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A B S T R A C T   

Many service systems in the fast food industry consist of two types of customers: fastidious and strategic. A 
fastidious customer will always join the queue and wait for a fresh product, while a strategic customer, 
depending on queue length and on stock availability, may either join the queue for fresh products, purchase an 
inventoried pre-prepared (perishable) product, or balk. When the system is empty, the server produces pre- 
prepared items up to a pre-determined capacity level. The server may assign different prices to pre-prepared 
items and to fresh products in order to maximize expected profit, while taking into account revenue from 
selling food, sojourn and balking costs, capacity costs, and costs associated with food deterioration. We formulate 
and analyze this stochastic queueing-inventory system and derive its steady-state probabilities using matrix 
geometric methods. Our economic analysis, which follows a Stackelberg game and Nash equilibrium, shows that 
the presence of strategic customers is always beneficial for non-strategic customers, and can also be beneficial for 
the operating server. Moreover, in some cases, the server benefits from charging a higher price for less-fresh (pre- 
prepared) products than for fresh items, and even when pre-prepared items are offered at a discount, the discount 
may have a stronger positive effect on non-strategic customers’ utility than on strategic customers’ utility. 
Notably, in some cases, the percentage increase in the customers’ utility (as compared with the case in which pre- 
prepared food is not offered) may be even higher than the percentage increase in the server’s expected profit, 
even though the server is the one who controls the decision variables.   

1. Introduction 

The revenue of the fast food industry amounts to hundreds of billions 
of dollars per year (National Restaurant Association, 2017). Even a small 
improvement in the efficiency of this industry has the potential to 
generate vast savings. The primary objective of a customer who enters a 
fast food restaurant is to obtain his/her order quickly. Yet, in many 
cases, faster service may imply lower-quality food. Customers may differ 
in the extent to which they prioritize rapid service over quality. In 
particular, many fast food restaurants stock pre-prepared food such as 
pizza, sandwiches or salad that can be purchased directly from the shelf. 
A customer who prioritizes rapid service might prefer to purchase 
pre-prepared items in order to spend as little time as possible waiting in 
the restaurant. In contrast, a customer who prioritizes quality might be 
willing to wait as long as required to get freshly prepared food. 

In this study, we model and analyze a queueing-inventory system 

typical of the fast food industry. The system comprises a server and two 
different types of customers, distinguished according to whether they 
prioritize fresh food or a brief sojourn time. A customer who prioritizes 
sojourn time is referred to as “strategic”, because we assume that such 
customers strategically decide whether to queue for fresh food, purchase 
a pre-prepared food item, or balk. Specifically, when a strategic 
customer enters a fast food dining establishment and observes a queue of 
waiting customers, he or she acts in accordance with a double threshold 
policy as follows: Up to a certain queue length the customer joins the 
queue and waits for a fresh product. When the queue length exceeds that 
threshold, the customer prefers to purchase a pre-prepared food item 
from stock (referred to as a PPS). If no PPSs are available, and the length 
of the queue does not exceed a second threshold, the customer joins the 
queue. Otherwise the customer balks. A customer who prioritizes fresh 
food, in turn, is referred to as “fastidious”. Fastidious customers always 
join the queue to receive a freshly prepared food item, regardless of the 
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queue’s length. 
Our model incorporates a special feature of the fast food industry: 

namely, the fact that food products can be prepared in advance and 
stored on the shelf. Accordingly, this work belongs to a special stream of 
literature dealing with queueing-inventory systems. In line with recent 
models developed in this vein (Hanukov et al., 2017, 2018a; b, 2019), 
we assume that the server prepares PPSs during its idle time. Finally, we 
assume that PPSs are perishable, meaning that they deteriorate in 
quality over the course of the time period between preparation and 
consumption. Thus, inventory is depleted either via demand or via 
spoilage of PPSs. Both depletion processes are stochastic. 

We seek to identify the optimal capacity level of PPSs while 
considering customers’ waiting time, holding costs for inventoried PPSs, 
and the fact that PPSs might spoil if they remain for too long on the shelf. 
Another goal is to identify an optimal approach to pricing PPSs, given 
that customers are sensitive to product freshness and waiting time. In 
this work, we consider a stationary pricing policy, in which customers 
do not know the age of the pre-prepared food products in stock (a 
reasonable assumption for the real-life scenario we consider), but are 
aware that they are not entirely fresh. We show that it may be 
economically beneficial for the server to apply a price discrimination 
policy based on one of the following two options: (i) giving a discount 
for a PPS in order to encourage strategic customers to purchase them. 
This option prevents food spoilage and reduces costs related to cus
tomers’ sojourn time but at the same time reduces revenue; (ii) raising 
the price of PPSs. This option increases revenue but at the same time 
increases inventory costs and increases costs related to customers’ 
sojourn time. 

The contributions of this paper to the operations management 
literature can be summarized as follows: 

� Being the first to provide a mathematical model that describes ser
vice systems with inventoried preliminary services and two types of 
customers: fastidious and strategic.  
� Obtaining closed-form expressions for the rate matrix R, which then 

can be used to calculate quickly the steady-state probabilities and 
calculate the system performance measures.  
� Finding a complete solution for the Nash equilibrium behavior of 

strategic customers facing multiple service options—join, purchase a 
PPS, or balk—and proving that it is a double threshold policy.  
� Proving that the optimal price of a PPS is not necessarily cheaper 

than that of a fresh service and might even be more expensive.  
� Finding that the production and deterioration rates of PPSs and the 

arrival rate of strategic customers do not affect the stability condition 
of the service system, which is dictated only by the arrival rate of 
fastidious customers and the server’s service rate. 

2. Literature review 

This work is related to five streams of literature: (i) queueing- 
inventory systems; (ii) preparation and deterioration times of prod
ucts; (iii) strategic customers and multi-service options in queueing 
systems; (iv) inventory management of perishable products; and (v) 
pricing of perishable products. In what follows we review the relevant 
literature in each of these streams. 

2.1. Queueing-inventory systems 

Systems that combine both queueing and inventory have been 
analytically investigated only in recent years. Works in this stream 
include studies by Zhao and Lin (2011) and Adacher and Cassandras 
(2014), who investigated systems in which each customer requires a unit 
from inventory when being served. Jeganathan et al. (2017) analyzed a 
perishable inventory system that uses a two-rate service policy within a 
finite queue under a continuous review (s,Q) ordering policy. Nair et al. 
(2015) considered a multi-server Markovian queueing model where the 

servers are considered as an inventory that is replenished according to 
the standard (s,S) policy. Krishnamoorthy et al. (2015) considered two 
control policies—(s,Q) and (s,S)—for an M/M/1 queueing system, in 
which an inventoried item is given to a customer upon service 
completion with a certain probability. Avṣar and Zijm (2014) presented 
approximate queueing models for capacitated multi-stage inventory 
systems under base-stock control. Altendorfer and Minner (2015) 
modeled a production system as an M/M/1 queue with input rates 
depending on queue length and random customer-required lead time. 
Chebolu-Subramanian and Gaukler (2015) used queueing theory to 
analyze product contamination in a multi-stage food supply chain with 
inventory. Recent articles by Hanukov et al. (2017, 2018a,b, 2019) 
introduced models for utilizing servers’ idle time to produce and store 
so-called “preliminary services”. The current paper combines the use of 
preliminary services with two types of customers: fastidious and 
strategic. 

2.2. Preparation and deterioration times of products 

The system described herein incorporates assumptions with regard to 
the preparation and deterioration of perishable services. These processes 
are characterized by uncertainty. In general, there are three possible 
sources of uncertainty that affect preparation time of services: the 
server, the production process and raw materials (Hanukov et al., 
2018a). To accommodate such uncertainty, prior studies of service 
systems have assumed that preparation time is exponentially distributed 
(see, e.g., Benjaafar et al., 2011; Flapper et al., 2012; Iravani et al., 2011; 
Hanukov et al., 2017). The exponential distribution is also commonly 
used in the literature to describe the lifetime of perishable products (see, 
e.g., Berman and Sapna, 2002; Chao et al., 2009; Kouki et al., 2016). 
According to Cancho et al. (2011), the exponential distribution 
assumption is considered to provide a simple, elegant and closed-form 
solution to many problems in lifetime testing and reliability studies. 
Kouki et al. (2018) claim that the exponential lifetime distribution is 
suitable for analyzing inventory systems in which product lifetimes are 
typically short and are rarely long. Examples of such products are food 
items with no printed expiration date, e.g., pizza, sandwiches or 
pre-prepared salad that are sold in fast-food restaurants. The current 
work provides a method for analyzing service systems that produce and 
sell such products. In line with prior research, we also assume expo
nential distributions for service preparation time and for product shelf 
life (see section 3). 

2.3. Strategic customers and multi-service options in queueing systems 

Models of strategic customers in queueing systems began with Naor’s 
(1969) pioneering work, which investigated a customer’s decision of 
whether to join an observable Markovian queue or balk. This decision 
took into account both the reward from getting the service and the ex
pected sojourn time. Naor’s work has since been extended by numerous 
others (see reviews by Hassin and Haviv, 2003; and recently by Hassin, 
2016). For example, Kerner (2011) presented a full recursive algorithm 
for computing the mixed Nash equilibrium strategy among strategic 
customers deciding whether to join an observable queue or not. Boudali 
and Economou (2012) modeled customers’ decisions regarding whether 
to join a queue or balk in a system with catastrophes, i.e., random events 
in which all customers are forced to leave the queue; the authors iden
tified both individually-optimal and socially-optimal strategies. Shi and 
Lian (2016) analyzed the strategic behavior of taxi passengers faced 
with either observable or unobservable queue lengths. Haviv and Oz 
(2017) proposed a novel scheme to make customers adopt 
socially-optimal rather than individually-optimal queue-joining 
behavior. Bountali and Economou (2017) discussed the effects of two 
levels of information (observable versus unobservable queue) and ser
vice batch size on customers’ strategic behavior and on the overall social 
welfare. For additional related works, we refer the reader to Yechiali 
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(1971, 1972), Manou et al. (2014), Ziani et al. (2015), Shone et al. 
(2016), Li et al. (2016a, 2016b), Wang et al. (2017), Hassin and 
Roet-Green (2017) and Wang et al. (2019). 

Given that we consider two different categories of customers—i.e., 
strategic versus fastidious—studies of queueing/balking behavior 
among customers with heterogeneous preferences are particularly 
relevant to our context. Mandelbaum and Yechiali (1983), for example, 
studied a ‘smart’ customer’s decisions to join, balk or ‘wait and see’ 
outside the system in an M/G/1 queue. Guo and Hassin (2012) inves
tigated the join-or-balk decisions of customers with heterogeneous delay 
sensitivity in a queueing system with vacations, i.e., in which idle 
servers can leave the system to carry out ancillary work. Yu et al. (2016) 
leveraged empirical data from a medium-sized call center to analyze the 
abandonment behavior of customers queueing for call center service. 
They modeled customer heterogeneity by defining a ratio between the 
cost of waiting versus the reward of receiving service, which followed a 
folded normal distribution that varied across different classes of cus
tomers. The authors showed that delay announcements directly impact 
customers’ waiting costs. Hu et al. (2017) modeled join-or-balk de
cisions in a service system with two streams of customers, one informed 
about real-time delay and the other uninformed, and investigated how 
the presence of a larger fraction of informed customers affects system 
throughput and social welfare. 

Notably, most of the papers cited above assume that customers 
choose between two options: joining or balking. In our work, in contrast, 
we assume that customers have an additional option—to accept lower- 
quality service (a PPS) that does not entail a wait. Accordingly, our 
work relates to a stream of studies considering the decisions of queueing 
customers faced with multiple service options whose utility varies in 
accordance with customers’ (heterogeneous) sensitivity to delay. These 
include a study by Akan (2012), who formulated a novel fluid model in 
which the system manager offers a menu of lead times and corre
sponding prices to arriving customers who differ in their delay sensi
tivity and their valuations of the service (or product). Af�eche and Pavlin 
(2016) designed a price/lead-time menu and scheduling policy in a 
queueing system with multiple customer types who differ in their val
uations of instant delivery and their delay costs. 

2.4. Inventory of perishable products 

In considering perishability, we draw from a vast stream of literature 
on inventory management of perishable items (see, e.g., Avinadav, 
2020; Avinadav et al., 2013, 2014, 2017; Avinadav and Arponen, 2009; 
Berk and Gürler, 2008; Chao et al., 2015; Chen et al., 2014; Chernonog 
and Avinadav, 2019; Cooper, 2001; Herbon, 2017; Herbon and 
Khmelnitsky, 2017; Hu et al., 2015; Li et al., 2016a, 2016b; Zhang et al., 
2016 and Chernonog, 2020). These studies deal with order quantity at 
fixed intervals or according to inventory position. For example, Avina
dav and Arponen (2009) extended the classical EOQ model for products 
with a fixed expiry date and a declining demand rate due to a reduction 
in the quality of the product along time. They proved that the profit 
function is unimodal, and calculated the maximal average profit per unit 
time. Hu et al. (2015) formulated and analyzed a dynamic model of 
inventory and pricing decisions for perishable goods under uncertainty, 
where every period consists of two phases: clearance phase and 
regular-sales phase. They showed that a firm should either sell all the 
leftover units on discount, or dispose them, where the choice depends on 
the number of leftover units. Chao et al. (2015) developed approxima
tion algorithms with worst-case performance guarantees for stochastic 
periodic-review perishable inventory systems for both backlogging and 
lost-sales models. The authors constructed two policies and demon
strated through an extensive numerical study that both policies perform 
consistently close to optimal. Chernonog (2020) investigated a 
two-echelon supply chain of a perishable product in which a manufac
turer and a retailer interact via a wholesale price contract. In that model, 
product demand depends on the selling price, on advertising investment, 

and on the time a unit resides on the shelf before being sold. It is shown 
that under endogenous cycle length, there are cases in which Pareto 
improvement can be achieved by switching the roles of the leader and 
the follower in the supply chain. In our study, we consider the less 
explored scenario in which inventory is accumulated only when the 
server is idle (a stochastic process) and via production (also a stochastic 
process). Inventory is depleted either via demand or spoilage of 
pre-prepared food units (both are stochastic processes). 

2.5. Pricing of perishable products 

Pricing of perishable products is well studied in the marketing 
literature. Many studies in this vein consider dynamic pricing policies, in 
which products’ prices change as they approach expiration. Rajan et al. 
(1992), for example, investigated dynamic pricing of a perishable 
product whose value to consumers drops as the product ages. The au
thors found that the optimal price may rise or fall according to changes 
in the product’s accumulated cost and demand elasticity over time. Zhao 
and Zheng (2000) considered a dynamic pricing model for selling a 
perishable product to customers whose reservation price distribution 
changes over time. Levin et al. (2010) introduced a dynamic pricing 
model for a monopolistic company selling a perishable product, under 
the assumption that customers can act strategically—i.e., time their 
purchases so as to receive a discounted price. The authors found that a 
company that ignores strategic consumer behavior may receive much 
lower total revenues than one that uses a strategic equilibrium pricing 
policy. Herbon (2014) and Avinadav et al. (2017) found that a monopoly 
who faces deterministic demand that is dependent on the product’s age, 
with non-strategic customers, should assign products a lower price at the 
early stages of their shelf-lives and then raise the price over time in order 
to compensate for the accumulated holding costs. Herbon and Khmel
nitsky (2017) showed that a dynamic pricing policy may encourage 
customers to buy less-fresh products, potentially increasing revenue and 
eliminating waste. Feng et al. (2017) proposed an inventory model 
where the demand is a function of price, freshness, and displayed stock. 
The authors state that it may be profitable to always display fresh stock 
while selling less-fresh units at a discount. Li and Teng (2018) developed 
a joint pricing and lot-sizing model for retailers selling perishable 
products in which the demand depends not only on the selling price and 
reference price but also on product freshness. Sato (2019) investigated 
dynamic pricing decisions of a firm that sells perishable products in the 
presence of a firm offering a superior product. The author provided a 
probabilistic characterization of the optimal price trajectory under 
aggregate and multinomial logit demand models. Taken together, the 
diverse findings of studies in this vein suggest that the optimal pricing 
strategy for perishable products may vary in accordance with the busi
ness environment. For example, in some cases the optimal price of such 
products may increase over time, and in other cases it may decrease. 
Herein, we address considerations regarding pricing of fresh and 
pre-prepared food, taking into account customers’ waiting time to be 
served (see sections 4 and 5). 

3. The service system 

For convenience, all notations used in the model are summarized in 
Appendix A. 

3.1. Model description 

We consider a service system in which, when the system is empty of 
customers, the server can prepare ready-to-purchase items (PPSs) and 
store them for future arrivals. Preparation time of a PPS is assumed to be 
exponentially distributed with parameter α. We assume that the 
maximum number of inventoried PPSs is limited to n (inventory ca
pacity), where the value of n is determined according to economic 
considerations of the service provider (as elaborated below). When the 
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inventory level reaches n and no customers are present, the server stops 
producing PPSs and stays dormant. PPSs may spoil while being stored, 
and spoiled PPSs are disposed of by the server and do not reach the 
customers. We assume that the time to spoilage of a PPS is exponentially 
distributed with parameter θ. 

PPSs offered to customers are assumed to meet a minimal standard of 
quality. However, customers perceive the quality of a PPS as being lower 
than that of a freshly-prepared product, since customers have no infor
mation on how long a PPS has been on the shelf and to what extent its 
quality has deteriorated. Therefore, a product prepared in front of a 
customer (fresh service, denoted FS) has a value of Vf, whereas a PPS has 
a value of Vp (<Vf). 

There are two types of customers: fastidious and strategic. A fastid
ious customer is willing to wait for an FS as long as required, indepen
dent of whether PPSs are available or not. However, when a strategic 
customer arrives and a PPS is available, he/she acts as follows: if the 
number of customers in the system is lower than a given threshold m 
(common to all strategic customers), the customer will join the queue 
and wait for an FS; otherwise, the customer will take a PPS and leave. 
When PPSs are not available there are two possibilities: If the number of 
customers in the system is lower than a second threshold, Mð� mÞ, the 
strategic customer will wait for an FS; otherwise, he/she will not join the 
queue and will leave the system without being served. In steady state, let 
L denote the number of customers present in the system. The possible 
system states and the actions taken upon arrival by a strategic customer 
are depicted in Fig. 1. 

L ¼ number of customers in the system; m ¼ lower threshold; M (>m) 
upper threshold. 

3.2. Steady-state analysis and system performance measures 

Let the arrival rates of fastidious customers and of strategic customers 
follow Poisson distributions with parameters λ and η, respectively, and let 
the duration of time required to prepare an FS be exponentially distrib
uted with parameter μ. We formulate the queueing-inventory system 
above as a quasi-birth-and-death (QBD) process where S denotes the 
number of PPSs in the system. The joint probability distribution function 
of the system states ðL; SÞ is pi;j ¼ PðL¼ i; S¼ jÞ where i ¼ 0; 1;2; ::: and 
j ¼ 0; 1;:::;n. The system’s states and a diagram of the transition rates are 
shown in Fig. 2. The balance equations for the probabilities pi;j are con
structed with the aid of the so-called infinitesimal generator matrix Q 
given below, in line with standard practice in modeling multi- 
dimensional Markovian queues (see Neuts, 1981). This process entails 
arranging the system states in the following lexicographical order: ðω!0;

ω!1; ω!2; :::Þ where ω!i � ðði; 0Þ; ði; 1Þ; ði; 2Þ:::ði; nÞÞ, i ¼ 0; 1;2; :::, and Q 
provides the transition rates between those states. Thus,  

Fig. 1. Actions taken by a strategic customer.  

Fig. 2. System states and transition-rate diagram of the two-dimensional 
Markovian process. 
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where B0; B1; B2;B3;B4; A0; A1 and A2 are transition-rate matrices 
given in Appendix B. Note that the triplet ðA2;B2;B1Þ repeats itself in 
block-rows 1 to m � 1 with a right shift along the block-rows; similarly, 
the triplet ðA2;B3;B4Þ repeats itself from block-row m to M � 1, and the 
triplet ðA2;A1;A0Þ repeats itself from block-row M onwards, in both cases 
with a right shift along the block-rows. The matrix Q for each of the 
special cases where ðm ¼ 0;M ¼ 0Þ, or ðm ¼ 0;M> 0Þ, or ðm> 0;M¼ mÞ
is presented in Appendix 3. 

According to Neuts (1981, p. 83), the system’s stability condition is 
π! A0 e!< π! A2 e!, where e! is a column vector with all its entries equal 
to 1, and π!¼ ðπ0; π1; :::; πnÞ is the unique solution of the linear system 
π! ½A0 þA1þA2� ¼ 0! and π!⋅ e! ¼ 1. In our case, π! ¼ ð1;0; :::; 0Þ, and 
the stability condition translates into λ < μ, which is identical to the 
stability condition of the classical M/M/1 queue. Hanukov and Yechiali 
(2019) showed that if each of the three matrices A0, A1 and A2 is lower 
triangular, then the stability condition of the system is directly given by 
a0;0

0 < a0;0
2 where A0 � ½ai;j

0 � and A2 � ½ai;j
2 �(i.e., λ < μ). So, the stability 

condition is unaffected by the production of PPSs. 
Define p!� ð p!0; p!1; p!2; :::Þ as the vector of all the steady-state 

probabilities where p!i � ðpi;0;pi;1; pi;2; :::; pi;nÞ, i ¼ 0;1; 2; :::. Then, p! is 
given by the solution of the system 

p!Q¼ 0! and p!⋅ e!¼ 1; (1)  

where the first matrix-equation represents the balance equations, and 
the second is the normalization equation. In order to solve this system of 
equations, we use the matrix geometric method. Let the so-called rate 
matrix R be the positive minimal solution of the matrix quadratic 
equation 

A0þRA1 þ R2A2 ¼ 0 (2) 

Then, p!i ¼ p!MRi� M, i ¼ M;Mþ 1;Mþ 2; :::; where the initial con
ditions, represented by the vectors p!i, i ¼ 0;1; :::;M, are obtained by 
solving part of Eq. (1) as follows (where matrix B is given in Appendix 
B):  

(i) for m ¼ 0;M ¼ 0. 
�

p!0ðBþ RA2Þ ¼ 0!

p!0½I � R�� 1 e!¼ 1    

(ii) for m ¼ 0;M > 0 

8
>>>>><

>>>>>:

p!0Bþ p!1A2 ¼ 0!

p!i� 1B4 þ p!iB3 þ p!iþ1A2 ¼ 0! i ¼ 1; 2; :::;M � 1

p!M� 1B4 þ p!MðA1 þ RA2Þ ¼ 0!

XM� 1

k¼0
ð p!k⋅ e!Þ þ p!M ½I � R�� 1 e!¼ 1    

(iii) for m > 0;M ¼ m 

8
>>>>><

>>>>>:

p!0B0 þ p!1A2 ¼ 0!

p!i� 1B1 þ p!iB2 þ p!iþ1A2 ¼ 0! i ¼ 1; 2; :::;M � 1

p!M� 1B1 þ p!MðA1 þ RA2Þ ¼ 0!

XM� 1

k¼0
ð p!k⋅ e!Þ þ p!M ½I � R�� 1 e!¼ 1 

(iv) for 1 � m < M 

8
>>>>>>>><

>>>>>>>>:

p!0B0 þ p!1A2 ¼ 0!

p!i� 1B1 þ p!iB2 þ p!iþ1A2 ¼ 0! i ¼ 1; 2; :::;m � 1

p!m� 1B1 þ p!mB3 þ p!mþ1A2 ¼ 0!

p!i� 1B4 þ p!iB3 þ p!iþ1A2 ¼ 0! i ¼ mþ 1;mþ 2; :::;M � 1

p!M� 1B4 þ p!MðA1 þ RA2Þ ¼ 0!

XM� 1

k¼0
ð p!k⋅ e!Þ þ p!M ½I � R�� 1 e!¼ 1

:

In most cases, the matrix R is calculated via successive substitutions 
(Neuts, 1981, p. 37). However, in our case, we are able to express 
explicitly the entries of R � ½ri;j�, thus decreasing considerably the 
calculation effort. We claim: 

Theorem 1. The entries of R are given by 

ri;j¼

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

λ=μ i¼ j¼ 0

0 0� i< j� n

λþμþηþ jθ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλþμþηþ jθÞ2 � 4λμ
q

2μ 1� i¼ j� n

ðηþðjþ1ÞθÞri;jþ1þμ
Xi� 1

k¼jþ1
ri;krk;j

λþμþηþ jθ � μ
�
ri;iþ rj;j

� 2� i� n ; 1� j� i � 1

ðηþθÞri;1þμ
Xi� 1

k¼1
ri;krk;0

μð1 � ri;iÞ
1� i� n ; j¼ 0   

Proof. The proof is presented in Appendix D. 
Note that rj;j can be considered as the Laplace-Stieltjes transform, 

~gðsÞ, of the duration of a busy period (i.e., a period in which customers 
are present in the system) in an M/M/1 queue with arrival rate μ and 
service rate λ, evaluated at s ¼ ηþ jθ (Kleinrock, 1975, p. 215). 

In what follows we will use the abbreviations “fas”, “str” and “uns” to 
denote a fastidious, strategic, and unspecified customer (i.e., an arbi
trary customer), respectively. For a given capacity of n PPSs, let L½y� and 

block
row

Q ¼

0
1
2
⋮
m

mþ 1
⋮
M

M þ 1
⋮

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

B0 B1 0 0 0 ⋯ 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯
A2 B2 B1 0 0 ⋯ 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯
0 A2 B2 B1 0 ⋯ 0 0 ⋯ 0 0 ⋯ 0 0 0 0 ⋯
⋮ ⋱ ⋱ ⋱ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 0 0 0 0 ⋯ A2 B3 B4 0 0 ⋯ 0 0 0 0 ⋯
0 0 0 0 0 ⋯ 0 A2 B3 B4 0 ⋯ 0 0 0 0 ⋯
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋮
0 0 0 0 0 ⋯ 0 0 ⋯ 0 0 ⋯ A2 A1 A0 0 ⋯
0 0 0 0 0 ⋯ 0 0 ⋯ 0 0 ⋯ 0 A2 A1 A0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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L½y�q denote the mean number of customers of type y 2 ffas; str; unsg in 
the system and in queue, respectively. Similarly, let W½y� and W½y�

q denote, 
respectively, the mean sojourn times of a type y customer in the system 
and in queue; let S denote the mean number of PPSs in the system; and 
let T denote the mean duration of time a PPS resides in the system. In 
addition, let ηeff denote the effective rate at which strategic customers 
join the queue; let ηPPS denote the rate at which strategic customers take 
PPSs; let Γeff denote the total effective rate at which customers join the 
queue; let αeff denote the effective production rate of PPSs; and let θeff 

denote the effective deterioration rate of PPSs. In what follows, we 
provide the formulae to calculate each of these variables, based on the 
steady-state probabilities and model parameters. For simplicity of pre
sentation, we define pi;⋅ �

Pn
j¼0pi;j ¼ p!i⋅ e!, i ¼ 0; 1;2; :::; and p⋅;j �

P∞
i¼0pi;j, j ¼ 0; 1; :::; n. Also let v!� ð0; 1; 2; :::; nÞTand u!�

ð1; 0; 0; :::; 0ÞT. 
Below are several relations, which are used in the economic analysis 

in the subsequent section:  

(i) αeff ¼ αðp0;⋅ � p0;nÞ

(ii) ηeff ¼ ηð
Pm� 1

i¼0 pi;⋅ þ
PM� 1

i¼m pi;0Þ

(iii) ηPPS ¼ η
P∞

i¼m
Pn

j¼1pi;j ¼ η
P∞

i¼mð p
!

i ⋅ e! � p!i ⋅ u!Þ ¼ ηð
PM� 1

i¼m p!i þ

p!M½I � R�� 1
Þ⋅ð e! � u!Þ

(iv) θeff ¼ θ
Pn

j¼1ðjp⋅;jÞ ¼ θ
P∞

i¼0ð p!i ⋅ v!Þ ¼ θð
PM� 1

i¼0 ð p
!

i ⋅ v!Þ þ

p!M½I � R�� 1 v!Þ

(v) L½uns� ¼
P∞

i¼0ði p!i ⋅ e!Þ ¼
PM� 1

i¼0 i pi;⋅þ p!M½ðM � 1Þ½I � R�� 1
þ

½I � R�� 2
� e!

Additional relations are given in Appendix E, where some of the 
relations are obtained by substituting p!i ¼ p!MRi� M and using the re
lations 

P∞
i¼0Ri ¼ ½I � R�� 1 and 

P∞
i¼0ði þ 1ÞRi ¼ ½I � R�� 2

:

4. Behavioral and economic analysis 

4.1. Short-term behavior of strategic customers 

A newly-arrived strategic customer chooses whether to join the 
queue and receive a full service (FS), purchase a PPS (if available) 
without waiting, or balk. Each strategic customer makes the best choice 
that maximizes his/her individual utility. First, assume that an FS and a 
PPS are being sold for the same price b. To avoid triviality, we assume 
that Vp > b. Thus, the utility function of a strategic customer who sees i 
(unspecified) customers in the system is 

U¼

8
<

:

Vf � b � cðiþ 1Þ
�

μ if the customer purchases an FS
Vp � b if the customer purchases a PPS

0 if the customer balks  

where c is the sojourn time cost rate from the customer’s perspective, 
and ðiþ1Þ=μ is the mean sojourn time of that strategic customer. 

When PPSs are available, a strategic customer will join the queue if 
and only if his/her utility from joining is equal to or greater than that of 
taking a PPS, i.e., if and only if Vf � cði þ 1Þ=μ � Vp. Thus, the Nash 
equilibrium m (obtained by a pure strategy), indicating the minimal 
queue length for which the strategic customer refuses to stand in line 
and takes a PPS, is determined by 

m¼ 1þmax
�
i
�
�Vf � cðiþ 1Þ

�
μ�Vp

�
¼
��

Vf � Vp
�
μ
�

c
�
: (3) 

Note that a strategic customer follows “avoid the crowd” behavior; i. 
e., an increase in the propensity of others to join a queue tends to 
discourage the individual from joining, and he/she has to choose be
tween two actions (see Fig. 1). Thus, according to Hassin and Haviv 
(2003, pp. 6–7), equilibrium m is unique. 

When PPSs are not available, a strategic customer will join the queue 
if and only if his/her utility from joining is larger than the utility ob
tained from balking, i.e., Vf � b � cði þ 1Þ=μ � 0. Thus, the Nash equi
librium M (obtained by a pure strategy), indicating the minimal queue 
length for which the strategic customer balks, is determined by 

M¼ 1þmax
�
i
�
�Vf � b � cðiþ 1Þ

�
μ� 0

�
¼
��

Vf � b
�
μ
�

c
�
: (4) 

Equilibrium M is unique for the same reasons presented above with 
regard to equilibrium m. By Eq. (3), we conclude that the balking 
threshold, M, increases in the service rate, μ, and in the value of the fresh 
service, Vf , whereas it decreases in the selling price, b, and in the sojourn 
time cost, c. 

4.2. Capacity planning and price discrimination 

The fact that a given customer derives different utility levels from the 
two types of services (PPS and FS) suggests that the service provider may 
benefit from using a price discrimination policy. In particular, if the 
service provider charges less for a PPS than for an FS, then, on the one 
hand, income per PPS decreases (as compared with selling both services 
at the same price), but, on the other hand, the value of m decreases as 
well, resulting in a reduction of spoilage costs, holding costs and sojourn 
costs. Conversely, if the service provider charges more for a PPS than for 
an FS, then, on the one hand, income per PPS increases, but, on the other 
hand, the value of m increases, thereby increasing the associated costs. 
In what follows, we continue to use b to denote the price of the FS, 
whereas we denote the price of a PPS as b � d, where a positive value of 
d implies a price discount, and a negative value of d implies a price in
crease (as compared with the price of an FS). 

The interaction between the server and the customers can be 
modeled via a Stackelberg game in which the server moves first by 
setting the value of d. In order to find the best response (the value of m) 
for a strategic customer, we adjust the strategic customer’s utility 
function as follows: 

U¼

8
<

:

Vf � b � cðiþ 1Þ
�

μ if the customer purchases an FS
Vp � ðb � dÞ if the customer purchases a PPS

0 if the customer balks
(5)  

which results in the following threshold value 

md ¼
��

Vf � Vp � d
�
μ
�

c
�
: (6) 

Therefore, the service provider, who controls the capacity n of PPSs 
and the price discrimination value d, solves the following maximization 
problem: 

max
n;d

�
Z ¼ ðb � crÞ

�
λþ ηeff ðn; dÞ

�
þ ðb � cr � dÞηPPSðn; dÞ

�
�
cLL½uns�ðn; dÞ þ cnnþ crθeff ðn; dÞ þ ϕηbalkðn; dÞ

�� (7)  

S:t: d� b � Vp; (8)  

where cL is the sojourn time cost rate, from the service provider’s 
perspective, per customer in the system; cr is the cost of raw materials 
and labor for preparation of a single unit; cn is the cost rate per unit of 
PPS capacity (a cost that includes, for example, costs resulting from 
storage equipment depreciation, maintenance and so forth); ϕ is the loss 
of reputation (in monetary units) and of future purchases associated 
with a customer who balks; and ηbalk ¼ η � ηeff � ηPPS is the average 
balking rate of strategic customers. Note that if the optimal solution is 
n* ¼ 0; the price discrimination value d is irrelevant to the model. 

5. Computational analysis 

5.1. Baseline example 

We were able to obtain a closed-form expression for the customer’s 
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decision variable M. However, it is not possible to derive such expres
sions for the service provider’s decision variables, n and d (and following 
(6) also for m). Therefore, in order to evaluate the effect of each 
parameter on these variables, we performed a numerical study. As a 
baseline, we used the following parameter values: For arrival and service 

rates we used λ ¼ 10
�

fastidious customers
hour

�

, η ¼ 6
�

impatient customers
hour

�

; μ ¼

20
h

customers
hour

i
and α ¼ 20

�
PPSs
hour

�

; these rates represent server utilization of 

approximately 80% and a service rate that is indifferent to whether 
customers are present or absent during food preparation. For the service 

provider’s monetary parameters we used b ¼ 15
h

$
unit

i
and cr ¼ 5

h
$

unit

i
;

which are close to the average values associated with hamburgers, Cobb 

salad and pizza (Priceconomics, 2017); cL ¼ 30
h

$
customer�hour

i
(for 

example, Wang and Chang, 2016 use $200 per day); and cn ¼ 0:1
h

$
hour

i

per unit capacity. For the customer’s monetary parameters, we used 

Vf ¼ 22
h

$
FS

i
; Vp ¼ 17

h
$

PPS

i
and c ¼ 20

h
$

hour

i
, which imply M ¼ 7 (see eq. 

(4)). Without price discrimination (i.e., d ¼ 0), these values result in 
m0 ¼ 5, whereas a change of 1 dollar in the value of d for buying a PPS 
results in a change (in the opposite direction) of 1 unit in md (since μ=

c ¼ 1). For the deterioration rate, we used θ ¼ 0:3
�

spoilt PPSs
hour

�

(this 

assumption reflects the fact that it is difficult to sell a reheated pizza that 
has been prepared more than 3 h ago, for example), and ϕ ¼

20
�

$
balking customer

�

. Solving the maximization problem using an exhaus

tive search over the domain n ¼ 0; ::;15 with d ¼ � 2; � 1; 0; ::; 5 (ac
cording to the constraint in (8)) resulted in the following policy for the 
server: prepare capacity for up to n* ¼ 9PPSs, and offer a price 
discrimination (discount) value of d* ¼ $4 per PPS. This set of values 
will result in an expected profit of Z* ¼ $90:93 per hour. An illustration 
of the server’s objective function is given in Fig. 3, and its values are 
given in Table 1. 

5.2. Sensitivity analysis 

In order to evaluate the effect of each parameter on the optimal so
lution, we carried out a sensitivity analysis with regard to the parameter 
values. In particular, we experimented with six additional values of α, θ, 
cL, cr, cn and ϕ, which correspond to deviations of �10%, �25% and 

�50% with respect to the values used in the baseline example presented 
above. Furthermore, we investigated 17 pairs of values of (λ;η), such that 
λþ η ¼ 16, λ ¼ 0; 1;2; :::; 16. In total, we solved 54 variants of the 
problem, and the results are summarized in Tables 2 and 3. 

5.2.1. Effect of parameters α, θ, cL, cr, cn and ϕ 
Table 2 shows that the sensitivity of the optimal price discrimination 

level to changes in each parameter value is relatively mild (changes in 
the value of d with respect to the value obtained in the baseline example 
range between � 25% and 0%, but are mostly zero). The sensitivity of the 
optimal capacity of PPSs to changes in each parameter value is moderate 
(with variations with respect to the baseline solution ranging from 
� 33.3% to þ33.3%). The sensitivity of the expected profit can also be 
considered as moderate (with variations ranging from � 47.4% to 
þ48.8%). The influence of each parameter on the optimal capacity of 
PPSs is as expected. Specifically, when the spoilage rate θ increases, the 
inventory of PPSs is more exposed to loss, and thus the optimal capacity 
decreases (such that the service provider stores fewer items and avoids 
excessive spoilage costs). Moreover, it is observed that a higher pro
duction rate of PPSs, α, results in lower capacity of PPSs, which can be 
explained by the ability of the server to utilize its idle time more effi
ciently to produce PPSs. When customers’ sojourn cost cL increases, the 
server can increase the inventory of PPSs (via increasing the capacity n) 
to increase the likelihood that strategic customers will be able to make a 
purchase without incurring a high sojourn cost. As for the capacity cost 

5
4

3
2

1
0
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-2
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65
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95
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Fig. 3. The expected profit (Z) as a function of the PPS capacity (n) and the price discrimination value for a PPS (d) for the base example.  

Table 1 
The service provider’s expected profit as a function of n and d.  

n\d 5 4 3 2 1 0 � 1 � 2 

0 61.59 61.59 61.59 61.59 61.59 61.59 61.59 61.59 
1 68.90 72.16 71.89 70.60 68.99 67.35 65.77 64.26 
2 74.42 79.08 78.51 76.32 73.63 70.88 68.25 66.70 
3 78.22 83.65 82.84 80.03 76.59 73.07 69.70 68.16 
4 80.75 86.67 85.69 82.44 78.47 74.40 70.50 68.83 
5 82.36 88.63 87.53 83.96 79.61 75.14 70.85 68.94 
6 83.32 89.85 88.67 84.88 80.24 75.47 70.89 68.66 
7 83.82 90.55 89.31 85.36 80.50 75.51 70.72 68.10 
8 83.98 90.88 89.60 85.52 80.51 75.34 70.38 67.36 
9 83.90 90.93 89.62 85.46 80.32 75.02 69.93 66.48 
10 83.65 90.78 89.46 85.23 80.00 74.60 69.40 65.51 
11 83.26 90.49 89.16 84.88 79.58 74.10 68.82 64.48 
12 82.79 90.09 88.77 84.44 79.09 73.55 68.20 63.41 
13 82.26 89.62 88.30 83.95 78.55 72.96 67.57 62.31 
14 81.69 89.10 87.79 83.42 77.99 72.36 66.93 61.20 
15 81.10 88.56 87.25 82.87 77.42 71.76 66.30 60.08  
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cn, it has no effect on the optimal capacity of PPSs, which can be 
explained by the low baseline value of this cost as compared with the 
other cost components. As for the preparation cost cr, clearly, when it is 
higher the optimal capacity of PPSs is lower. 

An interesting result is that the discount in the selling price of a PPS is 
unaffected by deviations from the baseline values except in two cases: a 
decrease of 50% in the value of α and a decrease of 25% in the value of 
cL. This result can be explained by the fact that the server has low 
motivation to encourage customers to buy a PPS when the customer’s 
sojourn cost is low (i.e., lower cL) or when PPS production efficiency is 
low (i.e., lower α). Similarly, the expected profit is robust to changes in 
the parameter values, except for cL and cr. This result is explained by the 
large share of these cost components in the total cost. 

5.2.2. Effect of parameters λ and η 
Table 3 provides a sensitivity analysis with respect to the ratio be

tween the number of fastidious customers and the number of strategic 
customers, and also illustrates the improvement in profitability achieved 

by using the queueing-inventory system described herein (i.e., preparing 
and storing PPSs and selling them for a discounted price) compared with 
the regular (inventory-free) queueing model, in which all customers 
receive the same service ðn ¼ 0; d ¼ 0Þ. When the share of strategic 
customers is larger, given that the total arrival rate is fixed, it is clear 
that a larger capacity of PPSs should be prepared to address the higher 
demand. When demand for PPSs increases, their selling price can be 
raised by giving a smaller discount. Moreover, the server’s expected 
profit is larger, and so is the improvement compared with a system 
without PPSs. Note that the expected profit increases in a concave 
manner in the share of strategic customers, which can be explained by 
the law of diminishing returns. 

5.3. Example of a case in which it is appropriate to charge more for a PPS 
than for an FS 

In the above baseline example, the service provider offers a price 
discount for PPSs as a means of increasing the expected profit. The 
following example shows a scenario in which the opposite price 
discrimination policy is appropriate. This example uses the same 

parameter values used in the baseline example, except for Vf ¼ 26
h

$
FS

i

and Vp ¼ 21
h

$
PPS

i
, and shows that it is optimal for the service provider 

to sell the PPSs for selling price of 16
h

$
PPS

i
, whereas the selling price of 

an FS is 15
h

$
FS

i
, i.e., d* ¼ � $1. The service provider’s expected profit 

for n ¼ 0; 1;2; :::;15 with d ¼ � 6; � 5; :::; 5 is given in Table 4. As we can 
see, the maximal expected profit of Z* ¼ $150:58 per hour is obtained by 
using the capacity of PPSs n* ¼ 1 and d* ¼ � $1. 

5.4. Customers’ utility analysis 

We distinguish between the two types of customers when measuring 
customer utility. The utility of strategic customers has been defined in 
terms of monetary value in Eq. (5), while taking into account product 
freshness and sojourn time. In order to calculate the expected utility of a 
strategic customer over the various states of the system, we use the 
following formula: 

Table 2 
Deviation in % from the optimal solution of the base example.ðn* ¼ 9; d* ¼ 4; Z* ¼ 90:9; md* ¼ 1Þ

Parameter Influenced variable Change in % in parameter value 

� 50 � 25 � 10 þ10 þ25 þ50 

θ n* 22.2 11.1 0.0 � 11.1 � 11.1 � 22.2 
d* 0.0 0.0 0.0 0.0 0.0 0.0 
Z* 6.5 3.0 1.2 � 1.1 � 2.6 � 4.9 
md* 0.0 0.0 0.0 0.0 0.0 0.0 

α n* 11.1 11.1 0.0 � 11.1 � 11.1 � 11.1 
d* � 25.0 0.0 0.0 0.0 0.0 0.0 
Z* � 7.3 � 2.4 � 0.7 0.6 1.2 1.9 
md* 100.0 0.0 0.0 0.0 0.0 0.0 

cL n* � 33.3 � 11.1 � 11.1 0.0 11.1 22.2 
d* � 25.0 � 25.0 0.0 0.0 0.0 0.0 
Z* 27.3 12.8 4.9 � 4.8 � 12.0 � 23.9 
md* 100.0 100.0 0.0 0.0 0.0 0.0  

cn n* 0.0 0.0 0.0 0.0 0.0 0.0 
d* 0.0 0.0 0.0 0.0 0.0 0.0 
Z* 0.5 0.2 0.1 � 0.1 � 0.2 � 0.5 
md* 0.0 0.0 0.0 0.0 0.0 0.0 

cr n* 33.3 11.1 0.0 � 11.1 � 11.1 � 22.2 
d* 0.0 0.0 0.0 0.0 0.0 0.0 
Z* 48.8 24.2 9.6 � 9.6 � 23.8 � 47.4 
md* 0.0 0.0 0.0 0.0 0.0 0.0 

ϕ n* � 11.1 � 11.1 0.0 0.0 0.0 0.0 
d* 0.0 0.0 0.0 0.0 0.0 0.0 
Z* 1.4 0.7 0.3 � 0.3 � 0.7 � 1.3 
md* 0.0 0.0 0.0 0.0 0.0 0.0  

Table 3 
The optimal solutions n* and d* for various values of λ and η ðλ þ η ¼ 16Þ, and 
profit improvement compared with a system without PPSs.  

λ η n* d* Z* Z(n ¼ 0) Z* � Zðn ¼ 0Þ
Zðn ¼ 0Þ

� 100  

0 16 10 3 102.4 64.2 59.6 
1 15 10 3 101.9 64.1 58.9 
2 14 10 3 101.2 64.0 58.1 
3 13 10 3 100.5 63.9 57.2 
4 12 10 3 99.7 63.8 56.2 
5 11 10 3 98.7 63.6 55.0 
6 10 10 4 97.5 63.4 53.8 
7 9 10 4 96.5 63.1 52.8 
8 8 9 4 95.1 62.8 51.5 
9 7 9 4 93.3 62.3 49.8 
10 6 9 4 90.9 61.6 47.6 
11 5 8 4 87.8 60.7 44.8 
12 4 8 4 83.6 59.3 40.9 
13 3 7 4 77.9 57.4 35.8 
14 2 5 4 69.8 54.3 28.6 
15 1 3 4 57.7 49.2 17.4 
16 0 0 – 40.0 40.0 0.0  
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E½Uðn; dÞ� ¼
Xm� 1

i¼0

�
Vf � b � cðiþ 1Þ

�
μ
�
pi;⋅ þ

XM� 1

i¼m

�
Vf � b � cðiþ 1Þ

�
μ
�
pi;0

þ
�
Vp � ðb � dÞ

�
 
XM� 1

i¼m
p!i þ p!M ½I � R�� 1

!

⋅ð e!� u!Þ

(9) 

The first element of E½Uðn; dÞ� refers to a strategic customer who joins 
the queue due to short anticipated sojourn time; the second element 
refers to a strategic customer who joins the queue due to a lack of PPSs; 
and the third element refers to a strategic customer who prefers to buy 
an available PPS. Figs. 4–9 present the improvement, as compared with 
the regular model (n ¼ 0, d ¼ 0), in the server’s expected profit and in 
the expected utility of a strategic customer as a function of various pa
rameters: θ; α; cL; cr; cn and ϕ. As for fastidious customers, we measure 
their utility on the basis of their expected sojourn time. 

For the analysis, we define three measures of percentage improve

ment: 
�

1 � W½fas� ðn* ;d*Þ

W½fas� ð0;0Þ

�

� 100, 
�

E½Uðn* ;d*Þ�
E½Uð0;0Þ� � 1

�

� 100 and 
�

Zðn* ;d*Þ
Zð0;0Þ � 1

�

�

100; corresponding to fastidious customers’ utility (i.e., their sojourn 
time), strategic customers’ utility, and the service provider’s profit, 

respectively, where a positive value for a given measure implies that the 
proposed model yields better performance on that measure compared 
with the regular model ðn ¼ 0;d ¼ 0Þ. It is observed from Figs. 4–9 that 
the proposed system is better for all parties compared with the regular 
system. An interesting result that emerges from each of these figures is 
that the improvement for fastidious (non-strategic) customers is greater 
than the improvement for strategic customers. This result can be 
explained by the following intuition: For fastidious customers the pro
posed system is purely beneficial, given that they always decide to join 
the queue, and the availability of PPSs serves to shorten the queue; 
strategic customers, in contrast, benefit from shorter sojourn times on 
the one hand, but, on the other hand, may receive lower-quality service 
if they decide to purchase PPSs rather than to join the queue. Notably, in 
some cases, the improvement in customer utility is greater than the 
improvement in the server’s profit, despite the fact that the server is the 
one who controls the decision variables. 

Fig. 4 shows that higher values of θ result in lower values of the three 
measures above, implying that, as expected, all parties lose from a 
higher deterioration rate. Fig. 5 shows that all three measures are robust 
to changes in the capacity cost cn. Fig. 6 shows that the general trend of 
the three measures is increasing in the production rate of PPSs, α. Fig. 7 

Table 4 
The service provider’s expected profit as a function of n and d.  

n \ d 5 4 3 2 1 0 � 1 � 2 � 3 � 4 � 5 � 6 

0 150.19 150.19 150.19 150.19 150.19 150.19 150.19 150.19 150.19 150.19 150.19 150.19 
1 142.23 147.31 149.24 150.08 150.45 150.57 150.58 150.52 150.43 150.33 150.25 150.22 
2 137.57 145.26 148.33 149.72 150.33 150.55 150.57 150.47 150.33 150.17 150.03 150.38 
3 134.26 143.57 147.41 149.16 149.96 150.25 150.28 150.17 149.99 149.79 149.61 150.26 
4 131.66 142.06 146.44 148.48 149.41 149.76 149.81 149.69 149.49 149.27 149.05 149.86 
5 129.47 140.66 145.45 147.69 148.73 149.14 149.21 149.09 148.88 148.63 148.39 149.25 
6 127.57 139.34 144.43 146.84 147.97 148.42 148.51 148.40 148.18 147.92 147.67 148.49 
7 125.85 138.08 143.40 145.95 147.15 147.65 147.75 147.64 147.42 147.16 146.89 147.63 
8 124.29 136.87 142.38 145.03 146.29 146.83 146.95 146.85 146.63 146.37 146.09 146.69 
9 122.84 135.70 141.36 144.10 145.42 145.98 146.13 146.04 145.82 145.55 145.28 145.72 
10 121.49 134.57 140.36 143.17 144.54 145.13 145.29 145.22 145.01 144.74 144.46 144.71 
11 120.22 133.48 139.38 142.25 143.66 144.28 144.46 144.39 144.19 143.92 143.64 143.70 
12 119.03 132.44 138.42 141.35 142.80 143.44 143.64 143.58 143.38 143.12 142.84 142.69 
13 117.90 131.44 137.50 140.48 141.95 142.62 142.83 142.78 142.60 142.34 142.06 141.68 
14 116.84 130.48 136.61 139.63 141.13 141.82 142.05 142.01 141.83 141.58 141.30 140.69 
15 115.84 129.57 135.75 138.81 140.34 141.05 141.29 141.26 141.09 140.84 140.57 139.72  
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Fig. 4. Improvement in the server’s expected profit, the expected utility of a strategic customer, and the expected sojourn time of a fastidious customer as a function 
of θ. 
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shows that the improvement in the server’s profits accelerates as the 
sojourn cost of customers increases, whereas the customers’ measures 
improve slightly. Fig. 8 shows that the improvement in the service 
provider’s profits accelerates as the per-unit cost cr of labor and raw 
materials increases, whereas the customers’ measures decrease slightly. 
Fig. 9 shows that the improvement in the server’s profits is almost 
constant as the balking cost ϕ increases, whereas the customers’ mea
sures improve slightly. 

In each of Figs. 4–6, we observe that the three measures of per
centage improvement resemble one another in terms of their responses 
to variation in the focal parameter value (θ, cn or α, respectively). In 
Figs. 7–9, in contrast, we observe that only two percentage improvement 
measures—namely, fastidious customers’ and strategic customers’ 

utility—show similar trends in response to variation in the focal 
parameter value (cL, cr and ϕ, respectively). The third measure—per
centage improvement of the service provider’s profit—shows a different 
trend, which is more sensitive to changes in cL, cr and ϕ. The intuition 
behind this surprising result is that the cost parameters have a stronger 
effect on the server’s expected profit except for the capacity cost, whose 
contribution to the profit is relatively small. 

5.5. Summary of results and implications 

The main results obtained from our computational analysis can be 
summarized as follows: 
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Fig. 5. Improvement in the server’s expected profit, the expected utility of a strategic customer, and the expected sojourn time of a fastidious customer as a function 
of cn. 
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� The server can benefit from limiting the capacity of inventoried PPSs, 
implying that it may not be beneficial for the server to utilize the 
entirety of its idle time for producing PPSs.  
� The optimal pricing policy does not necessarily entail a discount on a 

less-fresh product (i.e., a PPS) as compared with a fresh product; 
rather, in some cases, it may be beneficial to sell a PPS for a higher 
price.  
� The sensitivity of the value of the price discrimination level (d) to 

changes in the model parameter values (with the exception of the 
arrival rates of the two types of customers) is relatively mild. The 
sensitivity of the optimal inventory capacity to changes in each 
parameter value is moderate, as is the sensitivity of the server’s ex
pected profit.  

� When the share of strategic customers increases, a larger capacity of 
PPSs should be prepared, and the selling price of PPSs should be 
raised. These steps enable the service provider to increase the ex
pected profit, as well as to achieve greater improvement as compared 
with a traditional queueing system without PPSs.  
� A counter-intuitive result is that the percentage improvement in 

customer utility that is achieved by utilizing the server’s idle time to 
produce PPSs and offering a discount is larger for non-strategic 
customers than for strategic customers.  
� Another counter-intuitive result is that, in some cases, the percentage 

improvement in customer utility (for customers of any type) ach
ieved by the availability and discounting of PPSs is greater than the 
percentage improvement in the server’s profit, despite the fact that 
the server is the one who controls the decision variables. 
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Fig. 7. Improvement in the server’s expected profit, the expected utility of a strategic customer, and the expected sojourn time of a fastidious customer as a function 
of cL. 
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� Both the server and the customers (both types) lose from a higher 
deterioration rate.  
� As the sojourn cost of customers increases, the improvement in the 

server’s profits (when comparing the PPS system to a traditional 
queueing system) accelerates, whereas the customers’ utility levels 
improve slightly. 
� As the per-unit cost of labor and raw materials increases, improve

ment in the service provider’s profits accelerates, whereas the cus
tomers’ utility measures decrease slightly.  
� The balking cost has a minor effect both on the server’s profits and on 

customers’ utility. 

6. Conclusions 

In this study we investigated a fast food service system with a stra
tegic server who faces two types of customers: fastidious and strategic. 
Taking into account pricing, customer waiting time, and spoilage, while 
assuming that the server produces PPSs during his/her idle time (i.e., 
when no customers are present), we sought to determine: (i) the 
economically optimal capacity level of PPSs; and (ii) the optimal price 
discrimination level in the selling price that the server should offer to 
customers who are willing to purchase PPSs rather than wait in the 
queue for a freshly-prepared product. Although the mathematical model 
of this stochastic process is complex, we succeeded in solving it 
analytically using matrix geometric analysis. By providing closed-form 
expressions of all elements in the rate matrix R, our approach enables 
optimal values of PPS capacity and price discrimination level to be 
identified in a short time, even for large problems. 

It is clear that non-strategic customers benefit when other customers 
are strategic, since the latter may decide not to join the queue, thereby 
reducing the sojourn time of the non-strategic customers (as compared 
with the case in which all customers are non-strategic). Moreover, our 
computational analysis shows that the presence of strategic customers 
who are willing to purchase PPSs can also be beneficial for the service 

provider. The reason is that by utilizing the server’s idle time to increase 
its productivity, the service provider reduces the cost associated with 
customers’ sojourn time without increasing its operational costs. At the 
same time, the ability to produce PPSs does not change the stability 
condition of the system (as compared with a regular system), despite the 
fact that it increases the server’s productivity. In-depth analysis of the 
numerical example showed that the price discrimination level (i.e., the 
difference between the price of a PPS and the price of an FS) has a 
stronger positive effect (as reflected in percentage increase) on non- 
strategic customers’ utility than on the utility of strategic customers. 
This result is explained by the fact that purchasing a PPS entails some 
loss of utility for strategic customers, as the quality of the product they 
receive is lower than that of a freshly-prepared product, whereas non- 
strategic customers, who do not purchase PPSs themselves, purely 
benefit when others do so. Notably, though the service provider is the 
one who controls the decision variables—and is focused primarily on his 
or her own self-interest (i.e., profit maximization)—there are some cases 
in which the percentage increase in the customers’ utility is even higher 
than the percentage increase in server’s expected profit. 

We suggest several possible directions for further research in this 
domain. One option is to extend our two-stage operational model to a 
multi-server system or to a system with a limited customer queue ca
pacity. Another interesting direction would be to investigate a system 
with durations that follow general distributions instead of Poisson/ 
exponential distributions. Analysis of such a framework would require 
the use of simulations due to lack of mathematical tractability, where 
the Markovian model could be evaluated as an approximation for the 
general case. 
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Appendix A. Notation 

n inventory capacity (the maximum number of PPSs the server is able to store; this is a decision variable of the service provider) 
Vf value of a freshly-prepared food item (“fresh service”; FS) from the customer’s perspective 
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Vp value of a PPS from the customer’s perspective 
m number of customers in the system from which a strategic customer will prefer to take a PPS (joining-the-queue threshold, a decision 

variable of a customer) 
M number of customers in the system from which a strategic customer will balk (balking threshold, a decision variable of a customer) 
λ fastidious customers’ arrival rate 
η strategic customers’ arrival rate 
μ service rate 
α production rate of PPSs 
θ deterioration rate of an inventoried PPS 
L number of customers present in the system 
S number of PPSs in the system 
pi;j ¼ PðL ¼ i;S ¼ jÞ joint probability distribution function of the system states in steady state 
Q infinitesimal generator matrix 
fas denotes a fastidious customer 
str denotes a strategic customer 
uns denotes a customer of any type (“unspecified”) 
L½y� mean number of type y 2 ffas; str; unsg customers in the system 
L½y�q mean number of type y 2 ffas; str; unsg customers in the queue 
W½y� mean sojourn time of a type y 2 ffas; str; unsg customer in the system 
W½y�

q mean waiting time of a type y 2 ffas; str; unsg customer in the queue 
S mean number of PPSs in the system 
T mean duration of time that a PPS resides in the system 
ηeff effective rate at which strategic customers join the queue 
ηPPS rate at which strategic customers take PPSs 
Γeff total effective rate at which customers join the queue 
αeff effective production rate of PPSs 
θeff effective deterioration rate of inventoried PPSs 
b selling price (the same for FS and PPS) 
c sojourn cost per unit of time from the customer’s perspective 
d price discrimination value for a PPS in monetary units 
md joining the queue threshold as a function of d 
cL sojourn cost per unit of time per customer, from the service provider’s perspective 
cr cost of raw materials and labor for preparation of a single unit 
cn cost rate per unit of PPS capacity (e.g., storage equipment depreciation, maintenance) 
ϕ loss of reputation (in monetary units) and of future purchases associated with a customer who balks 
ηbalk average balking rate of strategic customers 

Appendix B. Matrices used to construct the matrix Q 

B0¼

0

B
B
B
B
@

� ðαþ λþ ηÞ α 0 ⋯ 0 0
θ � ðαþ λþ ηþ θÞ α 0 0
⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ðn � 1Þθ � ðαþ λþ ηþ ðn � 1ÞθÞ α
0 0 0 ⋯ nθ � ðλþ ηþ nθÞ

1

C
C
C
C
A

B1¼

0

B
B
B
B
@

λþ η 0 ⋯ 0 0
0 λþ η 0 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 λþ η 0
0 0 ⋯ 0 λþ η

1

C
C
C
C
A

B2¼

0

B
B
B
B
@

� ðμþ λþ ηÞ 0 0 ⋯ 0 0
θ � ðμþ λþ ηþ θÞ 0 0 0
⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ðn � 1Þθ � ðμþ λþ ηþ ðn � 1ÞθÞ 0
0 0 0 ⋯ nθ � ðμþ λþ ηþ nθÞ

1

C
C
C
C
A

B3¼

0

B
B
B
B
@

� ðμþ λþ ηÞ 0 0 ⋯ 0 0
ηþ θ � ðμþ λþ ηþ θÞ 0 0 0

⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ηþ ðn � 1Þθ � ðμþ λþ ηþ ðn � 1ÞθÞ 0
0 0 0 ⋯ ηþ nθ � ðμþ λþ ηþ nθÞ

1

C
C
C
C
A
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B4¼

0

B
B
B
B
@

λþ η 0 ⋯ 0 0
0 λ 0 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 λ 0
0 0 ⋯ 0 λ

1

C
C
C
C
A

A0 ¼

0

B
B
B
B
@

λ 0 ⋯ 0 0
0 λ 0 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 λ 0
0 0 ⋯ 0 λ

1

C
C
C
C
A

A2 ¼

0

B
B
B
B
@

μ 0 ⋯ 0 0
0 μ 0 0
⋮ ⋱ ⋱ ⋱ ⋮
0 0 μ 0
0 0 ⋯ 0 μ

1

C
C
C
C
A

A1¼

0

B
B
B
B
@

� ðμþ λÞ 0 0 ⋯ 0 0
ηþ θ � ðμþ λþ ηþ θÞ 0 0 0

⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ηþ ðn � 1Þθ � ðμþ λþ ηþ ðn � 1ÞθÞ 0
0 0 0 ⋯ ηþ nθ � ðμþ λþ ηþ nθÞ

1

C
C
C
C
A

B¼

0

B
B
B
B
@

� ðαþ λþ ηÞ α 0 ⋯ 0 0
ηþ θ � ðαþ λþ ηþ θÞ α 0 0

⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ηþ ðn � 1Þθ � ðαþ λþ ηþ ðn � 1ÞθÞ α
0 0 0 ⋯ ηþ nθ � ðλþ ηþ nθÞ

1

C
C
C
C
A

Appendix C. Matrix Q for special cases 

Matrix Q for m ¼ 0, M ¼ 0: 

Q¼

0

B
B
@

B A0 0 0 0 ⋯
A2 A1 A0 0 0 ⋯
0 A2 A1 A0 0 ⋯
⋮ ⋱ ⋱ ⋱

1

C
C
A

Matrix Q for m ¼ 0, M > 0: 

Q¼

0

B
B
B
B
B
B
B
B
@

B B4 0 0 ⋯ 0 0 0 0 ⋯
A2 B3 B4 0 ⋯ 0 0 0 0 ⋯
0 A2 B3 B4 ⋯ 0 0 0 0 ⋯
⋮ ⋱ ⋱ ⋱ 0 0 0 0 ⋯
0 ⋯ 0 0 ⋯ A2 A1 A0 0 ⋯
0 ⋯ 0 0 ⋯ 0 A2 A1 A0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱

1

C
C
C
C
C
C
C
C
A

Matrix Q for m > 0, M ¼ m: 

Q¼

0

B
B
B
B
B
B
B
B
@

B0 B1 0 0 ⋯ 0 0 0 0 ⋯
A2 B2 B1 0 ⋯ 0 0 0 0 ⋯
0 A2 B2 B4 ⋯ 0 0 0 0 ⋯
⋮ ⋱ ⋱ ⋱ 0 0 0 0 ⋯
0 ⋯ 0 0 ⋯ A2 A1 A0 0 ⋯
0 ⋯ 0 0 ⋯ 0 A2 A1 A0
⋮ ⋮ ⋮ ⋮ ⋱ ⋱ ⋱

1

C
C
C
C
C
C
C
C
A

Appendix D. Proof of Theorem 1 

We start by obtaining the explicit expressions of ½mi;j�ðnþ1Þ�ðnþ1Þ � A0 þ RA1 þ R2A2: 

mi;0¼

8
>><

>>:

λ � ðλþ μÞr0;0 þ ðηþ θÞr0;1 þ μ
Xn

k¼0
r0;krk;0 i ¼ 0

� ðλþ μÞri;0 þ ðηþ θÞri;1 þ μ
Xn

k¼0
ri;krk;0 i 6¼ 0

(A1)  

mi;j ¼

8
>><

>>:

λ � ðλþ μþ ηþ jθÞrj;j þ ðηþ ðjþ 1Þθ Þrj;jþ1 þ μ
Xn

k¼0
rj;krk;j i ¼ j

� ðλþ μþ ηþ jθÞri;j þ ðηþ ðjþ 1Þθ Þri;jþ1 þ μ
Xn

k¼0
ri;krk;j i 6¼ j

; j ¼ 1; 2; :::; n � 1 (A2)  

mi;n¼

8
>><

>>:

λ � ðλþ μþ ηþ nθÞrn;n þ μ
Xn

k¼0
rn;krk;n i ¼ n

� ðλþ μþ ηþ nθÞri;n þ μ
Xn

k¼0
ri;krk;n i 6¼ n

(A3) 

In what follows we show how to obtain an explicit solution to Eq. (1), which can be written as ½mi;j�ðnþ1Þ�ðnþ1Þ ¼ 0. 
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(i) We first prove that ri;j ¼ 0, i < j. According to Neuts (1981), starting from state ðv; iÞ for any v � M, ri;j is equal to the expected number of visits in 
state ðvþ1; jÞ before the process first re-enters level v. Since, for i < j, there is no feasible way to visit the state ðvþ1; jÞ before re-entering level v (see 
Fig. 1), ri;j ¼ 0 for i < j. 

(ii) Next we calculate rj;j, 8j. By Eq. (1) and (A1)-(A3) for i ¼ j we get 

λ � ðλþ μÞr0;0 þ ðηþ θÞr0;1 þ μ
Xn

k¼0
r0;krk;0 ¼ 0; (A4)  

λ � ðλþ μþ ηþ jθÞrj;j þ ðηþ ðjþ 1Þθ Þrj;jþ1 þ μ
Xn

k¼0
rj;krk;j ¼ 0; (A5)  

λ � ðλþ μþ ηþ nθÞrn;n þ μ
Xn

k¼0
rn;krk;n ¼ 0: (A6) 

By (i) rj;jþ1 ¼ 0 for 8j, rj;k ¼ 0 for j < k and rk;j ¼ 0 for k < j, which implies 
Pn

k¼0rj;krk;j ¼ r2
j;j for 8j. Thus Eq. (A4)-(A6) reduce to 

λ � ðλþ μÞr0;0 þ μr2
0;0 ¼ 0; (A7)  

λ � ðλþ μþ ηþ jθÞrj;j þ μr2
j;j ¼ 0; j ¼ 1; 2; :::; n (A8) 

Solving Eq. (A7)-(A8) leads to 

r0;0 ¼ λ=μ and rj;j ¼
λþμþηþjθ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλþμþηþjθÞ2 � 4λμ
p

2μ , j ¼ 1;2; :::;n. 
(iii) Finally, we calculate ri;j, i > j. By Eq. (1) and (A1)-(A2) for i 6¼ j we get 

� ðλþ μþ ηþ jθÞri;j þ ðηþ ðjþ 1Þθ Þri;jþ1 þ μ
Xn

k¼0
ri;krk;j ¼ 0; 2 � i � n ; 1 � j � i � 1; (A9)  

� ðλþ μÞri;0 þ ðηþ θÞri;1 þ μ
Xn

k¼0
ri;krk;0 ¼ 0; 1 � i � n : (A10) 

By (i) ri;k ¼ 0 for i < k and rk;j ¼ 0 for k < j, which implies 
Pn

k¼0ri;krk;j ¼
Pi

k¼jri;krk;j for 8j. Thus, Eq. (A9)-(A10) can be written as 

� ðλþ μþ ηþ jθÞri;j þ ðηþ ðjþ 1Þθ Þri;jþ1 þ μ
 

ri;jrj;j þ
Xi� 1

k¼jþ1
ri;krk;j þ ri;iri;j

!

¼ 0; 2 � i � n; 1 � j � i � 1; (A11)  

� ðλþ μÞri;0 þ ðηþ θÞri;1 þ μ
 

ri;0r0;0 þ
Xi

k¼0
ri;krk;0 þ ri;iri;0

!

¼ 0; 1 � i � n (A12) 

Solving Eq. (A11)-(A12) leads to. 

ri;j ¼
ðηþðjþ1ÞθÞri;jþ1þμ

Pi� 1
k¼jþ1

ri;krk;j

λþμþηþjθ� μðri;iþrj;jÞ
, 2 � i � n ; 1 � j � i � 1, and ri;0 ¼

ðηþθÞri;1þμ
Pi� 1

k¼1
ri;krk;0

μð1� ri;iÞ
; 1 � i � n. This completes the Proof. 

Appendix E. Formulae for computing various performance measures 

Γeff ¼ λþ ηeff  

W ½uns� ¼L½uns��Γeff  

L½uns�
q ¼

X∞

i¼1
ði � 1Þpi;⋅ ¼ L½uns� �

�
1 � p0;�

�

W ½uns�
q ¼L½uns�

q

.
Γeff  

W ½fas� ¼
X∞

i¼0

�
iþ 1

μ p!i ⋅ e!
�

¼
1
μ

 
XM� 1

i¼0

�
iþ 1

�
pi;⋅þ p!M

�
½I � R�� 2

þM½I � R�� 1� e!
!

L½fas� ¼ λW ½fas�

W ½fas�
q ¼

X∞

i¼0

�
i
μ p!i ⋅ e!

�

¼
1
μ

 
XM� 1

i¼0
ipi;⋅þ p!M

�
½I � R�� 2

þðM � 1Þ½I � R�� 1� e!
!

L½fas�
q ¼ λW ½fas�

q  

W ½str� ¼
1
μ

 
Xm� 1

i¼0

�
iþ 1

�
pi;⋅þ

XM� 1

i¼m

�
iþ 1

�
pi;0

!
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