










Definition:  A function ( , )f x y  is invariant if ( , ) ( )f x y f x y= −  

Definition: Transfer function H  

Let ( , )f x y =  picture 

       ( , )h x y =  linear invariant operator 

       ( , )H u v =  Fourier transform of ( , )h x y  

Then the output is and      g h f G H F= ∗ =   

 

Definition: Impulse Response function:   

( , )h x y  is the response when the picture is a delta function 

Definition: Point Spread function 

Fourier transform of the Impulse Response function 

 

Definition: Finite Impulse Response Filter (FIR) 

Delta function →  finite number of points 

Definition: Infinite Impulse Response Filter (IIR) 

Delta function →  infinite number of points 

Example:  Recursive filter 

 ' '
1(1 )n n ng g gα α−= − +  

Definition: Casual filter 

Depend only on previous data 
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t = 0 li near 'scale-space'
(Witkin 1983, Koenderink 1984)

t
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t = 0 t = 12.5 t = 50 t = 200

T ime

Click 
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1A is not a matrix

It corresponds to Ux = xi+1;j+1+2xi+1;j+xi+1;j�1�(xi�1;j+11 + 2xi�1;j + xi�1;j�1)

Taking the Fourier transform
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Averaging

bxk =
N�1X
n=0

xne
� 2�ikn

N

byk =
N�1X
n=0

xn+1e
� 2�ikn

N =
N�2X
n=�1

xn+1e
� 2�ik(n�1)

N = e
2�ik
N

N�1X
n=0

xne
� 2�ikn

N = e
2�ik
N bxk

Therefore,

dxk+1 + xk�1
2

=
bxk+1 + bxk�1

2
=
e
2�ik
N + e�

2�ik
N

2
bxk = cos�2�k

N

� bxk = �kbxk
Example:
Highest frequency: k = N
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Gibbs Phenomena 

 

Given a discontinuity רציף למקוטעין ( ) the Fourier series converges 
but not uniformly 

 

Thus, there is a constant overshoot of about 8% but the width 
narrows as we take more terms in the series 

 

http://cnx.org/content/m10092/latest/ 

http://gaussianwaves.blogspot.com/2010/04/gibbs-phenomena-
demonstration.html 

 

 

• Affects filters 
•  Affects Fourier transform of pictures since the edges are not 

periodic 
 

 











Ideal low Pass Filter

H(U, V ) =

{
1

√
U2 + V 2 < R2

0 otherwise

or

H(U, V ) =

{
1 |U | < Rx and |V | < Ry

0 otherwise

Then

h(m,n) = RxRysinc(2πUm)sinc(2πV n)

Butterworth low Pass Filter

H(U, v) =
1

1 + (U
2+V 2

R )K

Gaussian low Pass Filter

H(U, V ) = e−2π2σ2(U2+V 2)

h(m,n) =
1

2πσ2
e−

m2+n2

2σ2

1































3

105

Dr. Yoram Tal

F G H I J I K L G L I M N O P Q R L S P G K

In image processing we identify the concentration with the 
gray value at a certain location.

If the diffusion tensor is constant over the whole image 
domain, one speaks of homogeneous diffusion.

If the diffusion tensor is space-dependent, it is called an 
inhomogeneous diffusion.
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F G H I J I K L G L I M N O P Q R L S P G K

)( fgD ∇=

The idea is to define a diffusivity function

Where f∇ is a fuzzy edge detector: 

( )22

22

T
/exp)(

T
/1

1
)(

ffg

f
fg

∇−=∇

∇+
=∇

or
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U V W X Y X Z [ V [ X \ ] ^ _ ` a [ b _ V Z c d e

( )ufgdivut ∇⋅∇=∂ )(

The resulting equation is no longer homogeneous (though it 
may still be linear):

See:
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First column: 

homogeneous

Second column: 
inhomogeneous
& linear

Third column: 
inhomogeneous
& non-linear

t
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w x y z { | } ~ � | � { ~ � | � �

Click 

See also Wiener filter (wiener2)
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� � � � � � � � � � �   ¡ ¢ � � £ ¤ � ¥ ¦ § ¨ �
Lenna

S = sprandn (512,512,0.01)*50;
Y = Lenna + S;
imagesc (Y); colormap gray

Y
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Lenna + noise Smoothed

Lenna Smoothed

Removes  the noise
- but smears the 

image
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Lenna + noise Filtered

Lenna Filtered

Removes  the noise
- but looses image

details
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Y

S = sprandn (512,512,0.01)*50;

Y = Lenna + S;
h = fspecial ('gauss',7,1);

Ys = filter2 (h,Y , s ame ) ;

k = find ( abs (Y - Ys)>20);

Z = Y;

Z(k) = Ys(k);

Z
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ROIFILT 2 apply fil ter2 to a polygonal area
of  the image

x bw

y = roifilt2 ( ones(9) , x, bw) ;

y
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 ! " " # $ % & $ ' ( ) * + , - .

I = i mr ead( ' f lo wer s. t if ' ) ;
I = I ( 10+[ 1: 256] , 222+[1 : 256] , : ) ; % c ro p t he i mage
f i gur e; i mshow(I ) ; t it l e( ' Or ig i nal I mage' ) ;

LEN = 3 1;
THETA = 11 ;
PSF = f speci al ( ' moti on' , LEN, THETA);
Bl urr ed =  i mf il t er (I , PSF, ' ci r cula r ' , 'c onv ' ) ;
f i gur e; imshow( Bl urr ed) ; t i tl e( ' Bl ur r ed I mage' );
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wnr1 = deconvwnr (Blurred,PS F); 
figure;
imshow (wnr1); 
title('Restored, True PSF') ; 



High Pass Filters

Fourier

Ideal

H(u, v) =

{
0
√
u2 + v2 ≤ R2

1
√
u2 + v2 ≥ R2

or

H(u, v) =

{
0 |u| ≤ u0 and |v| ≤ v0

1 otherwise

Butterworth

H(u, v) =
1

1 +
(

R2√
u2+v2

)2K

or

H(u, v) =
1

1 + (
√

(2)− 1) ·
(

R2√
u2+v2

)2K

1














































