + ∂v ∂y ) − ρ_0c^2_0σ_x ∂Q ∂y ∂Q ∂t = c_0v

We next consider the acoustic equations with a constant mean flow. We choose the x direction as the direction of this mean flow. (U_0, 0). The acoustic equations then become

∂u ∂t + U_0 ∂u ∂x = − 1 ρ_0 ∂p ∂x ∂v ∂t + U_0 ∂v ∂x = − 1 ρ_0 ∂p ∂y (7.4) ∂p ∂t + U_0 ∂p ∂x = −ρ_0c^2_0( ∂u ∂x + ∂v ∂y ). This yieldss the convected wave equation for p

p_{tt} + 2U_0p_{xt} − (c^2_0 − U^2_0 )p_{xx} − c^2_0p_{yy} = 0 (7.5)

Define M =^{U0}_{c0} . We change variables to reduce the convective wave equation to a standard wave equation. We choose the change of variables suggested in [4]:

x = (1 − M^2)^{1/2}ξ , t = (1 − M^2)^{−1/2}(τ − M c_0 ξ) (7.6)

and so

w_τ = (1 − M^2)^{−1/2}w_t , w_ξ = − M c_0

(1 − M^2)^{−1/2}w_t + (1 − M^2)^{1/2}w_x

w_t = (1 − M^2)^{1/2}w_τ , w_x = M c_0

(1 − M^2)^{−1}w_τ + (1 − M^2)^{−1/2}w_ξ

This reduces (7.5) to the wave equation

p_{τ τ} = c^2_0(p_{ξξ} + p_{yy}).

We now use (7.3) as a boundary condition in (ξ, y, τ) variables and then use (7.6) to transform to (x, y, t) variables. The results is

∂u ∂t − M ρ_0c_0 ∂p ∂t + (1 − M^2)^{1/2}c_0σ_xu = −

1 − M^2

ρ_0 ∂p ∂x ∂v ∂t = − (1 − M^2)^{1/2} ρ_0 ∂p ∂y ∂p ∂t + ρ_0c_0M ∂u ∂t + (1 − M^2)^{1/2}c_0σ_xp =

−ρ_0c^2_0 [ (1 − M^2) ∂u ∂x + (1 − M^2)^{1/2}( ∂v ∂y + ∂J ∂y ]

∂J ∂t = c_0(1 − M^2)^{1/2}v

This boundary condition is different than that of Hu [16] in two respects. First it is based on (5.3) rather than the split field formulation used by Hu. Second the extension to include the mean field is done in a completely different manner. In this treatment we have used the transformation on the entire system. Another possibility is to split the system into its convective and acoustic parts [27]. One then applies the above method only to the acoustic portion of the equations. One then specifies the incoming data and absorb the outgoing variables. The convective parts are scalar equations and sothe numerical reflection from an outgoing wave with a nonreflecting boundary condition is minimal.

A different approach is that of Abarbanel and Gottlieb described above. This is a formal mathematical procedure without any physical justification. Nondimensionalizing (7.4) one gets

∂u ∂t + M ∂u ∂x + ∂p ∂x = 0 ∂v ∂t + M ∂v ∂x + ∂p ∂y = 0 (7.7) ∂p ∂t + M ∂p ∂x + ∂u ∂x + ∂v ∂y = 0.

Where M is the Mach number of the mean flow. We are only considering the case that the mean flow is along the x axis, i.e. we consider flow at zero degrees angle of attack. We now choose a different transformation than above to simplify the equations, i.e. ξ = x η = √ 1 − M^2y = γy τ = Mx + γ^2t (7.8)

The system (7.7) now becomes ∂u ∂τ − M γ ∂v ∂η + ∂p ∂ξ = 0 ∂v ∂τ + M ∂v ∂ξ + γ ∂p ∂η = 0 (7.9) ∂p ∂τ + ∂u ∂ξ + 1 γ ∂v ∂η = 0.

Abarbanel and Gottlieb et.al. [3] construct the following system to be used in all absorbing layers, inflow, outflow and and in the direction normal to the flow. ∂u ∂τ − M γ ∂v ∂η + ∂p ∂ξ = −σ_xu ∂v ∂τ + M ∂v ∂ξ + γ ∂p ∂η = −σ_xv + 2σ_xQ + σ^2_xΨ + σ^′_xMP − 2σ_yv + σ^2_y R + 2σ_yν + σ^′_yΓ ∂p ∂τ + ∂u ∂ξ + 1 γ ∂v ∂η = −σ_xp ∂Q ∂τ = −γ ∂p ∂η ∂P ∂τ = v − σ_xP ∂Ψ ∂τ = Q ∂ν ∂τ = −M ∂v ∂ξ ∂Γ ∂τ = γp − σ_yΓ ∂R ∂τ = Mν − v

Or in physical coordinates ∂u ∂t + M ∂u ∂x + ∂p ∂x = −σ_x(u + Mp) ∂v ∂t + M ∂v ∂x + ∂p ∂y = −σ_xv + 2σ_xQ + σ^2_xΨ + σ^′_xMP − 2σ_yv + σ^2_y R + 2σ_yν + σ^′_yΓ ∂p ∂t + M ∂p ∂x + ∂u ∂x + ∂v ∂y = −σ_x(Mu + p) (7.10) ∂Q ∂t + γ^2 ∂p ∂y = 0 ∂P ∂t = γ^2(v − σ_xP ) ∂Ψ ∂t = γ^2Q ∂ν ∂t + M^2 ∂v ∂t + γ^2M ∂v ∂x = 0 ∂Γ ∂t = γ^2(γp − σ_yΓ) ∂R ∂t = γ^2(Mν − v)

σ_x is a function of only x and σ_y is a function of only y. The prime signifies a derivative of σ with respect to its argument. After a fairly convoluted analysis the above system is found to represent solutions which are superpositions of plane waves in the free space computational domain and a superposition of decaying plane waves in the absorbing layers in all four directions and the corners. This set can be shown to be wellposed and nonreflecting for infinite absorbing layers. Note, that for M = 0 we do not recover any of the standard nonreflecting layers for the nonconvective acoustic equations (equivalent in two dimensions to the Maxwell equations). If we add and subtract the first and third equation we get characteristic equations in the x direction for p ± u and additional lower order terms. The second equation for v is already in characterstic form. Thus, we can combine the characteristic approach with the PML layer.

Several computations have been reported in extensions to acoustics (see [15] and [16]). These extensions seem to work well for linear acoustics with a mean flow but there is a tremendous degradation compared with CEM codes. For the Maxwell equations one typically finds that the PML layer can reduce reflections by five orders of magnitude. For acoustics standard techniques reduce the reflection from the outer boundary to about one percent of the energy reaching the outer surface. The PML layer of Hu reduces this by about another factor of two or three. Thus the reflection is still larger than 0.1 percent of the incoming signal. For the nonlinear acoustic equations (i.e. Euler equations) the reflections are considerably larger and there is still much work that needs to be done to improve the efficiency of the method.

8 Computations

We shall only consider the time dependent two dimensional Maxwell equations for our numerical computations. There have been several works that have also applied the PML layer to the Helmholtz equation and to linear acoustics [16, 15]. For the Helmholtz equation there are three basic alternatives. Either a local boundary condition based on asymptotic equations [4, 5], a global integral condition such as the DtN condition or else infinite element methods. Both the DtN and infinite elements work best when the outer boundary is a circle or ellipse. On the other hand the PML method works best in Cartesian coordinates. Hence, to some extent these different approaches are complementary.

We recapitulate the boundary conditions that have been presented for the Maxwell Equations in Cartesian coordinates. The original suggestion of Berenger involved the splitting of some of the fields into non-physical subcomponents. The two dimensional version is presented in (4.2) and the three dimensional version in (5.1). We then Fourier transformed the Berenger system and solved explicitly for the physical components. Transforming back to physical space yielded the system (5.3). This system could be rewritten so that the leading order terms are the original Maxwell equations and the additional equations are all ordinary differential equations. This is presented by system (5.4). A different approach was suggested by Ziolkowsky who built a model based on a physical Lorentz system. The two dimensional version is presented in (4.8) and our three dimensional extension by (5.12). These have already been rewritten so that they consist of the Maxwell equations plus lower order terms and additional ordinary differential equations. Finally, Abrbanel and Gottlieb started from the mathematical viewpoint that we wish to describe the most general system which can be expressed as the Maxwell equations plus lower order terms and additional ordinary differential equations. They then chose coefficients of the lower order terms to maximize the absorption properties of the PML layer. A two dimensional extension of their system is presented in (4.10).

We stress that all the Berenger-type layers and the Lorentz model layers satisfy the identical equations for the Fourier transform of the physical variables. Nevertheless, the time behavior of these systems is not identical because of the different ways of intoducing the nonphysical variables. In particular Abarbanel and Gottlieb have shown that the original split field decomposition of Berenger can lead to an ill-posed system. In practice this ill-posed and consequent exponential growth only is observed in practice in extreme situations. All the systems that can be written as the Maxwell equations plus lower order terms and additional ordinary differential equations are automatically well-posed as they form a symmetric hyperbolic system. The system intoduced by Abarbanel and Gottlieb is inherently different than the other systems.

Some of the systems e.g. (5.1) and (5.4) differ only with respect to the way they are written. Thus, in (5.4) we rewrite the previous system so that only ordinary differential equations are added. Nevertheless, on the numerical level these may lead to different discretizations. In particular if a staggered grid is used coupled with a Yee-like scheme the different formulations lead to a different placement of the artificial variables.

We shall now compare some of the previous formulations for some simple two dimensional configurations based on the Maxwell equations. We consider a monochromatic isotropic point source of wavelength 0.25, that is switched on at t = 0. The domain is 0 ≤ x, y ≤ 0.4. For Yee’s scheme we choose h =^1_{40} , Δt =^{2h}_3 =^1_{60} , for Ty(4,4): h =^1_{40} , Δt =^h_4 =^1_{100} while for Ty(2,4) h =^1_{40} , Δt =^h_{18} =^1_{720} . The point source is modeled by adding a term representing a current I_z(t) = 0.01 sin(8πt)ϵ(t) at (x, y) = (^1_{10} ,^1_{10} ) where ϵ(t) denotes the Heaviside unit-step function. For the pulse under consideration, the radiated field is the solution of

∂^2_xE_z + ∂^2_y E_z − ∂^2_t E_z = Z∂_tI_z(t)δ(r − r_s) (8.1)

The solution consists of rotationally symmetric outgoing waves. The exact solution is E_z(r, t) = − Z 2π ∫_∞ 0 ∂_tI_z(t − √ |(r − r_s|^2 + ξ^2) √ |(r − r_s|^2 + ξ^2 dξ

We use three different methods to solve the two dimensional Maxwell Equations. All the methods use the same staggered placement of the elecric and magnetic components. The first method is the Yee scheme. This is a central difference in space and Leapfrog is time all based on the staggered mesh. It is second order accurate in space and time. The second method (Ty(2,4)) adds an implicit operator to the calculation of all space derivatives. This implicit operator is constructed so that the method is fourth order accurate in space. Since the same staggered in time Leapfrom method is still used the scheme is second order accurate in time. Hence, small time steps are used to improve the time accuracy relative to the space accuracy. The final method (called Ty(4,4)) uses the same implicit staggered space scheme as the second method. Now, however, the leapfrog scheme is replaced by a fourth order accurate Runge-kutta method. Hence, the scheme is now uniformly fourth order accurate (see [32] for more details).

The leapfrog scheme in time for the two dimensional version of (5.4) is given by E^{n+1}_z − E^n_z Δt + σ_x + σ_y 2 (E^{n+1}_z + E^n_z ) + σ_xσ_y 2 (P^{n+1}_z + P^n_z ) = δ_xH^{n+1/2}_y − δ_yH^{n+1/2}_x H^{n+3/2} x −H^{n+1/2}x Δt + σ_y − σ_x 2 (H^{n+3/2} x +H^{n+1/2}_x )− σ_x(σ_x − σ_y) 2 (Q^{n+3/2}_x + Q^{n+1/2}_x )=−δ_yE^n_z H^{n+3/2} y −H^{n+1/2}y Δt + σ_x − σ_y 2 (H^{n+3/2} y +H^{n+1/2}_y ) − σ_x(σ_x − σ_y) 2 (Q^{n+3/2}_y + Q^{n+1/2}_y )=δ_xE^n_z

(8.2) P^{n+1}_z − P^n_z Δt = 1 2 (E^{n+1}_z + E^n_z ) Q^{n+3/2} x − Q^{n+1/2}x Δt = 1 2 (H_x − σ_xQ_x)^{n+3/2} + 1 2 (H_x − σ_xQ_x)^{n+1/2} Q^{n+3/2} y − Q^{n+1/2}y Δt = 1 2 (H_y − σ_yQ_x)^{n+3/2} + 1 2 (H_x − σ_yQ_x)^{n+1/2}

Where E_z, P_z are at (i, j), H_x, Q_x are at (i, j + 1/2) and H_y, Q_y are at (i + 1/2, j). each pair is also at the same time level. This requires the trivial solution of a 2 × 2 system for each pair. Alternatively we could stagger Q and H in time. In this case we can explicitly advance each variable in the correct order but the analysis is more difficult. Here Yee: δ_xU_{i,j} = U_{i+1/2,j} − U_{i−1/2,j} δ_yU_{i,j} = U_{i,j+1/2} − U_{i,j+1/2} (8.3) U is evaluated at the appropriate time and space location.

For the fourth order implicit scheme we replace the approximation of the space derivative (8.3) by: Ty(2,4): δ_yU : U_{i,j+1} − U_{i,j} Δy = (8.4) ( 11 12 ∂U ∂y ) i,j+1/2 + 1 24 [( ∂U ∂y ) i,j+3/2 + ( ∂U ∂y ) i,j−1/2 ] .

Finally for the Ty(4,4) we replace the leapfrog in time by a fourth order Runge-Kutta method. We simplify the classical scheme and save storage since the problems are linear in time.

We condcuted a series of numerical experiments comparing the PML schemes described above. The parameter σ decreases quadratically from 0 to σ_m. We plotted the error as a function of time for different values of σ_m. This enabled us to find computational the optimal σ_m. We found that it depends both on the numerical scheme and on the PML model being used. Furthermore, some PML models are relatively insensitive to the value of σ_m while others are more sensitive. In addition we compared the error levels that can be achieved for various schemes coupled with the different PML models. The best error level achieved for each case is summarized in Table 1. We do not display the graphs here due to space restrictions.

From these tests cases it seems that the Berenger and uniaxial layers are consistently the models that yield the lowest errors. In addition they seem to be the most insensitive to the value of σ_m. Nevertheless, Abarbanel and Gottlieb [1] have shown that Berenger’s method is only weakly well-posed and so might lead to difficulties. The tests runs conducted here and similar results in other works have shown that in general these possible problems with the Berenger PML do no arise. However, when we used an extremely thick PML layer we observe 2 that the Berenger PML caused the calculation to become unstable while the other methods did not have this problem.

Figure 2: Yee & Berenger PML as a function of cell thickness scheme cells Berenger Turkel Ziolkowsky Abarbanel Uniaxial

Ty(2,4) 12 1.1715 × 10^{−4} 2.1431 × 10^{−4} 2.138 × 10^{−4} 2.382 × 10^{−4} 2.148 × 10^{−4} σ_m =40−80 σ_m =20−140 σ_m =20−160 σ_m =20−50 σ_m =40−700 Ty(4,4) 12 1.1715 × 10^{−4} 1.7561 × 10^{−4} 1.9 × 10^{−4} 2.2294 × 10^{−4} 1.757 × 10^{−4} σ_m =40−80 σ_m =30−140 σ_m =20−25 σ_m =20−40 σ_m =40−400 Yee 12 1.763 × 10^{−3} 1.77 × 10^{−3} 1.785 × 10^{−3} 1.754 × 10^{−3} 1.76 × 10^{−3} σ_m =30−160 σ_m =20 σ_m =20−25 σ_m =20−50 σ_m =30−700 Ty(2,4) 8 2.1756 × 10^{−4} 2.1553 × 10^{−4} 2.12 × 10^{−4} 4.1 × 10^{−4} 2.1757 × 10^{−4} σ_m =40−160 σ_m =20−140 σ_m =40−120 σ_m =20−30 σ_m =40−700 Ty(4,4) 8 1.2261 × 10^{−4} 1.7724 × 10^{−4} 2.36 × 10^{−4} 3.8857 × 10^{−4} 1.7802 × 10^{−4} σ_m =80−160 σ_m =30−140 σ_m =20 σ_m =10−30 σ_m =40 − 400 Yee 8 1.716 × 10^{−3} 1.7165 × 10^{−3} 1.705 × 10^{−3} 1.68 × 10^{−3} 1.704 × 10^{−3} σ_m =10−160 σ_m =10−20 σ_m =10−25 σ_m =10−20 σ_m =10−700 Ty(2,4) 4 2.1435 × 10^{−4} 2.0778 × 10^{−4} 1.9601 × 10^{−4} 2.2 × 10^{−3} 2.1437 × 10^{−4} σ_m =80−160 σ_m =60−140 σ_m =40−120 σ_m =20−30 σ_m =80−400 Ty(4,4) 4 1.4214 × 10^{−4} 1.4824 × 10^{−4} 1.356 × 10^{−3} 2.22 × 10^{−3} 1.842 × 10^{−4} σ_m =120−200 σ_m =30−140 σ_m =30 σ_m =20−30 σ_m =80−400 Yee 4 1.625 × 10^{−3} 1.625 × 10^{−3} 1.785 × 10^{−3} 1.998 × 10^{−3} 1.62 × 10^{−3} σ_m =40−160 σ_m =30−40 σ_m =30−38 σ_m =30−40 σ_m =20−700

Table 1: L_2 errors for pulse using various difference schemes and PML models. σ_m is maximum value of PML parameter σ

References

[1] S. Abarbanel and D. Gottlieb, A Mathematical Analysis of the PML Method, J.

Comput. Physics, Vol. 134, (1997) 357-363.

[2] S. Abarbanel and D. Gottlieb, On the Construction and Analysis of Absorbing Layers in CEM, 13th Annual Review of Progress in Applied Computational Electromagnetics, p876-883, 1997.

[3] S. Abarbanel, D. Gottlieb, et. al. Perfectly Matched Absorbing Layers for Advective Acoustics, to appear.

[4] A. Bayliss and E. Turkel, Far Field Boundary Conditions for Compressible Flows, J. Comput. Physics, Vol. 48, (1982) 182-199.

[5] A. Bayliss, M. Gunzburger, E. Turkel, Boundary Conditions for the Numerical Solution of Elliptic Equations in Exterior Regions, SIAM Journal of Applied Mathematics, Vol. 42 (1982), 430-45l.

[6] J-P Berenger, A Perfectly Matched Layer for the Absorption of Electromagnetic Waves, J. Comput. Physics, Vol. 114, (1994) 185-200.

[7] J-P Berenger, Three-Dimensional Perfectly Matched Layer for the Absorption of Electromagnetic Waves, J. Comput. Physics, Vol. 127, (1996) 363-379.

[8] F. Bonnet abd F. Poupaud, Berenger Absorbing Boundary Condition with Time Finite-Volume Scheme for Triangular Meshes, Applied Numerical mathematics, Vol. 25, (1997) 333-354.

[9] A. de la Bourdonnaye, Sur le Problème de Cauchy pour le système de Bérenger, C.R. Acad. Sci. ParisSer. I Math, Vol. 322, (1996) 285-288.

[10] W.C. Chew and W.H. Weedon, A 3-D Perfectly Matched Medium from Modified Maxwell’s equations with Stretched Coordinates, Microwave Optics Techn. Letters, Vol. 7, (1994) 599-604.

[11] F. Collino and P. Monk, The Perfectly Matched Layer in Curvilinear Coordinates, to appear SIAM J. Scientific Computing.

[12] S.D. Gedney, An Anisotropic Perfectly Matched Layer - Absorbing Medium for the Truncation of FTDT Lattices, IEEE Transactions on Antennas and Propagation, Vol. 44, (1996) 1630-1639.

[13] S.D. Gedney, An Anisotropic PML Absorbing Media for FTDT Simulation of Fields in Lossy Dispersive Media, Electromagnetics, Vol. 16, (1996) 399-415.

[14] S.D. Gedney, Efficient Implementation of the Uniaxial PML Absorbing Media for the Finite-Difference Time Dimain Method 13th Annual Review of Progress in Applied Computational Electromagnetics, p892-899, 1997.

[15] M.E. Hayder, F.Q. Hu and M.Y.. Hussaini, Towards Perfectly Absorbing Boundary Conditions for Euler Equations, AIAA 13th CFD Conference, paper 97-2075, 1997.

[16] F.Q. Hu, On Absorbing Boundary Conditions for Linearized Euler equations by a Perfectly Matched Layer, Journal Comput. Physics, Vol. 129, (1996), 201-219.

[17] H-O Kreiss and J. Lorenz, Initial-Boundary Value Problems and the Navier- Stokes Equations, Academic Press Inc., 1989.

[18] J. Maloney, M. Kesler and G. Smith Generalization of PML to Cylinderical Geometries, 13th Annual Review of Progress in Applied Computational Electromagnetics, p900-908, 1997.

[19] R. Mittra and Ü. Pekel, A New Look at the Perfectly Matched Layer (PML) Concept for the Reflectionless Absorption of Electromagnetic Waves, IEEE Microwave and Guided Wave Letters, Vol. 5, (1995) 84-86.

[20] E.A. Navarro, C. Wu, P.Y. Chung and J. Litva, Application of PML Superabsorbing Boundary Condition in the Non-Orthogonal FD-TD Method, IEE Electronics Letters Vol. 30, (1994) 1654-1655.

[21] Peter G. Petropoulos, L. Zhao and A. C. Cangellaris, A Reflectionless Sponge Layer Absorbing Boundary Condition for the Solution of Maxwell’s Equations with High- Order Staggered Finite Difference Schemes, J. Computational Physics, vol. 139 (1998), pp. 184-208.

[22] Peter G. Petropoulos, Reflectionless Sponge Layers as Absorbing Boundary Conditions for the Numerical Solution of Maxwell’s Equations in Rectangular, Cylindrical and Spherical Coordinates, SIAM J. App. Math., submitted (1998).

[23] Peter G. Petropoulos, On the Termination of the Perfectly Matched Layer with Local Absorbing Boundary Conditions, J. Computational Physics, vol. 143 (1998), to appear.

[24] A.C. Polycarpou, M.R. Lyons and C.A. Balanais, A Two Dimensional Finite Element Formulation of the Perfectly Matched Layer, IEEE Microwave and Guided Wave Letters, Vol. 6, (1996) 338-340.

[25] C.M. Rappaport, Perfectly Matched Absorbing Boundary Conditions Based on Anisotropic Lossy Mapping of Space, IEEE Microwave and Guided Wave Letters, Vol. 5, (1995) 94-96.

[26] J.A. Roden and S.D. Gedney, Efficient Implementation of the Uniaxial Based PML Media in Three-Dimensional Non-orthogonal Coordinates Using the FDTD Technique, Microwave and Optical Technology Letters, Vol. 14, (1997) 71-75.

[27] P. Roe and E. Turkel, The Quest for Diagonalization of Dufferential Systems, Barriers and Challenges in Computational Fluid Dynamics, Kluwer Publisher, 1997.

[28] Z.S. Sacks, D.M. Kingsland, R. Lee and J-F Lee, A Perfectly Matched Anisotropic Absorber for Use as an Absorbing Boundary Condition, IEEE Trans. Antennas and Propagation, Vol. 43, (1995) 1460-1463.

[29] A. Taflove, Computational Electrodynamics - The Finite-Difference Time- Domain Method, Artech House Inc., 1995.

[30] F.L. Teixeira and W.C. Chew PML-FTDT in Cylindrical and Spherical Grids, IEEE Microwave and Guided Wave Letters, Vol. 7, (1997) 285-287.

[31] F.L. Teixeira and W.C. Chew Systematic Derivation of Anisotropic PML Absorbing Media in Cylinderical and Spherical Coordinates, IEEE Microwave and Guided Wave Letters, Vol. 7, (1997) 371-373.

[32] E. Turkel and A. Yefet, Fourth Order Accurate Compact Implicit Method for the Maxwell Equations, submitted to IEEE Transactions on Antennas and Propagation.

[33] J.C. Veihl and R. Mittra, An Efficient Implementation of Berenger’s Perfectly Matched Layer (PML) for Finite-Difference Time-Domain Mesh Truncation, IEEE Microwave and Guided Wave Letters, Vol. 6, (1996) 94-96.

[34] J. R. Wait, On the PML Concept: A View from the Outside, Antennas & Propagation Magazine, Vol. 38, (1996) 48-51.

[35] J.Y. Wu, D.M. Kingsland, J-F Lee and R. Lee, A Comparison of Anisotropic PML to Berenger’s PML and its Application to the Finite Element Method for EM Scaterring, IEEE Trans. Antennas and Propagation, Vol. 45, (1997) 40-50.

[36] B. Yang, D. Gottlieb and J.S. Hesthaven On the Use of PML ABCs in Spectral Time-Domain Simulations of Electromagnetic Scattering, 13th Annual Review of Progress in Applied Computational Electromagnetics, p926-933, 1997.

[37] K.S. Yee, Numerical Solution of Initial Boundary Value Problems Involving Maxwell’s Equation in Isotropic Media, IEEE Transactions on Antennas and Propagation, Vol.AP-14, (1966) 302-307.

[38] L. Zhao and A.C. Cangellaris, A General Approach for the Development of Unsplit Field Time Domain Implementations of Perfectly Mathed Layers for FTDT Grid Truncation, IEEE Microwave and Guided Wave Letters, Vol. 6, (1996) 209-211.

[39] L. Zhao and A.C. Cangellaris, GT-PML: Generalized Theory of Perfectly Matched Layers and its Application to the Reflectionless Truncation of Finite-Difference Time-Domain Grids, IEEE Trans. Microwave Theory and Techniques, Vol. 44, (1996) 2555-2563.

[40] R.W. Ziolkowski Time-Derivative Lorentz Material Model-Based Absorbing Boundary Condition, IEEE Transactions on Antennas and Propagation, Vol.45, (1997) 1530-1535.

[41] R.W. Ziolkowski Maxwellian Material Based Absorbing Boundary Conditions, to appear Computer Methods in Applied Mechanics and Engineering.