Rayleigh Quotient

-V - (pVu) + qu = Amu in D
u=0 on 0D

We know that there are an infinite number of (positive) eigenvalues tending to
o0 . Denote them by

0 <M <A<

Define -
(f,9) = [[] m(2)f(2)g(x)dz

Let

_ I @)Vl + q(x)|w]*] do

w) TTT @) fwPda

Theorem 1 Define
m = min Q(w) w=0ondD w smooth

Then
)\1 =m

and the minimizing function u(z)is an eigenfunction, i.e.
-V -@Vu)+qu=X \mu inD w=0 ondD

Proof. Consider the case p = 1, ¢ = 0 and m = 1 (we shall now use m as
minimum of Q).
So for an eigenfunction u with eigenvalue A

—Au = Au
Multiply by u and integrate we get
—[[[uAudz = X[[[v*dz

by Green’s identity — [[[|Vul*dz = X [[[v*dz

N

[ ds
So we define fff|V 24
Y= T Tupds

Then



_ S IVwlPdz
Q) = 21T wlds

Since m is a minimum and «(z) is the minimizer function

B [[J IV (u+ev) |*dz
m<fe) = fff(u+sv)2dx

Expanding
[ IVul? + 2eVu - Vo 4 €2 |Vo|2dz

[[] (u? 4 2euv + v?) dz

Differentiating with respect to ¢ and setting ¢ = 0 we get

£(0) = [[[w?dz - [[[2Vu-Vvde — [[[|Vu|?dz -2 [[[ uvdx
(JI[ u?de)’

f(e)

So

fffVu~VvdzWfffuvdmmfffuvdz

By the first Green lemma
[[] (Au+ mu)vdz =0
Since v is arbitarary
Au+mu =0

i.e. m is an eigenvalue of —Au.
However,

< [[fVv;)?dzx _ [[[ vjAv;dz

- fffv?dac fffv?dx
_ S Qyej) vide
Iff U?dx J

Hence, m is the smallest eigenvalue of —Au =
Using these ideas (integration by parts) we can prove that

for all j

Theorem 2 The eigenvalues are all non-negative if for every eigenfunction
o —pugtls >0

®q=0



Other eigenvalues

Theorem 8 Minimum principle for n-th eigenvalue:
Suppose A1,...An—1 are known with their eigenfunctions vy(z),...vn—1(x).
Then

2

d

An:{minW w#0 w=0o0ndD winC?
wl|?dz

and 0 = (w,v1) = ... = (w,v,_1)}

We wish to find a formulation where \,, doesn’t explicitly depend on the previous
eigenvalues and eigenfunctions.

Theorem 4 Minimaz principle
Given n-1 linearly independent piecewise continuous functions v, ..., v,
we define

A (v1,.yvn) = inf [[[|Vw]Pdz (w,v;) =0 (w,w)=1 w=0 ondD
Then
An =sup Ay (vi,...,vn)  all possible v;

= max {min [[[IVw|*dz  (w,v;)=0 (w,w)=1 w=0on 8D}
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example

A1 = min < =
Jw2dz [ w?dx
0 0
choose
w(z)=xz(l—=x) sow(0)=w(l)=0
w'(x) =1—2x
l 9 1 )
[(%2) dx  [(1—22)"dw
0o ) 10
l T - 172
[ w2dx [ 22l — z)%dx
0 0
So we have Ay < 12 while the ezact answer is Ay = %2 ~



