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In this paper we consider the problem of controlling the
arrival of customers into a GI/M/1 service station. It is known
that when the decisions controlling the system are made only
at arrival epochs, the optimal acceptance strategy is of a
control-limit type, i.e., an arrival is accepted if and only if
fewer than n customers are present in the system. The ques-
tion is whether exercising conditional acceptance can further
increase the expected long run average profit of a firm which
operates the system. To reveal the relevance of conditional
acceptance we consider an extension of the control-limit rule
in which the nth customer is conditionally admitted to the
queue. This customer may later be rejected if neither service
completion nor arrival has occurred within a given time
period since the last arrival epoch. We model the system as a
semi-Markov decision process, and develop conditions under
which such a policy is preferable to the simple control-limit
rule.

1. Introduction

Consider an agency that operates a GI/M/1 service
station in which the arrival process can be controlled
by accepting or rejecting arriving customers. A fixed
reward is earned when a customer completes his
service and linear holding costs are incurred for the
customers waiting in line.

It is well known [5-9] that, when decisions are
restricted to arrival instants, the profit-maximizing -
control policy (known also as ‘Sociai Optimization’)
is a control limit rule. That is, the agency admits a
customer into the queue if and only if fewer than n
customers are present in the system.

Consider now an (», £)-policy under which the nth
customer in the queue is conditionally accepted to
the system. If ¢ units of time elapse without any ser-
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vice completion this last customer is rejected from
the queue. The question is whether (or under what
conditions) this way of exercising conditional accep-
tance increases the expected average profit of the
agency.

As a tangible example for possible implementation
of the (n, £)-policy, consider a telephone congestion
system. A customer who calls the station is imme-
diately accepted when the line is idle. A limited
number of at most n customers may be waiting to be
served on a FIFO basis, whereas calls that find the
line busy and all » waiting positions occupied are
rejected, (i.e. lost). The implementation of the (n, )
policy amounts to inspecting the system when the
queue has been full for ¢ time units since the last call,
and rejecting the last customer.

The problems of optimal acceptance strategies in a
queueing system have attracted considerable atten-
tion in the literature. Naor [3] was the first to show
that in the M/M/1 queue, exercising narrow self-
optimization by individual customers does not neces-
sarily optimize public good. Yechiali [7,8] extended
Naor’s results to the GI/M/1 and GI/M/S queueing
systems, and proved that for the infinite horizon,
average reward criterion, optimal joining straiegies
are control-limit rules for both self and social optimi-
zation, Several authors then treated the problem
under various assumptions and further broadened the
results. Comprehensive bibliographies may be found
in Stidham [5] in which the reward is random and
the holding cost is convex, and in Yechiali [9] where
a descriptive survey of the prevailing models is given.
It is also worth mentioning the works of Teghem Jr.
[6] and Doi [1]. Teghem considers an M/M/1 queue
with a removable server and determines the optimal
acceptance rules. Doi applies customers’ optimization
ideas to solve a problem of optimal traffic flow. The
problem is solved by considering control-limit policies
in the M/M/i or M/G/1 queueing systems with many
input sources.

Considering the conditional acceptance of cus-
tomers, it might be argued that when the failure rate
of the interarrival time distribution is increasing, and
t is high enough, the firm would benefit from such a
policy, since most probably the nth customer will
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simply be replaced by the next arrival, and the only
effect would be to save some waiting costs in the time
interval from # until the following arrival. The fallacy
of this reasoning follows from the memoryless prop-
erty of the service time distribution: no waiting time
is actually saved since the distribution of the residual
service time remains unaffected. Nevertheless, in this
paper we develop conditions under which an (i, £)-
policy is preferable to the simple control-limit rule.

The structure of the paper is as follows: In Section
2 we formulate the problem as a semi-Markov deci-
sion process. In Section 3 we compare the (n, f)-policy
with the simple control limit rule and derive neces-
sary and sufficient conditions for the former to be
better than the latter. Special cases are studied in
Section 4, whereas Section 5 concludes the paper
with few remarks and a conjecture on the optimality
of a generalized conditional acceptance rule.

2. The semi-Markov decision process

Consider a GI/M/1 single server station with inter-
arrival time distribution H(-) possessing a finite mean
1/A, and exponentially distributed service times with
mean 1/u.

The cost-reward structure faced by the operating
agency is composed of four elements:

(i) Upon service completion, the agency obtains
a non-negative net fee of g monetary units.

(ii) Each customer residing in the system incurs
waiting-time losses at a rate of ¢ 2 0 monetary units
per unit time,

(iii) Rejecting a customer immediately upon arrival
results in a fixed penalty of / = 0 monetary units.

(iv) Rejecting a customer that has been condi-

tionally accepted costs [, = 1.
We assume that there is no discrimination among
customers, and that g — (¢/u) 2 —I. Our model is
closely related to that of Yechiali [7], which will
serve as our main reference.

The GI/M/1 queueing process is usually embedded
at instants of arrival to form a Markov chain with
states (= number of customers in system) {0, 1, 2,

3, ...}. It follows from {7] that if the system is con-
trolled at arrival instants, the profit-maximizing
acceptance rule belongs to the class of control-limit
policies under which a customer is admitted to the
queue if and only if the state of the system is less
than some number, n, called the control-limit. Under
this control-limit policy, the state space is divided
into two regions:

(i) states 0, 1, 2, ..., n — 1, where arriving cus-
tomers are accepted; and

(ii) statesn, n+ 1, n + 2, ..., where arriving cus-
tomers are rejected.

An extension of the simple control-limit policy is
to allow the service agency to reject the nth customer
in the queue if ¢ units of time have elapsed since the
last arrival epoch without any service completion.

We call this strategy an (n, £)-policy. The implementa-
tion of the (n, £)-policy requires the following distinc-
tion among states:

(a) States encountered upon arrival:

(i) States 0, 1, 2, ..., n — 2, where customers are
accepted uncondiiionally.

(ii) State n — 1, where a customer conditionally
joins the queue, but may be rejected later.

(iii) States n, n + 1,n + 2, ..., where an arrival is
immediately rejected.

(b) State (n, ), which is observed when n custom-
ers are present in the system and £ units of time have
elapsed since the last arrival. Under the (n, £)-policy,
whenever the system reaches state (n, t), the last cus-
tomer is rejected.

In the sequel, we derive conditions under which an
(n, t)-policy (with finite £) is preferable to the optimal
simple controllimit rule, which we call an (r, o0)-
policy. For that purpose, we compare the (n, £)-policy
with the (n, *°)-policy. The comparison is based on a
representation of the problem as a semi-Markov deci-
sion process (SMDP).

The probabilistic analysis of the underlying semi-
Markov process may be performed by considering the
n + 1 states of the GI/M/1/n queueing process, [7],
with the addition of state (n, £). A customer who,
upon arrival, finds the system in one of the states
0,1,2,..,n—1,is admitted. An arrival who finds
n customers ahead of him, has to balk. Whenever the
process enters state (n, r), the firm faces the decision
problem of whether to accept the last customer in the
queue or to reject him. Thus, there is more than one
possible action only at state (n, £). Although the above
(n + 2) states suffice for the probabilistic analysis of
the process, the associated cost—reward bookkeeping
scheme to be described shortly requires that the defi-
nition of state n be refined into two distinguished
states, depending on the history of the process.

The cost—reward bookkeeping is performed as
follows. An arrival who finds the system in state /,
i=0,1,2,..,n— 2 joins unconditionally and the
firm gains an expected net reward of g — ¢(i + 1)/u.

A customer who finds the system in state n is rejected
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and the firm incurs a penalty /. A customer C who
finds the system in state n — 1 is conditionally
accepted. As long as the firm keeps the option of
rejecting C, it continuously incurs waiting-time
losses. When a decision to reject C is made, the
agency suffers an additional penalty /;. As soon as it
is known with certainty that C will stay until his
service completion, the reward g, as well as the
expected future waiting time losses, to be caused by
C, are registered, Observe that the bookkeeping pro-
cedure is based on a separate registration of the con-
tribution of each individual customer to the overall
profit. Since the total profit is the sum of the indi-
vidual contributions, this procedure is legitimate.

We turn now to a detailed analysis of the SMDP.
Suppose the process is in state #, and action a is taken.
Similar to [4], we denote:

P;i(@) = transition probability to state j,
7i@ = E 7;(2) = expected sojourn time in state i,
R(@, a)= expected one-step reward.

When there is only one action possible in state 7, we
omit the dependence on the action ¢ and write P,
7; and R(@). We further define, fork=1,2,3, ...,

ax = fo e~ *(uv)*/k! dH(v), the probability of k
service completions during an interarrival-time, and
ak =7 e *lu — 1)]*/k! dH(), the jc at proba-
bility that neither arrival nor service completion will
have occur:ed by time ¢, and that k customers will
have completed their service during the interarrival-
time.

Also, let
o0 k
rey = E a,-=1—Ea,-,
i=k+1 i=0
and
o0
n= 2 a.
i=k+1

The parameters of the SMDP associated with the vari-
ous states follow.

2.1 Statesi=0,1,2,..,n—2
The transition probabilities are those of the
GI/M/1 queue, and are given by
P,“=d,'_,'+1, fOIi=l,2,...,i+l,
Py =r. 1)

The other transition probabilities, including P; (, 1),

are zero. Since each sojourn time is an interarrival
time, we have

i=1/\ 2)
Since an arrival is accepted unconditionally, we have
R@) =g - c@ + D/u. (3)
2.2. Staten — 1

The transition probabilities are:
Py nn =
= Pr{neither service completion
nor arrival occur by time ¢}
=e M1 - H@)). “4)
Py _1n=
= Pr{arrival at some instant v € [0, ¢]

before any service completion}
t
= fe““" dH@)=ao — af . 5)
0

Forj=1,2,3,..,n—1:
Py_y;=
= Pr{arrival at some instant v < tand n —j
service completions by time v}
+ Pr{arrival at v > ¢, first service completion
at instanvx <tand n —j — 1 service
completions during the remaining time

interval (x, v]}

t n—;
= fe—“v M dH(v)

0 (n",)'
w
+f[ e~ Hx e BO=X)
y=t -x=0
_ n—-j—1
x[—-—-—————“gz_;)_]l)! dx] dH()
=a, ;- ;. (6)

Note that the expression for P,,_; ; may be explained
by the interpretation of a,,_; and a,_;. By a similar
argument, we have

Pp10="h-) ~ po1- G
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The expected sojourn time in state n — 1 is the sum
of three components: -
(i) /& v dH(), for the case of arrival before ¢,
(ii) £ - [1 — H(®)] - e™**, when the transition is to
state (», £), and
(iii) (1 — e~#*) fp= ;v dH(v), when service is com-
pleted before z, but arrival occurs after ¢.
Hence,

t
Fon—1)= f v dH(v) + t[1 — H@®)]e ™
0

+(1~e™*) [ v dH(Q) ®)
t

For the calculation of R(n — 1), we distinguish
between four possibilities:

(i) Arrival at instant v < ¢, but no service comple-
tion by time v. In that case, the system moves to state
n and the decision of whether to accept or reject is
deferred. Hence, only waiting time losses are con-
sidered. The contribution of this case to R(n — 1) is

[ 4
—c fv e ™ dH().
1)

(ii) Neither service completion nor arrival occur by
time ¢. The transition is to state (n, 7) and the cost is
ct. Thus, the contribution to R(n — 1) is

~CtPy_ i (n,r) = —cte M [1 — H()].

(iii) Arrival at instant v < ¢, and at least one service
completion’ by time v. This implies that the arriving
customer will find the syster in some state i<n — 1,
and that the customer who was last in the queue
during the interarrival-time will stay in the system
unconditionally. Denoting the ith service time by x;,
the conditional contribution to R(n — 1), given that
the interarrival-time is v, is

n
Pr{x; <v}- {g— cE[Zx,Ix, < v:” =
i=1
=(1 —e™™)(g — enfu) + cve v,
The last equality follows since
n
E 21 Xilx; <v =(n-Dfu+Ex;|lx, <v)
i=

and

Elxyixy >v)=v+1/u

Hence, by integrating on v, the contribution to
R(n - 1) is given by

t t
(g — cn/p) f (1—-e"™)dH)+c JI‘ ve ™™ dH(v) .
0 0

{iv) Service completion before time 7 and arrival
after time ¢. The contribution to R(n — 1) is

n
Prix; <t}[1 -—H(t)‘,(g-— cEl-iz xil %, sz]) =
Li=1

= [1~ HOME - enfu)(1 — ™) +cre™1].

Finally, by summing the contributions and arranging
terms, we obtain

R(m—-1)=
= (g — en/w)[1 —e~#(1 — H()) — (@0 — a§)). (9)

2.3. Statesnand ©i

Suppose an arrival C joins the queue when there
are (n — 1) customers in the system. If the following
arrival occurs within ¢ units of time and no service
has been completed by then, the system moves to
state n and is debited only for the waiting time of C.
If the same sequence of events is repeated, the system
is observed again in state », and so forth (without
traversing state (n, £)). Now consider the case where
state (n, ¢) is reached. If the firm decides to keep C
in the system, then, by our bookkeeping scheme, it
is immediately endowed with g — cn/u. Now suppose
that no service is completed by the time of the fol-

only when
1

Fig. 1. Transitions among states (n —~ 1), (n, {), n and #.
(T :ansitions to and from other states are not shown.)
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lowing arrival. Had we considered the new state as
state n, we might have credited the {irm again with
the reward that had already been granted! To avoid
such malbookkeeping, we define a twin-state, #,
which is observed by an arrival who finds in the sys-
tem n customers that have already traversed state
(n, t) without any customer being rejected. Fig. 1
presents a flow diagram of the possible transitions
among states n — 1, (n, t), n and 7, (Transition from
(n, t) to ii may occur only when C'is kept in the sys-
tem,ie.,a=1)

2.4. State n

The transition probabilities and the expected
sojourn time are identical to those of state iz — 1, as
given by egs. (4)—(8), i.e.,

Ppj=Pyy,jy forj=0,1,2,..,n—1i,n, n o),
Tm)=Tn-1). (10)

Since the arrival who finds the system in state n must
balk, we have,

R@)=Rn-1)—:. (11)
2.5. Staten

State 7 is reached only through state (n, #), after
C, the last customer in the queue, has been accepted
(unconditionally) to the system. From that moment
on, the option of rejecting customer C is irrelevant.
That is, state (n, ¢) is not considered as long as the
system is in state 77. We therefore have

Panny=Pan =0,

Pri=an_j, forj=1,2,.,n-1,

Pan=ao, Pro="n-1, (12)
7)) = 1/A, (13)
R@)=~L. (14)

2.6. State (n, t)

In this state we have two possible actions, i.e., to
accept customer C (@ = 1), or to reject C (@ = 0). The
transition probabilities are:

P (n r),i(o) =
=Pr{n — 1 — j service completions from

t until arrival}

Go

=f e—hB-1) [k - 0" dHE)

: n-j-D! 1-H@)
e¥
T1-HO an_j—1, forj=1,2,..,n—-1,(15)
et
P 1),0(0) = —H® n-2, (16)
Pin,1) n(0) =
= Py, 1),0n,6(0) = P, 1,a(0) = 0. (17)
Similarly,
ut
Pin, 1), /(1) = 1”:'"11(3“5""’ forj=1,2,.,n-1,
(18)
et
P, p,0(1) = i—Hp v (19)
Peneya(1) = — o b
0, (1)= 7 "o % (20)
P(n,1),n(1) = P, 1),(n,1)(1) = 0. 1)
For both actions,
_ 1 7
O oy 'f v dHE) - ¢. (22)
Finally,
R((®, £),0)= -1, (23)
R, 0, 1)=g—cnju. (24)

3. (n, t)-policy versus the control-limit rule

Suppose n is the profit maximizing control-limit.
Starting with the (n, 0)-policy, we use the policy-
improvement procedure to reveal the conditions
under which an (n, ¢)-policy is better than the control-
limit rule.

The value determination operation {2] for the
control-limit rule results in finding ©, vy, vy, ..., Uy,
U(n, t)» Un» Vp that satisfy
Oty = i+1

=g—e(+1)/u+tryy+ 21 @i+1.—jY)>
’:

i=0,1,2,..,n-2, (25)
Orn - 1)tu,1 =

n
= I_Z(n-— D+ @a_y— "31—1)00 2} @n-j —artz—i)uj
I:

+e ™M1 — HO v, 1) (26)
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O7((n, 1)) + Vg1 =

=g—cnfp+ e“ "n- <
H(t)
— el i, b
,ZZ i—ap”’ 1 “HO P @7
Or{n) tv, =

=R@) + (Pa=1 — Tn-1)Vo

+ 20 @y~ ab_ v+ €4 (1 — HOWenn)»
=1 (28)

@/K ty; =

n—1
=—l+r,_ Vg + 21 ap_jVj + agV;. (29)
]:

Multiplying eq. (27) by e #[1 — H(t)] and adding
the resulting equation to eq. (26) yields (after using
the expressions for 7(n — 1), R(n — 1) and 7(n, 1))

@/R + Vp—1 =
= [g - enful {1 — (a0 — ad)] +rn_100
n
+ 2 ay_jVj — ahu, +ahv;. (30)
j=1
From (26) and (28) we derive
Vp =Vpy — L. (€2}

By subtracting (29} from (30) and using (31), we get
(after cancellations)

Un—1 — Uz =& — cnfu +1, (32)
Adding the simple form (32) to (29) results in
@/R tv, =

n-1

=g cn/u +ry—1Vy + lE ap_jV; +agu; . (33)
=1

Equations (25), (33) and (29) (in this order) are
identical with equation (26) of the Markovian model
of [7] where ng + 1 is replaced by an arbitrary control
limit 7 and ¢ = @/A.

Before proceeding with the analysis of the SMDP,
we investigate the properties of the v;’s. We correct a
flaw in the inductive proof of lemma S of [7] and
strengthen the results.

Define 8,‘ =V - Vi fori= 0, 1
dp—1 =VUp_1 — Vs

, s —2and

Lemma 3.1.If§,,_, =0,then $; 20, fori=0,1,
-2,

Proof. By subtracting equation i + 1 from equation i
in (25), and (33) from the last equation of (25), we
obtain

i+1
i=clu+ 2y a8y, i=0,1,.,n—2. (34)
j=0

Suppose not all §; = 0. Then, let k = min{i| §; < 0}.
By eq. (34) we have .

k-1
=cfu+ 2 Apey —j0; +a105 +a00k41,
’=v

or

a8k — Bgs1) =

k—1 o
=cfu+ ]2:1) iee1— 55 — B1) - (/=§2 a,-)a,,. (35)

The second term on the right-hand side of eq. (35) is
non-negative since, for j <k, §; 2 0 > 8. The third
term is positive by the definition of k. Hence,

8x — 8x+1 20,80 8441 <6z <0. Continuing in the
same way for8,41,8 42, ..., 84— We obtain 0 >
8 204y > ... >8,_;, which contradicts the
assumption that §,.., = 0.

Setting 71 = ng + 1 and using the fact that v, —
Ung+1 = 0, we obtain Lemma 5 of 171.

In our model, let 7 be the profit-maximizing con-
trol limit. Using equations {29) and (33), it follows
that §,,_, =v,_, — vz =g — cnfu +1. 1t follows from
theorem 7 of [7] that §,,_, = 0. Alternatively, one
may deduce directly from the optimality of the con-
trol limit # that 8,,_, = 0, since otherwise joining the
queue in state # will improve the policy. Hence,

Vg 2V, 2V 2 ... 2 U,_, 2 V;. Furthermore, from
eq. (34) and Lemma 1, we have:

Corollary 3.2.
S;=2c/u, fori=0,1,..

The interpretation is that starting the process in
state 7 rather than in state i + 1 is worth at least the
expected waiting cost of a single service time.

We now turn to the policy improvement routine,

,n—2.
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[2], to compare the initial (, °)-rule with the (n, )-
policy Since the latter policy differs from the former
only in the action taken at state (n, t), it suffices to
compute the test quantity

l-‘(n, t)(aj =
‘—{R((n, 0H,a)+ Z’) P(n, ,),,(a) Y

=V, t)]/:f((n! t): a,

fora=0, 1. If I, (1) <Ty, £)(0), it would follow
that the (n, 7)-policy is preferable. Since 7((n, £), 0) =
((n, ), 1) = 7((n, v)) (given by (22)), we may com-
pare the quantities '

T@)=R(( 1), a) + 22 Pyy.p j@Y;, a=0,1.
J

Fora=0,
ut n—1
ne)=-, + [ZHE [”f:—zvo + Z-)l “ﬁ—i—l”i]- (362)
Fora=1,
ekt
T()=g—cniu+ 1—HO
n-1

X [r},_lvo + 25 ah_ v +a{,v,—,]. (36b)
=1

Thus, by arranging terms,

fO=T0) - 1(1)

Ti- H(t) P tpj-18;— @ —enfu+l). (7)

We have proved:

Theorem 3.3. The (n, t)-policy is better than the
optimal control-limit rule if and only if

n—1

ekt
2 dhoj-18; >~ enfu + . (38)

1 - H() 4=
It is clear that inequality (38) depends heavily on the

interarrival-time distribution H( - ), through the func-
tion f(¢) defined in (37).

Lemma 3.4. {0) < 0. The inequality is strict when
L >

Proof. First consider the case where I, = 1. Then, the
(7, 0)-policy is, in fact, a control limit rule with con-

trol limit # — 1 in the model studied by Yechiali [7],
and f{0) is the test-quantity for comparing the con-
trol limits 72 and (7 — 1). Since 7 is the optimal con-
trol limit, we obtain f{0) < 0. The result now follows
since f(t) as defined by (37) is a decreasing function
of l;.

In the next section, we study a few special cases
to reveal the relevance of the (n, £)-policy.
4. Special cases
4.1. Poisson arrival

Let Hu)=1 —e ™. Here,

A k
a§¢=e‘(““)'——( o ), fork=0,1,2, ...

Atu\A+u
Hence
-1 .
(T
)= 8, — (g — .
£ Ntp JQ Nen j— @®—cnfu+ly),

that is, for Poisson arrival, f(¢) is independent of 7.
It follows from Lemma 3.4 that f(¢) <0 for all ¢, so,
by Theorem 3.3, the (1, £)-policy is not better than
the (n, °°)-policy for all £. Naturally, this result was
expected due to the properties of the exponential
interarrival-time distribution.

4.2. Deterministic interarrival-time

Let H(w)=0 for v > 1/A and H(v)=1 forv = 1/
Thus, f(1/X) = 0. We shall study the behavior of f(z)
for t close to 1/A (¢ < 1/A). Let € = 1/A — ¢; then,

al =e e /k!, k=0,1,2,..

Since, fork=1, 2,3,
g — cnfu +1, we have,

= em(a(t)‘sn—l +a15n—2)" 6p—y t1-1, +o(e)
=pee M5, 5 — (1 —e7)8,_ +1-1, +o(e)
= ue@dp_2 — 6p—1) +1 -1, +o(e). (39)

Hence, if 8,,_2 >8,-,,and [, is close enough to/,
the (n, t)-policy is an improvement on the control
limit rule for ¢ close enough to 1/A.

The same conclusion may be reached by the
following heuristic argument. Suppose the last cus-
tomer in the queue is rejected when the system

oy ah is0(€ 1), and §,_, =
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reaches state (n, ). Since the probability of more
than one service completion before arrival is o(e),
there remain two possibilities:

(i) One service completion. The firm then incurs
the penalty [ and loses the future net reward of
g — cnfp, but the next arrival finds the system in
state n — 2 rather than state n — 1. Hence, the
expected conditional impr~vement with respect to
the control-limit rule is

8p2a—@—-cnfutl)=6, -6, +l-1.

(ii) No service completion. In this case, the
following arrival simply replaces the rejected cus-
tomer. By the memoryless property of the service-
time distribution, the expected conditional improve-
ment is non-positive and equals / — Z, . Note that the
remaining waiting-time of the rejected customer
(equal to €) is actually not saved, since the expected
waiting time of the following arrival is still n/u.
Finally, the expected improvement is

ue@p_a —8,1) +1-1; +o(e)

as found in (39).

We now demonstrate the existence of cases where
an (n, r)-policy is better than the optimal control-
limit rule. Consider the social-optimization problem
studied in [7], under conditions of market equili-
brium, and assume / =/, . Then, as shown in [7, pp.
363-365], n = n,. Since 8,5 > ¢/u, we have, for
small €,

f(t)>ue[§— € - cnju + 1)]

= —pefg—cng + Dju +1] >0.
We have proved:

Theorem 4.1. There exist (n, t)-policies which are
better than any control-limit rule.

Clearly, the (n, £)-policy is still better than the opti-
mal control limit rule when I, — [ is positive but
small enough.

4.3. General finite-range interarrival time distribution

The considerations applied for the deterministic
case may now he extended to any finite-range inter-
arrival-time distribution. Let H(-) be concentrated on
a finite interval [a, b], where 0 <a < b, H@) =0 and
H(b)= 1. We have

Lemma4.2. Ast—+b (t <b),

t

et
l-—__;I_(B(aB +a{)= 1—o(~ 1)

Proof. Note that e*’a}/[1 — H(¢)] is the conditional
probability of k service completions during an inter-
arrival time, given that neither arrival nor service
completion has occurred during (o, ). This is the
probability of having & Poisson events during a ran-
dom time interval which is shorter (with probability
1) than (b — ¢). Since the probability of having more
than one Poisson event in a time interval of length e
is o(e), the result follows.

Using Lemma 4.2, f(¢) may te expressed as

1—HQ)
8y +I—1, +o(b -0

@81 +ai8,-2)

0=

= [ e‘“ ( [ t) 1]8
ekt
+
1-H@

where the first expression is o(b — t), in light of
Lemma 4.2. Hence, we obtain

ai Gp2~bp_)+d-1))+od-0),

ut

1O 5 Gz = 5n1)

+(-L)+o(d 1) (40)

It follows again that if §,,_, >8,_, (e.g.. under con-
ditions of market equilibrium in the social-optimiza-
tion problem) and /; is close enough to /, exercising
conditional acceptance does increase the long run
average profit of the service agency.

5. Conclusion

The aim of this paper was to prove the relevance of
conditional acceptance rules in a GI/M/1 queueing sys-
tem. Thus, in the search for an optimal policy of con-
trolling the arrival process, it is not sufficient to con-
sider only state-dependent policies, as done in the
prevailing studies. The elapsed sojourn times are also
rélevant and ought to be considered. Our conjecture
i that the optimal control policy is a generalization
of our conditional acceptance rule, which is character-
ized by a vector of the form (2g, t;, t2, £3, .0 )y
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whereeo=¢tq > 1t, 2 t, 2 t3 2 ... . The significance [4] S.M. Ross, Applied Probability Models with Optimization
of this vector is that whenever t,, time units have Applications (Holden-Day, 1970). )
elapse d since the last arrival, and » customers are [518S. §ndham, Socially and individually optlmfal control of

N i arrivals to a GI/M/1 queue, Management Sci. 24 (1978)
present in the system, the last customer in the queue 1598-1610.
is rejected. The classical control-limit rule is a special [6] J. Teghem Jr., Properties of (0, k) policy in a M/G/1 queue
case of the form (s, %0, ..., 90,9, 0,0, ...), whereas and optimal joining rules in an M/M/1 queue with remov-
our (n’ t)-policy is the (more general) special case able server, in: K.B. Haley (Ed.), Operational Research *75
(w oo . t.0.0 ) (North-Holland, Amsterdam, 1976) 229-259.
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