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AHSTRACT

A queucing-analysis of the Telephone Information Service is carried out. The aystom is firgt considerod as an
M/E;js/N queue and system-paramcters are derived. It i then compared with the simpler M/M/s/N queue and
it is discovered that for low and medium offered loads the latter model may serve as a good approximation for the
former. Numerical calculations and scveral graphs are added to illustrate the analytical results and their

implications.

1. INTRODUCTION

The problem of determining the number of
operators required to handle customer requests for
service is central in any design of a queueing
system. In most service systems this number varies
as a function of time. In particular, the number of
telephone operators required on duty at switch-
boards in the Telephone Information Service fluc-
tuates widely during the day, where increased de-
mand is experienced during certain busy hours. The
actual number of ovperators required at any given
hour is generally determined by the arrival rate of
customers, the distribution of holding times and a
service criterion that specifies, for example, that no
more than o per cent of customers be delayed more
than B units of time,

Recently, M. Segal (1974) considered the problem
of assigning and scheduling opcrators to “trics™
(= working shifts that contain several relief
periods) and proposed a method of solution based
on the out-of-kilter algorithm. However, Scgal—as
well as many other authors — assumes that the
holding times are distributed according to a

negative-exponential distribution, This assumption
— although not so realistic — is usually made in
queucing studics for case of analysis, Clearly, one
would like to know how good this assumption is and
if it can be justified by other arguments,

Statistical studies of the distribution of holding
times of subscribers’ requests for assistance from
the Information Service in Tel Aviv have revealed
(See Yechiali et al., 1973) that these times are best
approximated by the Erlang distribution of order
two rather than by the Exponential distribution, It
thus raised the problem of analyzing such a system
in order to be able to assign and schedule operators
to shifts in an efficient way. Such an analysis is also
needed for purpose of comparison with the easier
— and most frequently used — model that assumes
exponential holding times,’

In this paper we study a system denoted as an
M|/E./s/N queue. This mathematical model is a
representation of the following physical system that
exists in the Telephone Information Service in

. Israel.
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Subscribers request information (service) accord-
ing to a Poisson stream, s operators are assigned to
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the switchboards to handle the subscribers’ re-
quests. The holding (service) time of requests pos-
sesses the Erlang distribution of order two. There
are N waiting positions in the queue, and the queue
discipline is FIFO. | ‘

Let n denote the number of calls in the system at
instant of arrival. A new call enters service with no
delay if it finds n < s subscribers in thc system. A
customer is blocked and delayed if he finds s = n <
s + N subscribers ahcad of him. In such a case the
delayed customer hears a pre-recorded announce-
ment informing him that all the operators are busy.
A call that arrives when all s servers are busy and
all N waiting positions are occupied is blocked and
lost.

Analytic study of the M/Ei/s/® systcm has ap-
peared in the literature (Heffer, 1969) but the results
there are not easily available for numerical calcula-
tions. Such calculations are needed for purpose of
managing and controlling the system and therefore
we present here a method which is much simpler
and is readily available for detailed calculations. At
this point we would like to stress that in reality
unbounded queues do not ¢xist. The unbounded
queue is strictly a mathematically convenient ab-
straction. In practical situations there is always a
finite waiting room, usually with loss of those
customers who find the waiting room full.

The numerical rtesults obtained for the
M/E,/s|N queue arc then compared with numeri-
cal results derived by using the well known for-
mulas for the M/M/s/N queue. It is then disco-
vered that for low and medium loads the numerical
results for both models differ from each other by
only a small percentage. This implies that in most
cases the simple and well-known formulas for the
M/M/[s/N queue may serve as good approxima-
tions for the more complex M/E./s/N qucuc, and
can be used to determine the number of operators
required to handle customers’ requests.

2. THE M/E,/s/N QUEUE

Consider a service facility with s ¢hannels in paral-
Icl, into which customers arrive according to a
homogeneous Poisson process with rate A >0 and
are served on a first-come, first-served basis. If all
channels are occupied customers form a queue
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whose length is limited by a finite waiting room of
size N. Customers that find s + N units in the
system are lost. Suppose the service time for cach
channel is a random variable distributed according
to the Erlang density function

f(t)=06te ™,

Such a service time is distributed as a sum of two
indepcndent and identically distributed random

variables, cach with the exponential density func-
tion

t=0,6>0. (1)

g(t)=8e™, t =0, (2)

Consequently, we can consider each customer as
undergoing two consecutive phases of service, re-
maining in each phase for a duration that is distrib-
uted according to the density g(+). A channel
becomes free only upon completion of the second
phase of sevice.

At any time t the system can be described by the
state space {(i,k):i=0,1,2,---, s+ N; k=ii+
1, 2i forissand k —2i—5, 20— +1,---,2i
for i > s}, where i denotes the number of custom-
ers in the system (waiting and in service) and k
denotes the total number of phases remaining to
complete the service of the i customers present in
the system at time ¢,

This description cnables us to consider the sys-
tem as a continuous-time Markov chain of birth-
and-death type. Following standard methods of
writing the Chapman-Kolmogorov differential equ-
ations and passing into limit as ¢ — ® we obtain the
steady state equations of the system. Let P denotc
the limiting probability that the system ix in state
(i, k), then the steady state equations may be writ-
ten in a compact form as

wA =10 3)
where
7 = (Poo; Pri, Pra; Pz, Py, Paai o5 Pasy oo oy Prae
Prisaueni Prszassn® - '

P!H.A*h =8 B

P, agean; 0 Ponsteany—s, * * * Pranags )

is the vector of the probabilitics {Ps} and A is the
infinitesimal generator matrix that its elements
al(i, k), (i’, k")) are given as follows:
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ForO0=iss and i Sk =2

al(i,k),(i+1,k+2)]=2A

af(i,k), (i, k)= — (A +i) (4a)
For1=i=xs
ali,k). (i, k—1)=(k—1i)8,
k=i+1,i+2,---2i
al(i, k), -1,k —1)] = (2i - k)8,
k=6i+1, -2 (4b)
Fors<i=s+N-1land 2i —s 3k =2i
al(i,k), i+ 1L,k+2)1=2A
al(i,k), G, k)= — (A + s8) (4c)
al(i, k), Gk —Dl=(s+k—2i)8
al(i,k),(i—Lk=-1)]=(2i-k)8
Fori=N+soand 2i—-s=k=20
al(i, k), (i,k)] = —sh
al@, k), (iLk=1)] = (s+k=2i)8 (4d)

al (i, k), (i =1,k ~1) = i —k)@

The solution of the set (3) where one of the equa-
tions is replaced by

2, 2 P. =1 (5)

yields a solution to the unknown probabilities {P,}
for any combination of numerical values of A and 6.
Note that, becausc of the limited waiting room and
the fact that customers who find s + N units in
system are blocked and cleared, the system attainy
its steady state regime no matter what the relative
values of A and 8 are,

Of intcrest is the distribution {P,} of the number
of customers in the system. For any numerical
solution of {P. } these probabilities are calculated by

P. - Z_‘,KP.., 0gi=s -
2

§Si=Z=s+N.

P. = Pu,

(In the following, for ease of notation, we will writc
P, instead of P..).
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The set of probabilities {P.} enables us to calcu-
late various parameters of the system.
The mean number of units in system is given hy
sIN

S P ™

L=

The mean number of subscribers who hear the
pre-recorded announcement is

N
Ly = 2P ®
The [raction of time that a scrver is busy is
_ L-L,
R = =— )

The probability of recciving a busy signal is
P,,.N - B

The probability of delay (hearing a pre-recorded
announcement) is

(10)

The mcan number of unsuccessful attcmpts pér
unit time is A (1 = P,an).

The probability of attaining service with no delay
is | —.Pp—PNN. .

The conditional mean delay of a customer who
has been delayed is

L,

[W,,|W,,:-0]=APD. Qan

3. THE M/M/s/N QUEUE

For completeness of exposition we describe briefly
this well known model and give the formulas for the
paramectcrs of interest.

The stream of customers is 1 homogencous Pois-
son process with intensity A. The service times are
exponentially distributed with mean u™". There are
s identical servers and the waiting room is limited
to N positions so that a call that finds s+ N
subscribers in the system is ‘blocked and cleared.
The delay procedurc is identical to the one de-
scribed for the M/E./s/N system.

Denote by P, the steady state probability for
having i units in the system (i =0,1,2,---,8 + N).
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Then,
174\ A\
R=._' —)Pu‘ ISy Ptaj=("“-)Px| lq]a&u‘*‘N (lz)
i\p m
LAY L1 (AY (e-e "")]_'
Py= [:2-‘%"(#) 5 (1 ) ( -
where
= A
P =S
L= S a=sp Po—'-(i)' [1=(N + Dp™ + Np"*'] (13)
“ el s'\u (1 )1
2+N [l 2 EN a+N
L=3iP=YIiP+ (i—s)P. +s z
iw) i=l IEYEA]
= A e..L".i
.Z.'P + L, +Po (M)( ) (14)
L[ IR 3 P
(W, | W, >0] = [”s z @i s+1)P.]— o M‘Z“ipmﬂ v~ (15)
=L—La=l[ 1+N ] l['\ .(/\I -1
R==m | SR +s 3 Bl=3| 02 G Hrh
1% P«-|]=p(l—-P.m). (16)
M oi=g+1

4, NUMERICAL RESULTS

Detailed numerical calculations and computer prog-
rams for the above two models are available
(Yechiali et al., 1973) We choose to present here a
few illustrative graphs and tables that will give a
better understanding of the previous results and
their implications.

As it is evident from the analysis of the
M/E,/s|N and M/M/s/N models, all the quan-
tities such as {#}, L, L,, etc. are functions of the
load a = AFE (service time) offered to the system.
Clearly, a = A(2/8) for the Erlangian model and
a =A/p for the Exponential case. Thus, all the
figures and tables in the sequel will be constructed
as functions of a.

We start with Fig. 1 which gives the probablhty of
receiving a busy signal, B, as a function of s and a
when N = 3. It is clear that when the offercd load is
not too high the results for the two models differ
from each other by a small percentage only.

The implication of Fig. 1 (and similar figures for
various values of s and N) is that thc simpler
M/M/s/N model can be used for actually assigning

“od

Se numbes of sarvars
£30tha N/EI/ quava
ekt Min[3]3 gusua

3 323yt £ pynctesg s LS KVET?T

s e nw @

Fig. 1. The probability of receiving a busy signal as a function
of the offercd load a.
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operators to shifts depending on the offered load
and the service criteria,

Figure 2 shows how B is changed with s for the
M/|M/s|3 queue.

e« =% s ss 1 3RSy se e et el ®

.\‘/

-

-
i - T -
. . ‘_.-_-/.:‘-i—-—-]:;—-l?—f Jyre———————

Fig.- 2. The dependance of the probability of a busy signal on the
number of operators s for the M/M/s/3 model.

Figure 3 illustrates that practically the busy frac-
tion of a server is a linear function of the off¢red
load 4.

Fig. 3. The bugy fraction of euch server in the M /M /s /3 model.

Figure 4 demonstrates the sensitivity of B to the
changes in the number of waiting positions N.

If one is interested in the maximal load that may
be offered to a group of servers such that the
probability of a busy signal will not exceed a
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preassigned grade of service, then for the M/M/s/3
model Table I is constructed. This table may be
used for actually assigning operators to shifts.

ry = =z xeEXERILEERPR

Fig. 4. The probability of a busy signal as a fuaction of the
number of waiting positions N for the M/M/s/N model.

TABLE 1

MAXIMAL QFFERED LOAD (IN ERLANGS) IN THE M/M/s/3 MODEL FOR
DIFFERENT VALUES OF GRADE OF SERVICE

B § 6 8 10 12 14 16
0.01 320 448  6.08 1.57 8.93 10.67
0.02 357 493 6.67 8.27 9.81 11.52
0.03  3.87 s 7.04 8.69 10.35 12.11
005 427 635 7.55 9.28 11.04 12.85
0.10 485 656 83§ 10.19 12.05 1395
020 54 569 920 .12 13.01 14.99
030 57 760  9.63 11.55 13.52 1549

For completeness of exposition we conclude by
calculating Table 1T for the M/E:/s/N model were
s =8 and N = 3. Equations (7), (8), (9) and (10) are
used for this purposc.

The values for {W, | W, > 0] may be calculated
from Table II, using Eq. (11), for any combination
of A and 6. For example, if a = 12.0 Erlang such
that A = 300 requests per hour (i.c., 8 =2A/a =50
subscribers per hour) then

L, 1.73

[wawu >0) = ﬁ; = 300+ 0.533

~ 40 s,

i
¢
A

A R AR R N MR TR
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TABLE I}
VARIQUS SYSTEM PARAMETERS FOR TIIE M/E)/M/3 QUEUE AND THEIR
DEPENDENCE ON THE OFFCRED LOAD @

a 1 L. R )] ‘Po
1.33 1.33 0.00 0.167 0.000 0.000
2.67 2.67 0.00 0.333 0.000 0.006
4.00 4.03 0.04 0.499 0.003 0.052
5.33 5.4 0.18 0.654 0.019 0.168
6.67 6.72 0.46 0.782 0.061 0.3
R.00 7.80 0.83 0.872 0.128 0.446
9.33 8.60 1.19 0.926 0.206 0.516
10.67 9.15 1.49 0,957 0.282 (.538
1200 9.53 1.73 0.974 0.351 0.533
13,33 979 1.92 0,984 0.410 0.513
14.67 9.98 2.07 0.990 0.460 0.487
16.00 10.13 2.18 0.993 0.503 0.459

e e —
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