in' E £ Tnstitute for Operafions Research
and the Mandpemeni Sciences

A Stochastic Bottleneck Assignment Problem

Author(s): Uri Yechiali

Source: Management Science, Vol. 14, No. 11, Theory Series (Tul., 1968), pp. 732-734
Published by: INFORMS

Stable URL: http://www.jstor.org/stable/2628198

Accessed: 28/06/2009 04:54

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of thiswork. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=informs.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is anot-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the

scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

INFORMS:is collaborating with JSTOR to digitize, preserve and extend access to Management Science.

http://www.jstor.org


http://www.jstor.org/stable/2628198?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=informs

732 COMMUNICATIONS TO THE EDITOR

the maximum of u; variables with the common distribution
Pr{Y <y} =y"

for y € [0, 1]. Homogeneity of the expression (1) completes the proof as before.
For irrational values of the w; , the proof can be extended by continuity. Thus, in
any case, our scheme gives the value (1) for vz . Since expectations are additive, it
follows that this scheme coincides with @ for all games.

We point out, finally, that the form of the scheme guarantees that, for mono-

tonic games, the modified value ® will be an imputation.
Guillermo Owen
Fordham University
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A STOCHASTIC BOTTLENECK ASSIGNMENT PROBLEM *'{

URI YECHIALI
Columbia University

Consider an n-job stochastic bottleneck assignment problem in which the
production rates are independent random variables rather than constants.
Assume that the production rate, Ri; , (Rij = 0;¢,5 = 1,2, --- ,n) of man ¢
when assigned to job j is: 1) exponentially distributed with mean 1/A;; or 2)
Weibull distributed with scale parameter A;; and shape parameter 8. It is shown
that in either case, the assignment that maximizes the expected rate of the
entire line is found by solving the deterministic assignment problem with ‘cost’
matrix [)\.'j]. '

The classical ‘Bottleneck Assignment Problem’ [2] is deseribed [1] as follows:

n men are available to be assigned to n operations or jobs comprising a pro-
duction line. Associated with each man —job j combination is a known and con-
stant production rate R;; (R;; = 0;¢,7 = 1,2, - -+, n). The production rate of
the line for any given assignment will be equal to the slowest rate in theline, i.e.,
the bottleneck. The problem then is to maximize the rate of the line over all n!
possible assignments. ,

Mathematically, given the set {R:;; = 0;4,5 = 1,2, -+, n}, find a permuta-
tion 7 on the integers 1, 2, - - - ,n 50 as to achieve »

(1) Max, {Min.- Ri,,—(i)}. _
Now, suppose that for each man-job combination, the corresponding R;; is not
* Received December 1967.

t This research was supported in part by National Science Foundation Grant NSF-GK-
1584.
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a constant but a continuous nonnegative random variable with distribution func-
tion F;;( - ). For any permutation « the rate of production, R, of the entire line is
also a random variable defined by: B = Min; R; . . Our objective then is to
find an assignment that will maximize the expected rate of production of the line,
i.e., we seek a permutation =~ so as to achieve

(2) Max, E{R}.

Assuming that the R;’s are independent random variables with finite means,
the distribution function of B, Fz(-), is found to be:

(3) Fep(r) =1 — H?-q [1 = Firwn(n)],
and the expected rate of production is given by:
(4) B(R) = [ (T 01 = Feno(O)) dr

We consider now two cases:
CARSE 1: Let R;; be exponentially distributed with a known parameter \;; > 0,
i.e., with p.d.f.:

(5)  fiu(r) = Njexp{—N\yr}, >0,
=0, otherwise,

fore,7=1,2,.--,n.
Consider also the following ‘Assignment Problem’: Given X\; > 0,
4,7 =1,2, -+ ,n,find a permutation = so as to achieve

(6) Min, Z:Ll Niyr (i) -

We show that in the exponential case, a solution of (6) is a solution of (2). To
see this we write:

) BiR) = [ op (T hiro)r) i

=1/ Niwy -

It is clear that Max, E{R} is achieved when Min, D _f=1 \i ¢ is achieved, thus
proving the assertion.

CASE 2: Let R;; be distributed according to the Weibull probability law with
scale parameter \;; and shape parameter 8 (equal for all man-job combinations).
The p.d.f. of R;;is:

(8) fii(r) = N exp (=N}, >0,

= 0, otherwise,
Nij, 8 > 0, and the distribution funection:
9) Fi(r) = 1 — exp {—N\is}.
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For a given permutation =, the expected rate of production equals:
(10) E{R} = j; exp {'—(Z?-l )\,',,(;) )1‘5} dr
= (1/2 % M) 2T(1/8 + 1),

where I'(-) denotes the gamma function. Since g is fixed, E{R} is again maxi-
mized when Min, Y7 \i (s is achieved.

Note that the exponential case is seen to be a special case of the Weibull with
B = 1forall ¢ andj.

To summarize, it is shown that, in both cases, the assignment that maximizes
the expected rate of production of the entire line in a randomized bottleneck
assignment problem, is found by solving a ‘deterministic’ assignment problem
with ‘cost’ matrix [As;].

It should also be pointed out that even if a positive lower bound, G,—‘location
parameter’—is imposed on each Ry; , (i.e., Ri; = G > 0, all 7, j)—the results still
hold.
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A Clarification in LIFO vs. FIFO*

In his investigation of inventory depletion policies, Bomberger [1] examines
conditions on the field life function, L(S), for which either LIFO (last in, first
out) or FIFO (first in, first out) is an optimal issue policy. His Theorem I states
“Tf L 4(8) is concave increasing, then LIFO is optimal for n = 2.” In this theorem
L7(8) is not explicitly defined, and although the author refers to this function as
the snverse of L(S), the reader should be cautioned that he intends L™(S) to be
the reciprocal of L(S) and not the usual inverse function whose composition with
L(8) yields the identity function.

That this may be a point of confusion is evidenced, for example, by the fact
that Hillier and Lieberman [2] cite the above result in their recent textbook (page
370), rephrasing it in the form, “Finally, Bomberger has shown that if the inverse
of the field life function, 7.e., L™(.8), is concave increasing, then LIFO is optimal
for n = 2.” Again, a question arises as to the intended meaning of the phrase
“inverse of the field life function.” The reason why this clarification is needed is
that the writer has shown [3] that if, for example, L(S) is convex with L'(S) = 1
forall S = 0, in which case the usual inverse function L“1 (8S) isindeed concave in-
creasing, then not only iFO nouLI bmal,t optis e t thopposing policy FIFO is

* Received September 1967, and revised January 1968.
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