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Abstract. Tw o random tra�c streams are comp eting for the service time of a single serv er (m ultiplexer).

The streams form t w o queues, primary (queue 1) and secondary (queue 0). The primary queue is serv ed

exhaustiv ely , after whic h the serv er switc hes o v er to queue 0. The duration of time the serv er resides in the

secondary queue is determined b y the dynamic ev olution in queue 1. If there is an arriv al to queue 1 while

the serv er is still w orking in queue 0, the latter is immediately gated, and the serv er completes service there

only to the gated jobs, up on whic h it switc hes bac k to the primary queue.

W e form ulate this system as a t w o-queue p olling mo del with a single alternating serv er and with

randomly-timed gated service discipline in queue 0, where the timer there dep ends on the arriv al stream to

the primary queue. W e deriv e Laplace-Stieltjes transforms and generating functions for v arious k ey v ari-

ables and calculate n umerous p erformance measures suc h as mean queue sizes at p olling instan ts and at an

arbitrary momen t, mean busy p erio d duration and mean cycle time length, exp ected n um b er of messages

transmitted during a busy p erio d and mean w aiting times. Finally , w e presen t graphs of n umerical results

comparing the mean w aiting times in the t w o queues as functions of the relativ e loads, sho wing the e�ect of

the R TG regime.

Keyw ords: t w o queues, alternating service, m ultiplexer, p olling, randomly-timed gated regime, timers,

queue length, busy p erio d, w aiting times.

1 In tro duction

Tw o streams of tra�c are comp eting for the service time of a single-c hannel (m ultiplexer) com-

m unication system. Eac h arriv al stream consists of a P oisson 
o w of messages to b e transmitted

o v er the common c hannel (the serv er). Messages are of random length and therefore require v ari-

able transmission durations. The t w o streams ha v e di�eren t priorities with regard to the order

of transmission (service). T yp e-1 messages are of high priorit y and form a primary queue. The

other t yp e of messages, denoted t yp e-0, form a se c ondary queue. It is desired that the primary

messages b e transmitted with small dela ys. The secondary messages ma y su�er larger dela ys. This

dictates the follo wing op erating sc heme: When attended b y the serv er, the primary queue is serv ed

exhaustively , i.e. the serv er switc hes to queue 0 (incurring switc h-o v er time) only when there are

no messages left to b e transmitted in queue 1.

After switc hing in, the duration of time the serv er resides in the lo w er-priorit y queue, queue 0,

(i.e. the length of a `busy p erio d' there) is determined b y the dynamic ev olution in the primary

queue. Supp ose the serv er has c omplete d switching into queue 0 at time � (there ma y b e arriv als

to queue 1 during the switc hing time). Let time � + T

1

denote the instan t ther e after when the �rst

arriv al to queue 1 o ccurs. A t that time all messages presen t in queue 0 are mark ed (i.e. queue 0 is
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`gated') and the serv er con tin ues serving only those mark ed messages. When �nished, it switc hes

bac k to the primary queue (incurring another switc h-o v er time). Messages arriving to queue 0 after

it has b een gated will b e serv ed only during the next visit of the serv er to this queue.

W e form ulate this system as a t w o-queue mo del with a single alternating serv er, p erforming

an exhaustiv e service discipline in queue 1 and a randomly-timed gated (R TG) service discipline

(Eliazar and Y ec hiali [10], see also description b elo w) in queue 0, where, in con trast to [10], the

length of the busy p erio d in the latter queue dep ends on the arriv al rate to the primary queue,

making the queues coupled.

Tw o-queue alternating-service systems ha v e b een treated b y man y authors in the literature,

under v arious assumptions on their op erating sc hemes. Avi-Izhak, Maxw ell and Miller [1] w ere the

�rst to study suc h a con�guration, assuming exhaustiv e service discipline in eac h queue and zero

switc ho v er times. They deriv ed the mean queue size and exp ected w aiting time, as w ell as the

�rst t w o momen ts of the busy p erio d, in eac h queue. T ak acs [18] then follo w ed with an extensiv e

analysis, obtaining Laplace-Stieltjes transforms (LST) and probabilit y generating functions (PGF)

of k ey v ariables. Neuts and Y adin [16] extended the analysis to transien t b eha vior of the system.

Eisen b erg [8] in v estigated the same mo del but with non-zero c hangeo v er times, and further studied

a t w o-queue mo del [9] where b oth queues are serv ed according to the 1-limited regime. This

system w as treated also b y Bo xma and Gro enendijk [3] who obtained the stationary distributions

of the queue-length at `p olling' instan ts, the w aiting times and the serv er's cycle time. Oza w a

[17] obtained the mean w aiting times when one of the queues is serv ed according to the K -limited

regime ( K � 1).

Kata y ama and T ak ahashi [14] analyzed a t w o-queue-mo del where one of the queues follo ws the

1-limited regime while the other follo ws a Bernoulli sc hedule according to whic h the serv er serv es

the next a v ailable job in the queue with probabilit y p , or it switc hes to the other queue with the

complemen tary probabilit y . They deriv ed the PGF of the join t queue-length distribution, as w ell

as the LST of the w aiting time distributions. The case where b oth queues are serv ed according to

the Bernoulli sc hedule w as in v estigated b y F eng, Ko w ada and Adac hi [12] who obtained the PGF

of the join t stationary queue-length distribution at service completion times, as w ell as the LST

and means of the w aiting times.

Threshold service disciplines, where one queue is serv ed exhaustiv ely while the other is serv ed

only un til either the w ork there is completed or the queue size in the other (`primary') queue hits

a giv en threshold, w ere studied b y Lee [15], Bo xma, Ko ole and Mitrani [4,5] and Bo xma and Do wn

[2]. In [4] the service times are exp onen tially distributed and services at queue 0 are preemptiv ely

in terrupted when the threshold at queue 1 is reac hed, while in [5] the service pro cess at queue

0 is nonpreem tiv ely in terrupted when the threshold is reac hed. [2] extends the analysis in [5] to

the case where service times are generally distributed, and treats b oth cases of zero and non-zero

switc ho v er times. Exact expressions for the join t queue-length distributions at customer departure

ep o c hs and for the steady-state queue length and so journ time distributions are deriv ed. Lee [15]

deals with a similar mo del and giv es ligh t and hea vy tra�c analyses.

The literature on ( N � 2) queues with alternating service, termed `p olling systems', got a b o ost

with T ak agi's b o ok [19], where man y mo dels are presen ted and analyzed. A follo wing surv ey [20]

augmen ted the material in [19].

Dynamical optimal con trol of p olling systems is a di�cult problem with only partial solutions

a v ailable. A t w o queue setup is studied b y Hofri and Ross [13]. Bro wne and Y ec hiali [6] studied

the general mo del with N � 2 queues and with general service and switc ho v er times. F or b oth

the gated and exhaustiv e regimes they form ulated the dynamic con trol problem as a semi-Mark o v

decision pro cess and deriv ed Bellman's optimal equations for the N -dimensional system. Ho w ev er,

2
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the solution of this set of equations seems to b e un tractable. Nev ertheless, a no v el approac h leads

to a semi-dynamic optimal con trol pro cedure whic h is easy to implemen t. Optimal dynamic and

static con trol p olicies for v arious p olling systems are presen ted in Y ec hiali [21].

Randomly-timed grated (R TG) regimes w ere in tro duced b y Eliazar and Y ec hiali [10,11] to deal

with v arious telecomm unication systems w ere the serv er's residence times in the v arious queues are

determined b y random `Timers'. In [10] a single serv er M =G= 1 queue with serv er's general In ter-

mission In terv als (INT) is studied. When the serv er re-en ters the system after an INT, a random

exp onen tial Timer is activ ated. If the serv er empties the queue b efore the Timer's expiration, it

immediately lea v es for another INT. Otherwise (if the Timer expires while there is still w ork in

the queue), the serv er ob eys one of the follo wing rules, eac h leading to a di�eren t mo del. (1) The

serv er completes al l the w ork accum ulated up to time T (`bank' mo del), and lea v es. (2) The serv er

completes only the service of the job curr ently b eing serv ed (nonpreem tiv e discipline, as in [5]), and

lea v es. (3) The serv er lea v es immediately (preemptiv e discipline). The analysis is ac hiev ed through

a general solution of an in�nite set of linear equations where the unkno wns are the state-dep enden t

join t transforms of the length of a busy p erio d starting with r jobs ( r = 0 ; 1 ; 2 ; : : : ), and the n um b er

of jobs left b ehind at the end of suc h a busy p erio d. P erformance measures are deriv ed for all three

mo dels.

The R TG mo del w as then applied in [11] to analyze a general N -queue p olling system where

eac h queue is con trolled b y an indep endent Timer.

Returning to our original problem, one cannot treat the secondary queue in isolation as if its

sto c hastic ev olution can b e describ ed b y the ab o v e M =G= 1 queue with R TG regime and serv er's

in termissions. In our case, the queues are coupled, as the Timer's duration is determined b y the

arriv al pro cess to the primary queue and th us mak es the queues dep enden t on one another.

Nev ertheless, w e'll exploit ideas of the R TG mo del when studying the b eha vior of the secondary

queue. W e therefore presen t in section 2 an analysis, di�eren t from the one giv en in [10], of the

R TG mo del. In Section 3 w e then presen t the full analysis of the t w o-queue system, using results

from the single-queue R TG system. W e deriv e v arious p erformance measures suc h as mean queue

sizes at p olling instan ts and at an arbitrary momen t, mean busy p erio d and cycle time, exp ected

n um b er of messages transmitted during a busy p erio d and mean w aiting times. It turns out that

some of the results dep end on the unkno wn PGF of the n um b er of messages at p olling instan t of

the secondary queue, ev aluated at a certain p oin t whic h is the v alue of the LST of the busy p erio d

of a M =G= 1 queue for the secondary queue, itself ev aluated at a p oin t whic h is the parameter of the

in ter-arriv al time to the primary queue. W e giv e an appro ximation to this function whic h enables

us to obtain explicit (y et appro ximated) v alues for all p erformance measure that dep end on the

ab o v e PGF.

F ormal Description of the Mo del

Before starting with the analysis of the R TG regime, w e giv e a formal description of our t w o-queue

comm unication system.

There are t w o queues (c hannels), lab eled i = 0 ; 1, and a single serv er that alternates its visits

among the c hannels. Switc ho v er times from queue 0 to queue 1 or bac kw ards are indep enden t

random v ariables denoted b y D

(0)

and D

(1)

, resp ectiv ely , with corresp onding LST's

e

D

(0)

( � ) and

e

D

(1)

( � ).

Arriv als to c hannel i are according to an indep enden t P oisson pro cess with rate �

i

. Eac h

message (job) in c hannel i demands an indep enden t service time V

i

with LST

e

V

i

( � ). The tra�c 
o w

rate in to queue i is �

i

= �

i

E [ V

i

] and w e assume henceforth that �

0

+ �

1

< 1.

3
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The service discipline in c hannel 1 is exhaustiv e, i.e. the serv er lea v es c hannel 1 (and switc hes

to c hannel 0, incurring switc h-o v er time D

(1)

) only when the former b ecomes empt y . Ho w ev er,

the serv er's so journ time in c hannel 0 is a mo di�ed R TG regime in whic h the Timer dep ends on

the arriv al pro cess to c hannel 1. Sp eci�cally , after the serv er p olls c hannel 0 and starts serving

messages there (if none, it switc hes bac k to c hannel 1), it w aits for the instan t of next t yp e-1 arriv al

to queue 1. A t that instan t queue 0 is `gated'. That is, all jobs presen t there are mark ed and the

serv er resides in queue 0 only un til all mark ed jobs are serv ed. A t that momen t the serv er switc hes

bac k to c hannel 1, incurring a switc h-o v er time D

(0)

.

W e call this op erating-sc heme a `bank-t yp e' pro cedure: Lik e in a bank's branc h, when do ors

are closed at the end of the da y , only customers still presen t will b e serv ed.

2 Analysis of the R TG Regime

2.1 De�nitions

Let �

r

denote the length of a busy p erio d starting with r a w aiting jobs in a r e gular M =G= 1 queue

with arriv al rate � , service times distributed as V and � , �E [ V ] < 1. F or the R TG mo del, de�ne

b y B

r

the length of a busy p erio d initiated b y r a w aiting jobs, b y N

r

the n um b er of jobs serv ed

during that busy p erio d, and set �

r

, ( B

r

� T )

+

. �

r

= 0 if the Timer expires after the busy p erio d

B

r

. Otherwise, �

r

is the remaining time within the busy p erio d b ey ond the Timer's expiration.

Note that jobs arriving during �

r

will not b e serv ed during B

r

. Let the Timer b e a random v ariable

T , Exp onen tially distributed with parameter � .

W e ha v e

(i) B

r

=

8

>

<

>

:

�

r

1

[ T >�

r

]

+

 

r + A ( T )

P

i =1

V

i

!

1

[ T � �

r

]

r � 1

0 r = 0

(ii) �

r

=

(

( B

r

� T )

+

r � 1

0 r = 0

(2.1)

(iii) N

0

� 0 and B

r

=

N

r

P

i =1

V

i

8 r � 1

where A ( t ) denotes the n um b er of P oisson arriv als during a time in terv al of length t .

Then, a basic observ ation that will pla y a k ey role in the sequel is the follo wing:

Let r � 1. A t time V

1

, giv en A ( V

1

), if T > V

1

then the busy p erio d r e-gener ates (at time V

1

)

with r + A ( V

1

) � 1 a w aiting jobs.

2.2 Join t LST of ( B

r

; �

r

)

Let '

r

( z ; w ) , E [ e

� z B

r

e

� w �

r

] b e the join t Laplace-Stieltjes T ransform (LST) of the r.v.'s ( B

r

; �

r

).

Since B

0

= �

0

� 0, '

0

( z ; w ) � 1.

Step 1. Let r � 1. Using the re-generation prop ert y w e deduce that

( B

r

; �

r

) =

8

>

>

<

>

>

:

0

@

r + A ( T )

X

i =1

V

i

;

r + A ( T )

X

i =1

V

i

� T

1

A

T � V

1

( V

1

+ B

r � 1+ A ( V

1

)

; �

r � 1+ A ( V

1

)

) T > V

1

4
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where ( B

r � 1+ A ( V

1

)

; �

r � 1+ A ( V

1

)

)

�

�

A ( V

1

)

are the B and � that corresp ond to a new busy p erio d b egin-

ning at time V

1

with r � 1 + A ( V

1

) a w aiting jobs ha ving service times

f V

2

; V

3

; : : : ; V

r + A ( V

1

)

g .

No w,

'

r

( z ; w ) = E

�

e

� z B

r

� w �

r

1

[ T � V

1

]

�

+ E

�

e

� z B

r

� w �

r

1

[ T >V

1

]

�

: (2.1)

Step 2. W e write

z

r + A ( T )

X

i =1

V

i

+ w

0

@

r + A ( T )

X

i =1

V

i

� T

1

A

= ( z + w )

r + A ( T )

X

i =2

V

i

+ ( z + w ) V

1

� w T

and denote � =

r + A ( T )

P

i =2

V

i

.

Therefore,

E

�

e

z B

r

� w �

r

1

[ T � V

1

]

�

= E

�

e

� ( z + w ) �

e

� ( z + w ) V

1

e

w T

1

[ T � V

1

]

�

= E

h

e

� ( z + w ) V

1

e

w T

1

[ T � V

1

]

E

�

e

� ( z + w ) �

j T ; V

1

�

i

= E

h

e

� ( z + w ) V

1

e

w T

1

[ T � V

1

]

E

�

e

� ( z + w ) �

j T

�

i

:

No w,

E

�

e

� ( z + w ) �

j T

�

= E

h

E

�

e

� ( z + w ) �

j A ( T )

�

j T

i

= E

2

4

r + A ( T )

Y

i =2

E

�

e

� ( z + w ) V

i

j A ( T )

�

j T

3

5

= E

�

e

V ( z + w )

r � 1+ A ( T )

j T

�

=

e

V ( z + w )

r � 1

E

�

e

V ( z + w )

A ( T )

j T

�

=

e

V ( z + w )

r � 1

e

� � (1 �

e

V ( z + w )) T :

Hence,

E

�

e

� z B

r

� w �

r

1

[ T � V

1

]

�

=

e

V ( z + w )

r � 1

E

�

e

� ( z + w ) V

1

e

� ( � � w � �

e

V ( z + w )) T

1

[ T � V

1

]

�

: (2.2)

Step 3. F or p � 0, q real, and T distributed exp onen tially with mean 1 =� ,

E

�

e

� pV

1

e

� q T

1

[ T � V

1

]

�

= E

h

e

� pV

1

E

�

e

� q T

1

[ T � V

1

]

j V

1

�

i

= E

�

e

� pV

1

Z

V

1

0

e

� q t

dP [ T � t ]

�

= E

�

e

� pV

1

Z

V

1

0

e

� q t

�e

� �t

dt

�

if � + q 6= 0 = E

�

e

� pV

1

�

� + q

Z

V

1

0

( � + q ) e

� ( � + q ) t

dt

�

=

�

� + q

�

e

V ( p ) �

e

V ( � + p + q )

	

if � + q = 0 = E

�

e

� pV

1

�

Z

V

1

0

dt

�

= �E [ V

1

e

� pV

1

]

= � �

d

dp

E [ e

� pV

1

] = � �

e

V

0

( p ) :

5
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T ak e p = z + w , q = � � w � �

e

V ( z + w ). Then,

� ( � + q ) = � � � � + w + �

e

V ( z + w ) = ( z + w ) �

h

� + z + �

�

1 �

e

V ( z + w )

�

i

:

Using Step 2, w e obtain

E [ e

� z B

r

� w �

r

1

[ T � V

1

]

]

=

8

>

<

>

:

� �

e

V ( z + w ) �

e

V

�

� + z + �

�

1 �

e

V ( z + w )

��

( z + w ) �

�

� + z + �

�

1 �

e

V ( z + w )

��

e

V ( z + w )

r � 1

� + � 6= w + �

e

V ( z + w )

� �

e

V

0

( z + w ) �

e

V ( z + w )

r � 1

� + � = w + �

e

V ( z + w )

(2.3)

Step 4.

E

�

e

� z B

r

� w �

r

1

[ T >V

1

]

�

= E

2

4

1

X

j =0

e

� z B

r

� w �

r

1

[ T >V

1

;A ( V

1

)= j ]

3

5

=

1

X

j =0

E

�

e

� z B

r

� w �

r

1

[ T >V

1

;A ( V

1

)= j ]

�

and

E

�

e

� z B

r

� w �

r

1

[ T >V

1

;A ( V

1

)= j ]

�

= E

�

e

� z V

1

e

� z B

r � 1+ j

� w �

r � 1+ j

1

[ T >V

1

;A ( V

1

)= j ]

�

= E

�

e

� z B

r � 1+ j

� w �

r � 1+ j

] E [ e

� z V

1

1

[ T >V

1

;A ( V

1

)= j ]

�

= '

r � 1+ j

( z ; w ) E

�

e

� z V

1

E [1

[ T >V

1

;A ( V

1

)= j ]

j V

1

]

�

= '

r � 1+ j

( z ; w ) E

�

e

� z V

1

P [ T > V

1

; A ( V

1

) = j j V

1

]

�

(2.4)

= '

r � 1+ j

( z ; w ) E

�

e

� z V

1

P [ T > V

1

j V

1

] P [ A ( V

1

) = j j V

1

]

�

= '

r � 1+ j

( z ; w ) E

�

e

� z V

1

� e

� �V

1

�

( �V

1

)

j

j !

e

� �V

1

�

= '

r � 1+ j

( z ; w ) E

�

( �V

1

)

j

j !

e

� ( � + � + z ) V

1

�

:

Step 5. F rom Steps 1, 3 and 4 w e ha v e

8

>

<

>

:

'

r

( z ; w ) =

1

P

j =0

a

j

( z ) '

r � 1+ j

( z ; w ) + b

r

( z ; w ) r � 1

'

0

( z ; w ) � 1

(2.5)

where

a

j

( z )

�

= E

�

( �V )

j

j !

e

� ( � + � + z ) V

�

j � 0

b

0

( z ; w )

�

= 1

b

r

( z ; w )

�

= � � ( z ; w ) �

e

V ( z + w )

r � 1

r � 1

� ( z ; w )

�

=

8

>

<

>

:

�

e

V ( z + w ) �

e

V

�

� + z + � (1 �

e

V ( z + w ))

�

( z + w ) �

�

� + z + � (1 �

e

V ( z + w ))

�

w 6= � + �

�

1 �

e

V ( z + w )

�

�

e

V

0

( z + w ) w = � + �

�

1 �

e

V ( z + w )

�

6



7 A Mul tiplexer Pr oblem

Theorem 2.1. Let � b e the length of a busy p erio d in a regular M =G= 1 queue with arriv al

rate � and service times distributed as V . Then, 8 z ; w � 0 and 8 r = 0 ; 1 ; 2 ; � � � and with

e

� ( s ) =

e

V ( s + � (1 �

e

� ( s ))) ,

'

r

( z ; w ) =

(

e

� ( � + z )

r

� �

e

�

0

( � + z ) � r

e

� ( � + z )

r � 1

w = � + �

�

1 �

e

� ( � + z )

�

�

1 � � ( z ; w )

�

e

� ( � + z )

r

+ � ( z ; w )

e

V ( z + w )

r

w 6= � + �

�

1 �

e

� ( � + z )

�

where � ( z ; w ) =

�

� � w + �

�

1 �

e

V ( z + w )

�

, w 6= � + �

�

1 �

e

� ( � + z )

�

.

Pro of. In Eliazar and Y ec hiali ([10], Theorem 1) it is sho wn that a system of equations ha ving the

form (2.5) admits a unique solution. Applying that result to our sp eci�c problem yields Theorem

2.1 ab o v e.

Since

e

B

r

( z ) = '

r

( z ; 0) and

e

�

r

( w ) = '

r

(0 ; w ) w e also obtain:

Corollary 2.2. 8 z � 0 8 r = 0 ; 1 ; 2 ; � � �

e

B

r

( z ) =

�

1 � � ( z )

�

e

� ( � + z )

r

+ � ( z )

e

V ( z )

r

where � ( z ) =

�

� + �

�

1 �

e

V ( z )

�

8 z � 0 .

Corollary 2.3. 8 w � 0 , 8 r = 0 ; 1 ; 2 ; � � �

e

�

r

( w )

(

e

� ( � )

r

� �

e

�

0

( � ) � r

e

� ( � )

r � 1

w = � + �

�

1 �

e

�

0

( � )

�

�

1 � � ( w )

�

e

� ( � )

r

+ � ( w )

e

V ( w )

r

w 6= � + �

�

1 �

e

� ( � )

�

where � ( w ) =

�

� � w + �

�

1 �

e

V ( w )

�

, w 6= � + �

�

1 �

e

� ( � )

�

.

2.3 State-Dep enden t P erformance Measures

Since E [ B

r

] = �

d

dz

e

B

r

( z )

�

�

z =0

and E [�

r

] = �

d

dw

e

�

r

( w )

�

�

�

w =0

w e can use corollaries 2.2, 2.3 to

compute E [ B

r

] and E [�

r

].

Using � (0) = 1, and

d

dz

� ( z )

�

�

�

z =0

= � �

�

� + � � �

e

V ( z )

�

� 2

�

� �

e

V

0

( z )

�

�

�

�

z =0

= �

�E [ V ]

�

;

w e get

E [ B

r

] = E [ V ]

�

r +

�

�

�

1 �

e

� ( � )

r

�

�

(2.6)

Since � (0) = 1, and

d

dw

� ( w ) = � �

�

� � w + �

�

1 �

e

V ( w )

�

�

� 2

�

� 1 � �

e

V

0

( w )

�

;

d

dw

� ( w )

�

�

�

w =0

=

1 � �E [ V ]

�

;

w e get

E [�

r

] = E [ V ] r �

1 � �E [ V ]

�

�

1 �

e

� ( � )

r

�

(2.7)

W e can state:

7
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Corollary 2.4

(i) E [ B

r

] = E [ V ] r + �

1 �

e

� ( � )

r

�

8 r = 0 ; 1 ; 2 ; � � �

(ii) E [�

r

] = E [ V ] r � (1 � � )

1 �

e

� ( � )

r

�

.

Note that Corollary 2.4 implies that E [ B

r

� �

r

] =

1 �

e

� ( � )

r

�

. This can also b e obtained directly as

follo ws. By the de�nition of B

r

and �

r

w e ha v e

B

r

� �

r

= Min ( T ; �

r

) :

Hence,

E [ B

r

� �

r

] = E

�

Min(T ; �

r

)

�

= E

h

T1

[T � �

r

]

+ �

r

1

[T >�

r

]

i

= E

�

E

�

T 1

[ T � �

r

]

j �

r

� �

+ E

�

E

�

�

r

1

[ T >�

r

]

j �

r

��

= E

�

Z

�

r

0

t�e

� �t

dt

�

+ E

�

�

r

P [ T > �

r

j �

r

]

�

= E

�

� �

r

e

� ��

r

+

1

�

(1 � e

� ��

r

)

�

+ E [ �

r

e

� ��

r

]

=

1

�

�

1 � E [ e

� ��

r

]

�

=

1 �

e

�

r

( � )

�

=

1 �

e

� ( � )

r

�

:

Therefore, w e ha v e

E

�

Min(T ; �

r

)

�

= E[B

r

� �

r

] =

1 �

�

e

� ( � )

�

r

�

8 r = 0 ; 1 ; 2 ; � � � : (2 : 8)

W e conclude this section b y computing the exp ected v alue of N

r

.

Recall from (2.1) that N

0

� 0 and B

r

=

N

r

P

i =1

V

i

8 r � 1.

By W ald's lemma [7], E [ B

r

] = E [ N

r

] � E [ V ], 8 r � 1. F or r = 0, E [ B

0

] = 0 = 0 � E [ V ] =

E [ N

0

] � E [ V ]. Th us,

E [ N

r

] =

E [ B

r

]

E [ V ]

= r + �

1 � � ( � )

r

�

; 8 r = 0 ; 1 ; 2 ; � � � : (2 : 9)

2.4 The R TG Queue in Steady State

The analysis so far dealt with a state-dep enden t single busy p erio d generated b y a �xe d n um b er

of a w aiting jobs. W e no w extend the analysis to a busy p erio d generated b y a r andom n um b er of

a w aiting jobs and obtain results (needed for the study of the comm unication t w o-queue system)

when the R TG queue is in steady state.

W e b egin with some de�nitions and observ ations.

P olling instan t: A momen t where the serv er en ters the system, follo wing an In termission In terv al.

C = Cycle length. The time in terv al b et w een t w o consecutiv e p olling instan ts.

B = Length of the busy p erio d during a cycle.

8



9 A Mul tiplexer Pr oblem

I = Length of the idle p erio d (i.e. In termission In terv al) during a cycle.

N = Num b er of jobs serv ed during a cycle.

� = Length of the time in terv al within a cycle during whic h the service of new coming jobs is b eing

deferred to the next cycle.

X = Queue size at p olling instan ts.

Observ e that

(i) C = B + I , (ii) A (� + I ) = X , (iii) ( B ; � ; N ) =

1

P

r =0

( B

r

; �

r

; N

r

)1

[ X = r ]

.

Theorem 2.5. Let ' ( z ; w ) = E [ '

X

( z ; w )] . Then, for all z ; w � 0 ,

' ( z ; w ) =

(

b

X

�

e

� ( � + z )

�

� �

e

�

0

( � + z )

b

X

0

�

e

� ( � + z )

�

w = � + �

�

1 �

e

� ( � + z )

�

�

1 � � ( z ; w )

�

b

X

�

e

� ( � + z )

�

+ � ( z ; w )

b

X

�

e

V ( z + w )

�

w 6= � + �

�

1 �

e

� ( � + z )

�

where � ( z ; w ) =

�

� � w + �

�

1 �

e

V ( z + w )

�

w 6= � + �

�

1 �

e

� ( � + z )

�

.

Pro of. If w = � + �

�

1 �

e

� ( � + z )

�

w e get, b y Theorem 2.1,

' ( z ; w ) = E

h

�

e

� ( � + z )

�

X

i

� E

h

�

e

�

0

( � + z ) � X

e

� ( � + z )

X � 1

i

=

b

X

�

e

� ( � + z )

�

� �

e

�

0

( � + z ) E

�

X t

X � 1

�

�

�

�

t =

e

� ( � + z )

=

b

X

�

e

� ( � + z )

�

� �

e

�

0

( � + z )

b

X

0

�

e

� ( � + z )

�

:

If w 6= � + �

�

1 �

e

� ( � + z )

�

w e get,

' ( z ; w ) =

�

1 � � ( z ; w )

�

E

h

�

e

� ( � + z )

�

X

i

+ � ( z ; w ) E

h

�

e

V ( z + w )

�

X

i

=

�

1 � � ( z ; w )

�

b

X

�

e

� ( � + z )

�

+ � ( z ; w )

b

X

�

e

V ( z + w )

�

:

Since

e

B ( z ) = ' ( z ; 0),

e

�( w ) = ' (0 ; w ), w e obtain

Corollary 2.6. 8 z � 0

e

B ( z ) =

�

1 � � ( z )

�

b

X

�

e

� ( � + z )

�

+ � ( z )

b

X

�

e

V ( z )

�

where � ( z ) =

�

� + �

�

1 �

e

V ( z )

�

.

Corollary 2.7. 8 w � 0

e

�( w ) =

(

b

X

�

e

� ( � )

�

� �

e

�

0

( � )

b

X

0

�

e

�

0

( � )

�

w = � + �

�

1 �

e

� ( � )

�

�

1 � � ( w )

�

b

X

�

e

� ( � )

�

+ � ( w )

b

X

�

e

V ( w )

�

; w 6= � + �

�

1 �

e

� ( � )

�

:

where � ( w ) =

�

� � w + �

�

1 �

e

V ( w )

�

.

9
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W e denote 


�

=

1 �

b

X

�

e

� ( � )

�

�

and get

Theorem 2.8.

(i) E [ B ] = E [ V ] E [ X ] + �
 (iii) E [ N ] =

E [ B ]

E [ V ]

= E [ X ] + �


(ii) E [�] = E [ V ] E [ X ] � (1 � � ) 
 (iv) E

�

Min(T ; �

X

)

�

= E[B � �]

�

= 
 .

Pro of. By Corollary 2.4

(i) E [ B ] = E

�

E [ B j X ]

�

= E

"

E [ V ] X + �

1 �

�

e

� ( � )

�

X

�

#

= E [ V ] E [ X ] + �


(ii) E [�] = E

�

E [� j X ]

�

= E

"

E [ V ] X � (1 � � )

1 �

�

e

� ( � )

�

X

�

#

= E [ V ] E [ X ] � (1 � � ) 


F rom (2.9) and (2.8)

(iii) E [ N ] = E

"

X + �

1 �

�

e

� ( � )

�

X

�

#

= E [ X ] + �
 =

E [ B ]

E [ V ]

(iv) E

�

Min(T ; �

X

)

�

= E

"

1 �

�

e

� ( � )

�

X

�

#

= 
 = E[B] � E[�]

Since the system is in steady state, w e can in tro duce t w o additional p erformance measures:

P

busy

�

= The probabilit y that the system is busy at an arbitrary momen t of time.

P

busy

is the so-called \busy fraction", and is giv en b y

E [ B ]

E [ C ]

=

E [ B ]

E [ B ]+ E [ I ]

.

P

luc ky

�

= The probabilit y that a newly arriving job �nds the system busy and its service is not

p ostp oned to the next cycle.

P

luc ky

is giv en b y

E [ B � �]

E [ C ]

=

E [ B ] � E [�]

E [ B ]+ E [ I ]

.

W e claim

Theorem 2.9.

(i) E [ C ] =

E [ N ]

�

=

E [ X ]

�

+ 
 , (ii) P

busy

= � , (iii) P

luc ky

=




E [ C ]

=

�


E [ X ]+ �


.

Pro of. Since A (� + I ) = X , b y applying Theorem 2.8,

�E [ C ] � �
 = �

�

E [ B ] + E [ I ]

�

� �

�

E [ B ] � E [�]

�

= �

�

E [�] + E [ I ]

�

= �E [� + I ] = E

�

A (� + I )

�

= E [ X ] :

Th us,

(i) �E [ C ] = E [ X ] + �
 = E [ N ].

(ii)

E [ B ]

E [ C ]

=

�E [ B ]

�E [ C ]

=

�E [ V ] E [ N ]

E [ N ]

= � .

(iii)




E [ C ]

=

E [ B � �]

E [ C ]

=

�E [ B � �]

�E [ C ]

=

�


E [ X ]+ �


.

Finally , the mean queue size E [ L ] and the mean w aiting time E [ W ] for the R TG regime are

giv en in Theorem 2.10 b elo w.

Theorem 2.10

(i) E [ L ] = �E [ V ] �

�

�

(1 � �E [ V ]) +

1

2

(1+ �E [ V ]) E [ X ( X � 1)]+

�

�

E [ X ]

E [ N ]

10



11 A Mul tiplexer Pr oblem

(ii) E [ W ] = E [ L ] =� .

Pro of. The expression for E [ L ] has b een deriv ed b y Eliazar and Y ec hiali ([10], equation (4.52)).

The expression for E [ W ] is Little's la w.

Remark

As w as indicated in Eliazar and Y ec hiali [10], the Exhaustiv e regime with serv er's In termission

In terv als is a limiting case of the general R TG regime. It is obtained b y letting the Timer's

duration approac h in�nit y , i.e. b y letting � ! 0. Similarly , the results for the Gated M =G= 1 queue

with serv er's In termission In terv als can b e deriv ed from the R TG mo del b y letting � ! 1 .

3 The Tw o-Queue System

3.1 Notation

W e use the follo wing notation:

i -cycle: The time in terv al b et w een t w o consecutiv e p olling instan ts to c hannel i ( i = 0 ; 1).

C

( i )

: Length of an i -cycle.

B

( i )

: Length of a busy p erio d in c hannel i . That is, the time in terv al, during an i -cycle, in whic h

the serv er is busy serving jobs in c hannel i .

N

( i )

: Num b er of t yp e- i jobs serv ed during an i -cycle.

�

(0)

= ( B

(0)

� T

1

)

+

, where T

1

� Exp( �

1

) is the in ter-arriv al time to queue 1. �

(0)

is the time

in terv al in whic h new arriv als to queue 0 are accum ulated, only to b e serv ed during the next

cycle.

�

( i )

: Length of a busy p erio d in a regular M =G= 1 queue with arriv al rate �

i

and general service

times V

i

. It is w ell kno wn that the LST of �

( i )

is giv en b y

e

�

( i )

( s ) =

e

V

i

( s + �

i

(1 �

e

�

( i )

( s ))) :

X = ( X

0

; X

1

) : System state at p olling instan t of c hannel 0.

Y = ( Y

0

; Y

1

) : System state at p olling instan t of c hannel 1.

�

(1)

Y

1

�

=

P

Y

1

k =1

�

(1)

k

, where �

(1)

k

� �

(1)

and are i.i.d.

�

(1)

Y

1

is the length of a busy p erio d in c hannel 1 when starting with Y

1

jobs. Clearly , the LST of �

(1)

Y

1

is giv en b y

e

�

(1)

Y

1

( ! ) =

h

e

�

(1)

( ! )

i

Y

1

.

3.2 La w of Motion

Prop osition 3.1 The system's la w of motion is giv en b y

�

X

0

X

1

�

=

�

Y

0

+ A

0

( B

(1)

) + A

0

( D

(1)

)

A

1

( D

(1)

)

�

11
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�

Y

0

Y

1

�

=

�

A

1

(�

(0)

) + A

1

( D

(0)

)

X

1

+ 1

[�

(

0) > 0]

+ A

1

(�

(0)

) + A

1

( D

(0)

)

�

(3.1)

where A

i

( t ) is the n um b er of (P oisson) arriv als to queue i during a time in terv al of length t .

Pro of.

X

1

, the n um b er of jobs in queue 1 when queue 0 is p olled, is equal to the n um b er of arriv als to

queue 1 during D

(1)

, the switc hing time from queue 1 to queue 0.

Hence, X

1

= A

1

( D

(1)

).

X

0

, the n um b er of jobs in queue 0 when it is p olled, equals the sum of Y

0

(n um b er of jobs in queue

0 when queue 1 is p olled) plus the new arriv als to queue 0 during the time B

(1)

+ D

(1)

when

the serv er is `under the gra vit y' of queue 1.

Hence, X

0

= Y

0

+ A

0

( B

(1)

) + A

0

( D

(1)

).

Y

0

, the n um b er of jobs in queue 0 when queue 1 is p olled, equals the n um b er of arriv als to queue

0 during �

(0)

plus the arriv als during the switc hing time, D

(0)

, from queue 0 to queue 1.

Finally , Y

1

equals X

1

,the n um b er of jobs at queue 1 when queue 0 is p olled, plus 1 (if �

(0)

> 0),

plus the n um b er of arriv als to queue 1 during �

(0)

+ D

(0)

.

Note that w e can also write

Y

1

= X

1

+ A

1

( B

(0)

) + A

1

( D

(0)

) :

Moreo v er, observ e that

(i) X

0

= A

0

�

�

(0)

+ D

(0)

+ B

(1)

+ D

(1)

�

; Y

1

= A

1

( D

(1)

�

+ 1

[�

(0)

> 0]

+ A

1

�

�

(0)

+ D

(0)

�

.

(ii) C

(0)

= B

(0)

+ D

(0)

+ B

(1)

+ D

(1)

; C

(1)

= B

(1)

+ D

(1)

+ B

(0)

+ D

(0)

= C

(0)

.

Figures 1(a) and 1(b) illustrate the ev olution of the system, where L

( i )

= Queue size in

c hannel i .

Figure 1(a)
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Figure 1(b)
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p olling queue 0

p olling queue 1

time

B

(0)

D

(0)

�

(0)

�rst t yp e 1 arriv al

since last p olling queue 0

0

@

L

(0)

L

(1)

=

1

A

0

@

X

0

X

1

1

A

0

@

A

0

(�

(0)

)

X

1

+ 1

[�

(0)

> 0]

+ A

1

(�

(0)

)

1

A

0

@

Y

0

Y

1

1

A

3.3 System State at P olling Instan ts

W e no w deriv e the join t Probabilit y Generating F unction (PGF) of X and Y :

De�ne

G

X

( z

0

; z

1

)

�

= E

�

z

X

0

0

z

X

1

1

�

; G

Y

( z

0

; z

1

)

�

= E

�

z

Y

0

0

z

Y

1

1

�

:

Step 1. Applying relationship (3.1) w e write

G

X

( z

0

; z

1

) = E

h

z

Y

0

+ A

0

( B

(1)

)+ A

0

( D

(1)

)

0

z

A

1

( D

(1)

)

1

i

= E

h

z

Y

0

+ A

0

( B

(1)

)

0

i

E

h

z

A

0

( D

(1)

)

0

z

A

1

( D

(1)

)

1

i

:

No w, setting w

i

= �

i

(1 � z

i

) and observing that B

(1)

= �

(1)

Y

1

, w e ha v e

E

h

z

Y

0

+ A

0

( B

(1)

)

0

i

= E

h

E

h

z

Y

0

+ A

0

( B

(1)

)

0

�

�

�

Y

ii

= E

h

z

Y

0

0

E

h

z

A

0

( B

(1)

)

0

�

�

�

Y

1

ii

= E

h

z

Y

0

0

E

h

E

h

z

A

0

( B

(1)

)

0

j B

(1)

i

�

�

�

Y

1

ii

= E

h

z

Y

0

0

E

h

e

� w

0

B

(1)

�

�

�

Y

1

ii

= E

�

z

Y

0

0

E

�

e

� w

0

�

(1)

Y

1

�

�

�

Y

1

��

= E

h

z

Y

0

0

e

�

1

( w

0

)

Y

1

i

= G

Y

�

z

0

;

e

�

1

( w

0

)

�

:

Also,

E

h

z

A

0

( D

(1)

)

0

z

A

1

( D

(1)

)

1

i

= E

h

E

h

z

A

0

( D

(1)

)

0

z

A

1

( D

(1)

)

1

�

�

�

D

(1)

ii

= E

h

E

h

z

A

0

( D

(1)

)

0

�

�

�

D

(1)

i

E

h

z

A

1

( D

(1)

)

1

�

�

�

D

(1)

ii

= E

h

e

� w

0

D

(1)

e

� w

1

D

(1)

i

=

e

D

(1)

( w

0

+ w

1

) :

Th us, w e obtain

G

X

( z

0

; z

1

) = G

Y

�

z

0

;

e

�

1

( w

0

)

�

e

D

(1)

( w

0

+ w

1

) (3.2)

Step 2. Again, b y (3.1)

G

Y

( z

0

; z

1

) = E

�

z

A

0

(�

(0)

)+ A

0

( D

(0)

)

0

z

X

1

+1

[�

(0)

> 0]

+ A

1

(�

(0)

)+ A

1

( D

(0)

)

1

�

13



Eliazar, Fibich and Yechiali 14

= E

�

z

A

0

(�

(0)

)

0

z

X

1

+1

[�

(0)

> 0]

+ A

1

(�

(0)

)

1

�

E

h

z

A

0

( D

(0)

)

0

z

A

1

( D

(0)

)

1

i

:

Similarly to Step 1, E

h

z

A

0

( D

(0)

)

0

z

A

1

( D

(0)

)

1

i

=

e

D

(0)

( w

0

+ w

1

).

In addition, using z

1

[�

(0)

> 0]

1

= z

1

+ (1 � z

1

) � 1

[�

(0)

=0]

, w e get

E

�

z

A

0

(�

0

)

0

z

X

1

+1

[�

(0)

> 0]

+ A

1

(�

(0)

)

1

�

= E

�

E

�

E

�

z

A

0

(�

(0)

)

0

z

X

1

+1

[�

(0)

> 0]

+ A

1

(�

(0)

)

1

�

�

�

X ; �

(0)

�

�

�

�

X

��

= E

�

z

X

1

1

E

�

z

1

[�

(0)

> 0]

1

E

h

z

A

0

(�

(0)

)

0

z

A

1

(�

(0)

)

1

j �

(0)

i

�

�

�

X

��

= E

�

z

X

1

1

E

�

z

1

[�

(0)

> 0]

1

E

h

z

A

0

(�

(0)

)

0

j �

(0)

i

E

h

z

A

1

(�

(0)

)

1

j �

(0)

i

�

�

�

X

��

= E

�

z

X

1

1

E

�

z

1

[�

(0)

> 0]

1

e

� w

0

�

(0)

e

� w

1

�

(0)

�

�

�

X

��

= E

h

z

X

1

1

E

h

�

z

1

+ (1 � z

1

)1

[�

(0)

=0]

�

e

� ( w

0

+ w

1

)�

(0)

�

�

�

X

ii

= z

1

E

h

z

X

1

1

E

h

e

� ( w

0

+ w

1

)�

(0)

�

�

�

X

ii

+ (1 � z

1

) E

h

z

X

1

1

E

h

1

[�

(0)

=0]

j X

i i

= z

1

E

h

�

z

X

1

1

e

�

(0)

= 0]( w

0

+ w

1

)

i

+ (1 � z

1

) E

h

z

X

1

1

P

�

�

(0)

= 0 j X

0

�

i

;

where

e

�

(0)

X

0

( � ) is the LST of �

(0)

when there are X

0

jobs in c hannel 0 at p olling instan t of queue 0.

Hence,

G

Y

( z

0

; z

1

) =

�

z

1

E

h

z

X

1

1

e

�

(0)

X

0

( w

0

+ w

1

)

i

+ (1 � z

1

) E

h

z

X

1

1

P

�

�

(0)

= 0 j X

0

�

i�

e

D

(0)

( w

0

+ w

1

) : (3.3)

Step 3. Adapting the analysis of the R TG regime to the secondary queue, it readily follo ws that the

Timer's Exp onen tial duration is the in ter-arriv al time to queue 1, namely , T

1

, and the In termission

In terv al is distributed lik e D

(0)

+ B

(1)

+ D

(1)

. The only mo di�cation needed is to set � = �

1

. Th us,

b y Corollary 2.3,

e

�

(0)

X

0

( w

0

+ w

1

) =

�

1 � �

0

( w

0

+ w

1

)

��

e

�

0

( �

1

)

�

X

0

+ �

0

( w

0

+ w

1

)

�

e

V

0

( w

0

+ w

1

)

�

X

0

where

�

0

( w

0

+ w

1

) =

�

1

�

1

� ( w

0

+ w

1

) + �

0

�

1 �

e

V

0

( w

0

+ w

1

)

�

:

Therefore,

E

h

z

X

1

1

e

�

(0)

X

0

( w

0

+ w

1

)

i

=

�

1 � �

0

( w

0

+ w

1

)

�

G

X

�

e

�

0

( �

1

) ; z

1

�

+ �

0

( w

0

+ w

1

) G

X

�

e

V

0

( w

0

+ w

1

) ; z

1

�

:

(3.4)

Let �

(0)

X

0

b e the duration of a busy p erio d in queue 0 starting with X

0

jobs. W e then ha v e

P

�

�

(0)

= 0 j X

0

�

= P

h

T

1

> �

(0)

X

0

�

�

�

X

0

i

= E

h

P

h

T

1

> �

(0)

X

0

j �

(0)

X

0

i

�

�

�

X

0

i
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= E

�

e

� �

1

�

(0)

X

0

�

�

�

X

0

�

=

�

e

�

(0)

( �

1

)

�

X

0

:

Clearly , b ecause of the memoryless prop ert y of T

1

, �

(0)

= 0 only if eac h regular M =G= 1-t yp e busy

p erio d in queue 0 terminates b efore time T

1

. The ab o v e implies that

E

�

z

X

1

1

P [�

(0)

= 0 j X

0

]

�

= G

X

�

e

�

0

( �

1

) ; z

1

�

: (3.5)

Substituting (3.4) and (3.5) in equation (3.3) yields

G

Y

( z

0

; z

1

) =

n

z

1

�

1 � �

0

( w

0

+ w

1

)

�

G

X

�

e

�

0

( �

1

) ; z

1

�

+ z

1

�

0

( w

0

+ w

1

) G

X

�

e

V

0

( w

0

+ w

1

) ; z

1

�

+(1 � z

1

) G

X

�

e

�

0

( �

1

) ; z

1

�

o

e

D

(0)

( w

0

+ w

1

) :

Th us, �nally

G

Y

( z

0

; z

1

) =

�

�

1 � z

1

�

0

( w

0

+ w

1

)

�

G

X

�

e

�

0

( �

1

) ; z

1

�

(3.6)

+ z

1

�

0

( w

0

+ w

1

) G

X

�

e

V

0

( w

0

+ w

1

) ; z

1

�

�

e

D

(0)

( w

0

+ w

1

) :

Denoting g ( z

0

; z

1

)

�

= z

1

�

0

( w

0

+ w

1

) w e summarize Steps 1{3 b y the follo wing implicit set of equa-

tions:

Prop osition 3.2.

G

X

( z

0

; z

1

) = G

Y

( z

0

;

e

�

1

( w

0

))

e

D

(1)

( w

0

+ w

1

)

G

Y

( z

0

; z

1

) =

h

(1 � g ( z

0

; z

1

)) G

X

(

e

�

0

( �

1

) ; z

1

) + g ( z

0

; z

1

) G

X

�

e

V

0

( w

0

+ w

1

) ; z

1

)

i

e

D

(0)

( w

0

+ w

1

) ;

where w

i

= �

i

(1 � z

i

) and g ( z

0

; z

1

) =

�

1

z

1

�

1

z

1

+ �

0

�

z

0

�

e

V

0

( w

0

+ w

1

)

�

.

No w clearly , the PGF of the n um b er of jobs in c hannel 0 and in c hannel 1 (up on their p olling

instan ts), X

0

and Y

1

, is giv en b y , resp ectiv ely ,

b

X

0

( z ) = G

X

( z ; 1) ;

b

Y

1

( z ) = G

Y

(1 ; z ) :

3.4 P erformance Measures

W e denote: d

i

= E [ D

( i )

], i = 0 ; 1, d = d

1

+ d

2

, and 


0

=

1 �

b

X

0

�

e

�

(0)

( �

1

)

�

�

1

.

F rom the observ ation follo wing Prop osition 3.1 w e readily ha v e

E [ C

(0)

] = E [ C

(1)

] = E [ B

(0)

] + E [ B

(1)

] + d

�

= E [ C ] : (3.7)

F rom Theorem 2.7 (applied to the secondary queue)

E [ B

(0)

] = E [ X

0

] E [ V

0

] + �

0




0

F urthermore, since c hannel 1 is Exhaustiv e,

E [ B

(1)

] = E [ �

(1)

Y

1

] =

E [ Y

1

] E [ V

1

]

1 � �

1

:

15
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Therefore, b y the observ ation follo wing Prop osition 3.1 and the fact that E [ B

(0)

� �

(0)

] = 


0

w e

get

E [ B

(0)

] = E

h

A

0

�

�

(0)

+ D

(0)

+ B

(1)

+ D

(1)

�i

E [ V

0

] + �

0




0

(3.8)

= �

0

�

E [�

(0)

] + E [ B

(1)

] + d

�

+ �

0




0

= �

0

�

E [ B

(1)

] + d + E [ B

(0)

]

�

= �

0

E [ C ] :

In Step 3 ab o v e w e sho w ed that P [�

(0)

= 0 j X

0

] =

e

�

(0)

( �

1

)

X

0

. Hence, P [�

(0)

> 0]

= 1 � P [�

(0)

= 0] = 1 � E

�

P [�

(0)

= 0 j X

0

]

�

= 1 �

b

X

0

�

e

�

(0)

( �

1

)

�

= �

1




0

.

No w, since queue 1 is serv ed exhaustiv ely ,

E [ B

(1)

] =

E

�

A

1

( D

(1)

) + 1

[�

(0)

> 0]

+ A

1

(�

(0)

+ D

(0)

)

�

E [ V

1

]

1 � �

1

=

�

1

1 � �

1

�

E [ D

(1)

] +

1

�

1

P [�

(0)

> 0] + E [�

(0)

] + E [ D

(0)

]

�

=

�

1

1 � �

1

�

E [�

(0)

] + d + 


0

�

=

�

1

1 � �

1

�

d + E [ B

(0)

]

�

=

�

1

1 � �

1

E [ C ] �

�

1

1 � �

1

E [ B

(1)

] ;

Th us,

E [ B

(1)

] = �

1

E [ C ] : (3.9)

In addition, E [ C ]

�

= E [ B

(0)

]+ E [ B

(1)

]+ d = �

0

E [ C ]+ �

1

E [ C ]+ d , and hence

(1 � � ) E [ C ] = d (3.10)

Note that the expression for the mean cycle time, E [ C ] = d= (1 � � ), is the same expression

obtained for man y other w ork-conserving p olling systems (see T ak agi [19], Y ec hiali [21], Eliazar

and Y ec hiali [11]).

W e summarize:

Prop osition 3.3.

(i) E [ C

(0)

] = E [ C

(1)

] =

d

1 � �

�

= E [ C ].

(ii) The busy-time fraction of c hannel i , P

( i )

busy

�

=

E [ B

( i )

]

E [ C ]

, is �

i

.

(iii) The serv er's busy fraction, P

busy

�

=

E [ B

(0)

]+ E [ B

(1)

]

E [ C ]

, is � .

F urthermore,

�

0

d

1 � �

= �

0

E [ C ] = E [ B

(0)

] = E [ X

0

] E [ V

0

] + �

0




0

;

implying E [ X

0

] =

�

0

d

1 � �

� �

0




0

= �

0

E [ C ] � �

0




0

�

1

d

1 � �

= �

1

E [ C ] = E [ B

(1)

] =

E [ Y

1

] E [ V

1

]

1 � �

1

;

16



17 A Mul tiplexer Pr oblem

implying E [ Y

1

] =

1 � �

1

1 � �

�

1

d .

By the la w of motion (3.1) and the expression for E [�

(0)

] in Theorem (2.7), w e ha v e

E [ X

1

] = E

�

A

1

( D

(1)

)

�

= �

1

d

1

:

E [ Y

0

] = E

�

A

0

(�

(0)

+ D

(0)

)

�

= �

0

E [�

(0)

] + �

0

d

0

= �

0

�

E [ X

0

] E [ V

0

] � (1 � �

0

) 


0

�

+ �

0

d

0

= �

0

�

0

d

1 � �

� �

0

�

0




0

� �

0




0

+ �

0

�

0




0

+ �

0

d

0

= �

0

�

�

0

d

1 � �

+ d

0

� 


0

�

:

W e conclude:

Prop osition 3.4.

E [ X

0

] = �

0

�

d

1 � �

� 


0

�

E [ Y

0

] = �

0

�

�

0

1 � �

d + d

0

� 


0

�

E [ X

1

] = �

1

d

1

E [ Y

1

] = �

1

1 � �

1

1 � �

d

Finally , b y the ab o v e computations, Theorems 2.7 and 2.8 and the fact that c hannel 1 is

exhaustiv e, w e obtain:

Prop osition 3.5.

E [ B

(0)

] = �

0

d

1 � �

; E [ N

(0)

] = �

0

d

1 � �

; E [�

(0)

] = �

0

d

1 � �

� 


0

:

E [ B

(1)

] = �

1

d

1 � �

; E [ N

(1)

] = �

1

d

1 � �

; E [�

(1)

] = 0 :

3.5 Busy and Idle In terv als

In this section w e compute

(1) The join t LST of the busy and idle in terv als in c hannel 0 during C

(0)

:

H

0

( t; s )

�

= E

h

e

� tB

(0)

� sI

(0)

i

; where I

(0)

�

= D

(0)

+ B

(1)

+ D

(1)

:

(2) The join t LST of the busy and idle in terv als in c hannel 1 during C

(1)

:

H

1

( t; s )

�

= E

h

e

� tB

(1)

� sI

(1)

i

; where I

(1)

�

= D

(1)

+ B

(0)

+ D

(0)

:

(3) The LST of C

(0)

and C

(1)

.

(4) The join t LST of the serv er's busy and idle in terv als.

17
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Step 1

T o ease the computation of H

0

( � ; � ) w e use the illustration in Figure 2.

Figure 2
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time

C

(0)

B

(0)

I

(0)

B

(0)

X

0

D

(0)

B

(1)

Y

1

= �

(1)

Y

1

D

(1)

( X

0

;X

1

) ( Y

0

;Y

1

)

H

0

( t; s )

�

= E

h

e

� tB

(0)

� sI

(0)

i

= E

h

e

� tB

(0)

� s ( D

(0)

+ B

(1)

+ D

(1)

)

i

= E

h

e

� tB

(0)

� s ( D

(0)

+ B

(1)

)

i

e

D

(1)

( s )

= E

h

E

h

e

� tB

(0)

� s ( D

(0)

+ B

(1)

)

�

�

�

X ; B

(0)

; �

(0)

; D

(0)

ii

e

D

(1)

( s )

= E

h

e

� tB

(0)

� sD

(0)

E

h

e

� sB

(1)

�

�

�

X

1

; �

(0)

; D

(0)

ii

e

D

(1)

( s ) :

No w,

E

h

e

� sB

(1)

�

�

�

X

1

; �

(0)

; D

(0)

i

= E

h

E

h

e

� sB

(1)

j Y

1

i

�

�

�

X

1

; �

(0)

; D

(0)

i

= E

�

E

�

e

� s�

(1)

Y

1

j Y

1

�

�

�

�

X

1

; �

(0)

; D

(0)

�

= E

h

e

�

1

( s )

Y

1

�

�

�

X

1

; �

(0)

; D

(0)

i

Setting z

1

=

e

�

1

( s ) ; w

1

= �

1

(1 � z

1

) and using the la w of motion (3.1) w e get

E

h

z

Y

1

1

�

�

�

X

1

; �

(0)

; D

(0)

i

= E

�

z

X

1

+1

[�

(0)

> 0]

+ A

1

(�

(0)

+ D

(0)

)

1

�

�

�

X

1

; �

(0)

; D

(0)

�

= z

X

1

+1

[�

(0)

> 0]

1

E

h

z

A

1

(�

(0)

+ D

(0)

)

1

�

�

�

�

(0)

; D

(0)

i

= z

X

1

+1

[�

(0)

> 0]

1

e

� w

1

(�

(0)

+ D

(0)

)

=

h

z

1

+ (1 � z

1

)1

[�

(0)

=0]

i

z

X

1

1

e

� w

1

(�

(0)

+ D

(0)

= z

1

z

X

1

1

e

� w

1

(�

(0)

+ D

(0)

)

+ (1 � z

1

) z

X

1

1

e

� w

1

D

(0)

1

[�

(0)

=0]

:

So, w e obtain

H

0

( t; s ) = E

h

e

� tB

(0)

� sD

(0)

z

1

z

X

1

e

� w

1

(�

(0)

+ D

(0)

)

i

e

D

(1)

( s )

+ E

h

e

� tB

(0)

� sD

(0)

(1 � z

1

) z

X

1

1

e

� w

1

D

(0)

1

[�

(0)

=0]

i

e

D

(1)

( s )

= z

1

E

h

z

X

1

1

e

� tB

(0)

� w

1

�

(0)

e

� ( s + w

1

) D

(0)

i

e

D

(1)

( s )

+(1 � z

1

) E

h

z

X

1

1

e

� tB

(0)

1

[�

(0)

=0]

e

� ( s + w

1

) D

(0)

i

e

D

(1)

( s )

18
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That is,

H

0

( t; s ) =

n

z

1

E

h

z

X

1

1

e

� tB

(0)

� w

1

�

(0)

i

+ (1 � z

1

) E

h

z

X

1

1

e

� tB

(0)

1

[�

(0)

=0]

io

�

e

D

(0)

( s + w

1

)

e

D

(1)

( s ) : (3.11)

Step 2

Using Theorem 2.1 w e ha v e

E

h

z

X

1

1

e

� tB

(0)

� w

1

�

(0)

i

= E

h

E

h

z

X

1

1

e

� tB

(0)

� w

1

�

(0)

�

�

�

X

ii

= E

h

z

X

1

1

E

h

e

� tB

(0)

� w

1

�

(0)

�

�

�

X

0

ii

= E

h

z

X

1

1

'

(0)

X

0

( t; w

1

)

i

= E

hn

�

1 � �

0

( t; w

1

)

��

e

�

(0)

( �

1

+ t )

�

X

0

+ �

0

( t; w

1

)

�

e

V

0

( t + w

1

)

�

X

0

o

z

X

1

1

i

=

�

1 � �

0

( t; w

1

)

�

G

X

�

e

�

(0)

( �

1

+ t ) ; z

1

�

+ �

0

( t; w

1

) G

X

�

e

V

0

( t + w

1

) ; z

1

�

where �

0

( t; w

1

) =

�

1

�

1

� w

1

+ �

0

�

1 �

e

V

0

( t + w

1

)

�

=

�

1

�

1

z

1

+ �

0

�

1 �

e

V

0

( t + w

1

)

�

.

Also, since

E

h

e

� tB

(0)

1

[�

(0)

=0]

�

�

�

X

0

i

= E

�

e

� t�

(0)

X

0

1

[ T

1

� �

(0)

X

0

]

�

�

�

X

0

�

= E

�

e

� t�

(0)

X

0

P

h

T

1

� �

(0)

X

0

j �

(0)

X

0

i

�

�

�

X

0

�

= E

�

e

� t�

(0)

X

0

e

� �

1

�

(0)

X

0

�

�

�

X

0

�

= E

�

e

� ( �

1

+ t ) �

(0)

X

0

�

�

�

X

0

�

=

�

e

�

(0)

( �

1

+ t )

�

X

0

w e get

E

h

z

X

1

1

e

� tB

(0)

1

[�

(0)

=0]

i

= E

h

E

h

z

X

1

1

e

� tB

(0)

1

[�

(0)

=0]

�

�

�

X

ii

= E

h

z

X

1

1

E

h

e

� tB

(0)

1

[�

(0)

=0]

�

�

�

X

0

ii

= E

h

z

X

1

1

�

e

�

(0)

( �

1

+ t )

�

X

0

i

= G

X

�

e

�

(0)

( �

1

+ t ) ; z

1

�

:

Therefore, w e obtain

H

0

( t; s ) =

n

z

1

�

1 � �

0

( t; w

1

)

�

G

X

�

e

�

(0)

( �

1

+ t ) ; z

1

�

+ z

1

�

0

( t; w

1

) G

X

�

e

V

0

( t + w

1

) ; z

1

�

+ (1 � z

1

) G

X

�

e

�

(0)

( �

1

+ t ) ; z

1

�

o

e

D

(0)

( s + w

1

)

e

D

(1)

( s ) : (3.12)

Summarizing, w e ha v e

Prop osition 3.6.

H

0

( t; s ) =

n

�

1 � h ( t; w

1

)

�

G

X

�

e

�

(0)

( t + �

1

) ; z

1

�

+ h ( t; w

1

) G

X

�

e

V

0

( t + w

1

) ; z

1

�

o

�

e

D

(0)

( s + w

1

)

e

D

(1)

( s ) : (3.13)

where z

1

=

e

�

(1)

( s ) , w

1

= �

1

(1 � z

1

) , h ( t; w

1

) =

�

1

z

1

�

1

z

1

+ �

0

�

1 �

e

V

0

( t + w

1

)

�

.

Since C

(0)

= B

(0)

+ I

(0)

w e also ha v e

Corollary 3.7.

e

C

(0)

( t ) = H

0

( t; t ) :

19



Eliazar, Fibich and Yechiali 20

Step 3

T o ease the computation of H

1

( � ; � ) w e use the illustration in Figure 3.

Figure 3
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(1)
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(1)

�

(1)

Y

1
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(1)

B

(0)

= B

(0)

X

0

D

(0)

( Y

0

;Y

1

) ( X

0

;X

1

)

W e �rst obtain

H

1

( t; s ) = E

h

e

� tB

(1)

� sI

(1)

i

= E

h

e

� tB

(1)

� s ( D

(1)

+ B

(0)

+ D

(0)

)

i

= E

h

e

� tB

(1)

� s ( D

(1)

+ B

(0)

)

i

e

D

(0)

( s ) = E

h

E

h

e

� tB

(1)

� s ( D

(1)

+ B

(0)

)

�

�

�

Y ; B

(1)

; D

(1)

ii

e

D

(0)

( s )

= E

h

e

� tB

(1)

� sD

(1)

E

h

e

� sB

(0)

�

�

�

Y ; B

(1)

; D

(1)

ii

e

D

(0)

( s )

Then, b y using Corollary 2.2,

E

h

e

� sB

(0)

j Y ; B

(1)

; D

(1)

i

= E

h

E

h

e

� sB

(0)

j X

0

i

�

�

�

Y ; B

(1)

; D

(1)

i

= E

h

e

B

(0)

X

0

( s )

�

�

�

Y ; B

(1)

; D

(1)

i

= E

hh

�

1 � � ( s )

��

e

�

(0)

( �

1

+ s )

�

X

0

+ � ( s )

�

e

V

0

( s )

�

X

0

i

�

�

�

Y ; B

(1)

; D

(1)

i

=

�

1 � � ( s )

�

E

h

e

�

0

( �

1

+ s )

X

0

�

�

�

Y ; B

(1)

; D

(1)

i

+ � ( s ) E

h

e

V

0

( s )

X

0

�

�

�

Y ; B

(1)

; D

(1)

i

where � ( s ) =

�

1

�

1

+ �

0

�

1 �

e

V

0

( s )

�

.

Using (3.1) once more, and taking z =

e

�

(0)

( �

1

+ s ),

E

h

z

X

0

�

�

�

Y ; B

(1)

; D

(1)

i

= E

h

z

Y

0

+ A

0

( B

(1)

+ D

(1)

)

j Y ; B

(1)

; D

(1)

i

= z

Y

0

e

� w ( B

(1)

+ D

(1)

)

where w = �

0

(1 � z ). Hence,

E

h

e

� tB

(1)

� sD

(1)

z

Y

0

e

� w ( B

(1)

+ D

(1)

)

i

= E

h

z

Y

0

e

� ( t + w ) B

(1)

e

� ( s + w ) D

(1)

i

= E

h

z

Y

0

e

� ( t + w ) B

(1)

i

e

D

(1)

( s + w )

= E

h

E

h

z

Y

0

e

� ( t + w ) B

(1)

�

�

�

Y

ii

e

D

(1)

( s + w )

= E

�

z

Y

0

E

�

e

� ( t + w ) �

(1)

Y

1

�

�

�

Y

1

��

e

D

(1)

( s + w ) = E

h

z

Y

0

�

e

�

(1)

( t + w )

�

Y

1

i

e

D

(1)

( s + w )

= G

Y

�

z ;

e

�

(1)

( t + w )

�

e

D

(1)

( s + w ) :
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Therefore,

H

1

( t; s ) = E

�

e

� tB

(1)

� sD

(1)

�

�

1 � � ( s )

�

E

h

z

X

0

�

�

�

Y ; B

(1)

; D

(1)

i

�

�

�

z =

e

�

(0)

( �

1

+ s )

+ � ( s ) E

h

z

X

0

�

�

�

Y ; B

(1)

; D

(1)

i

�

�

�

z =

e

V

0

( s )

��

e

D

(0)

( s )

=

(

�

1 � � ( s )

�

E

h

e

� tB

(1)

� sD

(1)

z

Y

0

e

� w ( B

(1)

+ D

(1)

)

i

�

�

�

z =

e

�

(0)

( �

1

+ s )

w = �

0

(1 � z )

+ � ( s ) E

h

e

� tB

(1)

� sD

(1)

z

Y

0

e

� w ( B

(1)

+ D

(1)

)

i

�

�

�

z =

e

V

0

( s )

w = �

0

(1 � z )

)

e

D

(0)

( s ) :

Finally w e can state

Prop osition 3.8

H

1

( t; s ) =

�

�

1 � � ( s )

�

G

Y

�

z

0

;

e

�

(1)

�

t + �

0

(1 � z

0

)

�

�

e

D

(1)

�

s + �

0

(1 � z

0

)

�

�

�

�

z

0

=

e

�

(0)

( �

1

+ s )

+ � ( s ) G

Y

�

z

0

;

e

�

(1)

�

t + �

0

(1 � z

0

)

�

�

e

D
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�

s + �

0

(1 � z

0
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�

�

�

�

z
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=

e
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�

e

D
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( s )

where � ( s ) =

�

1

�

1

+ �

0

�

1 �

e

V

0

( s )

�

.

Since C

(1)

= B

(1)

+ I

(1)

w e also ha v e

Corollary 3.9

e

C

(1)

( t ) = H

1

( t; t ) :

T o conclude, w e compute the join t LST of the serv er's busy and idle in terv als during C

(0)

and

C

(1)

:

Q

0

( t; s ) = E

h

e

� tB

(0)

� sD

(0)

� tB

(1)

� sD

(1)

i

(see Figure 2)

Q

1

( t; s ) = E

h

e

� tB

(1)

� sD

(1)

� tB

(0)

� sD

(0)

i

(see Figure 3) :

Since the computation of Q

0

( t; s ) and Q

1

( t; s ) is v ery similar to that of H

0

( t; s ) and H

1

( t; s )

(resp ectiv ely), w e state without pro of

Prop osition 3.10

Q

0

( t; s ) =

n

�

1 � h ( t; w

1

)

�

G

X

�

e

�

(0)

( t + �

1

) ; z

1

�
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1

) G

X

�

e

V

0
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1
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1

�

o

e
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( s + w

1

)

e

D
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( s )

where z

1

=

e

�
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( t ) ; w

1

= �

1

(1 � z

1

) ; h ( t; w

1

) =

�

1

z

1

�

1

z

1

+ �

0

�

1 �

e

V
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( t + w

1

)

�

.
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Prop osition 3.11

Q
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( t; s ) =

�

�

1 � � ( t )
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e
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)

�

�

e

D
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�
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0
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)

�

�

�

�

z
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=

e
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0

;

e
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(1)

�
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)

�

�
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D

(1)

�
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0

(1 � z

0

)

�

�

�

�

z
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=

e
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0
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�

e

D
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where � ( t ) =

�

1

�

1

+ �

0

�

1 �

e

V

0

( t )

�

.

3.6 Mean Queue Size and W aiting Time

Let L

( i )

and W

( i )

b e the queue size and w aiting time in c hannel i ( i = 0 ; 1) in steady state. W e

claim

Prop osition 3.12

E [ L

(0)

] = �

0

�

1 +

�

0

�

1

�

+

1 � �

d

�

1 + �

0

2 �

0

E

�

X

0

( X

0

� 1)

�

�

�

0




0

�

1

�

:

E [ L

(1)

] = E [ L

M

1

=G

1

= 1

] +

1 � �

1 � �

1

E

�

Y

1

( Y

1

� 1)

�

2 �

1

d

:

Pro of. Applying Theorem 2.9 for queue 0 in isolation, while setting the Timer's parameter to b e

�

1

, the in ter-arriv al rate to queue 1, and b y using E [ X

0

] =

�

0

d

1 � �

� �

0




0

(Prop osition 3.4) along with

E [ N

(0)

] = �

0

d

1 � �

(Prop osition (3.5)), w e obtain the expression for E [ L

(0)

].

As w as noted in Section 2, the Exhaustiv e service discipline is a limiting case of the general

R TG mo del when � ! 0. In this case the Probabilit y Generating F unction of the queue size L

(1)

in queue 1 is giv en b y (see Eliazar and Y ec hiali [10], equation (4.55))

b

L

(1)

( z ) =

b

L

M =G= 1

( z ) �

1 �

b

Y

1

( z )

E [ Y

1

](1 � z )

where L

M =G= 1

is the queue size in steady state of the regular M =G= 1 queue with arriv al rate �

1

and service times V

1

. No w, the expression for E [ L

(1)

] is obtained from E [ L

(1)

] =

d

dz

�

b

L

(1)

( z )

�

�

�

�

z =1

.

Using Little's la w, E [ W

( i )

] = E [ L

( i )

] =�

i

, w e readily ha v e

Prop osition 3.13
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�
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0
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0

�

1

�

:

E [ W

(1)

] = E [ W

M

1

=G

1

= 1

] +

�

1 � �

1 � �

1

�

E

�

Y

1

( Y

1

� 1)

�

2 �

2

1

d

:

Note that E

�

X

0

( X

0

� 1)

�

and E

�

Y

1

( Y

1

� 1)

�

can b e obtained b y solving the set of six linear

equations:

E

�

X

0

( X

0

� 1)

�

=

@

2

G

X

( z )

@ z

2

0

�

�

�

z =(1 ; 1)

E

�

Y

0

( Y

0

� 1)

�

=

@

2

G

Y

( z )

@ z

2

0

�

�

�
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E [ X

0

X

1

] =

@

2

G

X

( z )

@ z

0

@ z

1

�

�

�

z =(1 ; 1)

E

�

Y

0

Y

1

�

=

@

2

G

Y

( z )

@ z

0

@ z

1

�

�

�

z =(1 ; 1)

E [ X

1

( X

1

� 1)] =

@

2

G

X

( z )

@ z

2

1

�

�

�

z =(1 ; 1)

E

�

Y

1

( Y

1

� 1)

�

=

@

2

G

Y

( z )

@ z

2

1

�

�

�

z =(1 ; 1)

where G

X

( z ) and G

Y

( z ) are giv en in Prop osition 3.2.

3.7 Numerical Calculations

The expressions for E [ W

(0)

] and E [ W

(1)

] giv en in Prop osition 3.13 dep end on the v alues of

E [ X

0

( X

0

� 1)] and E [ Y

1

( Y

1

� 1)], whic h can b e obtained b y t wice di�eren tiating G

X

( � ) and G

Y

( � ),

and also dep end on 


0

, whic h itself is a function of the PGF of X

0

(ev aluated at

~

�

(0)

( �

1

) ). T o

calculate those expressions w e emplo y a n umerical algorithm (summarized in App endix A), whose

results are depicted in Figures 1,2 and 3 b elo w.

F or sp eci�c calculations w e assumed exp onen tial service times with rates �

1

and �

2

, and de-

terministic switc h-o v er times d (common in comm unication systems). W e use �

0

= �

1

= 2, d = 1,

and compute E [ W

(0)

] and E [ W

(1)

] as function of �

1

and �

2

. The results are plotted as functions

of the pair ( r ; � ), where

�

0

= 2

r

r + 1

�; �

1

= 2

1

r + 1

� ;

on the domain 2 : 2 � r � 9; 0 : 55 � � � 0 : 95.

Figures 1 and 2 depict E [ W

(0)

] and E [ W

(1)

] as a function of the pair ( r ; � ), resp ectiv ely . Figure 3

depicts the r atio E [ W

(1)

] =E [ W

(0)

] as a function of that pair. As exp ected, b oth E [ W

(0)

] and

E [ W

(1)

] increase in � , exhibiting exp onen tial gro wth near � = 1. W e further observ e that for an y

giv en � , b oth E [ W

(0)

] and E [ W

(1)

] increase with r , sho wing the div erse e�ect of the increasing

relativ e load of the secondary queue on the w aiting times in b oth queues.

An in teresting phenomenon is that the ratio E [ W

(1)

] =E [ W

(0)

] increases initially as � gro ws, but

the trend is r everse d when � gets closer to 1. The reason for that is that the rate of exp onen tial

gro wth of E [ W

(1)

] is slower than that of E [ W

(0)

], sho wing the impro ving e�ect of the R TG regime

with resp ect to the primary queue, whic h is the goal of that regime.
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Figure 1: E [ W
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Figure 2: E [ W

(1)

] as a function of r and � . P arameters are as in Figure 1.
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Figure 3: E [ W

(1)

] =E ([ W

(0)

] as a function of r and � . P arameters are as in Figure 1.
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A Numerical Algorithm

The equations for G

X

and G

Y

in Prop osition 3.2 can b e rewritten in a decoupled form as

G ( z

0

; z

1

) =

2

X

k =1

A

( k )

( z

0

; z

1

) � G

�

�

( k )

( z

0

; z

1

)

�

; ( z

0

; z

1

) 2 [0 ; 1]

2

: (A.1)

When the service times are exp onen tial with rates �

0

and �

1

, w e ha v e for G = G

X

,

A

(1)

( z
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; z

1

) = (1 � g ( z
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; h ( z

0
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1
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z
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1
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0
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1
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1
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0
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1
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0

)) ;

�
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( z

0
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1

) = ( v ( z

0

; h ( z

0

)) ; h ( z

0

)) ;

and for G = G

Y

,

A

(1)

( z

0

; z

1

) = (1 � g ( z

0

; z

1

)) � exp f d ( �

0

z

0

+ 2 �

1

z

1

+ �

0

�

0

( �

1

) � 2 �

0

� 2 �

1

) g ;

�

(1)

( z

0

; z

1

) = (�

0

( �

1

) ; h (�

0

( �

1

))) ;

A

(2)

( z

0

; z

1

) = g ( z

0

; z

1

) � exp f d ( �

0

z

0

+ 2 �

1

z

1

+ �

0

v ( z

0

; z

1

) � 2 �

0

� 2 �

1

) g ;

�

(2)

( z

0

; z

1

) = ( v ( z

0

; z

1

) ; h ( v ( z

0

; z

1

))) ;

where

�

i

( s ) =

( �

i

+ �

i

+ s ) �

p

( �

i

+ �

i

+ s )

2

� 4 �

i

�

i

2 �

i

i = 0 ; 1 ;

h ( s ) = �

1

( �

0

(1 � s )) ;

v ( z

0

; z

1

) =

�

0

( �

0

+ �

0

+ �

1

) � �

0

z

0

� �

1

z

1

;

g ( z

0

; z

1

) =

�

1

z

1

�

1

z

1

+ �

0

z

0

� �

0

v ( z

0

; z

1

)

:

W e in tro duce the grid f

0

N

;

1

N

; � � � ;

N

N

g

2

and discretize (A.1) as

G

i;j

=

2

X

k =1

A

( k )

i;j

[ �

( k )

1 ;ij

G

m

( k )

ij

;n

( k )

ij

+ �

( k )

2 ;ij

G

m

( k )

ij

+1 ;n

( k )

ij

+ �

( k )

3 ;ij

G

m

( k )

ij

;n

( k )

ij

+1

+ �

( k )

4 ;ij

G

m

( k )

ij

+1 ;n

( k )

ij

+1

] (A.2)

where i; j = 0 ; 1 ; � � � ; N , G

ij

= G

�

i

N

;

j

N

�

and A

( k )

ij

= A

( k )

�

i

N

;

j

N

�

. The v alue of G

�

�

( k )

( i= N ; j = N ))

�

is appro ximated using linear in terp olation of the v alues of G at the four nearest grid-p oin ts.

Equations (A.2), together with the condition that G (1 ; 1) = 1, are linear and can b e written in

a matrix form as AG = b , where A is a sparse ( N + 1)

2

� ( N + 1)

2

matrix. Since solving this system

requires O ( N

4

) op erations, one can only solv e this system for mo derate v alues of N . Therefore,

the partial deriv ativ es at (1 ; 1) are calculated using high-order one-sided sc hemes.
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