7 Wave Equation in Higher Dimensions

We now consider the initial-value problem for the wave equation in n dimensions,

uy — Au =0 reR"
u(z,0) = ¢(z) (7.1)
ut(xv O) = ¢(1’)

where Au =370 | Uy,

7.1 Method of Spherical Means

Ref: Evans, Sec. 2.4.1; Strauss, Sec. 9.2
We begin by introducing a method to solve (7.1) in odd dimensions. First, we introduce
some notation. For x € R", let

e B(z,r) = Ball of radius r about x
e 0B(z,r) = Boundary of ball of radius r about x
e a(n) = Volume of unit ball in R™

e na(n) = Surface Area of unit ball in R™.

With this notation, the volume of the ball of radius r about # € R", written as Vol(B(z, 1)),
is given by a(n)r™ and the surface area of the ball of radius r about # € R", written as
S.A.(B(x,r)), is given by na(n)r"1.

For f: R™ — R, we define the average of f over B(x,r) as

1 1
fydyE—/ fydyz—/ fy) dy.

]i(m,r) ( ) VOI(B(.ZE,?”)) B(z,r) ( ) a(”)rn B(z,r) ( )

We define the average of f over 0B(x,r) as
1 1
fdeyE—/ fdey:—/ f(y) dS(y),
]gB(:IJ,T) ( ) ( ) SA(B<'I7T)> dB(z,r) ( ) ( ) na(n)rn—l oB(z,r) ( ) ( )

where dS(y) denotes the surface measure of B(z,r) in R".

Example 1. For n = 3, Vol(B(z, 7)) = %m’?’. Therefore, for f : R* — R, the average of f
over B(0,r) is given by

3 .
]i(o,r)f(y)dy_47rr3/0/o /Of(pﬁ,cb)p sin ¢ dp df dg.

For n = 3, S.A.(B(x,7)) = 47r?. Therefore, for f : R* — R, the average of f over dB(0,r)
is given by

1 i 2w 9 . 1 7r 21 ‘
]([93(07T)f(?/) dS(y) = 47r7"2/0 /0 f(r,0,¢)r*sin¢df dop = E/o /0 f(r,0,0)sin¢db de.
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Our plan to solve (7.1) is the following. Fix a point x € R". For r > 0, we define

(1) z][ u(y, 1) dS(y).
OB(z,r)

the average of u(-,t) over B(x,r). For r = 0, we define u(x;0,t) = u(z,t). For r < 0, we
define w(x;r,t) = u(z; —r,t). We claim that for u smooth, @ is a continuous function of r,
and, therefore,

rlir& u(x;r,t) = u(z,t).

In order to solve (7.1), we will assume u is a solution of (7.1) and look for an equation @
solves. Note: We will assume ¢ = 1. For ¢ # 1, we can make a change of variables to derive
the solution from the solution in the case ¢ = 1.

Lemma 2. If u solves
Utt—AUZO, $€Rn,t20

u(z,0) = ¢(x)
Ut(x7 0) = ¢(m)7
then w(z;r,t) solves

(

—~

n—1)
r

u, = 0, O<r<oo,t>0

Ett - ﬂm‘ -

a(w;r,0) = dla;7) = ¢(y) dS(y)

OB (z,r)

(i 7,0) = Pl ) = ]é o S

\

for every x € R".

Proof.
u(x;rt) = ][ u(y,t) dS(y)
OB(z,r)

:f u(z + rz, t)dS(z).
8B(0,1)



Therefore,

U (x;r t) = f Vu(x +rz,t) - 2dS(z)
8B(0,1)

— T
- f Valy. ) - L= ds(y)
OB(z,r) r

ou
- “(y,t)dS
]gB(x’r) 5, Y ) dS(y)

— o [ Swndsty)

by the Divergence Theorem, and using the fact that u solves the wave equation, uy; —Au = 0.
Therefore,

1
Up(w57,t) = ——y 1) d
u (‘T r ) na(n)r"‘l /B(xyr) utt(y ) Y

which implies
1 1

t)dy.
na(”) /B(:c,r) Utt(y’ ) Y

(s, t) =

Therefore,

1
r" . (z e, b)), = / U (y,t) dS(y
e )= s | w0 asw)
,rn

-1

a(n)rn-1 /GB(:):,r) a9 )
=" ][ ug(y, 1) dS(y)
OB (z,r)

= r"flﬂtt(x; r,t).

3

Therefore,
(r”_lﬂr(x; T t)), = r”_lﬂtt(a:; r,t),

which implies

Therefore,




and

Similarly,

as claimed. O

Solution for n = 3.
We now consider the case of the wave equation in three dimensions. Assume u is a
solution of (7.1) for n = 3. As before define the function @(z;r,t) such that

u(x;r,t) = ]éB(m) u(y,t) dS(y).

Next introduce a function v(z;r,t) such that
v(x;r t) = ru(z;r,t)

and new functions g(z;7) and h(x;r) such that

o(5;7) = (s r) = f o(r) dS(y)

OB(z,r)

h(;r) = ;) = ][ (r) dS(y).

OB(z,r)

Lemma 3. For each x € R", the function v(x;r,t) solves the one-dimensional wave equation
on the half-line with Dirichlet boundary conditions,

Vg — Uy = 0 0<r<oo,t>0
v(x;r,0) = g(x;r) 0<r<oo
ve(z;7,0) = h(x;T) 0<r<oo
v(z;0,t) =0 t>0.
Proof.
Uyt = Uy
e
=T | Upp + —Up
r
= ', + 2,
= (ru, +a),
= (Tﬂ)rr
= Upy



Next,

= ][ ¢(y) dS(y)
OB(z,r)
= 7“5(957 T)
=g(x;7)
Similarly,
ve(z;7,0) = h(x;r).
Now,

v(x;0,t) =0-u(x;0,t) = 0.

Therefore, v(x;r,t) solves the one-dimensional wave equation on a half-line with Dirichlet
boundary conditions, as claimed. O]

Now we use this fact to construct the solution of (7.1). By d’Alembert’s formula, we
know that for 0 < r <, the solution v(z;r,t) is given by

i) = lotrr+ ) —gast =)+ 5 [ hydy

2 —r+t
Now
u(z, t) = rlilr(r]lJr u(x;r,t)
and
v(x;r t) = ru(x;r,t).
Therefore,
u(z,t) = lim vz, t)
r—07+ r
' 1 1 7’+t
=t { et = gCait =+ g [ ) an
= %g(w; t) + h(zx;t).
Now _
g(@;r) = ro(w;r)
implies
gla;t) = to(w;t) = t][ ¢(y) dS(y).
OB (x,t)
Similarly,



Therefore, the solution of the wave equation in R? (with ¢ = 1) is given by

ey =g |, omasw|if  vmasi)

If ¢ is smooth, the solution can be simplified further. In particular, for ¢ smooth, we
have

o= (1] i st )
= d% (t faB(O’l) oz +tz) dS(z))

_ 7[ oz +t2)dS(z) + t/ Vo(x +1tz) - 2dS(z)
8B(0,1)

8B(0,1)

= ]{) . o(y) dS(y) +t 7£ s Vo(y) - <y ; x) dS(y)
_ ]é s o(y) dS(y) + 7[ Vo(y) - (y — ) dS(y).

OB(z,t)

And,
hw;t) = f(x ) = tf b(y) dS(y).

OB(z,t)

Therefore, we have
wr.t) = [60)+ 990 (=) + 1) ().
B(x,t
We note that in R3,

5 oy~ 57,
][BB(;t,t) na(n)t" = fopwy AT Jopur

Therefore, the solution of the IVP for the wave equation in R?® (with ¢ = 1 and ¢ smooth)
is given by

B 1
42

[, [60)+ V00 (5= )+ il asiy). (72)

u(z,t)

This is known as Kirchoff’s formula for the solution of the initial value problem for the
wave equation in R3.

Remark. Above we found the solution for the wave equation in R? in the case when ¢ = 1.
If ¢ # 1, we can simply use the above formula making a change of variables. In particular,
consider the initial-value problem

vy — AV =0 reR"

v(2,0) = 6(x) (7.3)

Ut(l‘, 0) - ¢($)
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though a point, its information is immediately forgotten. This property, the
strong version of Huygens’ principle, is valid not only for n = 3, but in all odd-
dimensional spaces. It does not apply, however, to the wave equation in spaces
of even dimensionality. There, even though information still propagates at speed
one, it does not do it through sharp fronts, leaving instead a trace behind as it
passes through a point. Hence, when a tsunami shakes the (2D) ocean, it leaves
significant wave action behind its leading front. We shall see now that this is
the case in two dimensions, through an application of Hadamard’s method of
descent. The same methodology applies in all even dimensions n = 2d, once we
have the general solution to the initial value problem in the odd-dimensional
space n = 2d + 1.

3.5 The method of descent

The method of descent, also due to Hadamard, consists simply in thinking of
any solution to the wave equation in even (n = 2d) dimensions as a solution in
one more dimension which does not depend on one of the space variables. In
two dimensions, in particular, we can write

u(x7 y7 t) = a(x7 y’ Z’ t) )

where @ is a solution to the three-dimensional wave equation with initial data
that do not depend on z:

iz, y,2,0) = §(z,y,2) = g(x,9), @,y 20)=h(z,y,2) = h(z,y).

For @ we have the exact formula (53), so the same applies to u. However, by
definition, the corresponding G(z,r) and H(z,r) are the spherical means over
three-dimensional balls of functions §(x) and h(z) that do not depend on z.
Then we have

Gy = [ as)ds = [ gls)saa,
B(z,r) S(z,r)

where B is the surface of a three-dimensional sphere, S is the surface of a
two—dimensional circle, and J is the Jacobian

o
s

that projects one area element onto the other. For our purposes, it is enough
to notice that now the formula for u involves integrals over the interior of
circles of radius ¢, not just their circumference. Hence the strong version of
Huygens principle does not apply in two dimensions: the solution to the wave
equation at point x and time ¢ depends on all the initial data within a circle of
radius ¢ around x, not just on their values and derivatives on the circumference
ly — x| =t.

27



Suppose v is a solution of (7.3). Then define u(z,t) = v(z, 1t). Then

1
Utt—Auzgvtt—AUZO

implies u is a solution of

U — Ugy = 0 r e R"”
u(z,0) = ¢(x)
(i, 0) = %w(:p).

Therefore, u is given by Kirchoff’s formula above. Now by making the change of variables
t= %t, we see that

v(x,t) = u(x, ct)
and we arrive at the solution for (7.3),

1

v(r,t) = Amc2t?

/8 o 60+ V6 (=) + )] S

7.2 Method of Descent

In this section, we use Kirchoff’s formula for the solution of the wave equation in three
dimensions to derive the solution of the wave equation in two dimensions. This technique
is known as the method of descent. This technique can be used in general to find the
solution of the wave equation in even dimensions, using the solution of the wave equation in
odd dimensions.
Solution for n = 2.

Suppose u is a solution of the initial value problem for the wave equation in two dimen-
sions,

Uy — Au =0, reR?t>0

u(z,0) = ¢(z)

uy(,0) = ¥(x).
We will find a solution in the 2-D case, by using the solution to the 3-D problem. Let
u(zy, 9, t) be the solution to the 2-D problem. Define

u(zy, xe, x3,t) = u(x, 9, 1).
Therefore,

(w1, T2, 23,0) = u(z1, 22,0) = P21, 22)

at(xlax%a;?no) = U(l’l,l’mo) = ¢(x1,$2)-

Clearly, u(xy, xs, z3,1) is a solution of the 3D wave equation with initial data ¢(zy,x2) and

¢(9€17 $2),
Ut — Uy g — Uggae — Uzzaz = 0

ﬂ($1;$2,$3,0) = ¢(1‘17$2,$3) = ¢($1,I2)

ﬂt(l‘l,ﬁ% Z3, 0) = ¢($1, 5527133) = w(%, $2>~

7



Now we can solve the 3D wave equation using Kirchoft’s formula. In particular, our
solution is given by

ii(ar, 2, 0,1) = ][ ) + V) - (y — 2) + td(y)] dS(y)

9B ,1)

where B(T,t) is the ball of radius ¢ in R? about the point Z = (1, 75,0). Now we note that

~ 1 "
][8B(:c,t) Hy)asly) = dm? dB(T,t) ) dS()
1

~ one2

/B STy

where B(z,t) is the ball in R? of radius ¢ about the point x = (z1,x5) and v(y) = (t* — |y —
z|?)Y/2. Therefore,
y—x

V) =y

which implies

(14 VA ) = (t—)/

=y —af

Therefore,
~ 1 to(y)
dS(y) = —= dy.
]gB(x,t) Py) dS() 21t? ey (12 — ly — x|?)1/2 Y
Similarly,
~ 1 Y (y)
t dS(y) = —= d
faB(z,t) v dSly) 2112 J p(ag) (12 — |y — x[*)1/2 Y
e L[ V) - o)
- y)-(y—zx
Voly) - (y —x)dS(y) = — dy.
]éB(z,t) ) )450) 2112 Jp(agy (12 — |y — x[?)1/2

Therefore, the solution of the initial-value problem for the wave equation in R? (with ¢ = 1)
is given by

_ 1 to(y) + t*P(y) +tVe(y) - (y — x)
278 S (2 = |y — =[*)1/?

dy. (7.4)

u(z,t)

Again, by making a change of variables, we see that the solution of the wave equation in
two dimensions is given by

) / ctd(y) + Y (y) + ctVo(y) - (y — x) .
B(z,ct)

(e, t) = 2mcit? (212 — |y — x|?)V/?




7.3 Huygen’s Principle

Note that for the initial-value problem for the wave equation in three dimensions, the value
of the solution at any point (z,t) € R? x (0, 00) depends only on the values of the initial data
on the surface of the ball of radius ct about the point x € R?; that is, on dB(z, ct). That is
to say, disturbances all travel at exactly speed c. This is known as Huygens’s principle.
In contrast, in two dimensions, the value of the solution u at the point (z,t) depends on the
initial data within the ball of radius ct about the point € R2. Signals don’t all travel at
speed c. In fact, as we will see, for n > 3 and odd, Huygens’s principle holds. That is, all
signals travel at exactly speed c. In even dimensions, however, that is not the case.

7.4 Wave Equation in R", n > 3

Ref: Fvans, Sec. 2.4.1
Note: In this section, we assume ¢ = 1. For ¢ # 1, we can make a change of variables to
find the solution.

Odd dimensions.
For the case of odd dimensions, we use the method of spherical means as we did for the
case of n = 3. Let n =2k + 1. Let x € R". Define

o(zir ) = (%%)H (21 1))

Notice that for £k = 1, these definitions reduce to those functions introduced in the case
n=3.

First, we will show that v(x;r,t) solves the wave equation on the half-line with Dirichlet
boundary conditions.

Lemma 4. For each integer k > 1, for each x € R™, the function v(x;r,t) defined above

solves
Vit — Upp = 0 r>0

v(x;r,0) = g(x;7)
vi(z;r,0) = h(z;r)
v(x;0,t) = 0.

The proof relies on the following lemma.

Lemma 5. Let ¢ : R — R be C**1. Then for k =1,2,...

(E)C2)" - (2] (-5

1.



15. Wave equation

propagation of light and sound

One of the “holy Trinity” of partial differential equations is the second—order wave equation, the
canonical example of a hyperbolic PDE. In n dimensions the equation takes the form

uy = Au, 1

where A is the Laplacian operator, 02/0z? + --- + 0?/0z2. A wave speed ¢ can be included by a
factor ¢ on the right-hand side. Since (1) is of second order in ¢, a well-posed initial-value problem
for this equation would normally involve two initial conditions such as u(z,0) and wu(z,0).

The wave equation describes linear, nondispersive wave propa-
gation. For example, Figure 1 presents a pair of images

that show the outward spread of a circular pulse

in 2D. At ¢ = 0 we begin with a cone
of radius 0.1 with u;(0) = 0.
At ¢t = 2, the cone has spread
to a concentric ring of
outer radius ex-

actly 2.1.

Fig. 1: Propagation
of a circular pulse

The wave equation arises in numerous applications. The classical 1D example is the vibration of an
ideal string (— ref), and in 2D this becomes the vibration of an ideal membrane or drum (— ref).
In 3D, the most famous example is the propagation of sound waves in a gas or liquid. Indeed,
equation (1) is often called the acoustic wave equation to distinguish it from the more complicated
elastic wave equation (— ref), where the presence of stiffness as well as compressibility leads to
the appearance of two distinct kinds of waves.

Being hyperbolic, the wave equation has finite speed of propagation for all information namely 1,
for the equation as written in (1). A curious property known as Huygens’ principle is as follows.

In dimensions n = 3,5,7,9,..., all information propagates under (1) at speed exactly 1, never
slower. Thus, the light from a bulb flashed at ¢ = 0 passes the observer at a later time as a pure
delta function. In dimensions n =1,2,4,6,8, ..., on the other hand, a finite fraction of the energy

may travel more slowly than at speed 1, so the observer sees a delta function flash followed by a
decaying tail. To illustrate this phenomenon, Figure 2 shows the result at time £ = 1 of the initial
condition w(z,0) = max{0,1 — 10|z|} in dimensions 1,2, 3,4, 5,6, where |z| = (z} 4 --- + z2)!/%.

In an unbounded domain, the wave equation is readily investigated by Fourier analysis. Separation
of variables leads to the observation that for any n-vector k, known as the wave number, there are

28 February 2001: Kathryn Harriman and Nick Trefethen

Fig. 2: Huygens’ principle: zero tails in odd dimensions n > 3

plane wave solutions of (1) of the form
u(x,t) — ei(u}t-%—lc-z)7 (2)

where k-2 = kyz1 + -+ + k,x,, so long as w = £|k|. This condition relating the frequency to the
wave number is the dispersion relation for (1). By a Fourier integral, general solutions to (1) can
be obtained by the superposition of plane waves (2), and under suitable technical assumptions, all
solutions can be written this way.

In a bounded domain €, separation of variables in (1) leads to oscillatory solutions of the form
ewilg;(z), where the functions ¢;(z) are eigenfunctions of the Laplacian operator for Q (— ref).
The allowed frequencies w; now belong to a discrete set, and general solutions can be obtained via
superpositions as series rather than integrals. If {2 is a rectangle, a disk, or a ball, the eigenfunctions
are trigonometric functions, Bessel functions, or spherical harmonics, respectively.

Another technique in the study of the wave equation is Hadamard’s method of descent. The idea
here is that any solution in dimension n can be thought of as a solution in dimension n + 1 that
happens to be invariant with respect to one coordinate. In particular, solutions in even dimensions
can be obtained from solutions in the odd dimension one higher, which are relatively elementary
superpositions of expanding spheres thanks to Huygens’ principle.

In applications of the wave equation, boundaries and variable coefficients are important, including
discontinuities in the sound speed. Among the phenomena that arise are reflection, refraction, and
diffraction. Just as the field of fluid mechanics can be described without too much exaggeration
as the study of the Navier—Stokes equations (— ref), so the field of acoustics is more or less the
study of the wave equation. There are enough subtleties here to fill books, and careers—even if we
confine our attention to the fascinating subfield of the physics of musical instruments.
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rdr

d k—1 k-1 ‘ :
(o) a0 =X
=0

where each ﬁjk 1s independent of ¢.

Bi=1-3-5---(2k —1).
Proof. Use induction. O

Proof of Lemma 4.

1
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Clearly, v(x;r,0) = g(x;r), vy(x;r,0) = h(z;r) and v(z;0,t) = 0. Therefore, the lemma is
proved. 0

Now v(z;7,t) is a solution of the one-dimensional wave equation on the half-line with
Dirichlet boundary condition implies for 0 < r < ¢, the solution is given by

t+r
olawint) = lo(oir+ 1)~ glast =)+ 5 [ hai)dy

t—r
Recall:

u(z,t) = lir% u(x;r,t).

r—

10



Now

v(x;rt) = td . (r**'u(z;r, 1))
Y 7 Tdr Y Y
k—1
= Bt (s t)
=0
akfl
= B¥rt(x;r,t) + B8, (z;r t) + ..+ B 17’ak1 u(x;r t).
Therefore,
ak—l
Bora(x;r,t) = v(a;r, t) — BEr*a.(z;r,t) — ... — ﬁﬁ_lrkwﬂ(x; r,t),
which implies
_ v(zrt) By B -
u(z;r,t) = F ﬁ—;ruT(x rt)— ... gkl rk= 187"“ cu(z;r,t).
Therefore,
ol ) By Bhi jq O .
u(:p,t)—rlir(l)[ o _ET U (zyryt) — ... — 5 e “u(z;r,t)
. v(r,t)
= 11 T
r—0 ﬁo’r
1 -t o -t — 1 t+r
- lim—k [g(x’ r) gt =) —/ h(z;y) dy}
r—0 [3; 2r 2r J,_,
= —k [Oeg ;1) + h(z; 1))
Bo

where 85 =1-3-5---(2k — 1). Recall

10

o= (12

Now n = 2k + 1 implies k = (n — 1)/2, and, therefore,

) (%5 ;).

o) = (15) (e, owasw).
And,
s = (A2) 0% )
Therefore,



Therefore,
1
u(x,t) = —[Ohg(x;t) + h(w;t)]

n

implies

where v, =1-3-5---(n —2).

Even dimensions.
As in the case of n = 2 dimensions, we use the method of descent. In particular, suppose

u(xy,...,x,,t) is a solution of the wave equation in R™ with initial data w(zy,...,z,,0) =

d(x1, ... x,) and ug(xy, ..., 2,,0) = Y(xq,...,2,). Then define

w1, ..oy Tygr,t)

w(xy, ..., oy, t)
G(@1, -, Tnt1)

o(x,. .., xp)
O(@1, . Tngr) = V(21, ..., T).

Therefore, @ is a solution of the wave equation in R"*!, where now n + 1 is odd. Therefore,
from the formula above for the case when the dimension is odd, our solution at the point
(Z,t) = (z1,...,2,,0,t) is given by

n—2

U(T,t) = %1+1 (%) G%) 2 (t”‘l fa _ (y) dS(?J))
i %1+1 (%%) N (t fém () ds<y>)

where 7,41 =1-3-5---(n — 1), and where B(7,t) is the ball in R"*! of radius ¢ about the
point T = (z1,...,2,,0).
Now,

][ 3(y) dS(y) = ! / 3(y) dS(y).
0 0

B(z.1) (n+Da(n+ 1)t Jop@y

But, notice dB(T, t) N {yn41 > 0} is the graph of the function y(y) = (¢* — |y —z[*)*/2. And,
similarly, 0B(Z,t) N {yn4+1 < 0} is the graph of —v. Therefore,

1 ~ 2
dS(y) =
(n+ a(n + 1)t /BBW) YWY = et e

/B( , o(y) (1 + [V (y)[*)/* dy

Now
1+ |Vy)HV2 =t — |y — )2

12



Therefore,

~ _ 2 to(y)
igmf@””@*‘m+nMn+nwl;@@%4y—ﬂ%Wdy

_ 2ta(n) ¢(y)
- (n+1a (n+1 a(n)t /B(a:t (t —|y I)Wdy

B 2ta(n f
- (n+1)a n+1 By (£ —Iy—:rl )12

dy.

Therefore, our solution formula is given by

u(w,t) = %1+1 (%) (%%>_ (t’” 7{) - o(y) dS(y))
+ %1+1 (%%) N <t”1 ]g - U (y) dS(y))

1 2a(n)

T o1 (n+ Da(n+1)

1o\ % . V(y) >
—_—— d .
* (t 8t> (t 7£B(x,t) (& —Jy— )2 ]

Now vp41=1-3-5---(n—1) and

Therefore,
2 n/2
1 2a(n) _ 1 &)
R e (PRt
1 1 (n+3)

1-3~5'--(n+1).7r1/2‘ r(=2)
Using properties of the gamma function, namely that
['(m+ 1) = mI'(m)

and
r(1/2) = 7'/,
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()= 0) () (@) )
r("-f) :(g>.(";2)...(§).
1 20(n) 1

7n+1'(n+1)a(n+1):2-4---(n—2)-n

Therefore, the solution of the wave equation in even dimensions is given by

o) = [(% (i5) N (v fo o )
“(ia)  (r 1., o dy)]

and

And, therefore,

where v, =2-4---(n—2) - n.

7.5 Wave Equation in R"” with a source.

In this section, we consider the inhomogeneous wave equation in R”. First, recall Duhamel’s
Principle. If S(t) is the solution operator for the first-order initial-value problem

U, + AU = 0
U(0) = @,

then the solution of the inhomogeneous problem

U+ AU = F
U0) = @

“should” be given by
t
U(t)=S(t)® + / S(t— s)F(s)ds.
0
Now consider the initial-value problem for the wave equation in R,

uy — Au = f(x,t) reR"
u(z,0) = é(x) (7.5)
u(z,0) = ¢(x).
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