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Huffman Coding

1. Optimal code for set of symbols subject to the constraint that the
symbols be coded one at a time

2. coding / decoding is done by a lookup table instantaneously, uniquely and
decodeable, block code
where
instantaneous = each code word can be decoded by itself
block = each source symbol yields a fixed sequence of code
unique = only one way

3. J source symbols 256 gray levels
J-2 source reductions 254
J-2 code assignments 254

Alternatives are cheaper but not optimal.

LZW uses interpixel redundancies
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LZ

• Abraham Lempel
Jacob Ziv

}
1977, 1978

gzip, zip, pkzip, winzip

• Welch LZW - 1984
Unix Compress, GIF, TIFF

• Yakou LZY - 1992

• parse sequences into strings/phrases

• compress code to represent phrases

• If stationary asymptotically stable =⇒ entropy rate H

• Redundancy = compression - enthalpy

Example (simplified)

I am dumb and because I am dumb I can’t even tell you that I am dumb

⇓

$1 and because $1 I can’t even tell you that $1
$1=(I am dumb)



















Introduction Basic Quantization Lloyd-Max “Raw” Images Transformed Images Generalizations

Quantization

Quantization reduces ranges of values in a signal to a
single value, thereby reducing entropy.

Quantization is an integral part of lossy compression
algorithms.

Quantization is usually employed after transformation.
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Basic Quantization Scheme: Thresholding

The most basic quantization technique is Thresholding:

Given a signal ~x = (xi) and a single threshold σ, we replace
values as follows:

q(xi) =

{
0 if |xi | ≤ σ
xi if |xi | > σ
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The thresholding quantization function:

x

qHxL
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The quantization function for a given region:

x

qHxL



),(xQxqe −=          (2. 2) 

x and Q(x) are input and quantized 
output, respectively.  

• Quantization error is often referred to as 
quantization noise.  

 

• Mean square quantization error, qMSE : 

dxxXf
N
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xQxqMSE )(
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=
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−=  (2. 3) 

)(xf x : probability density function (pdf)  
the outer decision levels may be -∞ or ∞ 
when the pdf, fx(x), remains unchanged, 
fewer reconstruction levels (smaller N, 
coarse quantization) result in more 
distortion.  

• Odd symmetry of  the input-output 
characteristic respect to the x=0 axis  
implies that :  E(x)=0 

2
qqMSE σ=  

 



 

 

 

 

 

 

 

 
 

 

 

 

 

Figure 2. 8  Quantization noise of the quantizer shown 
in Figure 2.7 

 

The mean square quantization error: 
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.2
10log10

2

2
10log10 N

q

x
msSNR ==

σ

σ  (2. 5) 

 

If we assume nN 2= , we then have 

.02.62log20 10 dBnn
msSNR ==   

 
• The interpretation of the above result: 

§ If use natural binary code to code the 
reconstruction levels of a uniform 
quantizer with a uniformly distributed 
input source, then every increased bit 
in the coding brings out a 6.02 dB 
increase in the msSNR .  

§ Equivalently from Equation 2.7, 
whenever the step size of the uniform 
quantizer decreases by a half, the 

qMSE  decreases four times.  

 

2.2.2.2 Conditions of Optimum 
Quantization 

 
• Derived by: [lloyd 1957, 1982; max 1960]  

   for a given pdf )(xf X .  
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The goal is to choose ~L and ~p to minimize the resulting
quantization error

E(~L, ~p) =
m∑

i=1

|xi − q(xi)|2

This is a classical Calculus problem. Rewriting we obtain:

E(~L, ~p) =
n∑

j=1

∑
xi∈[Lj ,Lj+1)

(xi − pj)
2
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E(~L, ~p) =
n∑

j=1

∑
xi∈[Lj ,Lj+1)

(xi − pj)
2

Since minima will occur only if all partial derivatives are equal to
0, the following conditions need to be satisfied:

∂ E
∂pj

=
∑

xi∈[Lj ,Lj+1)

2(xi − pj) = 0⇔ pj =

∑
xi∈[Lj ,Lj+1)

xi

#{i | xi ∈ [Lj ,Lj+1)}
(1)

∂ E
∂Lj

= 0 ⇔ Lj =
1
2
(pj−1 + pj) (2)

p j-1 L j p jxi
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These equations can usually not be solved explicitly; instead a
two-step procedure is used repeatedly until a fixed point has
been (nearly?) reached:

Equations (1) are used to update the values ~p:

pnew
j = ave

{
xi | xi ∈ [Lj ,Lj+1)

}
Equations (2) then yield new values for ~L:

Lnew
j =

1
2
(pnew

j−1 + pnew
j ) , j = 2, . . . ,n

The values for L1 and Ln+1 are left unchanged.



• Sufficient conditions:   

1. −∞=1x  and +∞=+1Nx             (2. 6) 

2. Nidxx
id

id Xfiyx ,,2,10)(
1

)( L==∫
+

−   (2. 7) 

3. Niiyiyid ,,2)1(2
1 L=+−=    (2. 8) 

q First condition: for an input x whose 
range is ∞<<∞− x . 

q Second: each reconstruction level is the 
centroid of the area under the pdf )( xf X  
and between the two adjacent decision 
levels.  

q Third: each decision level (except for 
the outer intervals) is the arithmetic 
average of the two neighboring 
reconstruction levels 

• These conditions are general in the 
sense that there is no restriction 
imposed on the pdf.  

 
 
 



 2.2 Uniform Quantization    15 

2.2.2.3 Optimum Uniform Quantizer with 
Different Input Distributions 

 

Table 2. 1  Optimal symmetric uniform quantizer for 
Gaussian, Laplacian and Gamma distributions (having 
zero mean and unit variance). Dutch[max 1960] [paez 
1972]. The numbers enclosed in rectangles are the step 
sizes. 

  
Uniform 

 

 
Gaussian 

 
Laplacian 

 
Gamma 

 
N 
 

 
di 

 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
2 

 

-1.000 
0.000 
1.000 

 

 
-0.500 
0.500 

 
8.33 

×10-2 

 

-1.596 
0.000 
1.596 

 

 
-0.798 
0.798 

 
 

0.363 

 

-1.414 
0.000 
1.414 

 

 
-0.707 
0.707 

 
0.500 

 

-1.154 
0.000 
1.154 

 

 
-0.577 
0.577 

 
 

0.668 

 
 
4 

 

-1.000 
-0.500 
0.000 
0.500 
1.000 

 

 
-0.750 
-0.250 
0.250 
0.750 

 
 

2.08 
×10-2 

 

-1.991 
-0.996 
0.000 
0.996 
1.991 

 

 
-1.494 
-0.498 
0.498 
1.494 

 

 
 

0.119 

 

-2.174 
-1.087 
0.000 
1.087 
2.174 

 

 
-1.631 
-0.544 
0.544 
1.631 

 
 

1.963
×10-1 

 

-2.120 
-1.060 
0.000 
1.060 
2.120 

 

 
-1.590 
-0.530 
0.500 
1.590 

 
 

0.320 

 
 
 
 
8 

 

-1.000 
-0.750 
-0.500 
-0.250 
0.000 
0.250 
0.500 
0.750 
1.000 

 
-0.875 
-0.625 
-0.375 
-0.125 
0.125 
0.375 
0.625 
0.875 

 

 
 
 
 

5.21 
×10-3 

 

-2.344 
-1.758 
-1.172 
-0.586 
0.000 
0.586 
1.172 
1.758 
2.344 

 
-2.051 
-1.465 
-0.879 
-0.293 
0.293 
0.879 
1.465 
2.051 

 

 
 
 
 

3.74 
×10-2 

 

-2.924 
-2.193 
-1.462 
-0.731 
0.000 
0.731 
1.462 
2.193 
2.924 

 
-2.559 
-1.828 
-1.097 
-0.366 
0.366 
1.097 
1.828 
2.559 

 

 
 
 
 

7.17 
×10-2 

 

-3.184 
-2.388 
-1.592 
-0.796 
0.000 
0.796 
1.592 
2.388 
3.184 

 
-2.786 
-1.990 
-1.194 
-0.398 
0.398 
1.194 
1.990 
2.786 

 
 
 
 

0.132 

 
 
 
 
 
 
 

16 

 

-1.000 
-0.875 
-0.750 
-0.625 
-0.500 
-0.375 
-0.250 
-0.125 
0.000 
0.125 
0.250 
0.375 
0.500 
0.625 
0.750 
0.875 
1.000 

 

 
-0.938 
-0.813 
-0.688 
-0.563 
-0.438 
-0.313 
-0.188 
-0.063 
0.063 
0.188 
0.313 
0.438 
0.563 
0.688 
0.813 
0.938 

 
 
 
 
 
 
 
 

1.30 
×10-3 

 

-2.680 
-2.345 
-2.010 
-1.675 
-1.340 
-1.005 
-0.670 
-0.335 
0.000 
0.335 
0.670 
1.005 
1.340 
1.675 
2.010 
2.345 
2.680 

 

 
-2.513 
-2.178 
-1.843 
-1.508 
-1.173 
-0.838 
-0.503 
-0.168 
0.168 
0.503 
0.838 
1.173 
1.508 
1.843 
2.178 
2.513 

 
 
 
 
 
 
 
 

1.15 
×10-2 

 

-3.648 
-3.192 
-2.736 
-2.280 
-1.824 
-1.368 
-0.912 
-0.456 
0.000 
0.456 
0.912 
1.368 
1.824 
2.280 
2.736 
3.192 
3.648 

 

 
-3.420 
-2.964 
-2.508 
-2.052 
-1.596 
-1.140 
-0.684 
-0.228 
0.228 
0.684 
1.140 
1.596 
2.052 
2.508 
2.964 
3.420 

 
 
 
 
 
 
 
 

2.54 
×10-2 

 

-4.320 
-3.780 
-3.240 
-2.700 
-2.160 
-1.620 
-1.080 
-0.540 
0.000 
0.540 
1.080 
1.620 
2.160 
2.700 
3.240 
3.780 
4.320 

 

 
-4.050 
-3.510 
-2.970 
-2.430 
-1.890 
-1.350 
-0.810 
-0.270 
0.270 
0.810 
1.350 
1.890 
2.430 
2.970 
3.510 
4.050 

 
 
 
 
 
 
 
 

5.01 
×10-2 



Table 2. 2  Optimal symmetric quantizer for uniform, 
Gaussian, Laplacian and Gamma distributions (The 
uniform distribution is between [-1, 1], the other three 
distributions have zero mean and unit variance.)  
[lloyed 1957, 1982] [max 1990] [paez 1972] 
 

  
Uniform 

 

 
Gaussian 

 
Laplacian 

 
Gamma 

 
N 
 

 
di 
 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
di 

 
yi 

 
MSE 

 
 
2 

 

-1.000 
0.000 
1.000 

 

 

-0.500 
0.500 

 
8.33 

×10-2 

 

-∞ 
0.000 
∞ 

 

 

-0.799 
0.799 

 
0.363 

 

-∞ 
0.000 
∞ 

 

 

-0.707 
0.707 

 
0.500 

 

-∞ 
0.000 
∞ 

 

 

-0.577 
0.577 

 
0.668 

 
 
4 

 

-1.000 
-0.500 
0.000 
0.500 
1.000 

 

 
-0.750 
-0.250 
0.250 
0.750 

 
 
 

2.08 
×10-2 

 

-∞ 
-0.982 
0.000 

-0.982 
∞ 

 

 
-1.510 
-0.453 
0.453 
1.510 

 

 
 

0.118 

 

-∞ 
-1.127 
0.000 
1.127 
∞ 

 

 
-1.834 
-0.420 
0.420 
1.834 

 
 

1.765
×10-1 

 

-∞ 
-1.205 
0.000 
1.205 
∞ 

 

 
-2.108 
-0.302 
0.302 
2.108 

 
 

0.233 

 
 
 
 
 
 
8 

 

-1.000 
-0.750 
-0.500 
-0.250 
0.000 
0.250 
0.500 
0.750 
1.000 

 
-0.875 
-0.625 
-0.375 
-0.125 
0.125 
0.375 
0.625 
0.875 

 

 
 
 
 

5.21 
×10-3 

 

-∞ 
-1.748 
-1.050 
-0.501 
0.000 
0.501 
1.050 
1.748 
∞  

 
-2.152 
-1.344 
-0.756 
-0.245 
0.245 
0.756 
1.344 
2.152 

 

 
 
 
 

3.45 
×10-2 

 

-∞ 
-2.377 
-1.253 
-0.533 
0.000 
0.533 
1.253 
2.377 
∞  

 
-3.087 
-1.673 
-0.833 
-0.233 
0.233 
0.833 
1.673 
3.087 

 

 
 
 
 

5.48 
×10-2 

 

-∞ 
-2.872 
-1.401 
-0.504 
0.000 
0.504 
1.401 
2.872 
∞  

 
-3.799 
-1.944 
-0.859 
-0.149 
0.149 
0.859 
1.944 
3.799 

 

 
 
 
 

7.12 
×10-2 

 
 
 
 
 
 
 

16 

 

-1.000 
-0.875 
-0.750 
-0.625 
-0.500 
-0.375 
-0.250 
-0.125 
0.000 
0.125 
0.250 
0.375 
0.500 
0.625 
0.750 
0.875 
1.000 

 

 
-0.938 
-0.813 
-0.688 
-0.563 
-0.438 
-0.313 
-0.188 
-0.063 
0.063 
0.188 
0.313 
0.438 
0.563 
0.688 
0.813 
0.938 

 
 
 
 
 
 
 
 

1.30 
×10-3 

 

-∞ 
-2.401 
-1.844 
-1.437 
-1.099 
-0.800 
-0.522 
-0.258 
0.000 
0.258 
0.522 
0.800 
1.099 
1.437 
1.844 
2.401 
∞  

 
-2.733 
-2.069 
-1.618 
-1.256 
-0.942 
-0.657 
-0.388 
-0.128 
0.128 
0.388 
0.657 
0.942 
1.256 
1.618 
2.069 
2.733 

 
 
 
 
 
 
 
 

9.50 
×10-3 

 

-∞ 
-3.605 
-2.499 
-1.821 
-1.317 
-0.910 
-0.566 
-0.266 
0.000 
0.266 
0.566 
0.910 
1.317 
1.821 
2.499 
3.605 
∞ 

 

 
-4.316 
-2.895 
-2.103 
-1.540 
-1.095 
-0.726 
-0.407 
-0.126 
0.126 
0.407 
0.726 
1.095 
1.540 
2.103 
2.895 
4.316 

 
 
 
 
 
 
 
 

1.54 
×10-2 

 

-∞ 
-5.050 
-3.407 
-2.372 
-1.623 
-1.045 
-0.588 
-0.229 
0.000 
0.229 
0.588 
1.045 
1.623 
2.372 
3.407 
5.050 
∞ 

 

 
-6.085 
-4.015 
-2.798 
-1.945 
-1.300 
-0.791 
-0.386 
-0.072 
0.072 
0.386 
0.791 
1.300 
1.945 
2.798 
4.015 
6.085 

 
 
 
 
 
 
 
 

1.96×
10-2 
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• The solution to optimum quantizer design for 
finitely many reconstruction levels N when 
input x obeys Gaussian distribution was 
obtained numerically [lloyd 1957, 1982, max 
1960].  

• Lloyd-Max quantizers. 
• The design for Laplacian and Gamma 

distribution were tabulated in [paez 1972].  
• Performance comparison  
 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. 9  Ratio of error for optimal quantizer to error for optimum 
uniform quantizer vs. number of reconstruction levels N. (Minimum 
mean square error for Gaussian distributed input with a zero mean and 
unit variance).  Data from [max 1960]. 
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2.5  PCM 
 

• Pulse code modulation (PCM) is closely 
related to quantization. 

• PCM is the earliest, best established, and 
most frequently applied coding system  

despite the fact that  

§ the most bit-consuming digitizing 
system (since it encodes each pixel 
independently)  

§ a very demanding system in terms of 
bit error rate on the digital channel.  

• PCM is now the most important form of 
pulse modulation.  

• Pulse modulation links an analog signal to a 
pulse train in the following way.  

§ The analog signal is first sampled  

§ The sampled values are used to 
modulate a pulse train.  
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Figure 2.15  Pulse modulation 
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0101 0101 0101 0101 0101 0100 0011 0011 0010 0001 0001 0001 0010 0010 0011 

0100 0101 1000 1010 1100 1101 1110 1110 1111 1111 1111 1111 1110 1110  

 

Figure 2. 16  Pulse code modulation (PCM) 
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            d1 
0000     y1 

          d2 
0001     y2 

        d3 
0010     y3 

           d4 
0011     y4 

         d5 
0100     y5 

          d6 
0101     y6 

          d7 
0110     y7 

          d8 
0111     y8 

          d9 
1000     y9 

         d10 
1001    y10 

         d11 
1010    y11 

         d12 
1011    y12 

         d13 
1100    y13 

         d14 
1101    y14 

         d15 
1110    y15 

         d16 
1111    y16 

   d17 

Output code (from left to right, from top to bottom): 
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• In PCM, a sampling, a uniform quantization,  
and a natural binary code converts the input 
analog signal into a digital signal. 

• In this way, an analog signal modulates a 
pulse train with the natural binary code. 

• By far, PCM is more popular than other 
types of pulse modulation 

since the code modulation is much more 
robust against various noises than     
amplitude modulation, width modulation 
and position modulation. 

• In fact, almost all coding techniques include 
a PCM component.  

• In digital image processing, given digital 
images usually appear in PCM format. 

•  It is known that an acceptable PCM 
representation of monochrome picture 
requires 6 to 8 bits per pixel [huang 1975]. 

• It is used so commonly in practice that its 
performance normally serves as a standard 
against which other coding techniques are 
compared. 
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As an example, we apply the algorithm to a grayscale image,
with n = 32. The initial bins are chosen at random.

Original image, entropy=7.65
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As an example, we apply the algorithm to a grayscale image,
with n = 32. The initial bins are chosen at random.

21 iterations, entropy=4.75, PSNR 40.7
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As an example, we apply the algorithm to a grayscale image,
with n = 32. The initial bins are chosen at random.

28 iterations, entropy=4.56, PSNR 40.0
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Here is the quantization function for the second run:

0 50 100 150 200 250
x0

50

100

150

200

250

qHxL
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Quantization applied to “raw” images usually gives bad results
in areas of gradual gray-value change (sky, water, etc.):

Original image:
entropy=7.63



Introduction Basic Quantization Lloyd-Max “Raw” Images Transformed Images Generalizations

Quantization applied to “raw” images usually gives bad results
in areas of gradual gray-value change (sky, water, etc.):

n = 26:
10 iterations, entropy=5.53, PSNR 45.1
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Quantization applied to “raw” images usually gives bad results
in areas of gradual gray-value change (sky, water, etc.):

n = 25:
18 iterations, entropy=4.35, PSNR 38.0
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Quantization applied to “raw” images usually gives bad results
in areas of gradual gray-value change (sky, water, etc.):

n = 24:
22 iterations, entropy=3.76, PSNR 34.7
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We now compare step quantization to Lloyd-Max quantization
for a transformed image:

We use the CDF97 wavelet transform once.
For the step quantization we use τ = 16:

Original image (-128): entropy=7.74
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We now compare step quantization to Lloyd-Max quantization
for a transformed image:

We use the CDF97 wavelet transform once.
For the step quantization we use τ = 16:

CDF97-transformed image
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We now compare step quantization to Lloyd-Max quantization
for a transformed image:

We use the CDF97 wavelet transform once.
For the step quantization we use τ = 16:

Τ�2=8 Τ=16

Τ=16 2Τ=32

Step sizes for the quantization
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We now compare step quantization to Lloyd-Max quantization
for a transformed image:

We use the CDF97 wavelet transform once.
For the step quantization we use τ = 16:

Quantized transform: entropy=2.75
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We now compare step quantization to Lloyd-Max quantization
for a transformed image:

We use the CDF97 wavelet transform once.
For the step quantization we use τ = 16:

Reconstructed image: PSNR 32.44
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Here is the same example with Lloyd-Max quantization:

Original image (-128): entropy=7.74















































FFT-Real Data 

 

  set 0*z x i   

do FFT 

wasteful 

 

 find FFT of two real vectors x,y 

Let 
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Cosine Transform 
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Note this uses half points in the interval. 

Then the inverse is given by 

 
 1

0

2 1
cos 0,1,... 1

2

N

n k k
k

n k
u v n N

N








 
   

 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

To evaluate this fast we relate it to a FFT 
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Sine Transform 
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To evaluate this fast we relate it to a FFT 
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